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d i p o l e fi e l d , w h i c h i s d e s c r i b e d b y t h e d i f f e r e n t i a l e q u a t i o n s

(3.1)

vnere
d t ' g | A B (q ) , q e R3

2)

. ' i th r

B(q) = V (q. r - 3 )
a Q 3 r<-§> - 3- <-3q q3 + e r2)

•-112.S system has the Hamiltonian

2 ' 3 'r
+ P3 )

as one in tegra l (sec t ion 2 in Chapter I ) and as a second

integral the angular momentum:

G = qlP2 ~ q2Pi = q i q 2 " q 2 q i "

2 , 2
ql + q2

■-■here the f i r s t te rm on the r igh t hand s ide i s the angu la r

-onentu ia o - rd inar i l y encountered , wh i le the second te rm is

t h e c o n t r i b u t i o n d u e t o t h e d i p o l e . i s i t p o s s i b l e t o fi n d

a t h i r d i n t e g r a l , o r m o r e p r e c i s e l y , c ^ e j h e r e ^ J ^ ^ a l s

i L i n V O l u t ^ s y s t e m a n i n t e g r a b l e o n e ?
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\ \e wi l l show that in the domain g iven by

( 3 . 4 ) h ' u , k d s k j

t h e r e e x i s t i n d e e d 3 i n t e g r a l s i n i n v o l u t i o n * O n t h e o t h e r

hand in some regions where G < 0 one has evidence that no

s u c h t h r e e i n t e g r a l s e x i s t . T h i s s t a t e o f a f f a i r s w h i c h

seems pa radox a t fi r s t has a ve ry s imp le exp lana t i on . We

w i l l s h o w t h a t i n t h e d o m a i n ( 3 . 4 ) a l l s o l u t i o n s e s c a p e a n d

have the asympto t ic behav ior

q ( t ) ~ a t + b + O C t " 1 ) a s t - * ~ .
3'The vectors a, b 6 R can be viewed as - funct ions of the

i n i t i a l v a l u e s q ( 0 ) , q ( 0 ) , a n d , m o r e o v e r , a j / a 2 ' a 3

r i l l t u r n o u t t o b e 3 i n t e g r a l s i n i n v o l u t i o n .

On the o ther hand there are o ther open reg ions in the

phase space in wh ich pa r t i c les a re t rapped and in wh ich these

i n t e g r a l s a r e n o t d e fi n e d .

O n e ; c a n v i e w t h e s i t u a t i o n a l s o i j i a ^ ^ e r w a ^ : L o c a l l y ,

i n a s u f fi c i e n t l y s m a l l d o m a j _ n fi o f _ j ^ n ^ ^ ^

o n e c a n a l w a y s fi n d n i n t e g r a l s i n i n v o l u t i o n , s a y G 4 ( z ) .

- s i n g t h e n t h e f a c t t h a t

° r. e can ex tend t he i r doma in o f de f i n i t i on t o t he r eg ion o f

a c c e s s i b i l i t y u ^ 1 ( fi ) . B u t t h i s m a y g i v e r i s e t o m u l t i p l e v a l -

" - G d n e s s o f t h e e x t e n d e d f u n c t i o n s i f t h e o r b i t s t h r o u g h

- "■ re tu rn to f i . I f , however, they escape to ° * w i thou t re -

u r rence then suc^ an ex tens ion i s i ndeed poss ib le . Thus the



- f fi c u l t i e s o f fi n d i n g i n t e g r a l s i n t h e l a r g e a r e c l o s e l y

jed to the recurrence of the orb i ts . The po in t o f th is

sect ion is to show that this di fficulty disappears in case

<hc orbits escape. This example is presented for its

ins t ruc t iona l va lue ; o therw ise i t has l i t t le impor tance.

•he differential equations (3.1), however, played an important

role in the study of the motion of charged particles in the

•magnetic f ield of the earth. Early numerical studies were
r.ade by Stormer and therefore it is often referred to as the

Stormer problem.

