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Topoingival and numerical techniques are used to show that the problem of trapped charged particle
motion in a magnetic dipoic field is insoluble. Similar results hold for motion in the earth’s magnetic fieid
and are of interest for radiation belt phenomena. Pedagogical discussion is devoted to the subject of how
1t can happen that a classical mechanics problem is insoluble and in what sense. It is shown that the com-
nlete adiabatic magnetic moment series is divergent and that due to the exisience of homoclinic points the
soluticns to the equations of motion are too complicated to be writien in closed form. As a consequence,
ilicre is currently no rigorous theoretical explanation for the empirical success of adiabatic orbit theory,
and a completely satisfactory mathematical justification will be far from easy.

I. INTRODUCTIO\'

v eaviential mgredxem for an understanding of magneto-
~oric i vadiation belt phenomena is a knowledge of the
harged particles trapped in the earth’s magnetic
w=d orbits can be approximately described in terms
wihwed magnetic moment, longitudinal, and flux in-
. Northrop, 1963; Northrop and Teller, 1960]. These
. itiess are not true invariants because they are not actual
.. intss-ef motion over the course of an orbit: However, they
diatbatically invariant’ in that they remain approximately
-.ant Jor moderate lengths of time for low-energy orbits.
- ywm‘:), they can be used to predict particle motion
modcrately short times. In actual practice it is
. wioavs tacitly assumed ihat the adiabatic invariant
~..:i;ws hold good for arbitrarily long times, Such an as-

- .igw nay be correct, but its use certainly requires discus-
- andiseventual mathematical justification.

‘e of the uncertainties associated with the adiabatic

- ang predirtions, it would be highly desirable to have an
iy sojubie model problem which in some sense approxi-
o !t:@:* arue problem. One obvious possibility is to replace
cctual magnetic field by that of a perfect dipole, We

Laif whe problem of determining the orbils in a pure
2ol Fpole field the Stgrmer problem in honor of Stgrmer

**1 wit.p first considered it [Rossi and Olbert, 1970]. If the
v mer problem could be solved exactly, we could hope to

<= the: fxill problem by perturbation methods.

i~ theetiasis of past experience in other areas of physics, we

st nadively hope that the simplifications and symmetry in-

" tueed by a pure dipole field do indeed lead to an exactly

.7l mroblem. For example, the motion of a satellite about
vurth fbecomes the exactly soluble Kepler problem if we

“.iv dbe earth's gravitational field by ignoring quadrupole
ghesr-moment terms. However, it has been well known to
" w:al mechanicians since the time of Pioncaré [1892] and
"« IREhinaker, 1937] that ‘most’ classical mechanics prob-
- sretfimsoluble.” The purpose of this paper is to show that

\ifv wmer problem for trapped orbits belongs to this in-

- ‘t*iem—ny We hope that our warning will spare aspiring
““Zuavz gtudents and others the expense of spending long
eurs in the hope that to the amazement of all, they
» dimgover just the right canonical transformation which

e

€
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leads to an exact solution and lasting fame. At the same time.
we hope that our discussion will prove instructive as to why
and in what sense a classical mechanics problem can be in-
soluble, since this subject is not common | nowledge among
physicists and is rarely touched upon in mechanics courses or
texts. Finally, of more interest from a practical point of view.
we will show that insolubility implies that the complete ad:a-
batic magnetic moment series diverges. Consequently, there is
at_present_no_tigorous mathematical” explanation for the
empirical success of adiabatic orbit theory in explaining
Tmagnetospheric phenomepa ang correiating spacecraft data.
Rather, its success must cquz
j§§§j§é§3§ﬂ£4§&5¥;ﬂﬂsaska

€ have tried to make our exposition as simpie and non-

technics! as possible. More detailed calculations wili be pie-
sented elsewhere. Section 2 describes briefly the equations of
motion for the Stgrmer probiem and the use of dipolar coardi-
nates. In section 3 we convert the Stgrmer probiem into the
determination of an area preserving map M. Section 4 de-
scribes various properties of area-preserving mappings includ-
ing the possible existence of a ‘homoclinic’ peint. Section =
shows that if M has a homoclinic point, then the Stgrmer
problem is insoluble. Here we also discuss what ‘insolubili:y’
means. We show in section 6 by direct numerical integration
that the map M has homoclinic points. Our resulis and the
current state of the Stgrmer problem are summarized in a final
section.

2. EQUATIONS OF MOTION AND COORDINATES

A portion of a typical trapped Stgrmer orbit is iliustrated in
Figure 1. For a nonrelativistic particle of charge ¢ and mass m
the orbit is generated by the Hamiltonian

H = @m){p;* + p,* + [(e/p)— gAT i}

where p, z, ¢ are cylindrical coordinates and the vector poten-
tial A describing the dipole field is given by

A = gonpr? (23
with P = p? + 22 Here 9 is the magnitude of the dipoie
moment. (The relativistic case is also described by (1) if m is
replaced by ym.) The motion consists of three paris: a gyration
about a field line, a bouncing back and forth across the egua-
torial plane along the line between mirror points to form &
kind of spiral, and a siow drift about the earth. For & fuller
discussion of the motion and a fuller exposition of some of the

points which are to follow, we refer the reader to an su~ier
article [Dragt, 1965].
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z where

Vie, 2) = §(1/p) — (0/P)P {:

For notational convenience we have omitted the primes injy
and (11). and we shall continue to do so henceforth. All fuz;;f
references will be to dimensionless variables and dimension;,l.
equations of motion. .
We see from (10) that the motion in the p, z plane is i
same as that of an imaginary particle of unit mass moving ;.
— Y the effective two-dimensional potential ¥(p, z). Therefo;e «.
can get a qualitative picture of possible orbits by €xamining "
Figure 2 is a contour map showing level lines of ¥, T{
potential vanishes on the fioor of the valley given by the u;«_.h
X 2 =
Fig. 1. Motion of a trapped particle. e b

\
\
N

1\
/ \
JRE g
/ >
,L\_._
[ S

/
~b/
/

usually called the thalweg (German: ‘valley way’). and is P

Inspection of (1) and (2) shows that H is independent of ¢ as t?vc clsewhere. (Note that (12) is the same as the guiding jic
we might well expect from the axial symmetry of the problem. line (9)). Also the walls of the potential become steeper as o- -

It follows that p.r(l)]ceeds from the equator, z = 0, down the thalweg towy:.
1 ; 1 = = . .
. b = —2H/ép = 0 3) fhte 3;&(;1;Fmall), thereisapassatz = 0,p = 2, v»herg Vh:
and hence p, is a constant of motion. It can conveniently be From energy conservation we conclude that all orbits whbi;-
written in the form begin in the valley and which satisfy W,? < 4, where W, i,
dimensionless ‘velocity’ defined by
po = gl 4) \
where T is an integration constant having the dimensions of a o' = 2H u
. reciprocal length. cannot escape to infinity. These are the orbits which we ha.
An analysis of the properties of H shows that trapped orbits called “trapped.’
can occur only if I' > 0 and that in this case. particles with Figure 3 shows a typical portion of a trapped orbit in th .
sufficiently low energy spirza! about a field line satisfving plane obtained by numerical integration. The motion consi:
e i of oscillations about the thalweg superimposed upon meii
r=1T7"cos*A (C)  along thegthalweg. Because the walls of the potential becc:

ahere, as in Figure 1. X denotes geomagnetic latitude. stecpe'#s’ one proceeds down the thalweg, our imagin.

Applying Hamilton’s equations we find particle experiences a retarding force. Consequently, the ot
] eventually turns around. The oscillations about the thalw:

6 = ¢H/éps = (o — gpAe) (mp®) (6) correspond to gyrations about the guiding field line in the -
three-dimensional orbit, and the motion back and forth alv".
the thalweg corresponds to the bouncing motion betweern &’
Tor points.

