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{HEMATICAL REMARKS ON THE VAN ALLEN RADIATION BELT:
A SURVEY OF OLD AND NEW RESULTS™

MARTIN BRAUNT

Abstract. In this paper e prese nt the new and important results obta 1ed for the Stirmer problem in
ast decade, toge her with their implications for the existence of the Van Allen radiation belt. Specificaily.
rove the existence of Guasi-periodic solutic)s for both small and large values of energy. and we give 2
plete topologic il description of all orbits near the dipole singularity. This leads, in turn. to a model for the
plete flow. This model, aside from its purely theoretic interest, indicates that the Stammer Problem is

ntegrable, and that the fow is ergodic in a'suitable region of phase-spacc.

In 1955, satellites launched by the National Aeronautics and Space

Introduction.
ninistration brought back conclusive evidence of charged particles oscillating back

forth in the earth’s atmosphere. These particles, which became known as the Van
sn radiation belt, were seemingly “‘trapped” by the magnetic field of the carth.
=d, some of these particles were observed to have a lifetime of several years.

The motion of a charged particle under the influence of the earth’s magnetic field
anection with the

.ng been of interest to both mathematicians and physicists in cor
of the polar aurora and cosmiic rays. The mathematical formuiation of this
em was given by Stormer [27] as ‘early as 1907, and it is often referred to as the

mer problem. Subseguently, many mathematicians, such as De Vogelaer=[9], (10},

] and Goddart [16], devoted much of their work to this problem.

Particle motion in 2 magnetic field, and the earth’s magnetic field in particular,
-eived renewed significance with the discovery of th&Van Ailen radiation beli. The
eason for this is that the Van Allen experiments exhibited the capability of a
agnetic field to “rap’” particles moving through it. This result intrigued the U. S. Air
rrce. Suppose, their experts argued, that the Russians detonated a nuclear device over
reenland, thereby trapping many charged particles in the atmosphere. Could these
arged particles interfere with our Ballistic Early Warning Radar System, thus leaving

. vulnerable to a surprise attack?

Plasma physicists working in controlled thermonuclear fission were also keenly
terested in the capabilities of magnetic fields to entrap particles for leng periods ot
me. Essentially, the aim of plasma physicists is to create a very hot plasma by confining
harged particles to a bounded region for a iong pericd of time.

Section 1 of this paper describes an asymptotic theory, known as ‘‘adiabatic
wvariance,” for the entrapment of charged particles in 2 magnetic figid. Adiabatic
seory leads us, in a very natural way. to the Arnold, Kolmogorov, Moser (KAM)
aeory which rigorously establishes the confinement of particles for infinite time. The

din§ 2,and then appliedin§ 3 to establish the existence of Van

. AM theory is describe
\lien particles for all time. Section 4 describes the behavior of all solutions in a

ieighborhood of the “singularity” of the earth’s magnetic field, and this result is then
ised in § 5 to derive a model for the “global flow™ of the Stormer problem. This model,
vhich was verified numerically by Dragt [13], puts the finishing touches on a very
nteresting story, and sheds a great deal of light on the question of the global behavior of
2 dynamical system in the neighborhood of a homaoclinic point.
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4 This paper is completely self-contained. In addition to solving several important
problems in geophysics, it is an excellent introduction to KAM theory, and how it is
used in applied problems.

1. Adiabatic theory. A particle moving under the influence of a magnetic field B
experiences a force

(1.1) F=qgvxB,

where g is its charge, and v its velocity. Since the force is perpendicular to the direction
of motion, the energy :

(1.2) E =im|v]

of the particle is constant. In general, the energy (1.2) is the only nontrivial integral of
motion, and the trajectory of the particle is quite complicated. The only simple case is
when the magnetic field is constant in magnitude and direction. Then, it is easily seen
that the particle moves in a circular helix (see Fig. 1) about a field line. The radius

_m

1.3 a=
(1-3) 2B

£

[nnonn

FiG. 1. Particle motions in a constant field.

of the helix is called the *‘radius of gyration” of the particle, and the particle oscillates
about the field line with the cyclotron frequency

_4alB|
W =,
m
Adiabatic theory begins with the assumption that the magnetic field varies slowly in
space and time. Essentially, this means that in the course of one gyration about a
magnetic field line, the particle sees an approximately constant magnetic field. In a
slowly varying field, the particle moves approximately in a circle whose center drifts
slowly across the lines of force, and moves rapidly along the lines. (This is the so-called
““guiding center”” or ‘“‘adiabatic” approximation.) Under these circumstances, it was
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shown by Alfvén [1] that the magnetic moment

2

mu}

1.4) T

where v, is the component of the velocity perpendicular to the magnetic field, is an

approximate constant of the motion. More precisely, the magnetic moment u is
constant to first order in the radius of gyration (1.3).

This result is of fundamental importance because it provides a mechanism for the
confinement of charged particles in a bounded region of space. Suppose that the field
strength B = |B} is a convex function along each line of force. Then, a particle moving
along a line of force will be “reflected” backwards at the point Py, where

uB(Po)=E.

Thus, to first order in the radius dféfration, the guiding center of a particle oscillates
periodically along a line of force, between two “mirror points.” In this case, it has been
shown by Northrop [24] that the quantity

J=§P||ds

is also an adiabatic invariant, where P, is the guiding center momentum parallel to the
lines of force, and the integral is taken over a complete oscillation from one mirror point
to the other and back again.

Let us see what this all means in the case of the earth’s magnetic field. We
approximate the earth’s magnetic field by that of a magnetic dipole situated at the
center of the earth. Such a field can be described in cylindrical coordinates p, z, ¢ by the
equations

B=VxA,
) ) RS I
(1.5) A=—L4,

r

M
B= B‘=73-(1+35in2)t)1/‘,

N
i
!
© /
A
2N
/
Y S,
~

Fi1G. 2

(see Fig. 2), where M is the moment of the magnetic dipole, which points in the negative
: direction, and & is a unit vector in the ¢ direction. The plane A = 0 is the equatorial
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plane, and the magnetic lines of force are given by
(1.6) r=rocos’ A, ¢ = constant.
Consequently, along a line of force, the field strength

M(1+3sin’ A)'?

B= 3 3
rocos A

is a convex function, and we have an asymptotic mechanism for the confinement of Van
Allen particles.

However, adiabatic theory cannot account for the long time periods in which Van
Allen particles are trapped. It must also be put on a more rigorous foundation if it is to
have any application to plasma physics, where the goal is to trap particles in a bounded
region for a period of time that encompasses many millions of gyrations.

To this end, Hellwig [18] proved in 1955 that the magnetic moment was constant to
second order in the radius of gyration, and in 1957 Kruskal [19] showed that it was
constant to all orders. Finally, in 1959, Gardner [15] showed that the longitudinal
adiabatic invariant was constant to all orders, and he presented a general method of
obtaining formal asymptotic expansions for all the adiabatic invariants.

One of the aims of this paper is to show that the phase space of a particle moving
under the influence of the earth’s magnetic field contains a region where series,
analogous to the formal expansions of Gardner, are actually convergent expansions on a
Cantor subset. This will be accomplished by using KAM theory. In this manner we will
show that particles which are adiabatically trapped are, in fact, rigorously trapped for all
time. This possibility was first pointed out by Arnold [2] in 1962. Unfortunately, the
regions of phase space and/or the energies for which one can prove convergence are as
yet far too small to have any real physical significance.