(b) Escape of the Solutions

Next we show that any solution with G > 0 , H > 0

s a t i s fi e s

( 3 . 5 ) q ( . t ) = a t + b + 0 ( t _ 1 ) f o r t - > «

To prove this remark we compute
2 . • „ „ . , I - . 2

3.6) 1 ( _| )2 |q|2 _ <q,a> + |4r = <q.qAB> + |q!

By (3.2) we have
- 1 . q l q 2 ~ q 2 q l

<q,q A B> = -<q, q A B> = -^ <q,q A e3> = 3

since

2 . 2
1 q l + q 2

r r

q 2 q l
q l = Pl ~ T ' q2 = p2 + 3 ' q3 = P3r r
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hence

1 <g|,2 |C3|2 > |ol2 - 2H

,pd H = - \q\2 ■ Therefore the velocity is a constant
without loss of generality we may take |q| = 1 or

2
and

Then3 = 2

2
'qli / _ r i ~ . 2 > _

2 I d t
and by integration

|q | L * - ~ u i 'U | ~ "2
2 > t 2 - c J t | - c f o r a l l t ,

Wi th th is in format ion we go in to the d i f ferent ia l

equa t ion (3 .1 ) . Us ing B (q ) - 0 ( |q f3 ) - 0 ( t "3 ) we ob ta in
ci =0(t~3) which y ie lds (3.5) by integrat ion. We also obtainq

( 3 . 7 ) q ( t ) - a + 0 ( t " 2 ) ; p ( t ) = a + 0 ( t ; 2 ) .

We remark that the solution does not pass through q = 0,

since

| q | > - — - > 0/2H

a the region H > 0 and G > 0. This estimate is a simple

onseauence from the formula (3.10) below and the following discus,c

under (c)

We reformulate this result:* We combine (q,p) to a

vector z e R6 and denote the flow by z - ^(z) . Similarly,

l e t
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♦ $ < * > - ( ? + t p )

denote the "free flow" corresponding to B = 0. Then (3.5)

and (3.7) can be expressed by saying that the limit

(3 .8 ) t>Z t ° < t> t (z ) -» • i | ) ( z ) fo r t - * • + -»

exists and maps z = (qfp) into the vector (b,a).

We will use - but not prove here - that in (3.8)

a l so the de r i va t i ves o f ^ ° d> t conve rge to the co r res

ponding derivatives of i> uniformly for z in a compact domain.

: ' i nce 4>- t and ^ bo th a re canon ica l maps, i t there fo re

follows that also i> is a canonical map. This map ^assigns

the "scat ter ing data a t t - •+-« . " <b,a) = * (q .p) to the

"TnT^Tal values "(q,p) at t= 0 of a solution. This way the

components a. , b. of a,b become differentiable functions
of q,p , moreover

{a . , ak) - 0 , {a . , bk) - -6 jk , (b . , bk) - 0 ,

cince * is canonical. Final ly we show that

( 3 . 9 ) i j . ° 4 > S = $ 1 ° i >

i.e. i|; maps the given flows <£ into the free fIc,w <$Q . To

;.rove this we replace t by t + s in (3.8) so that

^ _ y + C O ^ [ J

= l i m , - s o u - t O ^ t j U s ( z ) )
_ - y + o o H 0 0

= <t""s ° U» ° 4<S (z)s 0
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^roving our claim.

Since the free flow is described by the Hamiltonian
1 , .2H = — an 0 ^

we conclude from (3.9) that

HQ o i[) = H

on the domain H > 0 and G > 0. Furthermore, since a. are

i n t e g r a l s i n i n v o l u t i o n o f X ' w e h a v e i n

F. ( q , p ) = a . o i | ) ( q , p ) . j = I t 2 , 3 f

th ree in tegra ls in invo lu t ion o f the g iven sys tem. I t i s

also clear that dFj are l inearly independent, and our claim

is proven, namely that (3.1) is integrable in G > 0 , H > 0.