Since in first approximation the motion in the p, z pl'-
consists of oscillations about the thalweg superimposed vy
motion along the thalweg, it is convenient to take this fealu™
into account by the introduction of orthogonal ‘dipob’
coordinates ¢, and g,. They are defined in terms of p ands ¥

As far as the motion in p and z is concerned, we note that we
may replace p, in H by its value given in (4). After this
“ substitution is made, we can regard H(p,p.; pz; ps = gl )asa
‘reduced” Hamiltonian describing two-dimensional motion in
the p, z plane. Once this motion is determined to give p(f) and
z(r), we can easily determine ¢(1) simply by integrating (6):

2 .
(1) = f dr (g — gp4,)/(mp’) (7) the relations
Therefore in what follows we shall concentrate on finding (1) : : : ,
' and z(1). ol ' ! ' ) ,
At this point it is convenient to introduce dimensionless , o,
space and time variables p', z’. ' by the rules ) ,
- — = e - /
zl = zr 05 s _= ey ‘\_ - , !
! = i \\‘\ N s N ~ Pass 1
P pr (8) b4 vss‘_zlo\‘ \\-—V=O \._vgb_'o N / A
[ 3 o +-——t + % .
t! =T qm/m Iy : Ve s ;
‘., ’ - 32 /V'}
’ . ca Sy ’
e In these variables the trapped particle gyrates about a guiding Ot U
field line obeying o5k T =A T R \ \
Tholweg . /
r = cos? A ) vege ~ N .
N
Also the particle has unit cyclotron frequency when it is in the -._o[_ . \
equaloria\ plane. The motion is governed by the dimensionless L _ t 1 L L -
Hamiltonian )

. H = %p.2 + p) + Vip.2) (10) Fig. 2. Level lines of the effective potential V(p.Z)
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g =2/ g ="/’ —1 (14)

- mes of wenstant g, correspond to dipole field lines. In par-
iar, wiee dine g, = O corresponds to the thalweg. Lines of
_nstant o, -are orthogonal to lines of constant g,. Figure 4
.ws Uz sorbit of Figure 3 as it appears in terms of dipolar
_.wrdinatess. The motion has now been separaled out. in first
~rroximmdon, into oscillations about g, = 0 superimposed
.ron matiton along the g, axis.
W ¢ closse/this section by noting the form of the Hamiltonian
- ipolari eoordinates. Let p, and p, be momenta canonically
_nugatesito g, and g,. Then after calculation one finds that the
i1 .miltomian is given (in mixed variables) by

o= e /) + /b + @ + D7) (19)

Lhere

e

m =)0 + 3) (16)
n' = pr( + 32°) a7

particuftar, for future reference we observe that H for
- .~»ped oriiits can be expanded in a power series in the ¢'s and
-« of the: #orm [Contopoulos and Viahos, 1975]

H=H,+ H,+ H, + -~ (18)
bore
H, =30 +0"+a (19)
Hy = —=2g,° — 3q:p)° (20)

I Qg + 215
+ 10g,* + 3¢.°¢.° + 9¢.°p)") 20

.. #CONVERSION INTO A MAPPING PROBLEM

.hie purgpose of this section is Lo explain how the particle
i1on derseribed in the previous section can be used to gener-
+ mamping M. Our method involves the use of what is
- ¢ a siface of section and dates back to Poincaré’s cele-
*+vd workk wn celestial mechanics.
onsider iee four-dimensional phase space consisting of the
riables g, &, pp, p,. From Hamiltonian mechanics we know
" every arfait in the configuration space p, z corresponds to a
“wwctory itnyphase space. Furthermore, there is a unique tra-
“.ory threegh each point in phase space, and trajectories
“u.or interssest unless they happen to close on themselves.
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\H:d A wrgpped orbit as seen in p, z coordinates. The initjal
Milenswre z = 0,p = 1.07, 5 = 0, 7 = 0.0355, Wt = 0.005.
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Fig. 4. The orbit of Figure 3 as it appears in dipolar coordinates.

Since W2 = 2H is a constant of motion, it is convenient L0
group together all ‘trajectories with the same W.’. They
evidently lie on a three-dimensional hypersurface. Now con-
sider all trajectories which correspond to trapped orbits in
configuration space and which have a fixed value of W*. From
our discussion in section 2 of the nature of orbits, it is in-
tuitively obvious that each such phase space trajectory, when it
is extended far enough forward or backward in time, must
cross the hyperplane z = 0. That is, all orbits must cross the
equatorial plane at least once. A rigorous proof has been given
by DeVogelaere [1954]. Put another way, the *surface’ z = 0
cuts across every (trapped) trajectory and thus may be called a
surface of section.

Let us record the values of p, p = p,, and z = p, at the
moment of crossing. Their values and the equations of motion
derived from H allow a complete reconstruction of the whole
trajectory. Futhermore, since we have agreed to fix W2 the
value of 7 is redundant because by solving (13) for 2 when z =
0 we find

i = [WE — p2 — 2V(p, )} 22)

Thus a trajectory is specified by the two numbers p},., and
p|:=0. and the surface of section is effectively two-dimensional.
There is, of course, an ambiguity in the sign of Z as given by
(22). So we should really say that each p, p pair in general
specifies two trajectories, one with #|,., > 0 and one with 3| ...
<0.

However, we observe that V is symmetric about the p axis:
Vip, z) = V (p, —2). Consequently if [p(t) = 1), z(2) = g(1)] is
an orbit, so is its mirror image [p(1) = ft), z{t) = —g(1)]. Thus
the two possible choices of sign for z amount to choices
between two mirror images.

We also need to make one further clarification. It is obvious
from (11) and (22) that only a certain region of the p. p plane
leads to real values of # and that outside this region, # is pure
imaginary. The region of real 2, which we shall call the phys-
ical region, is the boundary and interior of the curve

p* + [(UVp — 1/p' = W¢ 23)

The boundary itself gives vanishing values of 2, and therefore
all points on the boundary are points of that orbit which is
confined to the p axis in configuration space. (This orbit cor-
responds to an equatorial orbit in the p, z, ¢ space.) Points
inside the boundary correspond to orbits which leave the P
axis and extend into either the northern or southern hemi-
spheres.

We have seen that a p, p pair in the physical region in
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general specifies two orbits. We shall see now how the equa-
tions of motion can be used to generate a mapping M of the
physical region into itself [DeVogelaere, 1958 Godart, 1970):
Select a p, p point in the interior of the physica! region, and
compute by using (22) with a positive square rooi. Employ-
ing these values (plus z = 0) as initial conditions, compute an
orbit. Analysis shows that this orbit will either go to the origin
of the dipole by way of the northern hemisphere or it will turn
around and recross the p axis; i.e., z = 0. If the trajectory
recrosses the p axis, record the crossing values p’, 5. Now if
the orbit specified by the initial values p, p does not go to the
origin, then we may define a mapping M by the rule

M: (p,p)— (. p") (24)

For example, the orbit in Figure 3 was launched with W,? =
0.005,z = 0, p = 1.070, p = 0 which, by using (22) gives z =
0.0355. It returned to z = 0 withp = 1.023 and p = 0.053. Thus
we have for M the result

M: (1.070, 0.0) — (1.023, 0.53)

Figure 5 shows the physical region in the p, p plane for W =
0.00% and the launch values of p, 5. We also show the action of
M and its powers for the above example.

To continue our discussion, we use the fact that the orbit to
the origin by way of each hemisphere is unique [Braun, 1970a].
Therefore M has been defined everywhere within the interior
of the physical region except for one point. Let O be the p,
point which generates the orbit to the origin. This trajectory
never returns. However, we can extend the definition of M to
O by defining the return orbit to be the outgoing orbit retraced
backwards. Thus if O has coordinates p.. and é.. the point MO
has coordinates p, and —p,. It can be shown that this extension
preserves continuity. Finally, we extend the definition of M to
points on the boundary of the physical region by again in-
voking continuity. In conclusion, we have defined a mapping
M of the entire physical region into itself. In particular, the
boundary is mapped into itself, and the interior is mapped into
itself.

