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INTRODUCTION

If one wants to study a given algebraic curve. --■
investigate the properties of such a curve near an ordi-~r
this will not furnish any information on the behavior -" --,
large; the knowledge of the singular potots will fur--- -'-"
for such a study in the large and the classification o- -—
points into double points, triple points, cusPs, etc., viI""-- = —t™
impor tance. A s imi lar s i tuat ion ar ises in the s tudy of -■ ' '™
tions. Let us take those of the tjve
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fere the properties of existence and uniqueness of a ^ ■■--.- -.„ ,r ^ ,
havior near a solution, do not give ajny information on t^/Vlu -V
-ions in the large; moreover it is difficult to arrive »- --e ~~i^/ "
Knowledge of one solution for an infinite time except fc- '^ZZ'^n-
lions, and for asymptotic solutions to periodic soluti— " ^S-^ 1 !
:ions may be taken as analogous to the singular points - ~ I'-llZl,*
•urve and their knowledge and classification may furnla--"-"-"--7-"lw
d v a n c e i n t h e s t u d y o f d i f f e c i a l e q u a t i o n s . = " "
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• -ade 'de^erLT Cat l °n * per l0d lC S°1Ut i °n3 ls cons idered here an.d -
: C w i t h 3 / Y C ° r r e S ? 0 n d e n C e * s ° ^ i o n s o f t h e d i f f e r e n t i a l e q u a l "

~ ^ b - e v e " L " 8 e n e r a 1 ' ~ t h S r e e X i 3 t S a S - f a c e v i ^ h i s----a* o., every trajectory. This surface is cal led surface of se-t io- >-.
r o m c a r e ; t o s u c c e s s i v e i n t e r s e c t i o n o f . ^ s e ^ O n ^
- „ D • + . , - ^ - t e r s e c t i o u s o f o h e s u r f a c e o f s e c t i o n b v t h eR e c t o r i e s c o r r e s p o n d s u c c e s s i v e p o i n t s A a n d B i r r ? < Z

I , I ! B " ° A d e f l n e 3 a t r a n s f o r m a t i o n T o f R 2 i n t o i t s e l f--- the proolem of finding periodic solutions of the differential equa
- . o n . i s e q u i v a l e n t t o t h e d e t e c t i o n o f fi x e d p o i n t , o f ^ l ^ a -

...face of^sr ei:: %t^3rral'easy to obtain a —
f n a t i o n t h a t c a r - « , e d ^ 4 f r ^ h C ° n 3 l d e r ^ S i m l l a r t r a n S ~
a s u r f a c e s a t i a f ^ I s ^ " ^ e n t ^ ^ ^ ^ e r s e c t i o n s o f p a r t o f
r - i s h e a t h o s e p e r i ^ c ^ o L i o n ^ h l h ^ t r a n 8 f o n » t ^ * * -
l e a s t a P . ^ a l X W h ± C h C r ° 3 3 t M S a u r f a c * « - t h i s g i v e s a t^-j-fc-iai c^^er to the problem.

~^.1o f a C9rtaln nUrafcsr 0f aPPHcations, such as the biUiard bal l
S r " r t r ^ t : - ^ b ° d l e S " - t r a n s f e r ^ T i s
-<™ to , - , - , a . . - ' ° iU t -ons Mi Ao- We sha l l res t r i c t ourse lves in th i -^-....r to sacn a transformation -and =hqn =,+-.^,r *m m. ,
-■ - a n y o f t h e s e o r o ^ f i e s ^ e ' ^ J « * * * p r ° p e r t l e s o f T .
w i - i w » r , ; . I " : ^ ^ ^ i t o r i m p l i c i t i n B i r k h o f f - s w o r k . I t
,... , "" ~ .'? " " ~ Per^G-s Points under powers of T are ,nn,a1n^ 4-T are contained in

— — " "■ ' r i . n - j - t n e s e t s c M _ c M m
- f t h e p o i n t s i n v a - - t u r c < - r . M m ° / 1 ' • • , " ' * n ' ' - * * # „ ' ' "-----t uj^r MQ, ,1. and sets generalizing MQ and M .

po in ts J^ ! ! PS" i t3 " C la3S iflca t ion o f the so-ca l led symmet r i c per iod ic\n,p-

** concern "^"utf ^ f ^ ^ *" * ^ ^
a g r e e s o f f r e e l m y l ^ ^ L T ^ T , o o n 3 e ™ " l v e s t e r n s o f t w o
- v, „ v. r n Tr . . . " " ^ " l l n e 0 f 3 y ™ e t r y a n d r e v e r s i b l e , i . e . , f o r
. . . rh *ny t ra jectory may be fo l lowed in e i ther sense. I t la sho ' ^ t

i c ^ c a l a ^ d t h e I : : * ? t r a n a f o ™ - " o n T i n t h i s a p p l i c a t i o n i s t o p o -
^ r ^ t J ^ r ^ ^ n a r S C O n t i — c u r v e a . T h i s i m p o s e s , w h e n t h e