2. KAM theory. The application of KAM theory to the confinement of charged
particles in a magnetic field rests on the following geometric theorem of Moser [21].

THEOREM. Let M be an area preserving mapping of the plane into itself which, in
polar coordinates r, 8, has the form

rl=r+£af(ra 0’ 8)’

2.1} M: {
(2.1 6,=0+a+cy(r)+e%g(r, 6, ¢).

We assume, specifically, that p <o, f and g are sufficiently smooth, and y'(r) # 0. Then,
for sufficiently small &, the mapping M possesses infinitely many closed invariant curves
' of nonzero measure, and these curves form a Cantor set.

Moser’s theorem has the following geometric interpretation. Suppose that f and g
are both zero. Then, each circle = constant is invariant, and the mapping M “‘twists™
each point on r =r, by an amount a + &°y(ro). If ¥'(r) # 0, then the twist varies from
circle to circle. Finally, if the perturbation is small enough, i.e., the twist varies over a
region that is large compared to the perturbation, then a Cantor set of closed invariant
curves still persists under perturbation.

Moser’s theorem has tremendous applications to the construction of invariant tori
for Hamiltonian systems of differential equations. A Hamiltonian system of differential
equations is a system of the form

(22’ x =Hy’ y =-H,,

where x =(x;, -+, x,), ¥ =(y1," ", y.) and H is a scalar function of x and v and
possibly 7. The function H is called the Hamiltonian and is usually synonomous with the
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energy of the system. The vectors x and y are called canonical coordinates, and we say
the y is conjugate to x. If H does not depend explicitly on the time ¢, then it is conserved
along any orbit. In this case we will call H the energy of our system.

Suppose now that n = 2, and we can find canonical coordinates R, R, #,, and 6,
such that our Hamiltonian H can be written in the form

(2‘3) H=H0(R1,R2, £)+EIH1(R1’ RZ) 61, 02, E)’
where
(2-4) éi = HR,-, Ri = —HB."

and H, is periodicin 6,, 6., with period 2. If H, is identically zero, then both R; and R,
are constant. In this case, every orbit of (2.4) lies on an invariant torus R; =RY,
R,=RY, and on this torus

0,’(1) = w;t + 0,(0),

where w; = Hg, (RS, R3, €). The numbers w;, w, are called the frequencies of the
motion. Such a system is said to be integrable, since R, and R, are two integrals.

Suppose now that H, # 0. In this case, the system (2.4) is almost definitely (see
Poincaré [25]) not integrable. However, a Cantor set of invariant tori will still persist
under perturbation if ¢ is small enough. To see this, we first solve for

(2-5) Rl =¢(R25 01» 02~ £, E)

on the energy surface H = E. Using 6, instead of ¢ as the independent variable, and
setting R, = R, 6, = 6, we see that

dR_-H, d6_Hp

d01 HR, ’ d8; HRI.

It is easily verified that on the surface H = E these equations take the form

dR de
(2.6) 26, =Dy, 40, Dy,
where & is defined by (2.5).

The system (2.6) is again Hamiltonian, with one degree of freedom (n = 1), but
nonautonomous. To eliminate the independent variable we follow the solutions from
6, =0 to the next intersection with 6, =2s. This defines a mapping M, which by
Liouville’s Theorem is area preserving. This mapping M will have the form

RQ2m)=R(0)+O(e'),
82m)=6(0)+a +e"y(R)+O(e").

Thus, if k <, and y'(R) # 0, then Moser’s theorem guarantees the existence of infinitely
many invariant curves of M, for ¢ sufficiently small. Each of these invariant curves
generates an invariant torus for the system (2.4) if we take all solutions which issue forth
from the invariant curve. More important though, consider two such tori generated
from two concentric invariant curves. Any point between these two curves must remain
between these two curves under all iterates of M. This implies that any orbit starting
between the two tori generated by these curves must remain trapped between these
two tori for all time. This is our desired stability result.

The above analysis hinges on our ability to approximate a given Hamiltonian by an
integrable Hamiltonian, to a desired order. This is not as difficult as it may seem, since to
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transform the equations of motion we need only transform the Hamiltonian H. This is a
consequence of the fact (Siegel [26]) that if x and y are canonical coordinates and if £
and 7 are defined via the equations

i2.7) £=8,(x,7), y =S8:(x,n),

for some scalar function S(x, 1), then ¢ and % are again canonical coordinates. The
system of equations (2.2) is then transformed into the new Hamiltonian system

£=K,, 1= —-K,,
where
(2.8) K& n)=H(x(& ), y(& 7).

Let us assume, now, that we can write our Hamiltonian & (Ri1, R3, 84, 62, €) in the
form

(2.9)  H=w1R\+wR;+eH (Ry, Ry, 61, 02)+ e > Hy(Ry, R, 61, 65) +- - -,

where H has period 27 in 6, and 6,. There is a very nice method known as Lindstedt’s
method [25] for approximating H to higher and higher order in ¢ by an integrable
Hamiltonian. Lindstedt’s method is quite easy to implement. Let us first try to find new
canonical variables R}, 8; so that H is independent of 8} and 65 through order one. To
this end, we take a generating function S = S(R', 6, ¢) of the form

S=R}16:+R36,+eS1(R1, RS, 64, 6,),
and we write the new Hamiltonian
K(R',0',e)=H(R(R',6',¢),0(R',0' ¢),¢)
in the form
K=w R +w;R+eK\ (R}, RS+ - -.
From (2.7) we see that

AT LAY
Ri=8S,=R|+e—, i=8gr =6 +eg——
Se, 686,- 0;=Sr =6 EaRi

Equating terms of order ¢ in (2.8) (and using 6 and R’ as variables) we see that

85'1+ AT

2.10) W1 0,220
( 156, “?56,

=K1(R’1’ R’Z)_Hl(th RIZ’ 017 02)'

In order for S, to be periodic in 6; and 6, we must require that the right-hand side of
(2.10) have mean value zero. This then determines
l 27 227w
KRR == [ [ Hu(RL RS, 6,6, do, o,
(277') 0 0

To solve for S; now, we expand the right-hand side of (2.10) in the Fourier series

Z ak(R') ei(k.ﬂ),
k=0
where (k, 8) = k;0,+ k»6,. Then,
a(R') itk,8)

(211 'S itk @)
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However, this series will not converge, in general, because of the presence of the small
divisors
(k, w)= k1w1 + k;w;.

To overcome this difficulty, we assume that w; and w, satisfy the infinitely many
inequalities

(2.12) I, )zl

for all integers ji, j» and with some constants y and 7> 1. Then (see Moser [21]) the
series (2.11) will converge.

Repeating this process inductively, we see that we can approximate H to order n
by n successive applications of Lindstedt’s method. '

If Hy = Ho(R,, R,), then we can achieve Hy = w1 R+ w2R; by choosing R{and R}
so that
_aHo(R}, RY)
4R,

w;

are rationally independent numbers satisfying (2.12), and then restricting R; to the
region
[Ri—R{|=0("").
Finally, observe that if w, =0, then Lindstedt’s method is, very easy to apply to
eliminate the dependence of H on 6;.

3. The existence of invariant tori. To analyze the equations of motion for the
Stormer problem, it is convenient to write the equations in Hamiltonian form with
Hamiltonian'

1 2
H=5~ [p§+p§+(gf—q|Al) ]
m p

(see Goldstein [17]), where

P, = mp, po=—H,.
(3.1 p. = m3z, and p.=-H.,
pe.=mp°d+qpl|Al. Po=—Ha.