In defining the mapping M from p, p to p’, p’ we used the
positive square root in (22). Let us call the orbit thus generated
[p+(2). z4(1)]. If 15 is the time at which the orbit again returns
to cross the p axis, we have

z+(tR) = 0
pi(tr) = ¢’ (25)
p.(tr) = /-7’

]
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Fig. 5. An illustration of the action of M in the p, p plane when
2 = 0.005. The oval curve is the boundary of the physical region.
The point P has coordinates (1.07, 0) corresponding to the faunch
values of p, p, and M"P denotes the result of n actions of M on P.
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Suppose we had used the negative sign instead. Then we woyL
have generated the orbit [p.(2), z_(1)], where according 1o g,
earlier discussion,

p-() = p.(0)
z.() = —z,(1)
In particular, at t = t; we find
2 (tr) = —2.(tx) = 0
p-(tg) =

p-(tg) =

p.(tz) = p' | {23
p.(tg) = p’

Thus the definition of M is independent of the sign of 1.
square root.

What is M good for? In brief, a knowledge of M is equiv,.
lent to a knowledge of the long-time behavior of orbits. Fa
suppose, as in Figure 5, we launch an orbit from some poins ¢
in the physical region into, say, the northern hemisphere (;
0). The orbit will return through the surface of section at thz
point MP. It will then continue on into the southern hems.
sphere only to return again through the point MMP. Further
successive crossings generate the points M*P, M*P, etc. Thus .
description of the behavior of M" for large n is equivalent to:
description of the long-time behavior of all orbits.

4. P:@":’C-‘:&nss OF AREA-PRESERVING MAPS

The mapping M has three simple properties which follow
almost directly from its definition and which alsg serve -
starting points for deeper investigation;

1. M has an inverse M~'. M also is continuous and differ-
entiable. That is, if P is some point in the p, § plane and @ «
MP is its image under M, then small changes in P result ir
small changes in Q. In fact, if P is not the point O which iesd
to the origin. then the coordinates of @ = MP can be differen
tiated with respect to the coordinates of P. These assertion:
follow from the fact that the solution to a differential equatior
depends continuously and differentiably on the initial com-
tions provided the solution does not pass through a poi-
(such as the origin) where the differential equation coutar
singular terms. The existence of the inverse mapping M’
follows from the observation that an orbit can always b
traced backwards in time.

2. M is area preserving. This means that if R is a region i
the p, 5 plane and if R' is its image under the action of M, the"
R and R’ have the same area. The result is a consequence of th
fact that the equations of motion are derivable from a Ham
iltonian [Arnold and Avez, 1968].

3. M has fixed points. A fixed point is a point which is s¢#
into itself under the action of M. Evidently, fixed points of 4.
or of powers of M, correspond to periodic orbits in the p.*
plane. The existence of such orbits is intuitively obvious ap-
can be proven rigorously [DeVogelaere, 1958]. -

Properties (1) and (2) can be combined to give a classt®
tion of the fixed points discussed in property (3). Our disci
sion will apply to area-preserving maps in general. To mab:
our notation more precise, we shall now denote points in th“
p plane by specifying a two-component vector. Leta bea P‘"r‘:
in the physical region and let b be its image under the actioa
M. We write b = Ma. Next consider the action of M on 1%
nearby point & + ¢, where € denotes a small vector. Sinc¢ Me
differentiable, we may expand M(a + €) in a power seriesif thi
components of ¢ to get an expression of the form



DRAGT AND FINN: INsOLUBILITY OF ORBITS IN A DiPOLE FIELD 23,.

M@ +¢€)=b+ L + O(¢) (28)

L ome Lo denotes a 2 X 2 matrix. We shall call L, the linear
- of A& at the point a.
7-¢ mmatrix ‘L, has two important properties. First, it is
-. oushy wreal, since M acts on real vectors to produce real
..-ors. Secondly, L, has unit determinant

det L, = | (29)

-~ . resulit ‘follows from property (2): Let us consider some
; regiion R centered around a and transform it to a small
. 'n & .centered around b by the application of M. Then the
- .~ of the areas of these two regions is given by the Jacobian
-7 whizch is just det L,. Since M is area preserving, the ratio
- -=¢ areeas ‘must be 1, and hence (29) follows.
\ow swppose a is a fixed point; i.e.. Ma = a. Then for any
.oy panta + € we have

M(a +€)=a+ Le + O()
i@« €)= M@ + Loe) + O(e) = a + L% + O(e)
-+ n gexnerd! for any power,
MYa+€) =a+ L + O() (30)

¢ sce that in first approximation the behavior of M” at a
-« poim? is governed by its linear part. Therefore we should
«r re wthat can be said about L, and its powers.
"¢ beflravior of L, is characterized by its eigenvectors and
- .mvalwess.'Let us call the eigenvalues A, and A,. Then in view
29) we: smust have

MA =1 3N

. Jse tihe determinant of a matrix equals the product of its
-rovalumss. Also if A; happens to be complex, A, must be its
“plex menjugate, since L, and hence its characteristic equa-
- are meal. Combining these two properties, we see after a

" - analvsis that there are only five possibilities:
Acwording to the hyperbolic possibility, one eigenvalue,
't A\ iissreal and greater than 1. Then we have A, = A and A,

A wigh ) > 1.

- Acocsrding to the elliptic possibility, both eigenvalues
+ .ompiiex:.and lie on the unit circle. Then A\, = ¢ and ), =
wherx ¢ is some real angle different from zero or a mul-

trof .
° Acmording to the inversion hyperbolic possibility, both
ig;':kalw -are real and negative. Then A\, = —X and ), =
A withh 2 > 1.
= Aoxzrding to the parabolic possibility, both eigenvalues
ot +L

Aczmprding to the inversion parabolic possibility, both

“eoivalees.equal —1.

Fur omx gpurposes we shall be particularly interested in the
' possifiaility, the hyperbolic case.
) Suppose: th-is a hyperbolic fixed point. That is, L, is hyper-
We @re going to explore the effect of powers of M on
ii"Dy patatsh + e In view of (30) we begin by studying the
CEs of E,;™ on e. Since h is hyperbolic, A, and A, are real and
“<rent. ‘Eiherefore L, has two real linearly independent ei-
»ecloms wihich we denote by v, and v,. Let us expand ¢ in
S of wy:and v, by writing

€E= Y, + €3V (32)
* lcllows ihat

Lh"f = e,M”V, + (gkz"Vg (33)

.

We sec that if ¢ has components ¢, and ez, then L," has
components €,A," and eA;". In particular, in view of (31), the
product of the components of L, is €€z, independent of the
value of n. Let us regard the vectors v; and v, as a set of
(usually) oblique axes. Then the set of points given by (32)
with the product e,e, put equal to a constant is easiiy recog-
nized as a hyperbola. It follows from (33) that the points L,"e
for fixed € and variable n all lie on the same hyperbola and the
action of L, is to move points either along hyperbolas or along
the axes v, and v,.

The case of points on the axes is particularly simple. Then
we have either e; = 0 or ¢; = 0 and hence either

Ly%€¢ = A (34a)
or
L,"e = A" "¢ (34b)

respectively. Here we have used our convention A; = A > 1 and
A: = 1/A. We see that the action of L, is to move points on v,
along v, away from the origin and points on v, along v, into the
origin. Figure 6 illustrates the action of L, both for this case
and for points off the axes.

This completes our exploration of L, and its action. Return-
ing to (30), we see that ‘in the small,” when higher powers in €
are neglected, the effect of M itself is to move points near h
along on hyperbolas or their asymptotes, the axes. Another
way of describing this situation is to say that neglecting higher-
order terms in €, there is a set of curves near h, namely,
hyperbolas and their axes, which are each invariant under M.