* 7 h " c e T h e f ^ r V . T f ° r n < P ' r e 3 t r i c " v e c o n d i t i o n s o n
soki! ^he^: ™ rrse of the more compiicated
^ c ^ r t y o f * \ : i f f c o m p l i c a t e d o n e s . T h e c o n s e r v a t i v e

g i v e r i s e t o t h - 3 - ^ t r r p . - . . . ' " ^ c ° n t i r x U o u s l y a n d-i . fc. . , . ture c j . per iomc s-^; -■'■, -= <-u<-, ._>,„„ .
3 - , a - - r f t o o c - ^ a t - c - ^ r , . ^ „ f c . " " - " i i — 3 " h e n l s m v e s t i -' ° " " " a ' j 7 P 1 C a i C 0 " 3 = " v a t l v e p r o b l e m , t h e p r o b l e m o f

^ ^ ~ A f M '
' • f a a r _ ^ « b t _ i < _ & ^ j j j i i ^ v t f c ^ ^ n j i C _ ! _ . _ k i ^ d ^ f c ■ - " * ? ! " " ' ' ? ' . ' - * * ' . ' " • .
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PERIODIC SOLUTIONS OP CONSERVATIVE SYSTE_

Stonner, bringing together all the known results, throwing ilgh- - rP
role of the essential singularity of the problem and oresenting ~ew -e
suits which had escaped former analysis.

As a help to the reader, we mention a more elere-tarv Wca-™
on conservative transformations in the plane which are troducts Zr'Zl*
utions, which we discovered recently and of which the for owl., -a~w

1 3 a n e x a m p l e . - ° - ^ . - 1 . ^

X = - y + k(kx - y)2 + fx _ ^ + (k2 _ . )(kx _ _ ,2j2
Y = x - (kx - y)2 - k fx _ ^ + (k2 - l)(kx - y

CHAPTER I. PERIODIC POINTS OP SYMMETRIC ™~:ts-

: th t rans-

1m.—Def in i t ions. Let us consider a on- to ^ -_-- . ,
s e t E o n t o i t s e l f a n d a n i n v o l u t i o n R o f E . t ^ - - - " " ^ '
f o r m a t l o n a i s o f i n t e r e s t o n l y I f s o m e r e l a t i o n e x i s t s ^ - v ^ - - , « Vo
s h a l l h e r e c o n s i d e r t h a t T R i s a l s o a n i n v o l u t i o n a - . d " - - T ' , T L . •
t r a n s f o r m a t i o n w i t h r e s p e c t t o R . S u c h m a p p i n g s , " o r o d u c ^ o f V ^ ^ Z ^
lutiona were already considered by Birkhoff [,, I D". -.,, TI „ ". ;„": ^

For the sake of simplicity we let (n being ar-.y Integer)

Pn = Tn, Mn = TnR .

3y hypothesis, M2 = 1 m2 - 1 anr! u j. ' "o ' ' L l_ ~ ] and i t i s easy to p rove tha t

( 1 ) T n R = R T " n

( 2 ) P P - p
n q r n + q

n q r _ + q
( 2 " )

Vq = Mn.q
(2 I » t )

V q ^ n - q ;
the last relation gives, when n = n t-v^B * , ^ h e n n q , t h e g e n e r a l i z a t i o n c f t h e h y p o t h e s i s

« n - ' •
f t f o l l o w s a l s o , t h a t e v e r y p r o d u c t o f a f i n i t e r ^ r - — - - -
1 i s a m a p p i n g P n o r M „ . ' * " " " ' " ■— - - - - - * ° - a ~ - r -
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2 . I nva r i an t Se t s . We define t he subse t s *P and c4 i o f 5n n
as the sets of points left Invariant under the mappings P and M ; <pn i n nfor n > 0 is evident ly the set of a l l the points of per iod n or d iv isc
of n and £>_n = PR.

We shall also consider the sets

( 3 ) * > n , q = * > n n * > q

( L ) ^ n , q = « ^ n n ^ q

where n f q; we will in general assume n > q.

We shall now deduce some relations; first

F o r , i f A € c M ,

and

c M C 9n , q . n - q

MnA = A, MqA = A

W = ? n - q A " A ■

From a similar argument we obtain

( 6 ) K " * V q ) C ^ n
Also, as a corollary of (6),

^qn Pn_q) c^n>q
and because of (k) and (5),

cM„ _ C cM„ and Pn , q q n - q

and so,

( 7 ) • * * " ^ n - q = ^ n , q •

We rem:Lnd ourselves also that

( 8 ) p r p ,n ~ :<n
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( 9 ) 9 = < P f x
n , q ( n , q ) '

Also, if k - kf + i 4- c

n , q k ( n - q ) + r i , k ' ( n - q ) - -

for, because of (5) and (8), if a g cM
n, q'

W = A, Pk(n_q)A . A
and because of (2') and M A = A,

4k(n-q)+r^

.57

similarly we have

.he
Mk.(n_a)+QA = A ;