Since H is independent of time, the energy
H=im\|'=E

is a constant of the motion. A second integral of the motion is obtained by noting that H
is independent of ¢. Hence, the electromagnetic angular momentum

pe =qMT,

where T is defined by this equation, is a constant of the motion. (The integration
constant I has the dimension of reciprocal length.) Our three-dimensional problem is
now reduced to the simpler problem of finding the two-dimensional motion of a particle
in the p, z-plane under the influence of the potential

qZMZ E ~ E

(3.2) Vip, = =——(p r3)2.

! The relativistic case follows by setting m = ymy,.
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Jnce p(t) and z(¢) have been found, ¢ (¢) is then determined from the equation

(b':_Hp,b,
which yields
. ('(gMT gM
6(0=60+[ (L5-Lf) or
o\ p r

The sign of T plays a crucial role in determining the general properties of the
trajectories of (3.1). Observe that the radial derivative of V is given by

. 2aq2
,.sz_qﬁ(E_g)(E_Zg)_
m p r/\p r

This quantity is strictly less than zero for I" negative. A negative radial derivative for the
potential V corresponds to a repulsive radial force, since —r - VV is the component of
the force in the radial direction. Hence, all trajectories characterized by a negative value
of I' must extend to infinity, and cannot be trapped. Note also, that all trajectories must
be confined to the region V(p, z)=FE. This region is indicated in Fig. 3. Observe
too, from this figure, that all trajectories remain bounded away from the singularity
r=0.
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FIG. 3. The region V<E for I'<0. F1G. 4. The region V=Eforr=0.

The situation for I = 0 is very similar. The radial derivative of V is again negative,
but this time only for p # 0. In this case, p =0 is an orbit, and along this orbit,

(3.3a) 2(t) =V2mEt + z,, 20<0:
(3.3b) z(t)= —V2mEt + z,, 20>0.

Note that (3.3a) corresponds to a trajectory which runs into the singularity in finite time
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from below the equator, while (3.3b) corresponds to a trajectory running into the
singularity, again in finite time, from above the equator. Finally, observe that all orbits
starting in the shaded region of Fig. 4 must extend to infinity.

For the study of bounded trajectories, therefore, we restrict ourselves to the case
I'>0. It is convenient at this point to introduce the dimensionless variables

2'=Tz, ¢'=¢,
3
p’—_-rp’ t':E_ﬂL
m

Then, the equations of motion for these dimensionless variables are derived from the
new Hamiltonian
2

1 . 1/1 p
H=>(p} §+—(———)
2(p9+p) A K

where we have omitted the primes for convemence In this system of units, the particle
has the dimensionless velocity wg = 4y,, where

-1l
1= T6\m)v] I

The dimensionless constant v, is that used by Stérmer [27]. Again, the particle is
restricted to lie in the region V =E. This region assumes three different forms,
depending on whether E is less than, equal to, or greater than 5.

4

FiG. 5. The region V(p, )< E, for E<35. FIG. 6. The region V{p, z)<E, for E>35.

From Fig. 5, we see that any trajectory starting in the oval-like region surrounding
the curve V =0 (r = cos’ A), with initial energy less than 35, can never leave this region.
(The curve r= cos’ A corresponds in our old coordinates to the line of force r=
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FIG. 7. The region V(p, 2)= L.

I cos? AL Thus, it would appear that our problem is solved. However, particles which
penetrate to high latitudes are lost because thejr energy is decreased due to collisions
with various atoms in the upper atmosphere. Thus, our problem is not only contain-
ment, but containment between fixed latitudes. And to prove this, we must roll out
some heavy artillery.

Remark. It would appear that values of E > 35 are uninteresting since the region
V =E extends to infinity. However, these trajectories are important for just this
reason. To wit, those particles which influence the polar aurora? (Stormer [27]) are the
pam'lcles which ean penetrate from infinity to the singularity. This is possible only when
E >3,

(A) Invariant tori near the equatorial plane. Adiabatic theory leads us to the
intuitive notion that a particle motion (for small velocities, at least) for the Stérmer
problem is essentially a gyration about a line of force and an oscillation along the line of
force. Therefore, it is natural to introduce new coordinates a(p, z) and b(p, z): The
cunve alp, z) = constant should define a magnetic line of force, and the b(p, z) should
describe where we are on this line of force, The coordinate a(p, z) is simply r/cos? A,
since the lines of force are given by the equation

r

3.4) a= y
( cos’ A

a = constant.

An appropriate b is obtained by requiring that a(p, z) and b(p, z) be an orthogonal
system of coordinates. This then leads to

. SinA
3.5) b(p,z)=7.

* Stérmer’s theory of the polar aurora is no longer believed to be correct,
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New canonical variables a, b, pa, p» can now be obtained from the generating function

F(p, 2, Pa» P») = a(p, 2)Pa + b(p, 2)Ps-

Then,
a= F—a( z) _OF_da +(—9§-
apa o s Po ap ap Da ap Pb»
oF oF oda ob
b=—_=b » £ )y : =T =T a+ Db
P, (o, 2) P:=3 5Pt e Po
In terms of these new variables the Hamiltonian takes the form
1yp2 phy .1 (a—1)
36 Hab.p o =3B+ 28) <L
(3.6) (a, b, pas D») 2 hz hlz, 2 a4c056)«
where e
6 6 12
cos A a cos A
3.7 Bl=——> " and hp=7T 7o 2,
37 . 1+3sin° A an ® T 14+3sin° A

It is understood of course, that sin A and cos A are to be expressed in terms of a and b.

We now wish to restrict ourselves to a region in phase space where the energy H
will be small, so that adiabatic theory will be valid. To this end, we make the
substitution

a=1+¢"a, b=epB,

Pa=¢ Pas ps =€ P

where ¢ is a small parameter. The first equation of (3.8) restricts the particle to a small
neighborhood of the guiding field line r = cos’ A, while the last equation guarantees that
the motion along this field is much slower than the motion across it. Strictly speaking,

the transformation (3.8) is not canonical. However, it is easily verified that our system is
still Hamiltonian if we choose (see Sie gel [26])

(3.8)

1
(3.9 Hla, B, pa,pa)=;sH.

Our next step is to approximate H by an integrable Hamiltonian. To this end we
first show that A = A(a, b) is an analytic function of a and b for b small. Squaring (3.4}
and multiplying by (3.5) yields

sin A

= ———.
(3.10) 0’ =t

The derivative of the right-hand side of (3.10) with respect to A is one at A = 0. Hence,
we are guaranteed that A (a, b) is an analytic function of z = a°b, at least for |z| small.
Squaring (3.10) we easily find (Braun (4] that

sin® A = B2 +4(aB’— B’ + Gila, B, £).
cos tA=1 +3Bzez+6(2aBZ—B4)e4+Gz(a, B. a},
where
G,=¢°G.(a, B, ),

with G, analytic in the variables a, B, €.
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The Hamiltonian (3.9) can now be written in the form
H =H0+H2 +H4+H6,
where

_az+p(2,

HO 2 ’

