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A systematic algorithm is developed for performing canonical transformations on
Hamiltonians which govern particle motion in magnetic mirror machines. These
transformations are performed in such a way that the new Hamiltonian has a
particularly simple normal form. From this form it is possible to compute analytic
expressions for gyro and bounce frequencies. In addition, it is possible to obtain
arbitrarily high order terms in the adiabatic magnetic moment expansion. The algorithm
makes use of Lie series, is an extension of Birkhoff's normal form method, and has
been explicitly implemented by a digital computer programmed to perform the required

algebraic manipulations. Application is made to particle motion in a_magnetic dipole
field and to a simple milfl’-(;rjs\"’\”'l—’w_—w\'&vml ystem. Boufice Trequencies and locations of periodic orbits
are obtained and compared with numerical computations. Both mirror systems are
shown to be insoluble, i.e., trajectories are not confined to analytic hypersurfaces,
there is no analytic third integral of motion, and the adiabatic magnetic moment
expansion is divergent. It is expected also that the normal form procedure will prove

useful in the study of island structure and separatrices associated with periodic orbits,

d should facilitate studies of breakdown of adiabaticity and the onset of “stochastic”
behavior.
T e —

1. INTRODUCTION AND NOTATION

{z the study of a complicated dynamical system, one
almost invariably seeks at a minimum to learn the answers to
two furdamental questions. First, what areas of phase space
are in fact accessible to the system for a given trajectory or
class of trajectories? Second, where are the periodic and qua-
siperiodic orbits, and what are their frequencies? Thus, for
example, in the study of magnetic mirror machines one uses
the magnetic moment “invariant” to “infer” that certain
particles will indeed mirror and will not escape through the
ends of the machine. In addition, one develops various ex-
pressioms or runs numerical codes to determine gyro fre-
quencies, bounce frequencies, and those orbits for which
these freguencies are commensurate.

The purpose of this paper is to show how these ques-
tions cam be studied in detail for mirror machines. Our meth-
od makes use of algebraic manipulations performed by a
digital computer. We are able to produce analytic expres-
sions for the frequencies and initial conditions associated
with periodic and quasiperiodic orbits.' These expressions
should prove to be useful in the study of island structure and
separatrices associated with periodic orbits.** In addition,
we are aivle to obtain arbitrarily high order terms in the com-
plete adiabatic magnetic moment expansion. This latter re-
sult has already proved useful in demonstrating the “insolu-
bility” ef certain mirror machine problems,* and should
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facilitate studies of the breakdown of adiabaticity and the
onsei of “stochastic™ behaviort In particular, it has been
shown for certain mirror machines that trajectories are not
confined to analytic hypersurfaces in phase space. As a re-
sult, the adiabatic magnetic moment expansion is divergent,
and one can make no mathematically rigorous statement
about confinement or the long-term behavior of orbits.* Suck
may in fact be the case for all mirror machines.

More precisely, the purpose of this paper is to show that
acertain class of Hamiltonians can be brought systematically
to a particularly simple “normal form” by a sequence of
canonical transformations. The class of Hamiltonians of in-
terest will be called “mirror machine” Hamiltonians since
they arise naturally in the study of mirror machines designed
for plasma containment. By the word “‘systematically,” we
mean there exists an algorithm for analytical computation
which can be explicitly implemented by a digital computer
programmed to perform certain algebraic manipulations.

The meaning of the term “normal form” will be delin-
eated further after the introduction of suitable mathematical
machinery. For the moment, we make the following anal-
ogy: In the study of a linear operator or matrix, it is often
useful to perform similarity transformations to bring the ma-
trix to diagonal or Jordan canonical form. Once this is done,
it is a simple matter to read off the eigenvalues and eigenvec-
tors, to evaluate functions of the matrix such as its exponen-
tial and inverse, and to find matrices which wiil commute
with the given matrix. In the study of a classical mechanics
problem specified by a certain Hamiltonian, one can try to
proceed in a similar spirit. One performs canonical transfor-
mations on the Hamiltonian in the hope of bringing it to a

'® 1978 American Institute of Physics 2649



simpler form. Exactly what simple forms a given Hamilton-
ian can be brought to is not as yet completely known and is
still an area requiring active study. (Canonical transforma-
tions are in general nonlinear, and thus the problem is intrin-
sically far more complicated.) However, we will show that
there is a normal form for any mirror machine Hamiltonian
from which it is possible to compute the frequencies and
initial conditions associated with periodic and quasiperiodic
orbits. Thus, with the normal form method, it is possible to
compute analytic expressions for bounce frequencies and for
closed orbits. In addition, the normal form we will describe
makes possible the construction of formal integrals of mo-
tion for the Hamiltonian in question. Integrals of motion are
functions of phase space variables which do not explicitly
involve the time and which remain constant on trajectories.
In the case of mirror machines, the integral of motion proves
to be the complete adiabatic magnetic moment expansion.
Consequently, it is possible to obtain arbitrarily high order
terms in the complete adiabatic magnetic moment expansion
providing one is willing to spend sufficient computer time.
Finally, the normal form method for mirror machines is re-
lated to similar transformation methods which have recently
proven to be very useful in such diverse areas as celestial
mechanics and molecular physics for both deep mathemat-
ical proofs and practical calculations.® Thus we are at the
threshold of a unified treatment of a wide variety of classical
mechanics problems.

Since our work requires the execution of a long s=-
quence of canonical transformations and also the inversion
of these transformations, the remainder of this section is de-
voted to the development of notation and a brief review of
the method of Lie transformations which we have found to
be particularly useful. In Sec. 2 we specify the nature of a
mirror machine Hamiltonian and develop the normal form
ahgorithm. Section 3 shows how use of the normal form algo-
rithm leads to the construction of integrals of motion. Sec-
tion 4 illustrates the application of the normal form method
to two examples of charged particle motion in magnetic mir-
ror fields, namely the magnetic dipole field and that of a
simple model mirror machine. Comparisons are made for
these two problems between numerical and analytical re-
sults. In particular, we study the frequencies of periodic or-
bits, the constancy of the series for the complete adiabatic
magnetic moment expansion, and the insolubility of the sim-
ple model mirror machine. A final section summarizes the
conclusions of this paper.