1t is a remarkable result that the fuli map M, with no powers
of ¢ neglected, also possesses invariant curves in the neighbor-
hood of a hyperbolic fixed point. Naturally enough. near the
fixed point these curves look like the hyperbolas and their
asymptotes that we obtained by examining L,. The existence
of invariant curves which pass through the fixed point which
are the analogs of the v, and v, axes was proved by Hadamard
{1901]. Formal series expressions for these curves and the
invariant curves analogous to hyperbolas were obtained by
Birkhoff [1920]. Finally, Moser [1956] established that these
series actually converge near the hyperbolic fixed point and
thus proved the existence in general of invariant curves near
hyperbolic fixed points.

Vi

—

Vv
2

Fig. 6.- The action of L, illustrating that points on v, are moved
outward, those on v, are moved inward, and others are moved on
hyperbolas.
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Let us now focus our attention on two particular invariant
curves of M, namely, those which pass through the fixed point
h itself. As was mentioned earlier. these two curves are the
analogs of the v, and v, axes that we found when we neglected
the higher-order terms in e. By (30) they are tangent to v, and
v,, respectively, as they pass through h. We shall call the curve
which is analogous to the v, axis the unstable manifold and
denote it by the symbol W,. Similarly, we will denote by W,
the curve which is analogous to the v, axis and call it the stable
manifold. They are given these names because in analogy to
(34) it can be shown that they have the properties

W, = V pnearh (35a)
such that
lim M'p=h
and
W,= V pnearh (35b)
such that
lim M™"p = h

That is, W, consists of all points p which are ultimately moved
inio h under repeated action of M. Hence we get the name
stable. Note that by (34b), points on the v, axis have this
property if we consider only the action of L,. By contrast, W,
consists of all points which go into h under repeated action of
M- and hence they are moved away from h under repeated
action of M. Evidently. from (34a). this is analogous to the
behavior of points on the v, axis under the repeated action of
L, ' and L,.

To get an idea of how our discussion works outin a specific
case, let us consider what might be regarded as the simplest
nonlinear area-preserving map. It is a map consisting of just
linear and quadratic terms. 1f we select x and ) as Cartesian
coordinates in the plane. our simple example is given by the
rule

x = Mx + (x — »]
y = A"y + & — »]

where, for the moment, A is an adjustable parameter. We shall
denote this mapping by the symbol M. in honor of Cremona,
who was an early student of polynomial maps.

(36)
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Fig. 7. Invariant curves for the Cremona map M. inthecaseA =

3. The curves through the origin are the invariant manifolds W, and
W,.
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Fig. 8. The extension of W, and W, of Figure 7 resulting in a

homoclinic point K for M.

A short calculation shows that the linear part L,, of M, at
the point x, 3 is given by the matrix

AL+ 2(x — ) l :
an
2(x — y)/A 1 — 2(x — »I/A ‘

It is easily verified that L,, has determinant +1, so our ex-
ample is indeed area preserving as advertised.

Next we observe that M, has the origin as a fixed point. That
is, the point x = ) = 0 is sent into itself. Moreover, at the
origin, L,, has the forme.

Xy &,‘;‘\

Lo =

L., = —2Ax — »)

{A 0
lo A7)

which shows that A and A~! are the eigenvalues associated with
the fixed point. Therefore if we take for A some number greater
than 1, the origin is a hyperbolic fixed point. Finally, in this
case the eigenvectors v, and v, lie along the x and y axes,
respectively. We therefore expect that the unstable manifold
W, for M. will be tangent to the x axis at the origin and the
stable manifold W, will be tangent to the y axis.

Figure 7 shows various invariant curves, including W, and
W,. in the neighborhood of the origin for M. in the case A = 3.
These curves were obtained by analytical and numerical means
which we will publish in detail elsewhere [Finn, 1974]. We se¢
that they indeed have the expected hyperbolic structure near
the origin. .

The stage is now set for us to make a fundamental observa-
tion first about M. and then the general case. Suppose we¢
apply successive powers of M. and M.™' to the invariant
curves that we have obtained near the origin. This operation
will have the effect of extending the curves away from the
origin. Moreover, the extended curves will still be invariani,
for by construction if p is a given point on an original curve of
its extension, M.p and M. 'p will also be on the curve or its
extension. -

In particular, let us extend in this fashion the unstable and
stable manifolds, W, and W,. Figure 8 shows the result ob-
tained numerically for A = 3. We see that the piece of W
corresponding to positive x and the piece of W, corresponding
to negative y extend off to infinity. However, the other two
pieces of W, and W, approach each other and eventually meetl.
Indeed, they cross each other with a nonzero angle. »

The possibility that the W, and W, emanating from a hyper
bolic fixed point h of an area-preserving map might intersect
with a nonzero angle (rather than joining smoothly) was first

(38)
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envisiened by Poincaré [1892]. He called such a point of inter-
section a homoclinic point and showed that if a homoclinic
point existed, W, and W, must have an extremely complicated
osciltatory structure,

Poiacaré reasoned roughly as follows: Let us denote a
homaclinic point of an area-preserving map by the symbol K.
Now zpply powers of the map and its inverse to K. In the case
of our example, the Cremona map M., this means that we
should compute the points M K, M. 'K, M 2K, M. K, etc.
Then, by the cor;struction of W, and W,, these points must
also b on both W, and W, since K belonged to both W, and
W,! Therefore the curves W, and W, must intersect each other
over znd over again. In fact, they must intersect infinitely
cften, and if the map is differentiable as we have been assum-
ing. all the angles of intersection must be nonzero. Thus the
existemoe of a single homaoclinic point implies the existence of
an infimite set of homoclinic points. And in order to achieve
this infinite set, W, and W, must oscillate around each other
infinitely often.

Figure 9 shows this intersection and oscillation for the map
M., again with A = 3. Two properties are immediately appar-
ent. Farst, the spacing between successive homoclinic points
becommes finer and finer as one approaches the hyperbolic fixed
point either along W, or W,. This is to be expected because the
behavinr of the map is governed by its linear part near the
fixed point, and then (34) comes into play. Second, the ampli-
tude of oscillation increases as one approaches the fixed point,
This ewocurs because, since the map M., is area preserving, the
areas “mnder’ successive oscillations must all be the same. In
order &0 preserve area in the face of decreased spacing, the
amplitude must increase.

The met effect of these two properties is that near the hyper-
bolic fixed point the oscillations of W, about W, must intersect
the osciflations of W, about W, to produce even more homo-
clinic points. The result is that the hyperbolic fixed point is
actuallly the corner of an ever denser ‘cloud’ of homoclinic
points. This property is illustrated for M, in Figure 10.

A maoment’s reflection on the reader’s part now will show
that because of the generality of our arguments, the existence
of this cloud of homoclinic points is not peculiar to just the
mapping M.. It will in fact occur for any area-preserving map
which possesses a homoclinic point.

5. HoMmocLINIC POINTS AND INSOLUBILITY

What does all this have to do with the Stgrmer problem? In
the next section we will show numerically that the mapping M
for the St@rmer problem has a homoclinic point. In this sec-
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tion we will show that the existence of a homoclinic point
means that the Stgrmer problem is ‘insoluble.’

Consider any dynamical system having n degrees of Fn:e-
dom, canonical coordinates ¢,, - - -, g, and p,. - - -, ps {cO}-
lectively denoted by ¢ and p), and a time deveiopment gener-
ated by a time independent Hamiltonian H(p.q). Such a system
will always possess 2n independent constants of motion Cy{(p.
q, t), , C,'l,.'(p. g, 1) which in general depend on the ca-
nonical variables p, ¢ and the time 7. By a constant of motion
we mean a function which satisfies

d/d)Cp,q,1) =0

along every trajectory. Indeed, given any point {g, p. 1) in state
space, we can always trace back the unique trajectory throeugh
this point to a fixed reference time 1° and ther record the 2n
numbers p°, g°. These quantities, which we write as p°(p. g. 1),
q°(p, q, 1), are obviously constant along a trajectory by con-
struction. Hence they, or any 2n functionally independent
functions of them, provide 2n constants of motion.