2

H, =%(662p¢21 —4a3+pf; +362a2),

3 4
H,= %(240132;;?, -3B°p% ~2ap? +38%p2 + 2a*-2428%),

H6 = 56}76(“’ Bs Da, Pss E),

with Hg analytic in all its variables.
Notice that H, depends on az+p,2, alone. If we make the canonical substitution

a =v2Rsin 6, Pa =V2R cos 6,

then Hy=R is independent of 6. Hence, we can use Lindstedt’s method to average out
the dependence of H on ¢ to any order in e. Following Braun [4], and omitting the
primes on a, B, Po and p,, we find that

H=H0+H2+H4+H6,

where

H6 =€ 6ﬁ6.
Next observe that for fixed R, the curves
9Rp’ +p,2, = constant

are ellipses in the g, ps-plane. These curves may be transformed into circles (with the
same area) by the generating function
F(6,B, Ry, ps)=(9R1)""*Bpj + 6R,.
Setting
B'=v2R, sin 0, p},=\/mcos 6-,

we see that H, is independent of 62. Hence, we may employ Lindstedt’s method to
average out the 6, dependence of H to order £%. In terms of new canonical variables,
which we again call R,, 61, R2, 6, the Hamiltonian 4 assumes the form

13R§>
+H,,

4
H=R,+3¢°R,VR, +%(—21Rf+
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where
H6 = 56H6(R19 R‘..’s le 02: E)Q

with He analytic in all its variables.

Finally, we apply Moser’s theorem to establish the existence of infinitely many
invariant tori. As described in the previous section we solve for R; = ®i R, 61, 62, £)0On
the energy surface H = E, and take 6, instead of ¢ as independent variable. We then
follow all solutions from ; = 0 to their next intersection with 6; = 2. This defines an
area-preserving mapping M. Since

d01 HR 2\/—‘ 23 4 6
ol i\ r R.i—% R +0
d02 HR, 3e ! 8f 2 (5 )

and
RY?=EY?-3’R,+0(c"),
the mapping M, expressed in coordinates R= R, 6 = 6>, has the form

{R(Z‘ﬂ')_—'R +€6f(Ra 0’8)7

3.12
(3.12) 9(2m)=6+3e E"?~5e*R+e°8(R, 6, ¢),

with R = R(0), 6 = 6(0) and f, g analytic in all their variables. This mapping is of the
form (2.1) with p=4, o0=6, and Yy(R)= —32#0. Hence, Moser’s theorem
guarantees the existence of infinitely many invariant curves of (3.12.. and this in turn
guarantees the existence of infinitely many invariant tori, of nonzero measure, on each
energy surface H = E.

Remark. The orbits we have just generated are quasiperiodic (see Stegel [26]) with
two frequencies, and all lie near the equatorial plane. They gyrate very tightly about the
guiding field line r = cos? A. Moreover, these orbits all cross the equatcrial plane at an
angle near 90°, since the velocity of the particle parallel to the magnetic field is much
smaller than the total velocity. This follows from the fact that p, = ¢ - is third order
small, while p, = s:zpu is second order small.

(B) Invariant tori which are not close to the equatorial plane. Our goalin this
section is to prove the existence of invariant tori which need not lie near the equatorial
plane. To this end, we consider, instead of (3.8). the change of coordinates

a=1-¢a. b =ef,

Pa = €D fo = €Pg>

where ¢ is a small parameter, and g is of order 1/e. Specifically, let M and N be two
fixed constants, with N very large. We consider all variables to be complex, and restrict
ourselves to the region T defined by

la|+1pal +Ipsl =M,
|Re b|=N, Im b|=86(M, N, ¢),

where 6 depends on M, N, and ¢, and will be chosen so that the Hamiltonian H is
analytic in the region T, for ¢ sufficiently small. Analyticity of H is required for two
reasons. First, we need to expand H in a power series, and thus derivatives are certainly
required. More important, though, is the fact that the functions f and g in (2.1) must be
uniformly small, together with their derivatives. This is most easily proven if f and g are
analytic.
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To find the singularities of H in the complex four-space, we consider again the
equation

2 sin A
a'h=—m—s,
(1-sin’ A)?

With z = a’b and y=sin A(a, b), we see that

dz 1+3y°

dy (1-y»*

Hence, the only singular points are y=xl,andy= =+ i/\/g. It is clear that for fixed M
and N, § can be chosen so that sin A # + 1 for |[Im b|=6 and ¢ sufficiently small. The
points y = +i/V3 correspond to the points

3V3

2
=a‘h=tij—-,
z=a i 16
Setting a’=a,+ iaz, b= by +ib,, we see that
azb =a,b, -—a2b2+i(a1b2+a2b1).
For fixed M and N, we restrict § and ¢ still further so that

laib,+ axb,| =1%.

In this manner we exclude the points z = % i3~/§/16, and the new Hamiltonian

1
H(as B» Pas pB) = ?H(a! b, Das pb)

_1(32 p_é)+ a
2 2(1+ea)® cos® A

(3.13)

2

A
is now analytic in all its variables in the region T. Note that N is fixed; however, it may
be chosen initially as large as desired. Large values of N, i.e., large values of &,
correspond to points far along a field line. In other words, orbits which achieve large
values of b are orbits which contain points far from the equatorial plane.

Our next task is to approximate the Hamiltonian H by an integrable one. We
cannot expand H in powers of ea and ¢ as we did in the previous section, because now,
B ~1/e. Instead, we expand H in powers of a — 1 = e alone. Since sin A and cos™ ' A
are analytic in T, we may write

1+3sin’A =K,(b)+Fi(a, b),
cos A = Cy(b) + F(a, b),

where Fi(a, b) = O((a — 1)). Then, the Hamiltonian (3.13) may be written in the form
H = H,+ H,, where

2
i 2

c K.C
H(>=71(K1pi +a2)+~12—pa

and
H,=¢eH(a, B, Pa, s, €),

with H, analytic in all its variables.
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We now work on the Hamiltonian Hy. Our first step is to find new canonical
variables a’, p.. so that Hy is a function of (a')? +(pL)” alone. This is accomplished by
taking

. s [eBIps
F(a, B, pu Ps) =[K:(eB)] 1/"apa+——:-—ﬁ.
It would suffice to take f = ¢8. However, as we shall see shortly, a judicious choice of f
will enable us to express H, explicitly, and thereby greatly simplify the ensuing
calculations. The new canonical variables a', pa, B8’ pe are determined from the
relations
oF ~1/4_ ¢

a=—‘;K [+ 2]
p da P

ol o € —Stapl)
=—= —-Ki"K o
Ds B f‘,,P_ﬁ i 1 ap

oF - oF
a1= - =K11/4a, Br=____,_
3P a apg

!
o

where K" and £’ denote the derivatives of K and f with respect to b=epB.
A point in the p, z-plane is determined from the coordinates o', 8 in the following
manner. Given a' and B'. the point lies on the magnetic field line r = a cos™ A, where

1/4

a=1+ea' 14381
The coordinate # on this field line is then found from the relation

(3.14) fiby=f(eB)=eB".

We cannot solve (3.14) explicitly for 5. However, it shall be seen for the f we shall
determine, that as ¢f’ increases (decreases) to 1 (~ 1), b increases (decreases) to +
(—o0), and that the latitude A, for a =1 is precisely

sin”! (eB).

Thus, B8'(r) describes, essentially, the motion along a line of force, for small ¢.
In terms of the primed variables. the Hamiltonian (3.13) assumes the form
C \VVK’— 5 ) e ” ) N2
H =—‘2—’[(a')~+<pa>~+ CWK ()Y (pa) 1+ Hy,

with H; = O(e). We would like to show that Hy is actually integrable. To this end, we
introduce canonical coordinates R, 6 in place of a’, p. by the relations

a’'=v2Rsin 6, p;=\"5_1_2¢os 6.

