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¢35 Integrals via Aeymptotics; the Stormer Problem
{a) Intccrale of the €t8rmer Problem
- - 3 : o ~F o St T iy 3 e gl 3= s
riorhe aointions of z Hamiltonian :;g:L".:.zi atll escape
to inflnlt‘j it i usual iy very easy t0 ectahklich +he

— I ettt ™ ™ g et e o
existence of integrals in. involution. We illustrate this

observation with the example of a charged particle in a
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iipole field, which is described by the differential equations

(\
0]

2 . .
3
(3.1) ~g§-q = g% AB(g) , geRr
dat _

where

-3 d

3.2) Blag) =V (g, r'°) = - (-3) = = (-3 +oe,r
3 S 39 g e.,r )
°d3 3 r> 3 3
with r = |ql.
the Hamiltonian
g 2 q, 2
12 *1.0° 2
<)+ (P, + -3 o+ pc)
3 2 r3 3
¢S cne integral (section 2 in Chapter I) and as a second
integral the angular momentum:
2
) . qi T 9
= n = - - =
G = qrPy - 4Py T ¢, - 99 . ’
“here the lirst term on the richt hand side is the angular

Tomentumn orcinarily encountered, while the second term is
4.1 . . . . . - -~ -
-fieé contribution due to the divole. Is it possible to find

® third intecral, or more precisely, are there 2

1N involution which would maxe this system an intec




A

o

e will show that in the domain given by
(3.4) H>0 ,G >0
there exist indecd 3 integrals in involution. On the other
hand in scme regions where G < 0 one has evidence that no
such three integrals exist. This state of affairs which
seems paradox at first has a very simple explanation. We
will show that in the domain (3.4) all solutions escape and
have the asymptotic behavior

g(t) - at+ b+ 0(ET) as T @
The vectors a, b € R3lcan be viewed as functicns of the
initial values ag{0) , &(0) , and, moreover, a; a2, o &
311 +tnrn out to be 3 inteagrals in involution.

On the other hand there are other open regions in the
vhase space in which particles are trapped and in which these
'ntegréls are not defined.

.

One. can view the situation also in another way: Locally,

in a sufficiently small domain Q& of a 2n-dimensional space
MV‘M—/\AM

one can always find n integrals in involution, say G,(2).

T — —
Using then the fact that
—— R s,

G.(¢%(2) ) = G, (2)
/:L_/\—-——‘-_'——

ore can extend their domain of definition to the region of
—

dccessibility wue¢ (Q). But this may give rise to multiple val-
W/VW\_’V-\/'W\
iedness of the extended funciions if the orbits throucgh

/WW\NV\———-\
return to Q. If, however, they escape to = without re-
/_\WW_\M
currence then suc™ an extension is indeed possible. Thus the
_/-WAAI
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-:zfjculties of finding integrals in the large are closely
.icd to the recurrence of the orbits. The point of this
section is to show that this difficulty disappears in case

.o orbits escape. This example is presented for its
instructional value; otherwise it has.little importance.

-ne differential equations (3.1), however, played an important
~ole in the study of the motion of charged particles in the
magnetic field of the earth. Early numerical studies were
~a2de by Stdrmer and therefore it is often referred to as the

s+Oormer problem.

;) Escape of the Solutions

Next we show that any solution with G > ¢ , H > 0
catisfies

(3.5) g(t) = at + b + O(t_l) for t » « .

7o prove this remark we compute

1 4 ,2 2 . 2 . .. 2
(3.6) 5 ( ‘a’{_:) {q| = <qg,g> + lq] = <q,qAB> + Iql .
By (3.2) we have .
g.g., - d,9
. N =1 . s} 7., Q
<q9.9 A B> = =<4, ¢ A B> = -—g- <g,q A 63> = 172 3 ‘e
r r
2 2
+
= =3 (G + 3 Yy >0
r r
1 e
since
° — q2 . ql
ql—pl—;?)‘- ,qz p2+—r—3,q3—_—p3

4€



hence

1 d, 2 2 <2
s (g7 lal® > faf® =28
1 -2 o iy - .
and H = 5 \ql Therefore the velocity 1is a constant
and without loss of generality we may take |é1 =1 or
1 Then

=73 -

2
1 d 2
L (gg) a1 > 1
and by integration
2
l

lg|® > £ - clltl - ¢, for all t.