By the very generality of the argument that we have just
given, the existence of 2n constants of motion places very little
restriction on the trajectories generated by H. Indeed it seems
quite possible and is in fact assumed in statistical mechanics or
ergodic theory that for some Hamiltonians there may be some
trajectories which, when traced forward and backward in time,
wander arbitrarily near any point in phase space.

One way to preclude such a complicated behavior is to
demonstrate the existence of what we shall call integrals of
motion. For a given Hamiltonian H(p, q) we define an integral
of motion /(p, g) to be a single-vaiued anaivtic time indepen-
dent function on phase space which, like a constant of motion,
also satisfies dI/dt = 0 along every trajectory generated by H.
By our hypotheses about the nature of /, equations of the form
I(p, q) = const describe a set of disjoint hypersurfaces in phase
space. And if H does have I as an integral of motion. each
trajectory is confined to one of these hypersurfaces. Thus
complicated ‘wanderings’ which would take a trajectory from
one hypersurface to another are ruled out. For this reason. the
integrals that we have defined are sometimes called isolating
integrals [Contopoulos, 1963).

The motion on a given hypersurface may stili be very com-
plicated. However, suppose that there exist further indepen-
dent integrals I, I, etc. in addition to I = I,. Then trajectories
must lie on intersections of families of hypersurfaces, and the

(39)
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Fig. 10. A continuation of Figure 9 near the origin showing the

formation of a grid of intersecting lines. The spacing of the grid
becomes finer and finer as it approaches the hyperbolic fixed point.
Each grid intersection is a homoclinic point. The result of aif these
intersections is an ever denser cloud of homoclinic points which has
the hyperbolic fixed point as a limit point.
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motion is consequently further restricted. In general, the more
integrals a system has, the simpler it is to describe its motion.
And the more integrals we know for a given system, the more
we know about its motion.

At this point the ingenious reader may object that every
Hamiltonian system with 2n degrees of freedom will automati-
cally possess 2n — 1 integrals. One merely takes the 2r con-
stants of motion Cy(p, ¢, 7) and functionally eliminates the time
from among them. The result of this elimination will be 27 — 1
functions of just the variables p, ¢, and these functions will
remain constant along trajectories. Hence why not call them
integrals?

Some such argument is made more or less explicitly in
almost every advanced mechanics text. However, all that this
argument proves is the existence of what we might call local
integrals of motion. There is no guarantee that these iocal
integrals extend to global single-valued analytic functions. In
fact, if the motion happens to exhibit various features of
ergodicity, such an extension must be impossible.

Let us return to the Stgrmer problem. It obviously possesses
Ps and H as integrals. The use of p, enabled us to reduce the
three-dimensional problem to one with two dimensions, and
the use of H enabled us to group together trajectories accord-
ing to the value of W*. We will now show that if the mapping
M has a homoclinic pﬁr, then there are no further giobal
ffitegrals oT motion, This means that there is no further single-
valued analytic function I(p, ¢) on phase space which satisfies
the Liouville equation

I=[.H=0 (40)

where the brackets denote the Poisson bracket operation.

In practical calculations we begin with differential equations
whose terms are analytic and thus are naturally led 1o work
with analytic functions, or uniformly convergent (and hence
again analytic) sums of analytic functions. The nonexistence of
an analytic integral means that the trapped Stgrmer problem
cannot be handled in this manner and therefore is entitled to
be called ‘insoluble.’ This does not mean that one cannot
compute Stgrmer trajectories. Indeed, numerical integration is
always possible unless the trajectory goes to the origin. Nor
does it mean that further progress cannot be made on the
Stgrmer problem. But it does mean that further progress will
be quite different from what one normally thinks about when
one speaks of ‘solving’ a classical mechanics problem. J¢ may

certain regions ol phase Space.

m argument as to why the existence
of a homoclinic point rules out the existence of any giobal
analytic integral beydnd py and H itself. Suppose 7 is a further
integral. Let p be a point in the p, 6 plane. We have seen that
such a point, for a fixed value of W,?, defines a unigue tra-
jectory in phase space. Let I(p) denote the value of the integral
along this trajectory. Now apply powers of M to p. Since M is
generated by following trajectories and / is constant along a
given trajectory, we must have

I(M™p) = I(p) n=0, I, £2, - . -

We see that [ is invariant under the action of M.

Suppose p is some point on the stable manifold W, belong-
ing to a hyperbolic fixed point h. Then in view of (35) and (41)
we must have

41)

Ip) =Ih) peW, 42)

Here we have used the fact that / is assumed analytic and
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hence must be continuous. Suppose p is some point on the
unstable manifold W,. Then we again get

I(p) = Ith) (43)

by the same argument. It follows that I has one and the same
value, namely, /(h), everywhere on the curves W, and W,. In
particular, the directional derivative of / must vanish along
both the curves W, and W,.

Next suppose that W, and W, intersect at a homoclinic
point K located at k. Then we must have ‘ ‘

I(k) = Ih) (44)

since k belongs to both W, and W,. But even more can be said:
We know that the directional derivative of I is zero along both
W, and W,. However, at the point k the tangents 10 W, and
W, are linearly independent vectors, since by definition W,
and W, intersect there at an angle. Because the directional
derivative of I now is zero along two linearly independent
directions, we conclude that the gradient of I must vanish at
any homoclinic point:

pe W,

Vik) = 0 sy

where k is any homoclinic point. The same argument applies
to the hyperbolic point h, where W, and W, also meet at an
angle.

We are almost done. We saw earlier that the fixed point h
was the corner of an ever denser cloud of homoclinic points
arranged in such a way that h is an accumulation point of the
cloud along several different paths. We now also know that V/
= 0 at each of these points. Finally, we have assumed that |
and hence VI are analytic functijons. It foHows from the well-
known uniqueness theorem for analytic functions {Titchmarsh,
1939] by a simple extension to two variables that VI must
vanish identically at every point in the physical region. There-
fore I must have the same value, namely, /(h), everywhere.
That is, the integral is just a constant function everywhere and
is therefore useless! Thus we conclude that the existence of a
homoclinic point precludes the existence of any global analytic
integral except for useless constant functions [Moser, 1973).

We close this section with a remark about soluble classical
mechanics problems such as appear in textbooks. How do they
fit into our discussion? What is special about any mapping M
that they might generate? Briefly, the answer to these questions
is that soluble problems never produce a homoclinic point.
Their fixed points are either elliptic or parabolic, so that there
are no stable and unstable manifolds, or there are a few hyper-
bolic fixed points whose stable and unstable manifolds either
never meet or, if they do meet, join smoothly without intersect-
ing. Thus no homoclinic points are ever formed.

6. NUMERICAL EVIDENCE FOR HOMOCLINIC POINTS

Figure 11 shows a periodic orbit for the Stgrmer problem in
the case W2 = 0.01. It corresponds to a fixed point h of M
given by p» = 1.11494632, pp = 0. Numerical calculation
shows that this point is hyperbolic with an eigenvalue given by
A = 2.49 and that the eigenvectors v, and v, of L, arev, = (1,
53) and v, = (1, —53). The location of h and the arrangement
of v,, v;, W, and W, in this case are shown schematically in
Figure 12. Here, unlike the case in Figure 8, no pieces of W, or
W, go off to infinity. Instead, the piece of W, extending from h
into the upper half plane meets on the g axis with that piece of
W, which approaches h from the lower half plane. The other
piece of W, aiso meets the other piece of W, on the p axis with
a slightly larger value of p. In anticipation of future results we
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Fig. 41. A periodic Stérmer orbit corresponding to a hyperbolic
fixed point of M. The orbit is symmetric about the p axis and retraces
iself..

have indicated that both intersections of W, and W, occur
with & nonzero angle. That is, we have depicted two homo-
clinic points.