The general problem of interest will have n degrees of
freedom described by the canonical coordinates g¢,,4.,....9,,
and p,,p,,...,p, . For compactness of notation we have found
it convenient to treat the g’s and p’s together by introducing
the 2n variables z,,...,z,, defined by the relations

Z, =4 zlz+i=p1 ’ (l.])
The method of Lie transformations makes essential use
of Poisson brackets and the Lie algebraic structure associat-
ed with them. We shall briefly review here the tools needed

for this paper. A more detailed explication with proofs has
been given earlier.’

i=1 to n
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Suppose f(2) is a particular function defined on phase
space. We associate with fthe Lie operator F by the rule that
if g is any other function, then F acting on g is defined by

Fg=[fgl (1.2)

Here the bracket [, ] denotes the Poisson bracket. Note that
Fis linear. '

Next we define the linear operator exp(F), called the Lie
transformation associated with F and £, by the rule

exp(F) = $ F/j 13)
2 |

with the convention F°= 1.

Lie transformations have several remarkable proper-
ties. Suppose d and e are any two functions. Then we find

exp(F)(de) = (exp(F )d )(exp(F )e) . (14)
and

exp(F)[d,e] = [exp(F )d,exp(F)e]. (1.5)
Consequently, if we define new variables Z; by the rule

z{z) = exp(F)z, (1.6)

then we have

[2:2)] = [exp(F)z,exp(F)z}]

= exp(F)[z,z;] = [2,2]. (.7

Here we have used (1.5) and the fact that [z,,z;] is a number
and hence 1s ur.changed by exp(F'). It follows from (1.7) that
the new variables Z(2) are related to the old variables z by a
canonical transformation.

Conversely, if the Z(z) are new variables related to the
old variables z by a canonical transformation near the identi-
ty of the form

Z{z) = z, + higher-degree terms, | (1.8)
then it can be shown that there exists a sequence of homogen-
eous polynomials f;, £, etc., of degree 3, 4, etc., such that

Z{z) = --exp(F;) exp(F.) exp(F;) z,. (1.9)

Similarly, the inverse to the transformation (1.8) or (1.9) can
be written as

z{2) = exp( — F;) exp( — F,) exp( — Fy)--Z,. (1.10)

In this latter expression the f’s are considered as depending
on the variables 2, i.e., f(2), fi(2), etc.; and all Poisson brack-
ets are taken with respect to the variables Z.

Finally, suppose g(z) is a function defined in terms of
some other function g(z) by the rule

2(2) = g(#(2)), .11

where z and Z are related by (1.9). Then it foHoWs from con-
sideration of a series expansion of g and repeated use of (1.4)
that

8(2) = ---exp(F) exp(F.) exp(F) g. (1.12)

Note that in making canonical transformations, we take the
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active »iewpoint: trajectories and functions are transformed;
the coeordinate system remains fixed.

‘V'ith this preparatory background, we are now able to
state rmaore precisely our purpose, Suppose we wish to study
the nazure of the trajectories governed by a certain mirror
machine Hamiltonian. For clarity, we denote this Hamilton-
jan by he symbol 4 9. We assume that 4 °'“ does not depend
explicktly on time. Then our aim is to find a sequence of
homoggeneous polynomials f3, i, etc., such that the trans-
formed or “new” Hamiltonian k", given by

k™% = ... exp(Fs) exp(F.) exp(Fs) h °, (1.13)

has a particularly simple form. By “simple,” we mean that
h "= skould only depend on certain combinations of the var-
iables z in such a way that it is easy to find functions i ™%,
called imtegrals of & ™*, which do not depend explicitly on
time amd which satisfy the relation

Emewhnew] =0.

(1.14)

Whenever such an /" can be found, then it is immedi-
ately passible to find an associated integral i °® of the original
Hami#tenian. In analogy to (1.13 we define ' in terms of
™" by the rule

B¢ = exp( — F;) exp( — F.) exp( — Fy)--i"*.  (1.15)
We then find, using the definitions and (1.5), that
[ iold ﬁ‘ uﬂd}
= ilexp( — F) exp( — Fy)-i "¥,exp( — F)
wexp( — Fo)-h "]
=exp( — F;) exp( — F))-[i "*™h"*] = 0. (1.16)
Hence, 4+ is an integral of motion for the Hamiltonian 4 °,
That &s,
«.0id ’
L = [§99,p°¢] =0, 1.17)
&t

Of comrse, even when i " is a simple expression in terms of
the p"s and ¢’s as will prove to be the case in Sec. 3, 4 will in
genersf ibe very complicated because of the Lie transforma-
tions Emdicated in (1.15).

Stiill more will prove to be possible. It is evident from
(1.13), swith the aid of (1.11) and (1.12), that A °® and A "%
are refzted by a canonical transformation. We have

E™%(z) = h 9%(2(2)). Therefore, if because of its simple
form ene can find the frequencies and initial conditions for
the perifodic and quasiperiodic orbits generated by & "%, then
it is eassy to deduce the equivalent information for & ol We
will sein Sec. 4 that this is indeed the case.

2. NORMAL FORM ALGORITHM

W'e'begin by assuming that the canonical coordinates z
have fzen selected in such a way that the origin in phase
space iis an equilibrium point. Thus if the Hamiltonian 4 ®is
expamxiied about the ongm, we obtam an expressxon of the
form =
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h old _ 2 h old(z)’ (21)

where each 4 ©'¢ is a homogeneous polynomial of degree /.
Next, we assume that the linearized equations of motion
about the equilibrium point have m zero frequencies (m < n)
and n — m nonzerofrequencies. That is, we assume that with
a suitable choice of coordinates 4 5 has the form

R =4(p2 4 +p2) 4+ G, DOL . +hy)
+ o+ G )Pk + 40

where all the a’s are positive.

2.2)

Hamiltonians of this form arise naturally in the study of
mirror machines. How this comes about in detail will be-
come apparent in Sec. 4, where we study two explicit exam-
ples. Roughly speaking, one can say that a degree of freedom
for which a frequency is zero corresponds to motion along a
magnetic field line. For this motion there is no restoring
force in lowest approximation. By contrast, the degrees of
freedom associated with nonzero frequencies correspond to
motion across field lines; and in this case thereisa restormg
force even in first approximation.

