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Resume. — L'auteur se propose de preciser et de completer des
resultats obtenus par Graef et par Godart, dont certains n'ont pas ete
pmblies explicitement, et relatifs a la facon dont il est possible d'intro-
duire une surface de section au sens de Poincare dans le probleme
de Stormer. II donne en particulier une demonstration directe de la
conjecture de Godart suivant laquelle toute trajectoire rencontre une
fois au moins l'equateur ou le thalweg.

1. Introduction. Si toutes les trajectoires d'un probleme de
dynamique a deux degres de liberie rencontrent une surface,
Poincare Fappelle surface de section [6]. Une telle surface peut
etre obtenne dans le probleme de Stormer a partir d'une pro
position de Graef [3], que nous indiquons ci-dessous par P2.
Graef a ramene la demonstration de P2 a celle d'une conjecture
due a Godart. Nous nous proposons ici, apres avoir rappele les
equations difterentielles du probleme, de preciser diverses pro
positions de Tarticle de Graef, de donner une demonstration directe
de P2 et d'en deduire ensuite une surface de section du probleme.

2. Equations differentielles du probleme. Dans le pro
bleme de Stormer, on etudie le mouvement d'une particule
electrisee dans le champ dun dipole magnetique elementaire ;
ce mouvement peut etre decompose en celui du plan meridien
qui suit la particule et celui dans le plan meridien [4], on met
ainsi en evidence un parametre y_, cependant seules les valeurs
positives de y_ sont interessantes et dans ce cas les equations du
mouvement dans le plan meiidien sont donnees par

x = dV jdx
( 2 - 1 ) ,A = dUjdX

,*) Prtiseiite par M. le Chanoine G. LemaItre.
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Rene De Vogelaere. — Surface de section

a v e c ^ , - - r « c * . * w ' { - f t ^ ' S )

(2.2) i« + *. -. 2U = (2yJ-V- - («- cos A - 1 /cos A)*,
les derivations se faisant par rapport a une variable a etroitement
liee au temps, A etant la latitude et r = e*/2Yl etant la distance
au dipole ; A = 0 represente done Intersection du plan meridien
avec l'equateur geomagnetique. La ligne

e~x — 1 /cos8A = 0

qui joue un certain role dans la suite est connue sous le nom de
thalweg.

3. Propositions de Godart-Graef. Nous considererons
uniquement les trajectoires dans le plan meridien ; la ligne A = 0
sera appelee l'equateur, sur cette ligne se trouvent des trajectoires
[7] que nous excluons dans ce qui suit; quand nous parlons de
trajectoires qui s'en vont a l'infini, nous avons en vue l'infini
positif, les trajectoires qui ne sont pas bornees pour x negatif
correspondent au.x trajectoires par le dipole elementaire TSl
qui est d'ailleurs sur le thalweg.

Reecrivons maintenant quelques-unes des propositions de
Graef:

^ P1: Toutes les trajectoires rencontrent une fois au moins
l'equateur ou le thalweg. [3, p. 11, Th. III].

P2: Si yi > 0, toutes les trajectoires rencontrent l'equateur
sont asymptotiques a l'equateur ou s'en vont a l'infini. [3, p. 28*
Th. V et premier paragraphe p. 26],

P3: Si yx > 1, toutes les trajectoires rencontrent l'equateur
ou sont asjTnptotiques a cette ligne [3, p. 30, Th. VII et con
vention p. 28, Th. Vj.

4. Commextaires. P> est la conjecture de Godart; une partie
de la demonstration est contenue dans des notes non publiees
par lui et Graef se contente de dire qu'il est possible de demontrer
aisement P> au moyen de la figure 4 de son article. La chose n'est
pas aussi simple, nous n'en donnerons qu'une demonstration
schematique ; celle-ci se fait le mieux si on utilise les coordonnees

g == e* cos A, v = e* sin A, dt = eirda,
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dans le probleme de Stormer

dormant les equations

v a p . . a p

?* + ^ = 2P = (2yi)~* + (£r-» - f-i)i
avec r2 = £2 + ^2, les derivations se faisant par rapport a t.

a) Une solution -n = constante, n'est possible que si la cons
tante est nulle.

b) Si partant d'un point dans la direction des t croissants (ou
decroissants), rj garde un signe constant et que la solution est
bornee, rj tend vers une limite et celle-ci doit etre nulle ; done,
si la solution est bornee dans une direction de t, ou rj s'annule
indefiniment sou vent, ou la solution est asymptotique a rj = 0 ;
dans le premier cas J} s'annule a cause du theoreme de Rolle ce
qui n'arrive que sur l'equateur ou le thalweg (3P jd-q = 0).

c) Si la solution n'est pas bornee dans les deux directions de /,
ni asymptotique a l'equateur pour £ iniini et que rj est constam-
ment positif, rj tend vers une limite positive quand t tend vers
+ oc, negative quand / tend vers — oo, la courbe a done un
minimum (3P !drj > 0) et done doit traverser le thalweg.

P2 est la proposition cssentielle et pour la demontrer, Graef
utilise P1 et prouve que toute trajectoire coupant le thalweg
rencontre necessairement l'equateur ou s'en va a l'infini, il lui

j faut pour cela etudier Failure des trajectoires au voisinage d'unf point de rencontre avec le thalweg et montrer ensuite qu'une
j courbe ne peut rencontrer indefiniment le thalweg sans rencon-
I trer l'equateur ou etre asymptotique a cette ligne.
j Pour demontrer P3, qui precise P2 pour les valeurs indiqueesI de yly il remarque que dans ces conditions les trajectoires se

trouvent dans l'une ou l'autre de deux regions non connexes,
! Tune est bornee en coordonnees f, 77, et le thalweg est entiere-
j ment exc lu de l 'aut re.
! Nous demontrerons maintenant P2 directement tout en preci-

sant l'enonce.