With this information we go into the differential
. -3 -3 .
couation (3.1). Using B(g) = 0(]g]l 7) = 0(t ) we obtain

q =O(t_3) which yields (3.5) by integration. We also obtain

>

(3.7)  q(£) = a + 0.(t°’_2) ; ple) =a+ 0t ).
We remark that the solution does not pass through g = 0,
since
G
lal > > 0
v 2H

1 the region H > 0 and G > 0. This estimate is a simple
conseguence from the formula (3.10) below and the following ciscuss

under (c). »

We reformulate this result:* We combine (g,p) to a

t .
vector z € R6 and denote the flow by 2z = ¢ (z). Similarly,

let
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0 P /

Zenote the "free flow" corresponding to B = 0. Then (3.5)
.nd (3.7) can bec expressed by saying that the 1limit

/3.8) ¢5t o o%(2) » wiz) for £ » 4 w

exists and maps 2 = (g,p) into the vector (b,a).

We will use - but not prove here - that in (3.8)
-1so the derivatives of ¢6t ° ¢t converge to the corres-
ronding derivatives of Y uniformly for z in a compact domain.
cince ¢6t and ¢t both are canonical maps, it therefore

0llows that also y is a canonical map. This map v assigns

" S
.he "scattering data at t =+ " (b,a) = ¥(g,p) to the
e —

‘nitial values (g,p) at t= 0 of a solution. This way the

components aj P bj of a,b become differentiable functicns

<f q,p , moreover

= = - {3
{a. , a,} o , {aj , bk} 6jk , Lbj r by

: . . 3 he
cince Y is canonical. Finally we show that

(3.9) Ve = eg TV

i.e. 1y maps the given flows ¢t into the free flc.« ¢O . To

»rove this we replace t by t + s in (3.8) so that

p(z) = 1lim - —{t+s)  t+s
t -+ o %0 o ¢ (2)
= lim -5 o (.-t o .t .S
£t > + q’o (CO ¢ ) (w (Z) )
= -S o . o ’S
¢4 U ¢ (z)

48



~roving our claim.

Since the free flow is described by the Hamiltonian

on the domain H > O and G > 0. Furthermore, since aj are

integrals in involution of XH we have in
0 _

Fj(qlp) = aj o ¢ (a,p) v j =1, 2, 3,
three integrals in involution of the given system. It is
also clear that dFj are linearly independent, and our claim

is proven, namely that (3.1) is integrable inG >0 , B > 0.

ped

(¢) Bllowed region for the Stdrmer problem

We give a rough description of the cases when G < 0.
ror this purpose it is useful to introduce cylinder coordinates
g, = pcos b , 9y =P sin 8 , 43 = Z
and extend it to a canoni:al transformation with the gener-
ating function
V= + i +
W p(py cos ) p, sin 8) P42

The eguation

v oW ow
p 9P z 52

can be solved:




Py T T sin 6 + pp cos €
P
= =9 cos @+ sin ©
Py 0 Py n

and one finds

- P
H = % (p +p, + L 2P

G = p .

Hence 6 does not occur explicitly in H,i.e. 6 is an ignorable
variable, which simply expresses that Pg = G is an integral.
If we assign G a constant value

G = 2y

the Hamiltonian system can be written as

p=- %~§Y |
op = 2y . o 2
5= - L OV g r’
2 9z
with Hamiltonian
(3.10) H = % (;2 + 2%+ Vip,z)) .

1s above we restrict ourselves to the domain

b(y) = {qup |G =2y, H=7571.

We project this domain into the cor“iguration space and
obtain by {3.10)

Q(y)={ p, 2 | ¢>0 , V<11
on the boundary one has ¢” + z° =0 . For this reason
the boundary curves of (y) are called zero-velocity
curves. They are given by

g0N



2y + P =+ 1
P L3 -
Clearly for y > 0 only the plus sign can occur. But
two components

Y < 0 both signs occur and &(y) has

for

if v < =1l. Below the

y >0, -i

in four cases




Incidentally, for y = -1 the point of intersection

(p,z) = (1,0) corresponds to a circular pericdic orbit

f r the original problem (3.1).

PRI S TN
Cadrily

m

Toxr ey
the values of the integrals U, G. In particular, for

y < -1 the domain D(y) has two components:
= U 'S
D (¥) D, () D, (y) N

vhere Dl(Y) is the bounded region and Dz(y) the unbounded
region. If we abandon the normalization of H = % the con-
diti n y < -1 has to be replaced by y < = v2H or G < - VE/2 .

e conclude that the domain

{ g, p | G<~Vi/2 ;=1UVII
tas two components I, II: I bounded, II unhounded.

In conclusion we show that our syvstem is integrable
in the unbounded component II while one has evidence for
/-’—V\/—/\’M

nonexistence of such integrals in I - due to the presence of

momoclinic orbits.
M—

In the domain II all solutions escape again and the

crevious argument is applicakle. Indeed, c¢oing back to the

normalization H = % we have in II
{3.11) p = /qi + qg > -y + v=1 + Y2 >1+<¢, &>0
and
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