As explained in the introduction, our goal is to find
functions f;, f., etc., such that 4 "** given by (1.13) has a
simple form. To study systematically what possibilities exist,
it is convenient to introduce the notation

h* = exp(F,) exp(F _ )--exp(Fi)h . 2.3)
Then we have, for example, the rejations

h? = exp(Fy)h °", (2.42)

h = =h", (2.4b)
and the recursion formula

h*=exp(F)h*~"', k>3, and h?=h (2.5)

In analogy to the notation of (2.1), let us write

=3 hf (2.6)

j=2

where each term & I" is a homogeneous polynomial of degree
Jj. Then from (2.5) we have the relation

S hf=exp(F)Y k™', k>3 @7

i=2 =2

Evidently, Eq. (2.7) implies the equality of terms of like de-
gree. Our problem is to identify them. Let 7, denote the set
of homogeneous polynomials of degree k, and suppose f; and
g; are two homogeneous polynomials of degree i and j, re-
spectively. Then, since the Poisson bracket operation in-
volves multiplication and two differentiations, we have the
relation

V8P s j-2 2.8

Employing this observation and the definition (1.3), we find
from (2.7) the relations

h¥=h%"1=h3", (2.93)
hf=h}"', j<k and k>3, (2.9b)
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hi=hi,""+F h" (2.9¢)
We can now draw several conclusions. First, we see that
h% = h$%and h }** = h ;. Second, the term A ;™ depends
ina rather complicated way on F,, F, _ - F;and
RS9, A,k $". Finally, if our goalis to make k ;™ “sim-
ple,” then by (2.9c), our last chance to do so occurs at the
stage at which F, is determined.

It is apparent that (2.9¢) is a key relation. In keeping
with the notation of Sec. 1, let H, be the Lie operator associ-
ated with 4 9. Then we have the relation

F.hd = [fi,h 9] = — H.f,. (2.10)
Thus, we can also write (2.9¢) in the form
h% =h%k-'—H,f. 2.11)

For further discussion, it is useful to regard all polyno-
mials of degree k as elements of a vector space. Then H, may
be regarded as a linear operator mapping 2, on to itself.
Evidently, the term H, f; consists of all homogeneous poly-
nomials in Z7, that are in the range of the operator H,. (A
vector yisin the range of an operator 4 if there exists a vector
x such that y = Ax.) Thus, with the aid of (2.11) we are able,
by a suitable choice of f; , to adjust 4 ;** by any polynomial in
2 , lying within the range of H,. This is the fundamental
result which we shall use in the rest of this paper.

The exploration of the range of a linear operator is fa-
cilitated by the introduction of a scalar product. When a
scalar product is defined, the Hermitian adjoint of H,, denot-
ed by H ;, is also defined. Indicating the scalar product oper-
ation by angular brackets, we have the relation

(aH}b) = (Hab). 2.12)

The virtue of the introduction of a scalar product is that we
can then use the result that each subspace Z, can be decom-
posed into a direct sum in the form

'@k =|@k ®u4/k, (2-13)

where #, denotes the range of H, and 4", denotes the null
space of H 1.

The correctness of this result is easily verified for any
operator A. First, note that the range of an operator 4 is itself
alinear vector space. For suppose that y and y’ are contained
in the range of 4. Then there exist vectors x,x’ such that
y=Axand )y’ = Ax'. Let @ and a’ be any two scalars. We
have ay + a'y' = 4 (ax + ax’), and hence ay + @'y’ is also
inthe range of 4. Now let the vectors u,,u,,---, form a basis for
the range of 4. Without loss of generality, they can be select-
ed to be orthonormal thanks to the Gram-Schmidt pro-
cess.'® Second, let v,,v,,+-- be the remaining orthonormal basis
vectors needed to span the complete space. By construction,
the v’s can be taken to be orthogonal to the #’s, and hence to
the range of 4. They will then also be in the null space 4 *.
That is, we will have 4 v, = 0. For let w be any vector. We
find (w,4 'v;) = (4w,v;) = 0 because Aw is in the range of
A. It follows that 4 'y, = 0 since w is an arbitrary vector.
Conversely, any vector z in the null space of 4 1 will be ortho-
gonal to the range of A. For if y is in the range of 4, we have
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(,2) = (4x,z) = (x,4'z) = 0.The verification is now com-
plete, because any vector can be written as a linear combina-
tion of the «’s and v’s since together they form a basis for the
entire space. The portion of the expansion which involves
the u’s will be in the range of 4, and the remaining portion
involving the v's will be in the null space of 4 %

We next consider the choice of a suitable scalar prod-
uct. Its discovery requires a bit of trial and error. We have
found the following definition to be convenient. Let | j;m)
denote the monomial defined by

ljl."jn ymyem, >

" VIl R
- [(J, —mWJ: + mi)!] g 214

In this expression each j; is positive or zero, each j; satisfies
—j;<m;<j;, and eachj; and m; is integral or half integral.
For |j;m) to belong to 7, we require 2(j, + - +j,) = k.
The monomials |j;m) are linearly independent and clearly
form a basis. Our scalar product will be defined by the re-
quirement that they form an orthonormal basis,

(Jjsm'| jm) = 6;;6 2.15)

Here, the quantity §;; equals + 1 if all the indices denoted
by j’ and j are respectively equal, and it is zero otherwise.

The computation of H ! is a simple task. From (2.2) we
see that 4 $ consist of the squares p? and ¢7. For these func-
tions we use the notation ad(p?) and ad(g?) to denote the
associated Lie operators since in this case the capital letter
convention is not convenient."” Then using (1.2) and (2.14),
we tind upon computing the required Poisson bracket that

ad(g))| jinsmieem,, )
=20, + m; + 1)@, — m)'\”?

e IJl:]n My m; + 1,"'"‘1,, ), (2163)
ad(p?)ljl“:jn ;ml"'mn)
= —2j, —m; + D(j, + m;)'"”
x ijl..:]'" My — l,...m")_ (2.16b)

We observe that, in analogy to quantum mechanics, ad(q?)
behaves like twice an angular momentum raising operator.
Similarly, ad(p?) behaves like twice the negative of an angu-
lar momentum lowering operator.!? It follows immediately
or by direct computation that

ad(g)' = — ad(p?), (2.172)
ad(p?)* — ad(g)). (2.17v)

We are ready to specify our choice of f; in relation
(2.11). Using (2.13), we can uniquely write

(2.18)

where r, is in the range of H, and n, is in the nuil space of
H . Next, we require that f; satisfy the equation -

H.f, =r,. (2.19)

This equation always has a solution because 7, isin the range

k—1
hk =rk+nk,
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of H. &xy:construction.”” With this choice for f}, , we find from
(2.113@nd (2.18) the result

Ry =hf=n, k>3. (2.20)

That is, it is always possible to choose f; in such a way that
h ¢ for k>3 is in the null space of H }.