S c i e n c e s . — 1 9 5 4 . — - 7 0 7 — 48



Rene De Vogelaere. — Surface de section

5. Coordonnees de Lemaitre-Bossy. Lemaitre et Bossy [5]
ont defini de nouvelles coordonnees u, y par

(5.1) x == 2 log cos y + u cos v
\ = y + u sin v

v etant lie a y par tg v = 2 tg y.
Les formules (5.1) etablissent une correspondance biunivoque

entre les demi-plans A > 0 et y > 0, car une telle correspondance
existe pour les points du thalweg (u = 0, y = A) et que

<5.2)
D(*, A)J D ( w, y )

si on a

(5.3) A

1 / c o s 8 * A
1 + 2u —— > 0,cos v \ cos2 yj

A > 0 et y > 0.

Cette derniere relation se montre aisement car de la condition
(5.3) qui peut s'ecrire

u > — y /sm v,
on deduit

. c o s 8 t ; , 2 y c o s 8 v M y 11 + 2 u — — > 1 ~ = 1 1 . > 0
c o s 2 y s m i ; c o s 2 y t g v l + 3 s i n 2 y

D'autre part,

a) si u < 0, on deduit de (5.1)
x < 2 log cos y, A < y et done e~x — 1 /cos2 A > 0 ;

b) si « > 0, il faut inverser tous les signes d'inegalites.

6. Proprietes des equations du mouvement en coor
donnees u. y.

En derivant les equations (5.1) on trouve

x = (— y sin v + A cos v) /J
et si y = 0,

V = (— x sin r + A cos v) /] ;
— 708 —
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dans le probleme de Stormer

nous montrerons maintenant que si y = 0, y < 0, c'est-a-dire que

A = x tg v — A > 0.

Rempla?ons pour cela dans A, x et A par leur valeur deduite
des equations du mouvement (2.1), on a

A = (^/16yi4-,-* + ^

Si on pose
B = e-'— i/cos*A

et
C = 2e-*cos2Atgy — (1 + *-* cos2 A) tg A,

on voit que A — BC = e**tgv/16yl > 0.

a) Si«< 0,B > OetC > 2*-*cos2Atgy-(*-*Cos2A + 1)tg
done C > (e-*cos2 A — 1) tgy > 0;

b) si«>0,B <0C < 2e- cos2A tg A - (,-« cos2 A + 1) tg A
done C < (<?-* cos2A — 1) tg A < 0.

Dans chaque cas, BC > 0 et done A > 0.

7. Demonstration de P2. La section precedente nous montre
que si une trajectoire a un extremum en y (y = 0) pour y > 0
ce ne peut etre qu'un maximum (y < 0).

Considerons une trajectoire ayant un point P(a0) tel que y > 0 -
toute trajectoire pouvant etre parcourue dans les deux sens on
choisira celui qui sera tel que si a > „0, y (a) < 0 tant que y > 0

Si la trajectoire peut sortir d'un domaine borne, u tendra
vers l'infini et y vers zero.

Si la trajectoire reste dans un domaine borne, comme y(a) = 0

nej>eut etre minimum pour a fini (car y = 0 et y = 0 impliquey = 0), ou bien y(o) diminuera jusqu'a atteindre des valeurs
negatives, ou bien y(o-) tendra vers zero a cause de (5.1) quand <r
tendra vers l'infini; dans ce dernier cas la trajectoire serait
asymptotique a une trajectoire periodique pour laquelle y = 0

Mais nous avons etudie le voisinage des solutions periodiques
[2] et montre pour quelles valeurs de Yl ces orbites sont stables
ou mstables ; dans chaque cas les orbites voisines rencontrent

— 709 —
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A = 0, apres un temps suffisamment long ; cela est evident pour
les orbites stables et aussi pour les orbites instables impaires
(cosh QT — 1) pour lesquelles les orbites voisines rencontrent
l'orbite periodique un nombre impair de fois a chaque periode,
mais il en est ainsi egalement pour les orbites instables paires
(cosh-jRT > 1) car des solutions particulieres dites paire ou impai-
re s'annulent a chaque periode au moins deux fois et il en est
alors de meme de toute solution a cause du theoreme de Sturm.

Ceci demontre directement la proposition suivante plus precise
que P2:

P4 : Si y_ > 0, toute trajectoire qui ne se trouve pas sur la droite
A = 0, rencontre cette droite ou sen va a Vinfini.

8. EXEMPLE D'ORBITE NE RENCONTRANT PAS A = 0. II resulte
.aussi de ce qui precede que P3 peut etre precise par

P5 : Si yi>l, toutes les trajectoires rencontrent l'equateur.

II se pourrait meme que le domaine de y_ dans cet enonce puisse.
etre etendu a des valeurs plus petitesqueun, mais de toute far;on
il y a une limite inferieure. En effet, Stormer a montre que les
trajectoires par le dipole elementaire ne rencontre plus l'equateur
des que y_ est suffisamment petit, par interpolation de ses resul-
tats [8] on trouve comme limite y_ = 0.47, l'orbite correspoii-
dante, passe par le dipole et est asymptotique a l'mfini a A = 0.
Nous montrerons a present qu'il existe des orbites ne rencontrant
pas l'equateur pour des valeurs de y_ plus grandes que 0.47 (voi
sines de 0.78). L'exemple est en lui-meme assez instructif.