, . ' ir-dices ln the second set of (10) must be different, h—e the ^s t n c t i o n o n k a n d k ' . "
In the special case q = 0, k = - 1 and k« = - 1,

n > o o , - n
and because of the symmetry of this relation

0 , ) ^ n o = ^
n - o o , - n

Finally corresponding to (8) and (9) we have

° 2 ) ^ n o C ^
n , o k n , o

° 3 ) ^ o n ^ 0 - \ q ) ) 0

( ' 3 , ) ^ n , " ^ 1 - < * < ,
n ' ] Q ' 1 ( n - . , q - i ) t - : , 1

Por the applications we have in mind, ve ,--^r---_ ^ .,_,, .
t e r m i n o l o g y : ^ w i l l b e c a l l e d a s e t o f c y ^ e t ^ ^ l ^ ^
se t o f doub ly symmet r i c co in ts , so tha t the re l - t - 'V. - " " . .71 ^
more precise form of the fo l lowing theorems: " " " ' " ~~ ~ '
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THEOREM i. E/ery doubly symmetric point is period
ic under T.

THSOKEK 2. E/ery symmetric periodic point is doubly
symmetric.

3. Transformations of the Invariant Sets. Ml the sets of sym
metric points may be deduced from cM and eM by means of powers of th-:
transformation T because

_ n + 1 n 1

for, in general

( 1 5 ) ? e M = e M
q n n + 2 q

As corollary,

( , 6 ) ' V * n , q = ^ n + 2 r , q + 2 r •

Also because of

^ - n - n n 0 n n o n '

we have

( 1 7 ) c M ^ = R ^ a .

Up to a transformation P all doubly symmetric sets eM ma;.n n , q "
be reduced to the sets

eM oV ^ when n and q are even ,
2 K , 0 ^ '

* ^ 2 k - 1 O w h e n n i s c c i d a n < ^ ^ i s e v e n >

^ 2 k + i 1 v - n e r i n a n ^ q — ° e o d d ,

e M ^ , ^ w h e n n i s e v e n a n d q i s o d d ;
m l l m \ ~ C m . f " " •

f o r 1 r - s tor instance, cecause 01 11 c

A - J 2 K + 2 j , 2 J ^ G K ,

BCTB»B(BW8WBiet»Ba



PERIODIC SOLUTIONS OF CONSERVATIVE SYSTEMS ' ■ ,%

The last set may be reduced to the second one because cf ■ •£) and (n )•

( 1 8 ) P - k + , ^ 2 k - 2 , - , = ^ 0 , - 2 k + 1 = ^ 2 k - , , 0 =

b u t n o f u r t h e r r e d u c t i o n I s p o s s i b l e .

i t _ C l a s s i fi c a t i o n o f S y m m e t r i c P e r i o d i c P o i n t s . B e c a u s e o f t h e
Theorems 1 and 2 , symmetr ic per iod ic po in ts are doubly t ; . -—etr i : J .d cor -~
verse ly, so tha t we have to c lass i f y i n a un ique manner the t c i i t s "o f t ^e
s e t s c M n ^ . B u t o n e o f t h e i t e r a t e s o f t h e s e p o i n t s i s : : r . t a i r . e d i n ^

2 k , o ' 2 k - 1 , o ' ^ 2>+ 1

a n d c o n v e r s e l y, i t e r a t e s o f p o i n t s o f t h e s e s e t s a r e c c i n t . i r. ^ . I
I s t h u s s u f fi c i e n t t o c l a s s i . f y p o i n t s o f ( J . ) . * " n ' q '

Points are in di fferent sets (U) for di ff5—-- - . -al--^ of <->->
indices, but because of (12) to (13 ' ) each point is%ont I I r " - i iT^ ly o-
o f t h e s e t s *

( ? , ) « 2 * J ^ ( - 0 0 )

defined by

K 2 K , 0 n , 0
c<n<2>

^ k = ^ - , , 0 - ^ , 0
c<n<2k- i

K 2 k + 1 , 1 n , 1
Kn<2k+i

The properties of the points of the set (-£>;

i) the period Is exact ly and respect ively

2 k , 2 k - 1 , 2 k

11 } ~ t h P ° i n t l n a S e t Z ^ i S i n ^ o a s v e l 1 ^ " s
k I t e r a t e b e c a u s e i f A e £ ° * n d P ^ - -
A € ^ _ . _ , k , h e n c e M . A = A , M . . * ■ / - . 1 = .
s i m i l a r l y

:t__ows:
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- a p o i n t I n t h e s e t C _ \ i s i n ^ . a s w e l l a s■f" v.i t s k I t e r a t e a n d

-a point in the set <_? ? is in eM and its
(k-1 )UIi iterate is in <M .