Now, H, is independent of 6, so that to lowest order, R (which is proportional to the
magnetic moment (Braun {41)) is a constant of the motion. Also, to lowest order,

é =w = C]‘/I_(:

It is shown in [4] that C,~ K is the magnitude of the magnetic field along the line of
force r = cos’ A. Thus, we have already confirmed our intuitive notion that to Jowest
order the particle gyrates about its field line with the so-called cyclotron frequency w.
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- Itisconvenient at this point to introduce a new time scale 7 so that the frequency &,
becomes unity. This is accomplished by setting o

T=I(J)1df.

As observed first by Poincaré [25], our system is still Hamiltonian if we consider only
the zero energy solutions of the new Hamiltonian

1
F=—(H-h)=Fy+F,,
w)
where h is the constant value of the energy H along our trajectory, and

1 ,
Fo=R+5— [wi(f™)(pp)* —2h],
(OF]

Fl=ﬂ.

wi

Notice that to lowest order we have decoupled the motionin &', p., and 8’, ps. This puts
into evidence the integrability of the truncated system.
To lowest order, the motion in the B’, p; plane is described by the Hamiltonian

N2, h
D =30:(f ") (pp)’ ——.
w1

Let us now define the function f(b) by the relation

N
(1-f*

We choose this function f because now the Hamiltonian @ can be calculated explicitly.
To wit, write

sin A = f1(b)+O(a—1).
It follows from

2, _ SinA
(1-sin*A)’

that f; = f. Next, compute

v1+3y ,
W=7, vy=¢€B
1-v9)
and
n_(1=FP (=9 1
1437 143y? 0 V1+39%
Hence,
1 [ (pp)’ 1=9) [ (pp)’
3.15 ¢=—[ —2h]= [ -—2h].
(3-15) 201114397 V1439201 4342
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To analyze the orbits determined by ® we must consider the level curves
_h-yP 1 A=y
C—(1+3Y5u2 2(1+3yﬁy2

in the 8', pg-plane. For ¢ >0, these curves are not closed, and asymptotically approach
the line y = % 1. The curves corresponding to ¢ =0 are the hyperbolas

(3.17) Yps)¥—3hy’=h.

The interesting case is when ¢ <0, for then the components of these curves injy|<1are
all closed, and lie inside the domain bounded by y = = 1 and the hyperbolas (3.17) (see
Fig. 8). The point s in Fig. 8 is determined from the equation

—__—h-_(1+352)1/2
c a-s%

(3.16) (ps)?,

t

Pg

-/
X

)

-/

F1G. 8. The level curves of (3.16) for c <0.
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To lowest order, the constant ¢ is —R, since we are only considering the zero energy
solutions of F. Thus, to lowest order, the particle ‘“‘mirrors’” at a latitude A =sin__1 s
where

h (143592

R (-5~
This confirms our intuitive notion that the guiding center of the particle oscillates along
a line of force between two mirror points.
Finally, since the curves (3.16) are closed, we may introduce the familiar action-
angle variables J, ¢ in place of B’, pg, where

NG

J=

(1+3X2)3/2 1/2
1-x2)° ] dx

is the area of the closed curves (3.16) in the 8', ps-plane. In terms of the variables R, 6, J,

f [h(1+3x2)+c
(]

£
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@, the Hamiltonian F, takes the form
(3.18) Fo=R+c(e)).

Thus, we have succeeded in showing that the Hamiltonian F, is integrable.

We are now at the stage where we can apply Moser’s theorem to the full
Hamiltonian 4

F=R +c(eJ)+eFi(R, ¢J, 6, b, ¢).

On the energy surface F =0 we solve for
' R=¥(eJ, 6,4,¢),

and take 6 instead of ¢ as our independent variable. We then follow all solutions from
6 =0 to their next intersection with @ =27, This defines a mapping M, which in the
coordinates r = ¢J, ¢ is given by

{r1=r+62f(r,¢,e),
¢l =¢+€C'(r)+52g(r, ¢’ E),

with £, g analytic in all its arguments. Now, M is not area preserving; however, each
closed ‘curve must intersect its image curve (since M js area preserving in the coor-
dinates J, ¢) and this is the main requirement on M in Moser’s theorem.

The mapping M is of the form (2.1) with p = I,0=2,and y(r)=c'(r). To apply
Moser’s theorem, we need only verify the condition

Y(ry=c"ir)®0.

Unfortunately, we cannot calculate y(r) explicitly and must be content with numerical
calculations. Fig. 9 below shows the graph of y(r) versus c. It is clear that v(r) has a
single stationary point at ¢ = —.7. Thus if we stay away from this point, we can apply
Moser’s theorem to prove the existence of infinitely many invariant tori on each energy
surface. These tori contain points far from the equatorial plane. And indeed, some torj
penetrate very close to the dipole singularity. Of course, the larger we choose N, the
smaller we must take ¢ i.e., the tighter the particle gyrates about its guiding field line.

=1 -.70

FIG. 9. The graph of y(r) versus c.



THE VAN ALLEN RADIATION BELT

(C) Near equatorial orbits with large values of energy. The invariant tori we
found in the last two sections are interesting because they indicate the possibility of
confinement of charged particles. However these tori lie on energy surfaces with values
of H = E which are far too small to be of any practical importance. This is because the
parameter ¢ in Moser’s theorem must be extremely small. In the following two sections
we would like to describe two different classes of invariant tori which lie on energy
surfaces which are physically relevant. These two families were recently discovered by
Braun [6], and the reader is referred to this paper for more detailed proofs.

There is an interesting distinction between the existence proofs in (A) and (B) and
the existence proofs which follow. In the previous proofs we first manipulated the
Hamiltonian H (in a suitable region of phase space) so that the associated Poincaré
section map M had the ‘‘correct form”. In the following, we will first construct the
associated Poincaré section map M (again in suitable regions of phase space) and then
manipulate the mapping M so that it assumes the form of a twist mapping.

If a particle starts in the equatorial plane (p, p-plane), then it must remain there
forever. In other words, if z = 7 = O initially, then z(t) = 2 (1) =0, for all £. The motion of
the particle in the p, p-plane is then determined from the one-dimensional Hamiltonian

w3

where p, = p. Since the energy H is conserved, we see that the qualitative properties of
all equatorial orbits can be determined from the integral curves

(3.20) E =1[p3, +(%_-;—2)2]‘

2

These integral curves are described in Fig. 10.

O

2(/2 -1
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o !
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The important thing to realize is that these curves are closed for E <3 and
Po<p <2.If we now introduce action-angle variables R, 6 in place of p, P, (where R is

just the area enclosed by these closed curves), then the Hamiltonian H can be written in
the form

H =C(R).
Let us now return to the full Hamiltonian
11 , 2 1 p 2
o) Bt (L2)]
2 pr

Expanding (3.21) in powers of z, we see that H can be written in the form
H=C(R)+[H:(R, 6)z*+5p?]+H,,
where H, = O(z*). For fixed Ry (to be chosen later) we make the substitution
R=Ry,+¢e’R’ z=¢g2',
(3.22)
6=¢, D: =€p..