Sur A = 0, on sait que les equations (2.1) et (2.2) s'integrent
au moyen des fonctions elliptiques ; en particulier, si 0 < y_ < 1
et qu'on pose

al={2y_)~\ 62=(y-2-l)/4 et c2 =__ (y"2 + 1) /4,

on verifie aisement que
1

(2y1r)-1 = z = e~x = -+ c0cna0, A = 0

est solution de (2.2).

— 710 -
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La fonction cn de Jacobi doit etre calculee pour le module
k = c0/a0. Les points reels sur l'orbite ont lieu pour r > 0, done
z > 0 et cna0 > — (2c0)~\ tandis que le point a l'infini corres
pond a cna0 = — (2c,,)-1.

Les orbites au voisinage de cette orbite equatoriale se calculent
au moyen des equations'aux variations, voir par exemple [2]. La
variation dite pake est celle qui correspond a une orbite partant
au voisinage de minimum en x de l'orbite equatoriale avec les
valeurs initiates __ A = 1 etAX = 0, or si nous choisissons k2 = 0.8
ce qui correspond a y_ = 0.77460, nous obtenons a quatre deci-
males les chiffres du tableau ci-joint, la premiere colonne indi-
quent les valeurs de z = e~* sur l'orbite equatoriale et la seconde
la variation paire. Pour x infini, celle-ci vaut 0.0789, L'orbite
variee ne rencontre done pas l'equateur a distance finie et il existe
done au voisinage de l'equateur des orbites venant de l'infini
passant par un minimum en x et rebroussant chemin sans jamais
rencontrer A = 0. Le meme calcul repete pour les diverses valeurs
de y_ montrerait probablement qu'il en est ainsi pour toutes les
valeurs de y_ positives mais plus petite qu une certaine valeur
un peu superieure a 0.78, pour laquelle l'orbite en question est
asymptotique a l'infini.

z == e~x = A

1.3165 1.0000
1.2593 1.0607
1.1253 1.2250
0.9526 1.4427
0.7931 1.6371
0.6401 1.7283
0.5000 1.6489
0.3599 1.3633
0.2069 0.8805
0.0474 0.2582

— 0.1253 — 0.4067
— 0.2593 — 1.0055
— 0.3165 — 1.4478
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. 9. Surface de section. Nous en arrivons maintenant a rap-
plication des considerations que nous venons de faire a la recher
che de la surface de section.

Reunissons d'abord quelques notations utiles :

g = log[2y;(Vy2 + l-y1)] g_ = log [2y_(y_

/ = log(2yH
Vy* -1 ) ]

g2 = log [2y_(y_ + Vyrl — 1)]

m(h) = arc cos [2-*e2h(V y~2 + 64£-3A — y"1)]

La discussion depend des regions du plan (U = 0) dans les-
quelles peuvent se trouver les trajectoires; la forme de ces re
gions a ef e etudiee par Stormer et est representee en coordonnees
xt A sur la figure 7 d'un article de Vallarta [9].

a) Si 0 < y_ < 1, la region U > 0 est simplement connexe et
s'etend a l'infini, elle contient la portion de l'axe des x a droite
de x = g ; de P4 nous deduisons que toutes les trajectoires situees
dans le domaine U > 0, A > 0, x < h, auront comme ligne de
section l'ensemble des deux segments

A = 0 g < x < h,
x = h 0 <c \<m(h),

le point (h, m(h)) etant sur la frontiere U = 0.

b) Si y_ > 1, la region U > 0 est doublement connexe, une
des sous-regions ne s'etend pas vers l'infini positif des x et con
tient une portion de l'axe des x bornee a gauche par x = g, a
droite, par x = g_, les trajectoires de cette region admettrons
d'apres P5 l'axe des x comme ligne de section ou plus precisement
le segment

A = 0 £ < * < & •
L'autre sous-region s'etend a l'infini et contient la portion de

l'axe des x bornee a gauche par x = g2 elle admet comme ligne de
section l'axe des x ou plus precisement le segment

X = 0 g2 x.
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10. Quelques remarques. Comme l'etablissement d'une sur
face de section est surtout utile pour l'etude des orbites periodi-
ques, nous rappelons les resultats sur les orbites periodiques
obtenus en [1], a savoir,

T1. Les orbites periodiques se trouvent entierement a gauche de
la droite x = /.

T2. Toute orbite periodique rencontre l'axe des x sur le segment
g < x < f .

On en deduit, si y_ :> 1, que seule la premiere sous-region con
tient des orbites periodiques puisque / < g2; seule la ligne de
section correspondante sera importante.
s D'autre part, si 0 < y_ < 1, il n'y aura d'orbites periodiques
que si / > g, c'est-a-dire que si y_ > V2/i [1]; ceci donne une
limite inferieure pour la borne inferieure c des valeurs de y_
pour lesquelles existent des orbites periodiques. On voit aussi
que si h est choisi plus grand que /, toute orbite periodique ren
contre la ligne de section sur le segment de l'axe des x.

De ces resultats, on deduit une surface de section pour le pro
bleme dans 1'espace, qui sera la surface de revolution autour de
l'axe du dipole ayant pour generatrice la ligne de section en
coordonnees r, A deduite de la ligne de section ci-dessus, obtenue
en coordonnees x, A (1).