Figaure 13 shows the results of computing M"(h % év,,) foi n
=—K& -9, -- ., +10andé=1. X 10°% 12X 10°¢, - . . 2.6
X 10-7%. Since & is very small, the points that we obtain in this
manmsr must lie very near W, and W,. It is evident from the
figure that the respective branches of W, and W, either meet or
intersgzot near the points (0.933, 0) and (0.945, 0), but we
cannett be immediately sure what happens; i.c., the angles of
intersetion may be zero. They are, at any rate, rather small.

By ® aechnique to be published elsewhere [Finn, 1974] we
have #sen able to obtain the first few terms of a power series
{(p.p-@ig;) which satisfies term by term the equation

{/,H} =0 (46)

Here # is the Hamiltonian given by (18). In addition we have
been afwle to give an algorithm for computing arbitrarily many
lerms in the series. Our algorithm can be applied to any
Hamionian of the form (18) providing the leading piece H,
has thve structure given by (19). In actual practice the algebraic
expressions involved in the calculation soon become too
lengtisy for human manipulation. For that reason we have
progrsgmmed our algorithm into a digital computer and let it
do the :dlgebra. Even the answer itself is rather complicated.
For the Stgrmer problem we find, by using the same notation
as in {#8), that the first few terms are given by

L = @'+ ¢,°)/2 (47a)
I, = —3p°q, — 2¢,° (47b)
L= @p."p." + GHpler?
+@rla’ + @0 — Oale’
— Opraa: + Or' + @B + @t (470

In gemarral it is best not to write down the answer on paper.
Rather. -one should transfer it directly from one computer
prograsm to another, since because of length, only computers
can muske use of the answer anyhow!

Three things should be said about the power series /. First,
examimution of the series shows that it contains all the terms
which awe would obtain by expanding the usual adiabatic
Mmagnefirc-moment invariant in a power series. It also contains
additiamdl terms which correspond to as yet unknown (and
perhapes forever unknown due to algebraic complexity) higher-
order @arrections to the magnetic moment invariant. Second,

Fig. 12. A schematic drawing showing the location of a hyperbolic
fixed point h and the arrangement of v,. v., W,, and W, for the
Stérmer map M.

the series cannot be convergent if A has a homoclinic point.
For if the series did converge, it would provide an additional
integral of motion in contradiction to the results of the last
section. Third, if we truncate the series I at an appropriate
level, we obtain a quantity /7, which is nearly constant along
trajectories since I formally satisfies (46). This means that we
may use the truncated integral I” as a sort of *‘magnifying glass’
to examine the behavior of trajectories in great detail. The idea
is that if, for example, we look at a set of points M"p, we may
not be able to detect small homoclinic oscillations because we
need a rather coarse scale in order to just plot the points.
However, if we instead study I7(M"p). then most of the varia-
tion in I” may be due to homoclinic oscillations.

To display how constant I” is in practice, Figure 14 presents
a set of points p satisfying

I"(p) = I'(b) (48)

when I” is the potynomial obtained by truncating the series /
beyond terms of sixth order. We have replotted the points of
Figure 13 to show that the outer branches of W, and W, lie
remarkably close to the curve (48).

We next select a point g given by g = (1.115, 0). It lies just
slightly to the right of h. Consequently, if we compute the
points M"g forn =0, +1, £2, . . -, we should get points very
near the outer branches of W, and W,. We have carried out
this calculation for n between —80 and +80. Figure 15 shows
the results: the points are indistinguishable in behavior from
those in the outer portion of Figure 13 and appear to lic on a
smooth curve.

Suppose now that the outer branches of W, and W, intersect
at a finite angle near (0.933, 0) and then go into oscillation
about each other. This oscillation, if it exists, should be re-
flected in the behavior of the points M"g, since they lie near
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Fig. 13. Points on W, anrd W, obtained by numerical calculation,
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satisfying I"(p) =
are those of Figure 13.

W.and W,.

and that these curves will oscillate about each other just as W,
and W, do.
Figure 16 shows I'(M"g) plotted as a function of the p
component of M"g. [t is now evident, because we can use a
finer scale, that there is considerable scatter in the points. Also
the scatter is largest for p near Pu, the location of the hyper-
bolic fixed point. This is exactly what is to be expected from
homoclinic oscillations, The value of I” should jump about
erratically, and the jumps should be largest near the hyperbolic
point where, as we saw in section 4, the homoclinic oscillations
should be largest. This effect is further illustrated in Figure 17,
where we have plotted I'(M"g) versus the $ component
of M"g for all those points lying in the right half plane (p > 1)
of Figure 15. This latter mode of presentation is particularly
useful because it spreads out points near the hyperbolic fixed
point. Again, it is clear that there is erratic behavior and that
this erratic behavior js greatest near the hyperbolic fixed point.
We therefore conclude that the outer portions of W, and W,
intersect near (0.933,0) in a nonzero angle. although this angle
is 6o small to be seen directly. Finally, we have made a similar
study of the inner portions of W, and W, and find that they
also intersect in a nonzero angle.
At this point the reader may have several questions. First,
how do we know that our results are not due to inaccuracies in

,and we
have checked for round-off errors by first integrating a tra-

Jectory forward in time and then backward to see if we can
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Fig. 15. Points very near the outer branches of W, and W,. There is
1o visible sign of homoclinic oscillation.

In fact, an extension of the theory in section 4
shows that near W, and W, there are further invariant curves
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regain the initial conditions. We find that the points y
making the figures in this paper are accurate to at leas
significant figures. By contrast, the homoclinjc oscill
appearing in Figures 16 and 17 occur in the third sign;
figure.

Second, why in preparing Figures 15 through 17 did v
points M"g just outside of W, and W, rather than the
points in Figure 13, which are much closer to W, and W
in fact first did exactly that by computing the points A4~
107¢ X v,) for large n and found to our surprise that for [
we began to get points not only on the outside portions ¢
and W, but also points on the inside portions! This behav
first sight seems confusing, but its explanation is that for
n the homoclinic oscillations build up to such a large a
tude that they cause ‘transitions’ between the inner and ¢
portions of W, and W,. In fact, even for the case of Figu
we found that we began to get points near the inner portio,
W, and W, if we used values of n greater than 84 in abs
value. The occurrence of these transitions, which inciden
take place in both directions, is another proof of the exist
of homoclinic oscillations,

The tixed point corresponding to the orbit in Figure 1} i
hyperbolic fixed point of M (for W,2 = 0.0j ) which is closes
the boundary of the physical region. It is but the first in a se
of a hundred or more (but finite in number!) hyperbolic
points which lie on the P axis (6 = 0) and extend toward p,
launch value of o for the orbit to the origin. (Numer
integration gives p, = 1.03607169, 4, = ~5.67675 x 10-3
Wz = 0.01.) We find that as p tends toward p,. each f;

point is more hyperbolic (ie., A is larger) than the last.
have also found that each hyperbolic point examined |
manifolds W, and W, which intersect in two homocli
points. Finally, the homoclinic angles, as judged by the a
between oscillations, become ever larger the closer the pare
hyperbolic point is 10 Po. Thus there is conclusive numeric
evidence that M for the Stormer problem has not only
homoclinic point with its consequences but also has sever
distinct families of pairs of homoclinic points. The first fam
is near the boundary of the physical region. Subsequent fan
lies lie ever closer 10 po. As stated earlier, this series of famili
eventually terminates at a finite distance from Po.

7. DISCUSSION anND CoNcLusioN

RN

We learned in section § that the existen¥e of a single home
clinic point implied insolubility. We now have also learne
that the Stgrmer problem is almost unbelievably rich in home
clinic points. It follows that the St@rmer problem is insolub!
in the sense that there are no further global analytic integral
of motion,

We have also found that the complete adiabatic magnetit
moment series is divergent. Therefore the magnetic momen!
series cannot be used to infer the long-time behavior of orbits.
This circumstance places us in an uncomfortable position: Just
what can be said about long-time behavior?