As for the sets (^ ) , we have

i i i ) T h e p e r i o d o f t h e s e t s C £ a n d ^ i s k a n d
that of <2> £ is 2k - i .K

The i te ra tes o f the sets (^ ) w i l l be denoted

/ " 1 / * ^ • » k - 1c k ' c k ' • " ' 6 k

_ v k , _ v k , . . . , _ v , _ v k , . . . , _ y k ,

k - i
k

And we have

0 9 ) £ ? £ = R C ^ " " 1

0 9 ' ) < S > £ = R 2 > " J #
K

( 1 9 " ) t l = R g : ^ " JK K

5. Other Properties. From a similar theorem on the indices
fo l lows :

THEOREM 3. The sets cMn are partitioned by the
se ts Z ^ , <Z>. where 2 i and 2 j - i a re a l l the
d i v i s o r s o f n . T h e s e t s e M y } a r e p a r t i t i o n e d
by the se ts C . , _£ . where 21 and 2 i - i a re a l l
the d iv iso rs o f 2n .

From this theorem, one may deduce the partition of any set eM
Table I gives the partit ion of eM = cM R corresponding to some value,
o f n a n d q : | n j < k , | q | < k , n f q .

I f the sets eM ^ are obtained in the order of Increasing n
and for a fixed n in tne order of decreasing p, parenthesis indicate
the first time the sets C )rJ ipJ, £ J are obtained for a flowed k, what
ever be j ; brackets indicate the first t ime the sets are obtained for
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TABLE I
The Partit ions of the Sets ^ are Given Ee-v n,

i l , \ m _ * * J

(For the conventions see Section 5.)

- > r , - 3 - h , - 2 - i r , - l " ^ • t
~ 1

g > 0 - <z>° Z° 3 , 0 « - i ^ ? z ° . z l
>
1■

- 3 , - 2 - 3 , - 1 - 3 , o

«? ^° 3>° WD ° g?°

| "3 ,1
- 2 , - 1 - 2 , 0

S>° 2 , 0 j O

- 3 , 2

CZ-J,
- 1 , 0

.--pO 3>° t ^ -1 } 3>° (3^) 2> ,;" ;2>"2 }

1 , - 1 2 , - 2 3 , -3 . -

__,
( rD)3>° 1 5 ° Z ° ( Z \ ) ^° (tfj) 2>° 3> 0

2 s>? zrf r: ■ ' -?)
1 , 0 2 , - 1 3 , - 2 ^ 7 - J

1
f
1

^ ^ J 2>° (2)3)
i

2 , 0 3 , - 1

; 2> : i-_pf )
;
i
i

2 , 1

—> 15° 2>° (g°) c o i c \ ) < 2 ) °

3 ,o i r , - '

.zp
3 , 2 3,1

—> 12° C ° <2>° 3>° fS>°]
i

^ , 0
^ , 3 ^ , 2 ^ , 1

——>> 2>° 3>° go 2 , 0 ^ - , 3>? t°, IZ?J

fixed k with the exception that sets related by (19) to (19'-) ar- -on
sidered as equivalent; braces are used when this equivalence is notion-
3idered.

THEOREM k. If all the ^. are known for |i| < -,
from the knowledge of «^n and ^H _ = E^ff , we .7
d u c e t h e n e w s e t s n n
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For
eM0

£ n - i ' t n > " 3 > p v ^ e n n i s e v e n a n d

C n_ 1 , C n , 2> n when n Is odd.

Instance, when n = 2p the only new doubly symmetric sets are

?,-2p+2' ^2p,-2p+i and ^2p, -2d becau3e the others

^ 2 P, - 2 p + k ( 3 < k < 4 p )

ar€ equivalent up to a transformation P1 t:K

*^2p-2 , -2p+k-2 *

Tne new sets are equivalent to

^ D - 2 o ' * ^ L ~ 1 - » ^ ^ -+ P ^ o - 4 ^ . - 1 , o - + p , o ;

wner
ore:

these sets are partitioned with the aid of Theorem 3, only the im-
- divisors give new sets ( -£), hence the theorem.

two S t
6. Non Existence of Symmetric Periodic Points. Let us consider

> ts S , and E2 wh ich fo rm w i th *M a pa r t i t i on o f E , we have

THEOREM 5. If the mappings cf E, and „« are
con ta ined i n E . , t he se ts \D R and Z "a re
e m p t y . l n

For, T(E. U^Q) c E1 is equivalent tc

from, which ve deduce

and so

T(CE2) C E.

E 2 y ^ ( T- 1 E , ) = T- ' ( ^ E l )

-M _2 = T" •*0 C V
hence ^Q>_2 = 0; on the other hand by Iteration of the hypothesis,
T*4_ C E, and T(E. ) CE,
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^2p = t*U0 C E,
and so

"*2p,-2 = 0 for p > o
but the sets 2>° and £° are contained in some ^
and so these sets and their iterates are empty. ->'2 " (P = 0)

P r o v e ^ ^ ^ ^ ^ f ° r a a ^ t l t i o n o f 3 , i t l s e a s y t o

THEOREM 6. If the mapping of E3 and the -=~lr-
o f ^_ . a re con ta ined i n E3 , t he se ts ^ " " J ,
■2 > n a r e e m p t y . - " " - ~ ~ "

have
Also if e3 and E, form a partition of S

T H E O R E M 6 b i s . I f ^ a n d t h e m ^
a r e c o n t a i n e d i n E 3 a n d i f * l s c o n t a i ^ ^
& u > t h e s e t s C a n H < r > ~ *4 ^ n a n a ^ a r e e m p t y .

chap™ „. ^LICmm T0 A ajus op
OF WO DB3EEES OF FREETDOH '

« * » . a e P r 0 ? e r t l M ° f ° b a - 0 t O T ' ™ » « _ « « - * t h . M j * , a p p l l .