Universite Notre Dame,
Notre Dame, Ind., fitats-Unis.
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ABSTRACT

A study is made of a model for the beam-beam interaction in
ISABELLE using numerical methods and the recently developed method
of Transfer Maps. It is found that analytical transfer map calcula
tions account qualitatively for all the features of the model ob
served numerically, and show promise of giving quantitive agreement
as well. They may also provide a kind of "magnifying glass" for ex
amining numerical results in fine detail to ascertain the presence
of small scale stochastic motion that might lead to eventual parti
cle loss. Preliminary evidence is presented to the effect that with
in the model employed, the beam-beam interaction at its contemplated
strengths should not lead to particle loss in ISABELLE.

I. INTRODUCTION

The purpose of this paper is to explore the model of Herreraf
Month, and Peierls1 for the ISABELLE beam-beam interaction with the
aid of the recently developed method of Transfer Maps2 and its as
sociated Lie algebraic techniques,^ The model employed for the beam-
beam interaction is "weak-strong".1'^ One beam, the strong beam, is
taken to be fixed, and the other beam, the weak beam, is treated as
a collection of particles that are affected by their passage through
the strong beam but not by each other. The strong beam is assumed
to be an unbunched ribbon in the horizontal plane whose vertical
charge distribution is well described by a Gaussian shape. The weak
beam also lies in the same horizontal plane and crosses the strong
beam at a fixed angle. Only vertical deflections of the weak beam
by the strong beam are taken into account.

Tn the strong beam-weak beam limit, the netjaotion of a^iiarticle
}&Jhe veaJc PJtam-caii be viewed as the continual repetition of two
sequential.motions: j>assage through the storage ring followed bv
passage Jihrough the strong beam. (See^Eig. T_? tHp pqnaMrrns. "TTf
motion for each of these two passages (through the ring and through
the strong beam) are derivable from Hamiltonians, and therefore each
passage is described by a symplectic (Poisson bracket preserving)
transfer map.^»3

By design, the passage through a storage ring is well described
by a linear map. Upon restricting attention only to vertical motion
Slid n_aking a suitable choice of coordinates, the "ring" transfer map
can be written as

B q cos(2frw) + p sin(2rrw) I
- q s i n ( 2 r r w ) + p c o s ( _ T t w ) . J W

ki*W»«U_a ^ f r ^w*
xm »icaa liastitxite o£ ******
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Fig. 1. Schematic representation of particle motion in a storage
ring and a colliding beam region.

lere q is proportional to the vertical coordinate of a particle in
the weak beam, p is a suitably chosen canonically conjugate momentum,
and w (modulo an integer) is the tune of the storage ring.- The un
priced variables q,p specify the particle orbit just as it enters the
ring, and the primed variables q',p' describe the orbit upon exit.

The effect of passage through the strong beam is more complicated.
To find the "beaza" transfer map exactly, it is necessary to integrate
the nonlinear equations of motion for a particle passing through the
strong beam. However f a^oo^ approximationto this map_J.s_ giv-gn by
assuming that the particle^suffejs^a^ertical^momentum cfian
i n g q a l y u p o n i t s T i ^ t i a l T v e r ^ t h a t " t h e v e r t i c a l
p o s i t i o n i t s e l f r e m a i L n - ^ u n a i T e c t e c T ; * " " " ' " ~

qw - q
- p' + u(q')4 (2)

This impulse approximation becomes exact in the l imit that the inter
action region becomes a point and/or the transit time through the re
gion approaches zero. In any case, the beam mapping (2) is symplec
t ic , and there fore i ts use w i l l p roduce no qua l i ta t i ve er ror.

The funct ion u is propor t iona l to the e lect rosta t ic force ex
erted by the strong beam. In the coordinates and Gaussian model em
ployed, u is given by the relat ion1

. / o _ /
(3)u(q) = 4TTD//r,fq/3 dt
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Here D is the beam-beam strength parameter that typically^ has values
ranging from IO"3 to 10-2. it is normalized in such a way that the
beam-beam interaction depresses the tune for infinitesimal betatron
oscillations by an amount D when D is small.

There is one last caveat to be made. According to the current
design, ISABELLE wil l actually have 6 coll ision regions separated by
6 ident ica l la t t ice sect ions. Thus, in rea l i ty, the maps 1 and 2
must be iterated 6 times to simulate the effect of one complete turn.
Correspondingly, Eq. (1) is the transfer map for one latt ice sect ion
and w (modulo an integer) is actually 1/6 of the total machine tune.

_ t h i s j j a p e r t h e e j ^ i t e r a t i o n o f t h e m a p s ( 1 )
Q _ U a £ e _ j s J i 2 _ 5 ^ ^ a n < T r e s u l t s l E r e ^ c o m -

pared wi th _nume r ical calculaTnionsT^

II. TRANSFER MAP RESULTS

To treat q and p on an equal footing, i t is notationally con
venient to introduce variables z- and Z2 by the relations

z2 = P*
(4)

Employing this notation, let f (z) be any function of the phase-space
variables z. With each such function f these is an associated Lie
operator F. This operator acts on functions and is defined by the
rule

Fg - [f,g]. (5)

Here g is any function of the phase-space variables, and the square
bracket [ , ] denotes the Poisson bracket operat ion famil iar from clas
sical mechanics.

Next, consider the object exp(F), cal led a Lie t ransformat ion,
defined by the exponential ser ies

exp(F) - i + f + F2/2! + F3/3! + .... (6)
More expl ic i t ly, the act ion of exp(F) on an arb i t rary funct ion g is
given by the expression

e x p ( F ) g = g + [ f , g ] + [ f , ( f , g ) ] / 2 ! + . . . . (7)
Now consider the operator exp^) where F2 is the Lie operator

associated with the quadratic polynomial

2 2
f2 - - TTw(z1 + z2), (8)
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It is easily verified that

f z = [fojzJ ■ 2fTwzZ 1 Z 1 _ • ( 9 )

F2z2 - [f2,z2] - - 2rrwz1.