This substitution guarantees that we stay near the equatorial plane. It is not canonical:
however, the differential equations of motion are still Hamiltonian with Hamiltonian
H=H/¢. Neglecting the primes, we write

C(Ry+¢°R
H=—(—°2L)+H,(RO+52R, 0)z2+3p2+0(e?).
E

Equivalently, we may take

(3.23) H=w,R+H\(Ro, 0)2°+3p2 + O(e?),
where

_95¢

'"4R R=Ro

The constant term C(R,)/¢? has been omitted because it does not affect the equations
of motion.
On the energy surface H = E we now solve for

(3.24) R=d(6,zp,¢).

The motion inthe z, p, -plane is again Hamiltonian, with H = &. However, our system is
not autonomous. To eliminate the dependence of {3.24) on 6, we follow all solutions
from 6 =0 to 6 = 2. This gives rise to a mapping M which can be written in the form

(3.25) [:Z]—»A[pzz]+0(e2),

where A is a 2 X 2 matrix. The crucial point now is that the eigenvalues of A are on the
unit circle for v, >1.3137, where

_ 1

3297 |
This follows from the extremely important result of DeVogelaere [9]. Thus we can find
new coordinates £, ¢ such that the mapping M assumes the form

(3.26) Ei=e"t+e’f(E &), E=e E+e fl L ¢)
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The coordinates &, £ can be chosen so0 that (3.26) remains area preserving and
a # 27p/q for any integers p and g. Following Birkhoff [26] we now introduce new
coordinates which we again call ¢, £ such that f only depends on & \2 tolowestorderine.
Specifically, we introduce new coordinates so that (3.26) assumes the form

(3.27) £, = exp (il + e ailé )+ O(e%).

The coefficient a4 in (3.27) comes from the z* termin the expansion of (3.21). Since this
term is nonzero, it follows in the implementation of Birkhoff’s method that a;# 0.
Setting

r=l¢l,  6=argé,
we see that (3.27) has the form
n=r+0(",

(3.28) .
6;=0+a +elart+ O(e*).

This is a twist mapping withp =2 and o = 4. Thus, for ¢ sufficiently small, (whichin no
way affects the energy E) the mapping M possesses infinitely many closed invariant
curves, and these invariant curves give rise to invariant tori if we follow all solutions
which emanate from them. It should be noted, though, that the smallness of £ implies
that the region of phase space in which there are known to be invariant curves is quite
small, and thus has minimal physical significance.

(D) Invariant tori which need not lie close to the equatorial plane. Another way of
obtaining invariant tori for Hamiltonian systems of two degrees of freedom is to first
find a periodic solution which is stable. This means that all solutions which start nearby
remain close for all future time. Stormer [27] did extensive work in this area, and
DeVogelaere [11] generalized his results. Recently Dragt [14] succeeded in numeri-
cally locating these solutions, and by a clever topological argument, found additional
periodic solutions.

Once a stable periodic solution has been found, we can usually fird a familv of
invariant tori nearby. This is accomplished in the following manner. Fire:, we restrict
ourselves to constant energy surfaces H = E, so that our phase space is three-dimen-
sional. Second, we construct a Poincaré section map M for a suitable surface of section.
(A suitable surface of section is one for which A is area preserving.) If x and y are our
coordinates in the section, and if we translate the axes so that the given periodicsolution
crosses the section at the origin, then the mapping M can be written in the form

(3:29) (2] = A[] orste e futxoee

The area-preserving property of M forces the eigenvalues of A to be reciprocals of each
other, and the stability of the periodic solution forces the eigenvalues to lie on the unit
circle. In this case, we can find a complex coordinate ¢ such that
(3.30) §1=€ia"§+82(§, &)+ gaté, H+---.
If a # 27p/q, q = n, then we can put the mapping (3.30) into the normal form

2, =exp (ilag+ai|zZ]+ aglzz)P+- - +anlzZ" Dz + oiz"").

As shown in Braun [6], this mapping reduces to a twist mapping if any of the a,, fori =1,
is unequal to zero.

e ————
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It is usually an elementary though rather tedious exercise to compute a, - - -, a,.
This is because the matrix A and the functions f2,f3,+ -+, can be calculated explicitly
(Braun [6]). However, in the case of the Stdrmer problem, we are spared these
calculations since the numerical work of Dragt [14] shows that the mapping (3.29) is
indeed a twist.

Remark. The invariant tori obtained by this method are not physically relevant by
themselves, since they occupy a very narrow region in phase space. However, they are
very important because they indicate the strong possibility of trapping partictes with
“large” energy in regions of phase space which need not lie close to the equatorial
plane.

4. The structure of solutions near the singularity. As was seen in the previous
sections, the construction of an appropriate Poincaré section map is an important tool in
analyzing the structure of a dynamical system. It was shown by DeVogelaere [10] that
the equatorial plane is a surface of section for the Stormer problem. More precisely, let
us fix an energy surface H = E, and follow all solutions from the equatorial plane z =0
as they travel toward either pole and then return again for the first time to the equatorial
plane. This defines a mapping M of the equatorial plane onto itself, and this area-
preserving mapping has been the subject of much of the research (Dragt [13],[14]) on
the Stérmer problem. Specifically, what is M? An answer to this question will provide
us with a global picture of the orbits for the Stérmer problem.

The mapping M has been studied numerically with the following result: There exist
closed invariant curves of M in that region of the equatorial plane which gives rise to
near-equatorial orbits. More precisely, successive iterates of M, acting on some initial
point, behave in a regular way and appear to fall on a smooth closed curve, at least if
they are not examined with too great precision. This result, of course, is to be expected,
since any invariant torus will intersect a surface of section in a closed invariant curve.
This “integrable" or *‘stable” behavior changes as we move to points (p, p) which give
rise to orbits that penetrate to higher and higher latitudes. Specifically, the iterates of
such a point, under M, do not lie on a closed curve. Rather, they seem to ramble over a
“fuzzy” region. The natural conclusion, in this case, is that the invariant curves of M
have disintegrated, and we have approached a region of “‘instability” or “nonin-
tegrability” for the Stormer problem. However, one cannot be so sure. To wit, it is
extremely difficult to accurately compute solutions which penetrate to high latitudes.
This is because we must use a time step in our numerical schemes which is small
compared to the period of one gyration about a magnetic field line, and a particle
oscillates faster and faster as it rises to higher and higher latitudes.

To resolve this question, it is necessary to analyze the structure of all solutions in
the neighborhood of the singularity r =0. This is an extremely difficult problem,
because the singularity is so awful. In 1907, Stérmer constructed an asymptotic
expansion on each energy surface, which, if it converged would represent an orbit which
ran into the singularity. It was not until 1943 that Malmquist [20], in a difficult paper,
proved the existence, on each energy surface, of at least one orbit which entered the
singularity. The problem remained zt this stage until 1970, when Braun [5] finally
succeeded in proving the uniqueness of this orbit and in obtaining the structure of all
solutions in the neighborhood of the singularity.

We would now like to describe these results and to indicate how they were
obtained. Let us go back to adiabatic theory for a moment. In this approximation, a
particle gyrates about a guiding field line, and oscillates along the line. Now, it is quite
difficult to picture how all these different orbits fit together. Indeed, the only conceiv-
able picture on each energy surface is if we unfold the motion along a line of force.
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Then, the orbit structure should have the following form (see Fig. 11). All orbits lie on
the cylinders yf + y% = constant, and move up these cylinders in the direction of
increasing g.