( 2 0 ) »x = dU/dx

( 2 1 ) »
y = dU/dy

« * w h i c h t h e f o l l o w i n g f i r s t l n t e g r a l ± . ^ ^

f 2 2 ) . 2 . 2« + 7= 2U(x, y, a) + h .

£t us think of u as an analytic function in x and vd l t i o n s a r e s t u d i e d i n S e c t i o n n t ^ 7 ; v s a k e r c ° n -
U o d e g r e e s o f f r e e d o m , t h c 0 n I n t a I ^ ^ ^ ^ ^ ^ ° f
R a t i o n c o n s t a n t ; w h e n t h e e a u a t f ^ ^ ^ ^ h i S t h e i n "
^grees of freedom with an < ^^ ^ deduced *■«= a Problem of th^ee-aom with an ignoraole coordinate, the ocnct-t

is the



' c on juga te coo rd ina te and o f t en h i s f JLxed i f a su i t ab le sys tem o f un i t s
i s c h o s e n . H e n c e t h e r e i s n o r e s t r i c t i o n i f w e w r i t e h = 0 o r

(22f ) x^ + y2 = 2U(x, y, a)

Different spaces may be used:

i ) 'The four dimensional phase space,
2) The three dimensional surface (22') i f a

I s fixed ,
3) A two dimensional surface of section [20],

[ I , I I p . 70 ] , i f a i s fi xed ; bu t such a
surface does not exist in general.

h) The two dimensional subspace Q of the
plane x, y : 2U > o.

7. Introduction of Symmetry. We shall now make the further hy
pothesis U(x, - y, a) = U(x, y, a), which means that the problem is
symmetrical with respect to y = 0.

y = o is a solution of (21 ) and the solution on the axis of
symmetry is reduced to a problem of one degree of freedom (20).

When a is fixed, a solution of the problem which crosses y =
is determined up to a symmetry by the values of x and x at the time of
crossing because y is determined up to the sign by (22f). The two di
mensional subspace V of the plane x, x

2U(x, o, a) - x2 > c ,

is a generalization of a surface of section: this surface is made up of
analytic pieces, but some discussion will have to be made when there are
double points on the boundary and for regular boundedness [I, II, p. 70];
we do not ask that ali the trajectories cross y = 0.

If we are looking for periodic solutions of (20) and (21), sym
metry is very Important, because then symmetric periodic solutions may
exist and these are much more easy to find than non-symmetric periodic
orbits as will be indicated in Section 10. We shall consider here the sym
metry defined above, but what follows may be generalized to other cases.

The two subspaces <? and 7 will mostly be used. Each point
A of V not on the boundaiy^ gives the initial conditions of two sym
met r i c cu rves t a i n ? c ross ing t he l i ne o f symmet r y y - 0 a t JLlA
and followed in a definite sense and conversely. Tne points on the boundc
of 7 correspond to the solution y = 0, x2 = 2U.
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8. Transformation, of the_Set_?Q Let us consid^ a t-a'ect™.
c o r r e s p o n d i n g t o a p o i n t A o f T - i f t - v . 1 . * • < . - R e c t o r y

^ ' f t h l 3 t r a j e c t o r y a g a i n c r o s s ^J-o, then to th is po in t A there corresponds a po in t I - 7 O,
t h e d e f e r e n t i a l o p t i o n s d e fi n e a t r a n s l a t i o n T o f V ' i n t o . % . ,

giving, if the trajectory crosses y = o at D- T "' A -
define t he I nvo lu t i on f f o f 7 as t he r eflex ion abou t 7 - ^m " "
c o r r e s p o n d s i n * t o t h e t r a j e c t o r y s t a r t i n g « £ _ L ^ o T l - 0
i n t h e o p p o s i t e d i r e c t i o n . I f R A - r , . « v , t h s - , , — y. — i J i i * - 1 -1 «a - 0 , we have TRC = 3 = - , - , Tpp r j _ Pa n d s o T R i s a l s o a n i n v o l u t i o n . ~ " C

««.h a ^ T l3 a ^ t0 °nS mappln« 0 f ^ on to i tse iO <.e i f toe a c h A c o r r e s p o n d s a B a n d a n « , „ „ + v , - , ' e ' ' ^ t o
. 0 , ^ . D ' t h e n t h e a D p l i c a t i o n - - ' " ^ = ^ t t - , =i m m e d i a t e a n d E = J T • i r n ^ t - n u u n — - - r t I i s