Consequently, use of (7) and (9) gives the relation

exp(F2) zx = _x + z2(2rrw) - Zl(2rTw)2/2!

- z 2 ( 2 T T w ) 3 / 3 ! + . . . ( 1 0 a )

= z- cos(2TTw) + z sin(2TTw).

Similarly, it can be checked that

exp(F2) z2 = - z s in(2TTw) + z2 cos(2nw). ( !0b)

Therefore the ring transfer map (1) can be written in the compact
form

z ' = e x p ( F 2 ) z . ( I I

A similar Lie transformation representation can be found for tl
beam transfer map (2). Let ft,(z) be the function defined by the re
t i on

f b ( z ) = | Z l u ( q ) d q . ( I i

The Poisson bracket relations analogous to (9) are

Fb zl = [fb> Zl] = °

F b Z 2 = C V ^ ] - ^ b / d z l = U < Z l > < 1 :

Fb Z2 = LV (fb' Z2)] = [V U(Z1)] = °» et
Consequently the infinite sum (7) is trivial to evaluate in this cas
because it terminates. One finds the result

exp(Fb) z- = z-D L L ( 1

exp(Fb) z2 = z2 + u(zx).

Therefore the beam transfer map (2) can be written in the form

z " = e x p ( F b ) z ' . ( 1 5 )
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Combing the two results (11) and (15), one finds that the net
transfer map M for passage through the ring followed by passage
through the strong beam is given by the product

M = e x p ( F 2 ) e x p ( F b ) . ( 1 6 )

The observant reader may be worried about the order in which the two
factors appear in (16). I t can be ver ified that the above order in
deed is correct because Lie transformations have the property

e x p ( F 2 ) g ( z ) - g e x p ( F £ ) z = g ( z ' ) ( 1 7 )

for any funct ion g(z).
The problem at hand is to evaluate IfF1 for large n in order to

compute the effect of many passages through the ring and the strong
beam. The computation of M*1 would be easy if a Lie operator H could
be found such that M could be reexpressed in the form exp(H), for
then Wf1 would be simply given by exp(nH). The determination of such
an H is a standard problem in the theory of Lie algebras that is
solved by using the Campbell-Baker-Hausdorff formula.3 This formula
gives H in terms of F2 an<^ FD, and their multiple commutators. In
addit ion, there is an analogous formula that gives the function h
associated with H in terms of f2 and f^, and their multiple Poisson
brackets. It also can be shown that the computation of exp(nH) is
equivalent to the in tegrat ion of a " t ra jectory" in "z space" for n
uni ts of " t ime" using -h as an "effect ive" Hamil tonian. Consequent
ly, the funct ion h(z) is formal ly invar iant under the map. Th is
means that the function h(z) generalizes the Courant-Snyder invariant
to the case of nonlinear motion.

For the problem under consideration, h is given by the formal
operator formula,

h - £ 2 + P 2 [ 1 - e x p ( - F 2 ) ] ~ - 1 f b + ( 1 8 )

The terms not shown in the series involve Poisson brackets with more
than one f^» and therefore are quadratic and higher order in the
beam-beam strength parameter. Consequently, as it stands, Eq. (18)
is correct through first order in the beam-beam strength.

The computation of the effect of the operator F2 and the func
tions of F2> such as occur in (18), is faci l i tated by the introduc
tion of "polar" coordinates in phase space and the use of Fourier -
series. This can be achieved in a canonical way by using action an
gle variables a, $ defined by the relat ions

k
q - z- = (2a)*2 sin $

_ . ( 1 9 )p = z2 = (2a) cos _.
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It is evident from (5) and (8) that Fo annihilates any function
of a. By contrast, use of (1), (11), and (17) shows that

exp(F2) a11'2 exp(in$) - exp(i2nTTw) an/2 exp(in$). (20)

Consequently, the functions exp(in-) are eigenfunctions of F2 with
eigenvalues i2i_Tw:

F 2 e x p ( i n . ) - i 2 n r r w e x p ( i n j ) . ( 2 1 )
This result can also be obtained by direct evaluation of the Poisson
bracket [f2, exp(in$)].

The determination of h as given in (18) is now straightforward.
Inserting (19) into (12) and making a Fourier expansion, one finds

f b - £ c n ( a ) e x p ( i 2 n $ ) ( 2 2 )

where
1 1 2 2

c = 4TTDa J" J du dv v exp(-3au v )n o o
9 9 9 9 \ 2 3 )x [ln(3au v ) - Iq (3au v )].

Here the symbols 1^ denote modified Bessel functions, and use has
been made of the standard relations^

00

e x p ( x c o s y ) = E I ( x ) e x p ( i n y ) ( 2 4 a )

1 _ _ i + 1 i " 2 1 ' . ( 2 4 b )n + l n - 1 n v '

Now insert (22) into (18) and use the eigenfunction property (21).
The result is that h is given in complex form by the expression,

h = - 2TTwa + E^ c (a) [2itrTw/sin(2nTTw)]exp[2in(_ +TTw)], (25a)

and in real form by the expression,

h = - 2TTwa + c (a) + 2 E c (a)[2nTTw/sin(2nTTw)]cos[2n($ +TTw)]. (25b)

The expressions (25) provide a generalization of the Courant-
Snyder invariant through first order in the beam-beam interaction,
strength. Upon inspecting them, several points are immediately evi
dent:

(a) Resonances occur and the formulas diverge whenever the tune
w is of the form

w - k / ( 2 N ) ( 2 6 )