At this point we should make clear to the reader that we
do eot maintain that the imposition of (2.19) is always the
optim:zlprocedure. Indeed, we are studying other strategies,
whick will be the subject of another paper.'* However, the
above procedure is clearly a mathematically attractive op-
tion warth exploring. We shall see in the next section that it
has im#eresting physical consequences because it leads direct-
ly to she formal construction of integrals of motion.

3. INTEGRALS OF MOTION

Im the last section, we made a partial exploration of how
the chvaice of the £, affected the form of A ™*. We found that
by imasing (2.19), it was possible to arrange that each term
h i imik " (save for 4 3°*) would be in the null space of H 5
In this section we will show that this choice leads to the
determzmation of at least one and perhaps several integrals of
motioz for h ¥,

Lt us express the function 4 3" given by (2.2) in the
form

B =c+d,
where ¢ and 4 are given by

=30  Ohi 1+ @t ) + 4 da, (02 + D),
’ S ‘ (3.2a)

d=4(pi + - + p2). (3.2b)

We shaill:show that ¢ is an integral of motion for 4 ™. That
is, ¢ satisfies the equation [c,4 "**] = 0.

The proof requires a series of steps. First, suppose that
In, ) is & homogeneous polynomial of degree s. Imagine that
n, ) is expanded as a linear combination of the basis vectors
| /;m) gitven by (2.14). Evidently we must have
2(jy+ = +j,) = s for every term in the expansion and
hence 2 s for every factor in each { j;m). It follows that

) T+ 'n) =0 i=12,m, (3.3)
since adi{n?)" is proportional to a raising operator by (2.16a)
and (2.1%b).

Lex#Cand D denote the Lie operators associated with ¢
and d, rempectively, and consider the quantity
[D?]™ =" n,). Since all the ad(p?)' commute with each
other, wecan expand this quantity to obtain an expression of
the formm

(D] =D p,)

= X B(p)ad(p))' V- [ad(e2 ) "I n,),

3.1

(3.4

where w5 (p) are certain coefficients. We note that in each
term the @xponents are non-negative and must satisfy

P+ =4y, = m(s + 1). It follows that in each term there
must be =t least one exponent p, such that pi>(s+ 1). This
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implies by (3.3) that
[ad@)'}{n,) = 0. (35)

Therefore, we must have

[DT]"¢* DV n ) =0. (3.6)
From (3.1) we have
H}=C'+D" 3.7

Also, from (2.17) and (3.2a), C is antihermitian, that is,
C'= -C 3.8)

Solving (3.7) for D" and inserting the result into (3.6) gives
[C+H]™* P n) =0. (3.9

Since C and H ; commute, the left-hand side of (3.9) can be
expanded to give

[Cme*D 4Lom(s + 1) Cm6~ Ry 7 B¢
+oe+ HI)™ O] ) =0. (3.10)
Let us now add the further hypothesis, as our notation may
already have suggested, that |n, ) is in the null space of H 5
Hj|n)=0. (3.11)

Then, all the terms on the left-hand side, except for the first,
automatically annihilate |n, ), and we conclude
Cm+ D p )y =0, (3.12)

We are almost done. Since C is antihermitian and maps
Z into itself, we know that its eigenvectors in Z, must
form a complete set in 7. Thus we can write an expansion
of the form

I ny= Z B, v, (3.13)

where the B, are certain coefficients and the polynomials |¥)
are linearly independent and satisfy eigenvector relations of
the form

Clry=vl. (3.14)

Insertion of the expansion (3.13) into (3.12) and use of (3.14)
gives the result

Bl vy =0
Y

But, since the polynomials are linearly independent, we must
then have B,v]“ * Y = 0 for every ¥, which in turn implies
B, v, = 0for every y. From this we conclude that

Clnd =B r>=0.
Y

(3.15)

(3.16)

We have shown that if |, > is in the null space of '} it must
also be in the null space of C.

The result we have been working to prove now follows
immediately. Thanks to our normal form algorithm, we
have arranged that each A I°* for k>3 is in the null space of
H1, and hence

Chi¥=0 for k»3. _
Moreover, it is easily checked that

3B.17)
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FIG. 1. Motion of a trapped particle in a magnetic dipole field.
Chie¥ = Ch " = [¢,h 9] = 0. (3.18)
Consequently, we have
Ch™ = [c,h "] = (3.19)

and c is an integral of motion of A "*¥ as advertised.

We have seen that the normal form algorithm of Sec. 2
leads to the determination of an integral of motion i ™~ for
A ™", namely /™" = c. In some cases, for example when the
frequencics a; are irrationai in a'way as to be incommensu-
rate, it is possible to exhibit additional integrals. This is
shown in the Appendix.

It is worth remarking at this point that the normal form
algorithm required for mirror machine Hamiltonians is con-
siderably more complicated than that used in celestial me-
chanics. In the latter case it can be shown that H '2’ = —H,,
and then the analysis is far simpler than the preceding has
been. '

4. EXAMPLES AND APPLICATIONS

In this section we study two Hamiltonian systems
which describe the motion of charged particles in magnetic
mirror geometries. The first problem considered is that of
the motion of a charged particle in a magnetic dipole field,
the so-called Stérmer problem. This problem is an idealized
description of the Van Allen radiation. The second system
considered is a simple model mirror machine characterized
by the magnetic field given in cylindrical coordinates (p,6.z)
by

B = (B/a*)[ — pzé, + (a* + 2°)é,). 4.1
The variable a is a typical length scale for the mirror.