- O h t h e - a n s f o ^ i o n ^ ^ J o d T r o V V I s 1 ^ 6 : : ^ - . f / , T
a p r i o r i k n o w l e d g e o f E 1 - t - w a — " 3 * * ^

f g ^ l o t h e f t , i n g e n e r a l , d i f f i c u l t -■ - ■ • - - M n k 4 - ,n o t n e c e s s a r y . " - ' ^ - - - = o n , b u t i s

/ v ? • Pe r i od i c Orb i t s and .Wpr^ . Pe r i od i c Orb i t - ~ -o * •( 2 0 ) " * ( ^ ^ H l e ^ a l l ^ d l i e P e l ^ f ^ ^ ^ u t x o n s o f
I t i s i m m e d i a t e t h a t t h e s e t s P 0 f E o o r r L ^ ^ Z V ' ^ ° ' T t S '
o r b i t s x c r o s s i n g y = 0 a t l e a s t o n c e a n d c o ^ ^ ^ " - ^ ^
find the meaning of the sets ^ . ^ ls the ^".T^: / = . ave n°W to
under R, i.e., the set of poin*3 Qn °. ^V ±n ! 01,foln^
s p o n d t o t r a j e c t o r i e s p e r p e n d i c u l a r t o y = 0 m " ' < ? ' ^ ^ ^
J e c t o r l e s s y ^ e t r i c w i t h r e s p e c t t o t h e x a x i s o r t r a ^ t o ^ X t r i c
"-ith respect to the plane r = 0 x - o a ^ ■_ o-c~---=> symmetric
t r a n s f o r m o f ^ ^ ^ i ' * " ° i n t h e p h a s e s p a c e . „ « l s t h e
„ „ „ a ° u r * a e r - ( , 1 + ) ; t h e s e p o i n t s c o r r e s o o ^ d s - - ^ . . t h

•A »Uh in i t ia l conat ions « ^ f ^ . "T '^ ' * *»*««*
t h e t r a j e c t o r y t v 1 t h . , „ . , , , , ? ° ' ° ' V ' u 0 ^ - ^ r e s p o n d sj u u r y Tr a w l t h _ _ t ± S L l c o n d i t i o n s Y ( x , 0 * a >^ ^ 0 , u , - x Q , - y ^ j 3 ^ ^

* ( - t , X) = - X( t , Y) .

V t e r a t i m e a t - , t c r o s s e s y = 0 a t x fl n .
T R A . = a ' a n d w e h a v e ' i e - a u s e o f

* (2 t . , Y) = x(0, X) ;

*»* because of the uniqueness in the phase space, this w-s
* * i n g t i m e , f o r i n s t a n c e - t , , a n d s o " ^ 7 p I * e "

*(t,, Y) = .x(- t], X) =, ' - ' - - . x ( t . , Y )

5P?OTS^5fS|^5is^^



.For i;he ssune reason y(t1, Y) = o. The orbit will have one point of zero
velocity or In Q a point on the boundary 2U = c, and A Is the next
po in t o f I n t e r sec t i on w i t h y = o . Because o f ( iU< ) eM i s t he se t
in E of the orbits start ing from the zero velocity l ine and crossing
y = o for the n° time. These orbits are symmetric in the phase space
about x = 0, y = o. Symmetric points correspond to symmetric orbits in
the preceding sense.

The sets cMn are defined In E, but we extend their definit ion
in ST in the obvious manner; they will be, in general, l ines which Inter
sect in doubly symmetric points eMn^, which correspond (Theorem i) to
symmetric periodic orbits; the converse is also true because of Theorem 2.

10. On the Advantage of Symmetry. Actually the sets eM in 7
will be obtained by Integrating the differential equations (20) and (21)
with in i t ia l condi t ions (x, y = c) e 3, ,$iven by (22 f ) or with

tore work, because we
to any value of x, x

the in i t ia l cond i t ions (x , y ) sa t i s fy ing U(x , y ) - c , x = y = 0 . The
sets cMn^ do not give all the periodic solutions, namely those which do
not cross y = 0, and those which cross y = : and are not symmetric. The
last ones may In general only be obtained with :o
have then to integrate all the solutions start in
in 7 up to the second crossing with y = : i r_ g ; by using the
symmetry argument, the integration with the indicated initial conditions ur
to t he fi rs t c ross ing w i th y = c i s su ffic ien t .

Periodic orbits which do not cross y = c may be obtained in the
case where there exists another plane of symmetry in the phase space, which
could be for Instance the x = c, y = 0 plane.

But to deduce from this, that all non-symmetric periodic solu
tions are obtained, we must have more knowledge on the surfaces of section
and prove that every trajectory crosses in the phase space either x = 0,
y = 0 or y = 0, x = 0.

11. Classificat ion of Periodic Orbi ts. Because of the corre
spondence of the symmetric periodic points and the symmetric periodic
orbits, Section k gives us a classification of symmetric periodic orbits.