■ s
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where k and N are Integers. Thus there are resonances at half-inte
ger tunes, quarter-integer tunes, sixth-integer tunes, etc. This was
tMf*PSted T U(<1) " 8iVCn by (3) COntains »° *™ Powersa n d a l l o d d p o w e r s o f q . v
. Pl T116 strengths of the various order resonances are orooor-t i o n a l t o n e n C a ) . U s i n g t h e l a r g e n e x p a n s i o n , 5 P P

I n 0 0 ~ e x p [ - n l o g ( 2 n / e x ) ] , ( 2 7 )

off i l t tJT <23> that/^ StrenSths of the various resonances fal loff faster than exponentially as n is increased. Therefore the sizes

accoSTtfrr6 feat".reS ta Ph3Se Spa« Should ^crease ^ sizTaccording to their proximity to the origin in phase space.
It also follows that (25) converges rapidly at all tune values

for which w is badly approximated by rationals/ Indeed, Se potots

?YPa^W\ere 25) f3ilS t0 COnVer8e are of ™**»™ zeroT
frem nl. X5 J" ?" °5 time reversal invariance it can be shown
2!L( i2 r" , locat iona of var i°u* features in phase space Tsfixed points and separatrices must be symmetric about the iLe
i =TT/2 - TTw for all beam-beam interaction strengths. (Note that
according to (19) the line 5 = 0 corresponds to the p Sis?) Be
cause fb as given by (12) is even in zj/there is alsS s^metry L

85\E£ t^rootrof^h"1011 ^^f thC °ri8in- ExaSatSn ofW snows that both of these symmetries are present in h

»u ___?t*t.t*b_rK_," ir^z _u=r sssr;.*
s z _ r r s _ r s * ; ^ r — — -■A - « ~ *

w = k / m + 6 , 2 8 )
where « measures departure from exact resonance. Moreover it can
be shown that there is a Lie operator Hr such that & 12 be wrSen

S n c » e d i ^ r e , . ^ a l f 0 r ? e ^ m ^ a t " * " « r e s o n a n c e w i t h o u ^ d ! ^ -gence difficulties. Finally, there is agato an effective Hamilton?!,
hr corresponding to Hr that is given in this case by th*e fcSula

hr = («/w)f2 + (6/w)F2 {1 - exp[-m(6/w)F2]}

x {1 + exp[-F2] + exp[-2F2] + ... + exp[-(m-l)F2]}fb + .... (29>

Upon inserting (22) into (29), one finds

hr - - 2176* + co(a) + 2?cq (a)[2niT6/sin(2nrTw)]cos[2n(5 + ttw)]. (30)

eIxacSlvVfte^athat the exPr53sifn f°r «r *■ well behaved nearby andexactly at the resonance value 6=0.
As a specific example, consider the case of fourth order reso

nances. Near a one-quarter tune k = 1, N = 2, and

, -■ v - i / 4 + a . ( 3 1 )



150

Thus one finds for small 6 that

2nn6/sin 2nTTw ■ 2i_T6/sin(nTT/2 + 2nTT6)
= 0 ( 6 ) f o r n o d d ( 3 2 )
- (-l)n/2 + 0(62) for n even.

Consequently, neglecting terms of order 6D and 62, one has in this
case for hr the expression

h = - 2rr6a + c (a) + 2 E (-l)n/2c (a) cos[2n($ +TTw)]. (33)r o v n e v e n v / n v ' v '

Because -hr acts as an effective Hamiltonian, the fixed points
of M^ are the equilibrium points of hr. These points are therefore
the solutions to the equations

0 « dh /oa = - 2nr6 + c' (a) - 2c' (a) cos 4($ + TTw) + ... (34a)

0 = dhr/o$ = 8c£(a) sin 4(5 + TTw)

(34b)- 16c, (a) sin 8($ + TTw) + ....

The solutions to (34b) are readily found to be

$ + T T w = 0 , T T / 4 , 2 T T / 4 , . . . , 7 T T / 4 . ( 3 5 a )

When these solutions are inserted into the "radial11 Eq. (34a), it
takes the simple form

0 = - 2TT6 + cQ(a) ± 2c2(a) + 2c^(a) + .... (35b)

Thus, as expected, there are 8 fourth-order fixed points when the
tune is near a quarter.

The nature of these fixed points can be obtained by expanding
h about them. At the fixed points one finds the results

d^/oa2 = cq (a) ± 2c2 (a) + 2cJ-(a) ...

d 2 h r / d a d $ = 0 ( 3 6 )

d2hr/d$2 «± 32c2(a) - 128 c4(a) +

It follows that if the Eq. (36) are dominated by their first terms,
then the fixed points are alternately elliptic and hyperbolic (stable
and unstable), as also expected,' because the quadratic form corre
sponding to (36) is either definite or mixed.

Note, moreover, that Eq. (36) and all the higher order terms in
the Taylor series expansion about a fixed point are linear in the
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beam-beam interaction strength. Consequently, for small beam-beam
interaction strength, the size and shape of resonant islands and
their associated separatr ix structure are independent of the beam-
beam interaction strength, and are dependent only on their location
in phase space. Only the width of the resonance in tune space, i.e.,
the rate at which various features move as 6 is changed, depends on
the in teract ion s t rength. This la t ter dependence can be in fer red
from (34a) and (35b).

III. NUMERICAL RESULTS

A proper study of the usefulness of h and hr involves the num
er ica l i n teg ra t ion o f the t ra jec to r ies tha t they genera te , o r a t
least a determinat ion of their level l ines, and a comparison of
these results with points generated by i terating M and ^ numeri
cally. Such a comparison has been made in a similar but simpler
problem involving the insert ion of a short sextupole element into a
r ing. In that case the quant i tat ive agreement proved to be excel
lent, and similar agreement is expected for this problem as well.