(c) Allowed region for_the_Jtorne£_Pi^hJ^m
We give a rough description of the cases when G < 0.

For th is purpose i t is useful to introduce cyl inder coordinates

qi - p COS 6 , q2 = P sin 6 , q3 = z
and extend it to a canonical transformation with the gener-

at ing funct ion

W = p(px cos 6 + P2 sin 6) + P3Z •

The equation

p e = 3 6 ' p p a p z S z

can be solved:
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•e— sin 0 + p cos 6
P P

Or,i_y.. cos e + p sin G
P P

P3

and one finds

H -

G =

1 . 2
2 ( Pp + P + ( -— +' z . P £_ )2 )

r 3

Hence 6 does not occur expl ic i t ly in H, i .e . 6 is an ignorable

variable, which simply expresses that p0 =■ G is an integral.

If we assign G a constant value

G - 2y

the Hamiltonian system can be written as
1 3Vp = " 2 3 p

1 _y_
2 3z

V =

I (p2 + z2 + V(p,z ) )

v;ith Hamiltonian

( 3 . 1 0 ) H

As above we restrict ourselves to the domain

D(Y) = tq.P i G = 2Y , H = -j } '

We project this domain into the configuration space and

obtain by (3.10)

fi(Y)={ P/ z ! p > 0 , V < 1 } ;
. 2 . 2

on the boundary one has P + z u

the boundary curves of Q(\) are

curves. They are given by

For this reason

c a l l e d z e r o - v e l o c i t y



2Y + __P
- P r 3

+ 1

Clearly for y >_ 0 only the plus sign can occur. But

for y < 0 both signs occur and fi (y) has two components

if y < -1. Below the allowable regions f. (y) are sketched

in four cases y > 0 •1 < y < 0 , y = -1, < - 1 .



I n c i d e n t a l l y , f o r y = ~ 1 t h e p o i n t o f i n t e r s e c t i o n

( p , z ) = ( 1 , 0 ) c o r r e s p o n d s t o a c i r c u l a r p e r i o d i c o r b i t

f • - r t h e o r i g i n a l p r o b l e m ( 3 . 1 ) .

(d) The case y < -1

T h e p h a s e s p a r p i s r e s t r i c t e d b y p r e s c r i b i n g

t h e v a l u e s o f t h e i n t e g r a l s H , G . I n p a r t i c u l a r , f o r

y < -1 the domain D(y) has two components:

D ( y ) = D x ( y ) u D 2 ( y )

V7here D-(y) is the bounded region and D2(y) the unbounded

r e g i o n . I f w e a b a n d o n t h e n o r m a l i z a t i o n o f H = ^ t h e c o n "

dit i n y < -1 has to be replaced by y < - v"2H or G < - /h/2

V.e conclude that the domain

{ q, p | G < -/H/2 J- = I U II

has two componen ts I , I I : I bounded , I I unbounded .

In conc lus ion we show tha t ou r sys tem i s i n teg rab le

in the unbounded component I I wh i le one has ev idence^ for

nonex i s tence o f such i n teg ra l s i n I - due to the p resence o f

h o m o c l i n i c o r b i t s .

I n t he doma in I I a l l so lu t i ons escape aga in and the

p r e v i o u s a r g u m e n t i s a p p l i c a b l e . I n d e e d , g o i n g b a c k t o t h e

norma l i za t ion H = 5 we have in I I

(3.11)

and
v^f+q^ - "y + Al + Y~ -1 + { ' £ > °
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•auies eq:} sx t^uauinSje oq} jo ;saj eqlL
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(II *e) ^q 'eousH *II UT

T- < £ + «̂Z

d X

a o u x s |

T + f - - < T ♦ . V - - 7

T + ( £- + 4 ) e

T + ( J + A*) '

|b| + <g V h'b> = Ib l ( IP.) I

V". * *- a
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