With the notation introduced at the end of Section 7, if

we have with 3 = TkA,

A e g k C ^ 2 k , 0

MB = 3 (Sect ion 4,

P^P^^-'-r^



Z \ 3 A. = T^iA = l^RA = RT-iA = R(Tk""i3) l — ' f - , . . . , x — i

a l l the po in ts A^ be ing d i f fe ren t because o f the defin i t ion o f g? . The
c o r r e s p o n d i n g t r a j e c t o r y t c r o s s e s y = o p e r p e n d i c u l a r l y a t A a n d
3 and has exact ly k - l o ther po in ts o f in tersect ion A^ wi th y = c ,
such a trajectory will be noted e, .

S imi la r ly to A e £*° , cor responds a t ra jec tory 7 . w i th ex
actly ^ k points of Intersection with y = c and with tvo oolnts of zero
veloci ty. .Also to A e <_p£, corresponds a t ra jectory 5. , wi th exact ly
k points of intersection with y = 0 at one of which 'A~5 the crossing
is perpendicular and with two points of zero velocity s-^rtetric with resoect
to y = 0.

Using Table 1, one sees that from the computation of
eM^y 51 and yy may be obtained, i .e. , the per iodic : rs l ts symmetr ic
or not with respect to y = 0 and having two points cf zero velocity. The
add i t iona l computa t ion o f cM2 g ives every orb i t e , e . and 50, i .e .
the symmetric periodic orbits with respect to y = 0 with two rolnts where
the crossing is perpendicular and without or with an additional crossing
point and the symmetric periodic orbits with respect tc 7 == : with two
symmetric points of zero velocity and two points on 7 = :, tne at which
the crossing is perpendicular. And so on.

12. Non Existence of Symmetric Periodic Solutltns
Theorem 5, E1 = (ST n * > 0) and E2 = ( ? n * < 0) :_-

I f in the
A m . ^

T.HEOKEM 7. If all trajectories starting from 7 = c
with y > 0 and x > 0 and which cross y - : are
such that at the first crossing point x > c, there
is no symmetr ic per iodic orbi t of type 5 or s.

Moreover, if E~ = E1 and E^ = E2 we derive from Theorem 6 bis:

THEOREM 8. If the hypothesis of Theorem 7 are verified
and i f a l l t ra jector ies start ing wi th zero veloci ty and
y > 0 and which cross y = 0 are such that at the
first crossing point x > 0, there Is no symmetr ic
pe r iod ic o rb i t .

The additional hypothesis means that eM C 2. hence

eM_} = R^ C RE- = Eu ,
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REMARK. As such the two preceding theorems are not
very useful, but will become so when T is a topo
log ica l t ransformat ion.

13. Propert ies of the Transformation T.

THEOREM 9- Let _?' C c? be a closed bounded domain in
which U(x, y, a) has continuous bounded first part ial
der ivat ives in x and y and in which these der ivat ives
sa t i s fy L ipsch i tz13 cond i t ion . Le t I (x ) be a c losed
s e t o f I n t e r v a l s i n x s u c h t h a t

f
vKx0), y0 - 0) e g

a n d 3 X s u c h t h a t

7X = V 0 ( KxJ, xn ; ,\ O 0 /

then to every point PQ e gn corresponds a unique so
lut ion of the di fferent ia l equat ions (20) and (21); i f
th is solut ion crosses again y = 0 af ter a fini te t ime

t1 , and be fo re l eav ing g \ t he co r respond ing po in t
P, i s I n a se t f f \ \ and t he o r i g i na l po in t i s i n t he
3et ^o ' the correspondence between ?l .and . fT1
is one to one.

PROOF. The system of first order differential equation (20) and
(21) satisfies the condition for existence and uniqueness of a solution
w i th i n i t i a l cond i t i ons a t t = tQ , ( xQ, y j c £> ' and ±Q, fQ sa t i s f y
ing (22); moreover those solutions are continuous functions of x , y ,
*o' ^o and (t " to) in ^X [28> 1J-> lUlJ>' hence the correspondence be
tween some subsets of 7 is one to one and it is easy to see that JT«
and $\ are such subsets. It is not so that those solutions are neces
sar i ly cont inuous funct ions of the in i t ia l condi t ions a lone, for, t may
increase indefinitely along a solut ion without these solut ions leaving
gx , for instance when the solution is asymptotic to a periodic solution.

THEOREM io. If besides the hypothesis of Theorem 9,
U admits in gx continuous bounded second part ial
derivat ives which sat isfy a Lipschitz condit ion, the
correspondence between f /x and f / \ io cont inuous
and thus topological.
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We shall restrict ourselves at first to the open domains of ^f'
and tT\, a solut ion corresponding to a point in Vx has then cont inu
o u s fi r s t p a r t i a l d e r i v a t i v e s i n x , y , x , y a n d t - t . I n o a r -
t icu lar, i f yQ = 0 and yQ is determined by (22) , y is a cont inuous
funct ion of xQ, xQ, and t - tQ, since yQ is by (3) a cont inuous func
t ion o f xQ and xQ. Now y becomes zero fo r t1 = t - t ^ , i s d i f fe r
entiable and its derivative with respect to t does not become zero at
P1 (otherwise the trajectory would be on y = 0 and P on the boundary
o f Vx ) , no r i n the v i c in i t y o f P1 (s ince y, i s bounded by (21 ) ) .
Hence there exists a unique differentiable function t = r (x , x^) which
sat isfies ident ica l l y y (xQ, xQ, t . ) = c [28 , I , 141-142] . I f we rep lace

t1 by cp in the cont inuous and d i f fe rent iab le funct ions x and x , we
obtain a result even stronger than the one stated.