However, because of the complexity of evaluating the coeffi
cients ^(a) , the equivalent study has not yet been carr ied out for
the present problem. Instead, a prel iminary explorat ion of the na
ture of M has been made by studying the points obtained by iterating
M numerical ly. In this section i t wi l l be shown that M indeed does
have al l the qual i tat ive propert ies that were predicted in the pre
v ious sect ion .

Figures 2 through 5 show phase-space plots generated by succes
s ive i tera tes o f X for var ious in i t ia l condi t ions and tune va lues.
The phase-space coordinates range over (-2, 2), and the scale is
chosen so that the beam lies within (-1, l).1 The tunes are near
the resonant values 1/2, 1/4, 1/6, and 1/8 respectively, and the
beam-beam interact ion strength is IO"2. observe that the size of
resonance features, e.g., island dimensions, indeed do decrease with
increasing order of the resonance. Symmetry about the line § = TT/2- TTw and inversion symmetry are evident. The number and nature of
fixed po in ts t s as an t i c ipa ted .

Figure 6, which appears to be almost identical to Fig. 3, was
obtained by running at a tune w = 0.253 and a beam-beam interaction
strength of 5 X 10-3. l t shows, as predicted, that the size of reso
nant features is independent of the s ize of the interact ion strength
provided the tune is suitably adjusted so as to make the features a.
appear in the same region of phase space. Note that according to
(35b), when the size of the cn is halved, 6 should also be halved to
keep the radial locat ion of fixed points the same. Examinat ion of
the tune values for Figs. 3 and 6 shows that this is indeed the case.
When the tune is thus adjusted, there is a slight change in the an
gular locat ion of the fixed points in accord wi th (35a) .

Figure 7 shows a tenth-order resonance obtained by running near
a tune of 1/10. It was not shown as part of the sequence of Figs.
2 through 5 because the island structure becomes too small to see
when (by adjust ing the tune) i t is located c loser to the or ig in.
This example verifies that the sizes of resonant features decrease
with proximi ty to the or ig in, and in fact the higher the order of the
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W-.5122
D-.0100

;0X'Q) :°

Fig. 2. Phase-space plot generated by successive iterations of the
transfer map M for var ious in i t ia l condi t ions. The tune is near one
half. The coordinates extend from - 2 to 2, and are normalized in
such a way that the beam will be within the unit circle under actual
operating cor-.- i i t ions. The beam-baam interaction strength is IO"2,

Fig. 3. Phase-space plot when the tune is near one fourth.
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Fig. 4. Phase-space plot when the tune is near one sixth.

W=.1317
D - . 0 1 0 0

P

\ )] : Q

••. ̂ 5___=

Fig. 5. Phase-space plot when the tune is near one eighth.
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Fig. 6. Phase-space plot when the interact ion strength is hal f that
of Fig. 3. The init ial p, q values are the same as in Fig. 3, and
the tune is adjusted to make various phase-space features match
those in Fig. 3.

resonance, the more rapid is the decrease.
Figure 8 shows the result of running with a nonresonant tune of

77/100. Oa the scale shown and for the number of iterations made,
there seems to be no evidence that any points will leave the beam
envelope. The nature of the map and any tendency for points to move
off what appear to be invariant curves could be examined in finer de
tail by studying the value of h(z) at each point. Because h genera
l izes the Courant-Snyder invar iant, i ts var iat ions could be used as
a kind of "magnifying glass" to give evidence for small scale homo
c l in ic or s tochast ic behav ior tha t i s no t o therwise d iscern ib le to
the naked eye and that might lead to eventual part icle loss. This
method has been used to show that garticle motion in the Van Allen
r a d i a t i o n b e l t s i s n o t i n t e g r a b l e . -

Figure 9 i l lustrates that stochast ic behavior indeed can occur
for the beam-beam problem if the interaction strength is large enough
and the tune (taking into account Its depression by the beam-beam
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Fig. 7. Phase-space plot near a tune of one tenth.

in te rac t ion ) i s su ffic ien t l y c lose to a resonan t va lue . The s toch
ast ic behavior in this case leads to part ic le losses within a few
hundred turns.

IV. CONCLUDING REMARKS AND COMMENTS

Operation of ISABELLE with each 1/6 lattice section having a
tune near a multiple of 1/2, 1/4, 1/6, or 1/8 corresponds to operat
ing the to ta l r ing near an in teger, ha l f in teger, or quar ter in teger
tune. Because operation of the total ring near any of these tunes
is probably already precluded by structure resonances in the ring,
the first beam-beam interact ion resonance of s ignificance is at
l eas t o f t en th o rde r. F igu re 7 i l l us t ra tes t ha t t he ten th -o rde r
resonance structure is small even when it is far from the phase-
space origin, and consequently i t is even smaller when it is within
the beam. This observation, and the regular behavior found in the
nonresonant case of Fig. 8, give prel iminary evidence that within the
model employed, the beam-beam interaction at its contemplated strengths
should not lead to part ic le loss. However, in accord wi th our ear l ier
comment, it would be worthwhile to examine the behavior of h(z) and
hr(z) for evidence of smal l scale stochast ic behavior.
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Fig. 8. Phase-space plot for a nonresonant tune.

The conclusion that resonances below tenth order are not signi
ficant depends on the assumption that all 6 interaction regions and
a l l 6 l a t t i ce pe r i ods a re i den t i ca l . The -va l i d i t y o f t h i s assump
tion should be examined, and the effect of lower order resonances
should be reexamined when the 6 interaction regions are all sl ightly
d i f f e r e n t .