Our major tool for dealing with these systems is the use
of the normal form algorithm. The algebra involved in carry-
ing out the procedure is very lengthy, but completely rou-
tine. Therefore, we have programmed a digital computer to
carry out the necessary steps. In brief, we have written rou-

tines using the language FORMAL to carry out the decompo-
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FIG. 2. A trapped orbit as seen in p,z coordinates. The initial conditions are
z2=0,p=107,p =0, 7= 0.0355.

sition (2.18), solve (2.19) for f, , and perform (2.5) to move
from & ¥~ ' to & *. The calculations were performed through
sixth order for the Stérmer problem [i.e., k = 6 in Eq. (2.3)]
and through ninth order for the model mirror machine.
Typical calculations required 45 min of Univac 1108 time.
We expect that specially written routines for the same pur-
pose which are currently under development will require
considerably less computer time.

Figure 1 shows the motion of a typical particle trapped
by a magnetic dipole field. When the equations of motion are
written in cylindrical coordinates, the axial symmetry asso-
ciated with a dipole field and scaling of space and time can be
used to reduce the problem to the determination of the orbits
governed by the reduced Hamiltonian

b ®pp:2) = 3@} + P2 + 3(1/p — p/P). 4.2)
That is, due to axial symmetry, the problem is reduced to one
having two degrees of freedom. Once the motion in the p,z
plane is determined so that p(¢ ) and z(¢ ) are known, ¢ (¢ ) can
be found by a quadrature. Details are given in Refs. 2 and 4.
Figure 2 shows a typical orbit as it appears in the p,z plane.

The Hamiltonian (4.2) is not in the form of a power
series, and consequently we cannot apply the normal form
algorithm directly. However, we observe from Figs. 1 and 2

0.0 I Y 4 1 1 1 1 1 i

0.05

FIG. 3. The orbit of Fig. 2 as it appears in dipolar coordinates. !
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that the motion consists of gyration about a field line super-
imposed ipon motion along a field line. We therefore intro-
duce orthogonal dipolar coordinates ¢, and g, given by

4.3)

Roughfy speaking, the coordinate g, describes motion along
the confning field line, i.e., the guiding center motion, and g,
describes motion perpendicular to the field line. This fact is
illustrated in Fig. 3, which displays the orbit of Fig. 2 as it
appears #n dipolar coordinates. The motion has now been
separated, in first approximation, into oscillations about

¢, = 0 smperimposed upon motion along the g, axis.

@=2z/r, q=r/p*—1.

No= et p, and p, be momenta canonically conjugate to
¢: and g,. Then after calculation,' one finds that the Hamil-
tonian §4.2) when expressed in terms of these new variables
has a paswer series expansion. Explicitly, employing the no-
tation (2.1), one finds for the first four terms

h3 =307 + 307 +q2),

h$ = I — 4g; — 6gp3),

h$? = M6piqt + 21g3p7 + 10g3 + 34343 + 943 p3).
Note that % ' has the form (2.2).

Befwre continuing, we should make a remark about the
transformation (4.3). It can be shown that for ¢, = 0, the
transformmation from A = tan™'(p/z) to ¢, has a singularity for
complex walues of ¢, and is analytic only for | ¢,/ <3(3)'/%/16.
* As a comsequence, neither the Hamiltonian (4.4) nor the
results darived from its normal form are expected to have

meaning %or |q,|> 3V 3/16.

The stage is set for the application of the normal form
algorithm: of Sec. 2. The coefficients of the power series ex-
pansion {#4:4) are inserted into a properly coded computer
program. Sometime later the coefficients for the £, generat-
ing (2.3} md the coefficients for the A §** emerge.

All tize results obtained are too lengthy to record here.
We find, fiar example, that f; is given by
fi=—2pg; —3pip. — 4p;. 4.5

The higher /s rapidly become much longer expressions and
are of little direct interest.

(4.4)

The mormal form Hamiltonian is of direct interest.
Through terms of order 6, and using a notation similar to
(3.2a), thastis ¢, = L(p? + ¢2), the normal form Hamiltonian
is given by the expression

new _ g 7% 9 2 15 o
h™ =47y + e+ (Gegi — 50

+ATegt +=03g + D). (4.6)
We see thezst ™™ is of the functional form
h*=> = 1p} + glcnq)). “.7

That is, thxe normal form Hamiltonian is “simple” in the
sense that iét-depends on the variables p,, ¢, only in the combi-
nation ¢; = 4(p3 + ¢3). This is, of course, what is to be ex-
pected becranse according to (3.19), ¢, is an integral of motion
for h ncw. . N .
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It is also of interest to record some terms of the integ, -
of motion ; °¥ obtained from (1.15) with / ™* = ¢,. They ar.
also calculated by our computer program. We write

9= 91 4 919 4 3 4 .. etc. The first few terms are given
by

igld = %(P% + q%)’
= —3plg,— 23,

117 2 2 2 15 2 2

(4.8)
ig¢= E}prg + P92t 34T+ —P9: — 39193

—2pp:a.g: + 394 + i + 45
The industrious reader is invited to verify for himself that the
Poisson bracket (1.17) in fact vanishes using the expansions
(4.4) and (4.8). Incidentally, that it does so has been verified
directly as a check by a computer programmed Poisson -
bracket routine.

The series / ®' has great utility in the examination of the
nature of motion in a dipole field in fine detail. It can be used,
among other things, to show that the Stérmer problem is
insoluble. What this means is described extensively else-
where.* We shall give a parallel but much abbreviated treat-
ment of the question of insolubility later on in this section
when we discuss the model mirror machine example.

As advertised in the first section of this paper, the nor-
mal form Hamiltonian may be sufficiently simple that it is
possible to find the frequencies and initial conditions for pe-
riodic and quasiperiodic orbits. We shall now see that this is
the case for the Stérmer problem.

Observe that the Hamiltonian (4.6) is of the form

B = B(c) + 3p2 + 3o¥(c)g + mlegt + - (49
where
15

3
-5 ~+ vesy

Ble)=cr— ¢ +=

@c)) = 9¢, + 263 + -,

7(er) = 2 + - (4.10)

Since ¢, is an integral of motion and therefore constant in
time, we conclude that the motion in p,, ¢, governed by A "%
is that of an anharmonic oscillator described by the ¢, depen-
dent parameters w?(c.), 7(c,), etc. This circumstance sug-
gests that we should attempt to bring the quadratic part of
(4.9) to the form (a)(p? + g7), which is analogous to (3.2a)
as far as the variables p,,q, are concerned, and then we should
again apply some normal form algorithm.