Now, here is the key idea. If we believe that Fig. 11 is the only possible picture, and
if we can find a “model case” which gives this picture, then the model case should
provide the answer for the Stormer problem also. Specifically, once we see what the
important variables are in the model case, and how to ‘‘unfold” the oscillation, then we
can do the same for the Stérmer problem. This is a really neat idea, and what is even
nicer about it is that it works.

. 77
N == Y2
AN

e

Y1 L/\

FiG. 11 FIG. 12. The region h(8)/r" = E.

A model case is provided by the Hamiltonian

4.1) H=1[pf+”—5’]+lh(f),
2 ro 2 r

where r, 6 are polar coordinates and h(6) is a convex function of 8, with #(0}=0. The
region h{6)/r~ = E is described in Fig. 12. Notice the similarity between this region and
the region V{p. )= E in Fig. 5.

Since we are only interested in the region

0p (n-)

we can disregard the periodicity of h(8) and set h(8) = 6. Thus, we take

2
4.2) H=—[p3+-’;—2€]+%—q§.

There are two key steps now, which will be repeated for the Stormer problem. The first
is to change the time scale along orbits to

"‘dr
T=1 73
r
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Then, our solutions are the zero energy solutions of the Hamiltonian
K =3[r(p} - E)+p2 +67].
The second, and major step, is the unfolding

q=1p.
If y, =6, and ¥2 = Ppe, then the equations of motion become

dq 2
—_— -+ N
2 =4+l
(4.3) Yy =yi1+iy,.
dy_
dr Y

Note that all orbits of (4.3) lie on the cylinders |y|=c.
Our next step is to show that the orbit structure of (4.3) is unchanged under a small
perturbation. More generally, consider the system of equations

%’= r“+f(q,y,§),

4.4)

dy | - -
7}= ih(q, y, 7)y +g(a, y, 7),
!
where 1’ = q2 + Iy12 and h is real. We have the following important theorem (Braun [5].
THEOREM. Consider the system (4.4), and define

I8l =sup § o).
Assume that
Ifle = OR™), ligle = OR™), Ih~h(0, 0, 0) = O(R),
and that
(4.5) N>max(a+l,2a—c,3a—2c—l).

Then the orbit structure of (4.4) is topologically equivalent to the orbit structure of the
system of equations

]

(4.6) t—ig=r" %=ih(q, ¥ ¥y

.0 s
dt

The condition (4.5) is strange, and we have no explanation for it. The only thing
that is intuitively clear is that N must be greater than a. If this is not S0, then the orbit
structure of (4.4) may differ drastically from the orbit structure of (4.6). For example,
consider the system of equations

dq

_=q2+52, Ky =y

= +y3,

d
4.7) =2+ 2,

= T Yyit2gy..

dy,
dt
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-or this system, (witha=2,N= 2)
ds _yoldys/di - yadya/dD) g

dt i +y3)’
t1ence for E=q+s5 7 =q—s we have

é§= 2 dn 2
dt ’ dt

with the solutions

- &o - 7o
T—tf | 1-mof

‘This implies that any orbit of (4.7) with £=0and 1n0=0 must Tun into the origin as
. » 2. The locus of these points is a right circular cone. Hence, an entire cone runs into
the origin under (4.7) (this phenomenon is known as funneling), while 2 single curve
.v = 0, g <0) only runs into the origin under (4.3).

Let us now apply all this information to the Stormer problem. Our first thought is to
11y to map our Hamiltonian into the model case (4.1). However, this fails because of 244
«crm which appears in the unfolding equations (4.3). This term appears because our new
coordinates are not orthogonal. This leads us to introduce new orthogonal coordinates

£

r—coszﬂ r
4.8) a=a(r,0)= , p=>bir,0)=—""77
r sin '~ @

via the generating function

2
cos” 0 r
Fir, 0~pa,pb)=(1- )Pa+ —177 5 Pt
r sin'~ @

Ihen the Hamiltonian

1 P 1 r—cos® 6\°
N
2 ro 2r° cos” 6 r

for the Stormer problem in polar coordinates is transformed into the Hamiltonian

-

H=[4(1—a)_3(1—a)2}£):;_+ a’

3 2

] _ K

4.9) r r 2 2d-alr
+[ 1 L1 rd-a) ]EE
[1—r(1—a)]”2 4[1——r(1—a)]3/2 27

where 7 is assumed to be expressed in terms of a and b.
Taking a cue now from our model case, we now change the time scale along

orbits to
dt
T = }' -3
r

Our trajectories are now the zero energy solutions of the Hamiltonian

14.10) K=r3(H—§5),

where E/2 is the constant value of the energy H. Solving for r=r(a, b) from the
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equation

- r(l—a)
bd-a) O-rd-a)]7

we see that (4.10) can be written in the form

24 4p2 A
(4.11) K:“—zm”w“—””TEMkl(a, b, D or E),
where

K= _%lcikl(pb, E)a’b*pl,
LK,
with

,'+2?k+1;§.

For our convenience later on, we make the transformation

Da
a—»x/ia, .=,
P>

so that
az-f—4pf2 —>2(a2+p§).

Taking a second cue from our model case, we make the unfblding

3

qg=5b""p,.

Then, the Hamiltonian (4.11) gives rise to the equations

d(] 3 2 112

2= " apTRl 20y O+,
(4.12)

y .
_— = —2 ;4
dr YT

with y =a +ip,.
Now, the system (4.12) is essentially (4.4) with g =1, Unfortunately, though, we
cannot apply our theorem, since the function g satisfies

lgliz = O(R®"),

However, the theorem can still be salvaged by the clever trick (see Braun [S] of making
K afunctionof yi+ y% alone through an order greater than %. Thisis accomplished via a
takeoff on the Birkhoff averaging method (see Siegel [26]). The normal form terms are
then lumped into an h(q, |y|) term, and it is easily verified that our theorem holds. Thus,
all solutions (on each constant energy surface) have the form described in Fig. 11, close
to the singularity r = 0,

S. A model of the global flow for the Stormer problem. In the previous section we
showed that on each energy surface, near the dipole singularity, all orbits moved on two
dimensional invariant cylinders. These cylinders when followed backwards in time, will
intersect the equatorial plane z = 0 in closed curves. The center of these curves is the
intersection with the equatorial plane with the orbit that enters the singularitv from the
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north. Exactly the same situation prevails for the orbit that enters the singularity from
the south. Now, if the orbit that leaves the singularity from the north were to intersect
the equatorial plane at right angles, then it would be the orbit that entered the
singularity from the south. However, the orbit that leaves the singularity from the north
does not cross the equatorial plane at right angles: it misses by a little bit (Dragt [14]).
Consequently, the cylinders from the north and the cylinders from the south do not
match up, and we would expect some chaotic behavior.

Let M be the equatorial section map described in the previous section. If we
transform the closed curves which result from the intersection of the ‘‘northern™
cylinders with the equatorial plane into circles, then a good model for M can be
obtained as follows. First, let a(r) bea C ! function satisfying

——ra"('r) -0 asr->0,
and set ¢ to be the mapping

(5.1) &:(r,0)5(r, 6 +alr).

The mapping ¢ rotates circles centered about the origin by an angle a (r) which tends to
o as r- 0. Next let 7 be the translation

(5.2) 7:(x,y)>(x+¢€,y),

where ¢ is a fixed positive number. The mapping M is defined to be the composition of 7
with ¢, i.e.,

(5.3) M=r1-4¢.
It has been verified numerically by Dragt [13] that (5.3) is indeed the case for M.