First, by assuming albedo neutron decay 1o be a source and
atmospheric scattering to be a loss mechanism, one can infer

protons have a cyclotron period of about 0.02 s and a bounce
period of about 0.2 s. Consequently, we need to deal with
orbits consisting of approximately 10" gyrations and 10"
bounces! A similar calculation for radiation belt electrons
shows that they make even more gyrations. SR

Second, if we follow these orbits numerically, in the dipole
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~~-eximation to the earth’s field, we find that the quantity
# sihe first term in the magnetic moment series and-the
cression usually assumed to be constant in practical calcu-
wis) typically changes by 1%-50% between equatorial
~.#gs. The truncated magnetic moment series I”, with a
-.warion chosen to minimize variations, typically varies by
-U.8§%. See. for example, Figures 16 and 17. Taking the
- case of a 0.01% change per crossing and hoping that
..evsive changes accumulate randomly (rather than addi-
: a pessimist would assume), we conclude that the
omstic moment could change by 100% afier 10 crossings.
"~ wwen in the best case under the most optimistic assump-
w“e are at least 2 orders of magnitude away from the
wrezment times that apparently are required. It seems that
..cssive changes in £,/8B or I” accumulate neither additively
- randomly but instead must be highly self canceliing. We
-~ zhat this conclusion is based on our present under-
¢img of radiation belt measurements. It currently has no
. rews mathematical or numerical justification for orbits of
wwafl interest. Later in our discussion we will see that from
- w0k of Braun there is a proof of long-term confinement
aretons having very small energies.
cund, if we try to follow orbits directly for long times by
erscal integration just to see what happens, we are even
sumeessful. Typically, with high-speed computers one can
eiate from 1 to 10 times faster than protons of interest
¢ tn real time. Thus we need from § to 50 vr of computer
-t simulate reality! But even if one could afford the cost
- thas would entail, the accuracy of the numerical solution
o'zizined would be destroyed early on by truncaticn and
«-off errors.
- vwoonclude that there is currently no rigorous mathemati-
T mmerical justification for the use of adiabatic invariants
et long-time behavior. (Note that use of the longitudi-
wit flux invariants for long times presupposes the con-
~-enae of the magnetic moment series, Moreover, even if the
e moment series converged for some particular prob-
. thwe convergence of the longitudinal and flux invariant
"> wiuid still be suspect. ) Its empirical success for the Van
- rdiation and for laboratory mirror machines where a
" ldrsituation holds [Gibson et al., 1960] is truly remarkable.
"¢ mmight inquire at this point whether the full physical
~lesm might be soluble even though the Stgrmer ideal-
o g5 -not. This seems very unlikely for the following rea-
" Suppose we denote the coefficients of the earth’s magnetic
- i@ vector spherical harmonic expansion by the symbols
"~ ¢, Then if the full problem is soluble, there will be an
-sraf of motion of the form (@0z; popop:; B). If this integral
be faund, we expect that it will be an analytic function of
harwmeters £;, and hence / can be evaluated when all B =
Bui then we have found an additional integral for the
‘mer problem which we know js impossible. So either the
seadiem is also insoluble, or jts integrals are not analytic in
fargmeters 8. The first possibility rules out the existence
© takegral, and the second probably rules out the discovery
0 umregral,
Ve sihould also discuss the fact that our definition of in-
-Diliaty s perhaps not the first one that would come to the
‘er’s mind. The question of what types of problems should
fiHM soluble or integrable has had a long history [Birkhof,
* Bhinaker, 1937, Wintner, 1947; Arnold and Avez, 1968].
dl‘uf:}u a problem was viewed as soluble if its solution could
Te%en down, perhaps only implicitly, in terms of definite
TiEhs {quadratures), The definition was later extended
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when Liouville showed that a problem could be reduced 10
quadratures if one could find n (for a system of n degrees of
freedom) integrals in involution (i.e., satisfying {{,, I,] = 0).
Thus the determination of integrals of motion entered into the
notion of solubility. See, for example Hagihara [1970].

This point of view also brings to the fore the Hamilton-
Jacobi equation

H(éW/éq, q) = E (49)

or its variants. lts complete solution for the transformation
function Wi(a,, - -, Qn. 41, **°. gn) would lead to new coordi-
nates Q.(p, ¢) which would be ignerable, and hence the ca-
nonically conjugate Py(p. ¢) would be integrals of motion in
involution.

At this point it is essential to make again the distinction
between local and global integrals. As was mentioned earlier,
local integrals always exist. (Strictly speaking. one must not be
at an equilibrium point where all derivatives of H with respect
to the p’s and ¢’s are zero, and hence all p's and ¢'s are
constant. For a proof, see Abrakam [1967).) This means,
among other things, that locally the Hamilton-Jacobi equaiion
always has a complete solution depending on n integration
constants a,. -:-, a,. Further, the solution satisfies det
(¢*W/éasq) # 0, so that the desired transformation to new
variable can actually be accomplished.

However, we are interested in global integrals, or at least in
integrals that are sufficiently global that they exist in all re-
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i - The points of Figure 15 satisfying p > | are re lotted here
to QIsp[ay I"(p) versus the $ component of p. The resul of};wmoch'nic
oscillations near h B = 0)is nNOW even mrre amo. oot
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gions of phase space visited by a class of trajeciories of phys-
ical importance. We have seen that no such giobal integral
beyvond p, and H exists for the Sigrmer probiem because of
homoclinic points. It follows that there is aisc no complete
solution W to the Hamilton-Jacobi equation which leads to a
global analytic transformation to new coordinztes. such as
action-angle variables, for such a solution would provide a
global analytic integral.

There is also the possibility of having integrals which are not
global but whose domain is more than local. Such integrals
might be called ‘regional.” Three such situations occur for the
Stgrmer problem in very different ways. The first involves
untrapped orbits {J._ Magser, unpublished manuscript. 1963).
So far we have only disc¥85ed trapped OTbits Wi
strained by energy conservation and initial conditons to lie in
the valley to the left of the pass in Figure 2. Now consider
orbits which are launched outside the valley, agais with W,? <
fs. By energy conservation these orbils can never enter the
valley. Further, we find that

d*/dret (1) = [2(* + 7*) — 2r-V¥V] > 0 (50)
since by direct computation or examination of Figure 2
(-r-V¥)>0 (51)

in the region of interest. It follows that all these orbits even-
tually approach infinity for both large positive and negative
time.

As the orbit approaches r = « in the p. z plane for large (say
positive) time, it becomes nearly a straight line. and we can
write

M) = vi+u+ 00 (52)

as t — +w, where, since the potential ¥ vanishes at infinity, v
satisfies the relation

vi= W? (53)

We also require that u be orthogonal 1o v to make its defini-
tion unique:

u-v=_0 (54)

The two two-dimensional vectors u and v assign 10 each tra-
jectory four unique numbers. It is also clear that these num-
bers depend analytically on the coordinates g and momenta p
at any point of a phase space trajectory and hence are integrals
of motion. However, these integrals are not ali independent.
Because we are dealing with trajectories of a fixed energy, the
magnitude of v is redundant by (53). Further, by (54) we are
only interested in u,, the component of u perpendicular to v.
(In the language of scattering theory, u; can be viewed as the
‘impact parameter’ with respect to the origin in the absence of
the potential ¥(p, z).) We conclude that (52) through (54)
assign to each trajectory two independent quantities, the direc-
tion of v and w,, and that these quantities are integrals of
motion. These two quantities and H provide three analytic
integrals of motion for the two-dimensional orbits in the p, z
plane. This is just the maximum number to be expectied for two
degrees of freedom. A simple extension of the argument to the
full orbits in three dimensions shows that one can find five
integrals in this case. Thys in what w; i callthe ‘un-

trapped’ or ‘scattering’ region the Stgrmer probiem is com-
‘W

Suppose we try to continue analytically the integrals found
in the scattering region into the trapped region. This contin-
uation must fail, for we know that there are no further global
integrals beyond p, and H in the trapped region. Thus the
Stérmer scattering problem is integrable and hence sofuble,
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while the trapped Stgrmer problem is insoiuble. It is inge;.