Consider the canonical transformation generated by
the function g, given by

&: = 3p.q: logw(c,). @4.11)

Note that g, is homogeneous of degree 2 as far as the varia-
bles g,, p, are concerned. We find that

exp(Gz)Cz = €y,
exp(G,)p, =p0'?,

(4.12)
exp(G,)g, = ¢/ :
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FIG. 4. The frequency ratiow,/w,, as computed from Eq. (4.17), plottedasa
function of the value of p. The other initial conditions are z = 0,p =0,and
h = 0.002907. For comparison, actual periodic orbits obtained numerically
are plotted as points. Initial conditions for these orbits were supplied by R.
DeVogelaere (private communication). The type of orbit is shown at the top
of the figure. :

Consequently, we find that

exp(Gh ™ = B (c,) + 3o(c:)P} + 4 + vicdgt + -
4.13)

where

o) = /. (4.14)

We see that apart from the term 8(c,), which plays no
role in the determination of the p,, g, motion, the trans-
formed Hamiltonian (4.13) has a quadratic part of the form
(3.1) with the term of the form (3.2b) completely absent.
Now consider the Lie operator associated with this quadrat-
ic part. It will be antihermitian because of the analog of (3.8),

and hence the null spaces of the analogs of H; and H T will
coincide in this case.

Let h * denote the result of applying the normal form
algorithm a second time. We write h* = ..exp(G.) exp(G5)
exp(G,) h ™" where the functions g3, g« which lead to G,
G.,- and which may involve ¢, as a parameter are still to be
determined. It follows from the discussion in the previous
paragraph that one can arrange to have 4 * lie in the null
space of ad(p? + ¢?). If this is done, & * will only depend on
the variables p,, ¢, in the combination ¢, = 1(p} +4}). Of
course, i * may also depend on ¢,. After calculation employ-
ing the normal form algorithm, we find the explicit result

h*(ci,c)) = B(c:) + w(c)e + 13¢3/(16 + 2¢»)

— 25857/62208¢c; “/3[1 + (c/8)177%€} + -+
(4.15)

Let us introduce variables ¢, and ¢, which are canoni-
cally conjugate to the variables c, and ¢, by means of the
equations

g,=(2¢)* sing,, p; = (2¢)'* cos. (4.16)
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Evidently the pair ¢;, ¢, foreachiare action-angle variables.
Consequently, we have

q5,= (Qa%t) = 0[C1,C3)-

Since the ¢, are integrals of motion (4 * is independent of the
#, thanks to the normal form algorithm), the frequencies w;
are independent of the time. Consequently, Eq. (4.17)can be
integrated directly to give

p=wt+¢> . (4.18)

Thus, combining (4.16) through (4.18), we find that the mo-
tion of the g;, p; is periodic with the frequencies @, and @,.

Since / ©'¢ and & * are related by a canonical transformation,
it follows that the motion described by # °'¢ must be quasi-

periodic with the two fundamental frequencies @, and @,. In
particular, orbits for which the ratio ®,/o, is a rational num-
ber will be closed, and therefore will be completely periodic.

“.17)

Suppose we consider all the orbits for which the energy
has a particular set value and for which the fundamental -
frequency ratio is rational, @,/@, = m/n. Since h* and the
o, depend only on ¢, and ¢,, these two conditions determine
the values of the integrals ¢, and c,. However, ¢ { and ¢ 3 are
undetermined. Consequently, we expect that those periodic
orbits having a particular energy and frequency ratio will
form a two-dimensional surface in phase space. However,
direct numerical integration of orbits for the Stérmer prob-
lem shows that this is not the case. Instead, one finds that for
afixed energy, there are only a finite number of orbits having
a specified rational value for /.. Put anothur way, for a
fixed energy, the closed (and therefore periodic) orbits in
phase space are isolated curves, and do not form a two-di-
mensional surface.'® It follows that the normal form process
that we have described in this paper must be divergent for the
Stérmer problem.

We are currently working on a different normal form
procedure in order to overcome this difficulty.'* However,
we wish to point out here that the apparently formal expres-

A O OO NODWOWO

I 1 1 |
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FIG. 5. A continuation of Fig. 4 showing analogous results for those orbit:
whose initial conditions are such that p> 1. :
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TABLE L. A comparison of initial conditions for periodic orbits estimated
using the normal form (4.21) in (4.17) and initial conditions obtained exact-
ly by the numerical integration of trajectories. There are no orbits with
rotation mumber less than 10 for this energy (k = 0.01). -

Rotation number Estimated Numerically determined
w,/w, q: q.

10 0.1413772 0.1413772
11 0.1349294 0.1349264
12 0.1294129 0.1294038
13 0.124624 0.124608
14 0.120415 0.120393
15 ) 0.116678 0.116650
16 0.113330 - 0.113298
17 0.110308 0.110272
18 0.107561 0.107523
19 0.105050 0.105009
20 0.102743 0.102700
22 0.098638 0.098592
24 0.095083 0.095035
27 0.090542 0.090493
30 0.086722 0.086672
33 0.083447 0.083397
36 0.080596 0.080547
39 0.078084 0.078036

sions (4.15) and (4.17) for the w; still are useful. For when
periodic orbits are located numerically and w,/®, is then
computed from (4.15) and (4.17) using the numerically de-
termined initial conditions, one finds that the ratio is in fact
nearly rational. Figures 4 and 5 illustrate how well this
works. From these figures we see that the results are quite
accurate for nearly equatorial orbits, but are worse for orbits
whose mirror points are further down the guiding field line.
Moreover, we remark that for initial values of p satisfying
0.9383 <p < 1.082, which includes most of the interesting

region of the figures, the value of g, exceeds 3\/5/ 16 some-
where on the trajectory, and consequently we expect trouble
on that basis alone. Thus, the accuracy of our results is much
better than we have any reason to expect.

We devote the remainder of this section to a discussion
of orbits in the simple model mirror machine whose magnet-
ic field is given by (4.1). In particular, we shall focus our
attention on those orbits for which Py = 0. These orbits do
not encircle the central axis of the mirror machine, but in-
stead pass continually through it. Hence, one cannot use
energy conservation arguments to preclude their extending
arbitrarily far down the length of the machine. After suitable

scaling, we arrive at the simple Hamiltonian

B = 1p1 + 30} + 4D + 44742 + el (4.19)
Here g, is proportional to z and q: is proportional to p.