And the analyses of the previous section would say that a(r) = r~*'? is the best bet for
al(r).

The mapping M in (5.3) is very similar to the mapping M studied by Braun {73, and
the linked twist mappings studied by Bowen [3], Devaney [8]and Thurston [28]. And as
we shall soon see, its properties are essentially the same.

At first glance it would appear that the iterates of a point under M are unbounded,
on account of the translation 7. However, this is not the case. The further we move from
the origin, the more the mapping M resembles a twist mapping. Hence, by Moser’s
theorem, the mapping M possesses closed invariant curves (for a sufficiently smooth)
far enough from the origin.

Near the origin, though, the mapping M is quite erratic. as is to be expected. It
possesses infinitely many unstable periodic points, as well as infinitely many homoclinic
and heteroclinic points. This is a consequence of the following theorem, whose proof is
due to Moser [23].

THEOREM. Given any positive integer N, there exists an € (N) such that for
0<e <e&(N) the mapping M possesses the shift on N symbols as a subsystem.

Proof. Our first step is to construct an annulus with the property that points on the
inner boundary are rotated about the origin N times more than points on the outer
boundary. To this end, we choose two constants ¢, 3, such that

(5.4) l<er<ea<3,

and consider the annulus
B ={(r, 8)|cie =r=cze}.

The restriction (5.4) is imposed so that B and 7B intersect in two components, and the
boundaries of these components intersect under a nonzero angle, as shown in Fig. 13.
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Next, we form the annulus
Am={(r, 0)l2m-1)r = a(r)=(2m+1)7),
and set, with some » still to be determined,
N-1
A= A,
0

5=

We will require that A be contained in B. To this end, note that the outer boundary of A
is rotated by an amount (2n = 1), while the inner boundary of A is rotated by an
amount

Cn+N-1)+ Dmr=Qn+2N- 1),
Therefore,
2n+2N-1)xn <a(c1e) and Qn-1)x >a(cye).
Combining these inequalities gives
(5.5) a(c;e)<(2n—1)7r<a(c,s)—2N1r.

To satisfy (5.5) we first assume that a(r) is a monotonic decreasing function of r.
Second, we choose ¢ small enough so that

a(CIE)—a(cze)>(2N+2)7r.

Finally, we choose an integer n large enough so that (5.5) holds. To show that this is
possible observe that —ra'>L for r small enough. Then,

alcie)—~a(cre) = —f a'(r)dr>1 I (2)

Ci1e C

Now, we define the region
Q=ANrAN{y >0},

which will play the role of the square in [22]. It is clear from Fig. 14 that the image ¢(Q)
spirals N times around in A and therefore intersects the region 'Qin N components.
Consequently, M(Q)=1- #(Q) also intersects Qin N components, U,, U, - - - ,
Ux -, which are so labeled that U/, is the outer one and Uy _, the inner one. (See Fig.
15.) Similarly, we see that
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= (Q)
Q
c{Q)
0 £
(N=2)
-F1G. 14

FiG. 15

has N components, labeled so that
MV =L s=0.1,--- ,N-1.

Finally, one also verifies the boundary conditions on V. and U,, as required in [22].

It remains to show that M contracts a bundle of sectors. For thlS purpose, let r”
denote the distance from the point i x. v) to (g, 0), and introduce r, r* as coordinates in
Q. This is possible smce Q< BN+ B Then Q appears as a square contained in the
larger square ¢i& <r, 1" <c,e. Let A be a number greater than one, and introduce the

bundle of sectors

S™:16rt <A 87,
5.6 .
(5.6) S ier|<AY6r;

as well as the larger sectors
: T |6rt < AlSr,

5.6) - .

(5.6) I leri<alsrt.

We have the following crucial lemma:
LEMMA. If ¢ is sufficiently small, and

dM 187, 8rY > (8ry, 61 ).
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“then,

dM(Z*)=S*  and 671> A|67| for (6r,86r")e §*,
and
(5.7) (dM) (=Y eSS~ and 8ri|<A7(8r|  for (51, dri)eS”.
Proof of Theorem - From the lemma,

dM(S")c dM(3*) S,

and S is invariant under dM asis S” under (dM)™', Thus, we have verified hypothesis
H3 of [22], which proves our theorem.

Proof of Lemma. We will only verify the first part of (5.7) since the other part
follows in exactly the same manner. Stretching the variables, we set p=¢""r, pt=
£7'r*. The coordinate p™* can be expressed in terms of p, § by the relation

{(5.8) P =flp, 6)=1 +p%=2p cos 6.

Note that p* js independent of ¢. The domain BN +(B) is now described by
a=p,p =c,. Moreover, we can find a constant ¢ > 1, which depends only on ¢y, ¢,
such that

ifi,1f2l and If2'=c in Q,

where f, = 6f/3p and f2=29f/a6.
The smaliness condition we impose on ¢ is that

(5.9) —ea'(ep)>2c(A +¢) inBN7(B).

Equation (5.9) can easily be satisfied since ~ra'(ry>occasr->(.
Now, if (8p, 8p*) = 3%, i.e., [80"|<A|8p|, then from the relation

80" = f18p + f,86.
we deduce that
1861=1f3"l180" - f18p)
=c(A +c0)|p| = k|sp),

Withk =c(A +c¢). Thus 3* is contained in the sector |66]< k|8p]|.
Next, we apply &, which maps (p, ) into

Px=p, 0x=6+al(ep),
so thatin A
80, =66+ ea'(ep)ép,,
and in the previous sector we have over A4 that
(5.10) 1864|> (ea'(ep) — k))8p,| > k|8p,l,

since ea'(ep)> 2k by (5.9).
We express this condition in terms of p,p in r"(Q), where p~ = e‘lr‘, with r~
being the distance from (x, y) to (=€, 0). To this end, observe that

P =flp, m—8),
SO that

(5:11) 80, =f6p, ~£,89,.
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Therefore,

156, = cll8p, |+ cldp4ll,
and from (5.10) we see that
k|opsl < cl8o, |+ c’18p4l,
or
(k= c*)opul<clép,l. |
Since k = ¢(A +¢) we conclude that
50, <A Y8p7), orlerid<ATleril.
Finally, we apply the translation 7. Singg
| - dr(8r,, 8ry)=(8r1, ory),
where 8r, = 6r, 8r1 = 8ry, we find that
|67 | <A 7Y|8r4l,

as was claimed in 15.7). To get the inequality |8y} > A|8ri. observe from (5.10) that for
(6r,8r")e X",

186.1> k|6p].
Therefore, from (5.11)
180712 ¢ (18641~ clops]
=" '1864 - clspl]

>c Mk —c)ép|
=(c 'k —1)|p|
=(A +c—1)|6p]
> A |8pl,
since ¢ > 1. Hence
|8r_|>Alér],
and applying 7 leads to
|6r1] > A |67,

as claimed. Q.E.D.

As was mentioned previously, the above theorem implies that M possesses
infinitely many homoclinic points. It has been conjectured that area-preserving map-
pings are transitive in a global neighborhood of a homoclinic point. Numerical
experiments for the special case of the two-circle rotation studied by Braun [7], are
suggestive of and consistent with transitivity. Interestingly enough, the mapping M also
appears to be transitive, as is seen in Fig. 16, and this figure is exactly the same as the

instability observed in [7].
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FIG. 16. 2500 iterates of the point (.1,0) fora(r)=r"*'> and ¢ = .01.
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