F inal ly, considerat ion should be g iven to the possib le effect
o f add ing non l inear i t i es to the t rans fe r map fo r the r ing . I t i s
ant ic ipa ted that the add i t ion o f su i tab le non l inear i t ies , perhaps by
the use of octupoles, would lead to a reduction in the size of beam-
beam in terac t ion resonance s t ruc tures. In par t icu lar, i t wou ld then
no longer be the case that the size of resonant structures would de
pend only on their location in phase space and not on the interaction
s t reng th . I t m igh t t u rn ou t , o f cou rse , t ha t t he r i ng non l i nea r i t i es
requ i red to ach ieve a s ign ificant e f fec t wou ld be d i fficu l t to ob ta in
or would be undesirable for other reasons.
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Fig. 9. Phase-space plot showing stochastic behavior for large beam-
beam interaction strength. The reader is invited to draw the sym
metry line § = TT/2 - TTw.
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SSTtwT1 partic!es'.mostly e^trons, from the nuclear explosions [Hes?19546]. These seven explosuns are shown in Table 3. The Argus explosions were

TABLE 3.

E-plosion

High-Altitude Nuclear Explosions That Have Produced
Artificial Radiation Belts

Locale Time
Argus 1
Argus 2
Argus 3
Starfish

USSR
USSR
USSR

South Atlantic
South Atlantic
South Atlantic
Johnston Island,

Pacific Ocean
Siberia
Siberia
Siberia

August 27, 1958
August 30, 1958
September 6, 1958
July 9, 1962

October 22, 1962
October 28, 1962
November 1, 1962

Yield
l k t
1 kt
l k t

l . 4 M t

Several hundred kt
?
?

Altitude
~300 miles
^300 miles
~300 miles
400 km

^ m^K8!?47 ^ tTaPPing °f Particles in the earth's magnetic field Christo-

^ l̂̂ s^ f t t0 make an artificial radiation bJt-A11 —a oT̂ im ti /H s Tc\The Argus belts>studied hyV™ Al1™

fc^S^ W^ZZde a mUClr°r; eXtenSiVG be,t than Ar^ Electron
J A lunnen et ^ 1962a], Traac [Pieper ef aZ., 3963]. PM*





their time histories. All these belts decayed rapidly, as did the Starfish belt
r-~. ^ > 1.7. The short lifetime at high altitude is very probably due to some type
oi electromagnetic waves interacting with the electrons. Dungey [1963] and Corn
wall [1964] have suggested that whistlers, circularly polarized waves that travel

Fig. 20. Energy spectrums of elec
trons in the Starfish artificial radi
ation belt as measured on satellite
1962£fc. The three curves are at

different L values.
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Fig. 21. Decay of the Starfish artificial radiation belt
electrons at low altitudes as measured on Injun.
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Advances in Particles and Field Research
in the Satellite Era

W. N. Hess, G. D. Mead and M. P. Nakada
Goddard Space Flight Center, Greenbelt, Maryland

Abstract. The last six years have seen a rapid progress in the exploration of extra
terrestrial phenomena. This paper gives a survey of the more important results from
investigations of energetic particle radiations, plasmas, and magnetic fields in space.
One of the highlights of these investigations was the discovery and study of the contin
uous flow of plasma away from the sun, the so-called solar wind. This plasma flow con
fines the earth's magnetic field within about 10 Re on the day side and is responsible
for the magnetospheric tail, which is thought to extend beyond the orbit of the moon.
Inside this cavity, large fluxes of magnetically confined energetic charged particles were
discovered. Confinement lifetimes in the tail have not yet been estabhshed; however,
out to roughly 8 Be the particles are trapped and constitute the Van Allen radiation
belt. The study of the solar cosmic rays that accompany some solar flares is enhancing
our understanding of solar processes and of the interplanetary medium through which
the solar protons travel. Continued investigations of cosmic rays are leading to a better
knowledge of the heavy particle component, of the low-energy end (below 100 Mev) of
the spectrum, and of the processes responsible for Forbush decreases. On the basis of
these discoveries, a new picture is emerging of our environment and, more generally, of "
the processes in the solar system.

1 . I N T R O D U C T I O N %
Before the satellite era, there was relatively little knowledge of the environ

ment of the earth above 100 km. The existence of the ionosphere was known orig
inally from a study of radio waves and later from direct observations by balloons
and rockets. Measurements of the zodiacal light had indicated that there were
electrons through all space near the sun, but it was quite uncertain how many
electrons there were and in wrhat fashion they were moving. From a knowledge of
the earth's surface magnetic field the field could be predicted some distance into
space. From this information a crude picture of near-earth space developed, which
we now know to be very incomplete and to a certain extent mistaken. The first
U. S. satellite revised in a dramatic way our picture of the environment.

The first indication of the existence of geomagnetically trapped radiation
came early in 1958 with the launching of Explorers 1 and 3. Van Allen observed
an anomalously high counting rate, followed by a period of zero count rate due to
saturation of the Geiger counter as the satellite entered the radiation belt. These
first experiments were followed by innumerable others that confirmed the exist
ence of two broad zones of penetrating particles: an inner zone consisting primarily
of protons and an outer zone consisting predominantly of electrons. The composi
tion, energy spectrums, and temporal and spatial variation of these belts have
been extensively studied by satellites and space probes. In addition, a series of
United States and Russian nuclear explosions in space has demonstrated the
possibility of producing long-lived artificial radiation belts. *

- ^ 521