In this case the Hamiltonian is considerably simpler
than that for the Stérmer problem. Consequently, we were
able to carry out the normal form algorithm to higher order

within the computer time available. The result through
terms of minth order is

= 40T + €+ gt + 556508 + (Gredgt — Zolgd).
(4.20)
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" cmat fon
As before, we may now perform a variant of the not lonian
algorithm a second time to arrive at a final Hamil resy]; .
which only depends on the variables ¢, and c;. The

h*(ce)=c,+ (c; + %Cg + écg)mcl
- 352—(1 + e+ éczz)"cch + - dval
< val-

A numerical study of the periodic orbits for a fixz. do
ue of the energy shows that they are again isolated, ana ,
not form a two dimensional surface. In particular, variou.
periodic orbits have initial conditions of the following form
g, = 0; p, = 0; g, variable and taking on various discrete val.
ues; and p, determined by energy conservation once a1 9
and p, have been specified. Table I shows the initial value of
q. for various periodic orbits in the case for which the equa-
tion 4 ° = 0.01 fixes the energy. Each integer in the column
labeled “rotation number” is defined to be the number of
oscillations undergone by the variable g, during one oscilla-
tion of g,. It corresponds physically to the number of gyra-
tions a charged particle makes during one complete mirror-
ing cycle, and should ideally equal the ratio @;/w, computed
by the normal form algorithm. This is very nearly the case.
The column labeled “‘estimated ¢.” is the value of ¢; comput-
ed by requiring that the ratio w,/w, computed using (4.21)
and (4.17) be exactly equal to the rotation number in ques-
tion. (We have, of course, also required that 4 ° = 0,01,
p:=0,and g, =0))

The agreement between the columns “estimated q."
and “numerically determined ¢, is remarkably good, and
illustrates the utility of the normal form approach even
though the series employed must ultimately be divergent.
We observe that the agreement for the model machine prob-
lem is much better than it was for the Stérmer problem. This
is because in (4.20) the ratio of the coefficient of the terms
involving g7 is smaller by a factor of ¢, than the correspond-
ing ratio for (4.6). This circumstance can be traced to the fact
that (4.19) contains no terms of order 3 [whereas (4.4) does],
and is a special feature of orbits with ps =0.

Because of its simplicity, the model mirror machine
problem is an ideal context in which to examine the integral
of motion produced by the normal form algorithm. We have
computed / ® through terms of ninth order using (1.15) with
i"*¥ = ¢,. The entire expression is too lengthy to record, and
is best transferred directly from one computer program to

another. The first few terms are given by

igld = %(P% + qg)’
i ‘3"" =0, (4.22)

13 =400} — Pid3 — 2034} + 24363 + 4pp.g.ay).
Examination of these terms and those of higher order shows
that /" contains within it all the terms in the power series
expression for the magnetic moment, £ ,/B:

E\/B = 4pi/(1 + 3¢} + 1¢% + i8¢
=303 + 9D + 1dig — pigD) + . (4.23)

There are also additional terms in / ° beyond these. They

Tepresent corrections required to make up the complete adia-
batic magnetic moment expansion.
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FIG. 6. The quantities i *® through various orders, E, /B, and i ™ as func-
tions of time for the orbit with initial conditions g, = ¢, = 0 and
g, =0.0707, 4, = l'—o. The mirror point is at g, ~ 1.0, and the magnetic field

strength at the mirror point is 1.5 times its value at g, = 0. The vertical scale
is arbitrary, and to separate the curves a different constant has been added
to each.

Sincei°!, as a series, contains all the terms in (4.23), it is

reasonable to sum these terms explicitly. When this is done,
we will obtain a quantity, denoted by i **™, which contains

E, /B exactly plus all terms of the remainder of the complete
adiabatic magnetic moment expansion through the highest
degree to which i °"® is computed. The quantity ; **™ may be
expected to be more nearly constant than / ®. More explicit-

ly, through terms of order nine we write

P =9 — p3(1 — 3q1 + 4qt — 4gD) + 3p3/(1 + i)
(4.24)
Note that the series for the magnetic moment E, /B given in
(4.23) diverges for |g,| > (2)”2. We therefore do not expect
that the function 7 °® truncated at a finite degree will be a
good integral of motion for orbits which mirror beyond
|g:] = (2)". But this does not rule out the possibility of 7 **™
being very nearly constant, when truncated at high degree.

To examine the constancy of i ° and /**™ as integrals of
motion, we have integrated numerically the equations of mo-
tion. Figure 6 shows graphs of i ®%, taken through 5th, 7th,
and 9th order respectively, as a function of time over an
orbit. The orbit starts at ¢, = 0 at r = 0, mirrors at 1~22,
recrosses the median plane g, = 0 at 7~44, mirrors again at
1266, etc. It is evident that the constancy of i ** improves as
more terms in the series are included. (We will see later,
however, that the series must ultimately diverge, so that im-
provement cannot continue indefinitely.) Also shown is the
quantity i **™, computed from (4.24) with / ® taken through
ninth degree. It remains remarkably constant over the entire
orbit. Finally, the quantity E, /B is plotted to demonstrate
that i °is superior to the magnetic moment except at mirror
points, and that / *“™ is superior everywhere. Results of sever-
al numerical integration runs for a range of initial conditions
show that this behavior holds in general.
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i%9 through 9™ degree

0.4 +

We close this section with the presentation of numerical
evidence that the model mirror machine problem, like the
Stérmer problem, is insoluble. What it means for a classical
mechanics problem to be “insoluble” and how this can come
about has been described in detail elsewhere.* In essence, it
means that there are, in fact, no analytic functions of the p’s
and ¢’s which are integrals of motion and therefore satisfy
(1.17). Consequently, trajectories in phase space are not con-
fined to lie on analytic hypersurfaces. Instead, they may
wander in a very complicated way, and are sufficiently com-
plex so as to preclude their explicit representation. It also
follows that the complete adiabatic magnetic moment ex-
pansion is divergent. Finally, it can also be shown that any of
the standard methods of classical mechanics, such as pertur-
bation series or solution of the Hamiltonian-Jacobi equation,
must also fail. In particular, there is no known way of pre-
dicting the long-term behavior of trajectories; and in the case
of mirror machines, long-term containment cannot be math-
ematically guaranteed.