esting to speculate about the status of the problem for the ¢y,
W2 > 4 in which case at least some orbits in the valley ¢y,
Iso escape to infinity! ,

A second type of regional integrability occurs for the case o:
trajectories sufficiently near a periodic trajectory correspong.
ing to a hyperbolic fixed point of M. We have already seen thy,
the map M has invariant curves in the surface of section near ;
hyperbolic fixed point h. These curves look like distorse:
hyperbolas and their asymptotes near h, and indeed Mose:
[1956] has shown that sufficiently near h there exists an analy.
tic invertible transformation to new variables £, nsuch that i,
invariant curves take the form L
551

£n = const 4

Consequently, any function of the product &y, say, f{¢n), be
comes an invariant function when it is written in terms of the
original variables. It is easy to see that this invariant functior
can be ‘promoted’ to a regional integral by assigning to even
trajectory sufficiently near the periodic trajectory the valy:
J(¢)n(p)). where, as before, p denotes the point in the g, ;
plane at which the trajectory crosses the surface of section.
However, if there is a homoclinic point, we know that the
regional integral cannot be extended to a global integral, nor
can the integral be extended indefinitely along a trajectory. For
if we follow a’ trajectory which starts near the periodic tra-
Jectory, we will find that it wanders away from the periodic
trajectory for a while, since it must repeatedly intersect the
surface of section at points near W,. It must then again retusn
to the vicinity of the periodic trajectory, since it must alse
repeatedly intersect the surface of section at points near W,
But, because of homoclinic oscillations, it will return in gen-
eral with a different value of the local integral, and hence the
local integral cannot be extended globally. .
The third case of regional integrability is even more com-
plicated. So far we have not discussed elliptic fixed points. it
can readily be verified that if e is an elliptic fixed point, the
effect of L, is to ‘twist’ points around on ellipses just as L,
moved points about on hyperbofas. We might suspect that in
this case M would have as invariant curves a family of slightiy
distorted ellipses concentric about e. Moser [1962]} and Armols
(1961] have shown that under quite general conditions, closed
invariant curves analogous to distorted ellipses do ‘exist i
every neighborhood of e. This means that a periodic orbit
corresponding to an elliptic fixed point is completely stable is
the sense that an orbit started near the periodic orbit wil
always remain near this orbit. For if it were to wander away. i
would produce points in the surface of section lying both
inside and outside the invariant curve. This is forbidden b
topological arguments, since M is invertible and continuous.
However, apart from exceptional cases, the invariant cure
do not belong to a continuous family as one might hav
incorrectly guessed. Instead they are isolated. Zehnder {1973
has shown that quite generally there are hyperbolic fixed
points of high powers of M between any two closed invarian:
curves, and these hyperbolic fixed points have manifolds .”;s
and W, which intersect at an angle to produce homochin®
points! Thus there are also homoclinic points in every neigh
borhood of an elliptic fixed point in the general case!
Elliptic fixed points of M have been found numerically i
the Stérmer probiem. Indeed, there is one at (0.93913263. 0}
Figure 13 between the two pieces of W, and W,. It is expec“’{}
that Zehnder’s result will also hold in this case, but this 5_“’"
mise has not been explored numerically. RN
Braun [1970b] has used the Moser ‘twist map® theorem ‘f
show that for sufficiently low energies (unfortunately wq‘sf?@"
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-, muny orders of magnitude at present for physical appli-
..cens) there are also closed invariant curves of M around O,
»oinit corresponding to the orbit to the origin. These curves
e general shape of the boundary of the physical region:
hey are expected to look like the shape portrayed in
-ixe 15. In fact, there may be a closed invariant curve near
. vxe points shown. This conjecture cannot be proven numer-
iv. dor it is impossible to rule out ‘homoclinic like' os-
~iweons which are too small to be detected.

Br-aun's result is very important, for again M cannot map
~omz6 :from the exterior of a closed invariant curve into the
-.rx0T. We note that points in the p, g plane near the bound-
.~ @l the physical region correspond to nearly equatorial
s, while points near O correspond to orbits which mirror
-7 -dpwn the thalweg. Thus the existence of a closed invariant
.w¢ shows that orbits corresponding to points outside the
urignt curve must always mirror at latitudes less than a
1244 #atitude for all time. Consequently, it is possible to infer
~nr-tame behavior for a whole class of orbits (for sufficiently

i #¥,2) even though the magnetic moment series is diver-
ortapce because it shows that in

. TREETY (of long-time behavior for orbits of physical interest.

sumpose that M does have a closed invariant curve. What
=~ ks mean for integrability and for the Hamilton-Jacobi
axvon? First, if we consider all trajectories corresponding to
% in the p. 6 plane on the invariant curve, it is clear that
- sl form the surface of a torus in the four-dimensicnal
-« wpace. The closed invariant curve is the intersection of
~ vorus with the surface of section.

Seaand, it is possible to find a function I(p) which is con-
<2 s3n the invariant curve. It is again easy to see that this
-~uvsn can be promoted to an integral /(p, ¢) on the torus
.- axs e did earlier for the invariant function near the hyper-

qz point. However, from Zehnder's result we expect /(p, g)
s sgeneral satisfy the Liouville equation (40) only on the
s and not nearby. Thus in this case we have at most an
vzzradlrin the two-dimensional region formed by the torus in
ur«dimensional phase space. Similarly, it can be shown
.t Hhee ‘Hamilton-Jacobi equation has a periodic solution of
wien-angle type for certain values of a,, a; corresponding
he aprus and no periodic solution nearby [Moser, 1969].
re.1s.one last point to be discussed. We have learned that
- Susdzmer problem is not globally integrable. Might it not

: f‘m the case lhat someda someone will write down in
initi itions

L ‘mme which satisfy the Stgrmer equations of motjon?
TTX somewhat ill-defined possibility seems very unlikely. We

» '¥hat the functions p(1) and z(z) must produce an area-
ETHIRE map M with homochmc pomts No one has ever

U

~d wiich also arise from equations of motion derived from
) Heumiltonian, let alone the Stgrmer Hamiltonian. Further-
“org, @t thas been shown [Smale, 1965; Nitecki, 1971; Moser,
Zhat if a mapping has a homoclinic point, then it is
“wiite to embed topologically within its action a sequence
..f'i .

Iax definition of a sequence shift requires a few in-
'lhm“&nrv words: Let S be the set of all doubly mﬁmte se-
ez .

5= (o) Soa Soi S 0 7) (56)
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whose entries are elements of some countable set 4. We will
say that two separate sequences s and s’ are close by if 5, = s,
for [n] < N, where N is a large number. This notion of
closeness introduces a topology into S. A sequence shift ¢ is
now defined by the rule

(371

Ta(S)e = Sa-

that is, o shifts any given sequence s one notch to the right.

The sequence shift has served as a model for random behav-
ior in ergodic theory [Billingsley, 1965). For example, let s and
s” be two arbitrary sequences. Then it is easy to construct an
‘interpolating’ sequence s* which is near s in the context of the
topology defined in the preceding paragraph and which aiso
has the property that the result of 2N shifts, ¢?¥(s'), is a
sequence near s”. The fact that the shift can be topologically
embedded within M can be used to show that the action of
high powers of M is exceedingly complicated near a homo-
clinic point. Correspondingly, the motion in the Stgrmer prob-
lem near hyperbolic periodic orbits must be exceedingly com-
plicated to the point that it defies explicit long-time
representation.
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