One method of testing numerically for the existence of
integrals of motion is to plot the values of some independent
pair of variables each time a trajectory in phase space crosses
the median plane g, = 0. If the result of such a plot is a collec-
tion of points which have the appearance of lying on a
smooth curve, then the existence of an integral is suggested,
although not proved. By contrast, if no such regularity oc-
curs, the existence of an integrtal is ruled out. Figure 7 shows
variations in / °* (through ninth order) plotted against p, for
successive median plane crossings. It is evident that {hese
points are scattered, and the existence of an integral of mo-
tion is precluded. Thus, the model mirror machine, despite
its simplicity, is insoluble. More detail may be found in Ref.
3.

5. CONCLUDING SUMMARY

In Secs. 1 and 2 a partial exploration was made of the

01 +
+
+
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-04- e oo
+
%163 A‘,old through + :
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FIG. 7. Changes in the value of / °** through ninth degree plotted versus p:
for successive median plane crossings. The initial conditions for this'o.rb"
aregq, =|O.299, p:=0, g, =0, and p, determined by the energy condition

hold —
10

Alex J. Dragt and John M. Finn 2658



effectt-of canonical transformations on mirror machine Ham-
iltoniians, and a certain normal form was shown to be always
possiitile. In Sec. 3 it was shown that this normal form led to
the eniistence of a formal integral. Section 4 treated two ex-
ampl=s.of mirror machines, and normal form methods were
used #0.obtain expressions for bounce frequencies and the
locatiion of periodic orbits. The lengthy algebraic calcula-
tions; wequired were performed by computer. Good agree-
ment:was found between analytical and numerical results for
pericddic orbits. In addition, it was shown that the integral of
motism produced by the normal form method is in fact a
series for the complete adiabatic magnetic moment expan-
sion.. Finally, it was shown that, like the Stérmer problem,
the siimzple model mirror machine does not possess an analyt-
ic thimd integral of motion. Therefore its complete adiabatic
magmetic moment expansion is divergent, phase space tra-
jectories.are not confined to lie on analytic hypersurfaces,
and the problem, despite its apparent simplicity, is insoluble.
In partticular, there is no mathematical guarantee of long-
term ¢entainment.
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APPEMDIX

Swppose that the frequencies e, in (2.2) exhibit some
degree wf incommensurability.!” In particular, we assume
that thesze are I and only / linearly independent equations of
commensurability between the frequencies a,, 4 1oy We
write thwse relations in the form

£

D M@=0, i=1,.1I (A1)
FESE N
Equivafiently, we write
Mg =0 (A2)

where @ s a vector with entries @, +1-@,,and .# is an
! X (n — #m) matrix with integer coefficients, rank /, and in-
dexed s@withat m + 1<j<n.

Usitng a notation similar to (3.2a), we write

c= 3 ag, (A3)
s=m+41
where
=150 + q). (Ad)
We alsewerite
c- % o s
J=m+1

It is evidisnt that the various Lie operators C; mutually com-
mute, stmce they involve diﬂ'erentiation with respect to dif-
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ferent variables. Also, from (2. 17) they are all antihermitian.
Finally, they each map 2, on to itself for each vaiue of k. 1t
follows that there exists a basis in which the C; are all simul-
taneously diagonal.

We next assert that the eigenvalues of each C; are the
integers multiplied by i. To see this, we introduce monomials
in the single pair ¢,, p, defined by

lism) = (@, + ig)** ™(p, — ig )"~ ™. (A6)

Here, as before, the quantities Js and m, are integral or half
integral. We find, after simple computation, that

Ciljism) = —2im, smo). (A7)
Since any monomial in the various variables can be built of

products of the form (A6), and since these monomials obvi-
ously form a basis, our assertion is proved.

Let |4, , -4, denote an eigenvector of the various
C;. Itis constructed from products of monomials of the form
(A6). We have

ClAm A =44, , A, (AB)
where the A ’sare integers. It follows from (AS5)and (A8)that
sy =(i 3

j=m<+1

Since C is antihermitian, we may rewrite (A9) in the form

Gmsrtie=(i $

i=m<+1

@ 2)) |2 s> (A9)

aj'{j) <;"m + l""{r;g . (AIO)

Now take the scalar product of both sides of (A 10) with the
vector | A™™>. We find, using (3.19), the result

0=CAm 1A, |C LR

=(i 3 a,&j)</1m+,--.,1n;h"=W>.
J=m+ 1

Thus, for |4, , -4, to appear in 4 ", the eigenvalues 4,
must necessarily satisfy the relation

n

Z a;A;=0.

J=m+1 :

By the hypothesis (A1) or (A2), there are only /linearly
independent relations of the form (A 12) with integer coeffi-
cients. It follows that for each set of A ’s obeying (A12) there
must be other coefficients 8.8+ such that

(All)

(Al2)

{
A= ZB;‘/U (Al13)
i=1
or, using matrix and vector notation,
A=_AB" (Al4)

Weare almost done. Let y,, , , -y, beaset of real num-
bers such that the vector y with entries 7, is an eigenvector of
4« with eigenvalue zero,

My =0. (A15)
By the nature of .#, there will be # — m — / such vectors Y
which are linearly independent. Using (A 14) and (A15), we
find that the scalar product between any 4 obeying (A12)
and any y obeying (A15) vanishes,

Q) =(AB* ) = (B*4y)=0. (A16)
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Now define dperators C, by the rule

c,= 3 %C. (A1)

j=m=<1
There willn — m — I such operators which are linearly inde-
pendent. They evidently have the property that
Cy‘ '{m + 1 "';‘n) = I(’LY)] ’{m + X'"Z'n> =0
when (A 12) holds. Since the only vectors {4,, , -4, occur-

ring in the expansion of 4 " are those for which (A12)
holds, we must also have

C,h™ =0. (A19)
It follows that the n — m — I functions i }** defined by

i¥V=cp, where

(A18)

(A20)

are integrals of motion for A4 "*.

We note that, in this notation, ¢, is the integral already
found in Sec. 3. We also remark that in the extreme case in
which 7 = 0, i.e., all the a’s are irrational in a way as to be
completely incommensurate, then each ¢; is an integral of
motion for ™%,
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