We have now to discuss points on the boundary of 7X . If such
a point is not on the boundary of i f , i t is immediate that x ard x
are cont inuous and di fferent iable for any var iat ion of x^, x which
points to the inter ior of 7X . I f the point is on the boundary of 7,
we need to consider more closely the solutions of the differential equa
t ions near y = 0. I f x ( t ) , y = c Is a so lut ion, any so lut ion in the
v i c i n i t y x + _ , t j , sa t i s fies t he d i f f e ren t i a l equa t i ons .

( 2 3 ) ' ( = ( ' _ X _ 1 \
^ ax- ^

( 2 4 ) x = ( 2 l l X

( 2 5 ) tx = x;

wi th er rors o f the type e( \ i | + h | ) , € tend ing to zero wi th : and ,
if the time is bounded.

- ! _ - > . 0

because of the symmetry of U. The first equation is equivalent to the
third, and (25) shows that the variation % is of the form Ax. For any
Init ial condit ion n = 0, \ 4 0, the solution of the second equation at
any finite time cannot be zero at the same time as \, and so at ?
r j = 0 can be so lved exp l ic i t ly in t and cont inu i ty and d i f ferent iab i l i ty
fo l low eas i l y fo r po in ts on the boundary o f ? , fo r d i rec t ions in te r io r
to tr*. The proof of the theorem is completed if the points on the
boundary are considered as limit points of corresponding sequences in the
in te r io r o f fT. Th is asks fo r the cond i t ion o f fin i te t ime en ter ing in
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' the'definition of ?<. The following interpretation must then be ^ve

to points L on the boundary of tf: if L is the limit of a sequel
of points L± inter ior to ff , the t ime t± after vhich the corr-s^--
ing trajectories cross y = o tends to a finite time t as L, tends"""
L. Theorems 9 and 10 may serve to prove under certain conditions, c- ^
t inulty of the curves M^ as iterates of Jt i t is also oossible ' t-
write similar conditions which will serve to rrove continuity for M
a s o b t a i n e d f r o m a s e t o f i n i t i a l c o n d i t i o n s - . " 2 n + 1U

To investigate other properties of the curves Ji , Pany hy
potheses may be studied. We shall give as Illustration the Wowing't>
rems and considerations.

1^. The Cs se of a Connected Bounded Domain <?

THEOREM , 1. if the domain ? is bonded, connected,
and containing a segment ?Q on y = oj if in this
closed domain U(x, y, a) has continuous bounded second
partial derivatives in :, ^.d y and these derivatives
satisfy Lipschitz conditions; if PQ ±3 a line of
section, i.e., if every trajectory through any ooirt
crosses PQ after a finite positive time, the corre
spondence T is topological and the invariant curves

^#n are continuous.

This follows quite directly from the two preceding theo-ems. I-
this case the set I(x^) is the closed segment PQ *rd ?' - <r< - -7 "'
,ne invariant curves „«2n are the iterates of the continuous"segment PO
and the curves <M ^. are Iterates of Ji which is continuous by a *
reasoning analogous to the one in Theorems 9 and 10 because of the continu
with respect to the initial conditions corresponding to the curve
tf = 0, y > 0.

The end points of the curves are on the boundary of V and
correspond to trajectories infinitely close to the lir.e of symmet^. Prop
erties of the mediate vicinity of y - 0 may hence furnish
t x e s o n s y m m e t r i c p e r i o d i c o r b i t s ; f o r i n s t a n c e . * '

THEORY 12. Let us consider two trajectories p and
q infinitely near the line of symmetry, such that
7 = 0 (hence x = 0) at P and Q respectively and
limited to a section corresponding to the segment PQ;
if their total number of Intersections with the open '
segment PQ is m, under the conditions of Theorem 11,
there exists an odd number of periodic solutions of"type

' ^ ! ? F ^ ^ ^ ^
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5 if m is different from one and an even rubber if
m equals one. The case where p or q crosses ?Q
at P or Q requires a special investigation. Tt' i3
also nocessary for the hypothesis of Theorem i, to ^
fulfilled that the periodic orbit on y = o has a -o-
real characteristic exponent (k < i).

The solutions near the axis of symmetry are 3iver by Hill-s ecu,
t i o n ( s e e , f o r I n s t a n c e , [ 5 ] ) J l 3 e q u a _

( 2 6 ) / a 2 u \

where the partial derivative is computed on the Periodic cc^u— m-
>turm-Llouvil le Theorem applies and the roots of" two so-^^'J^
separate each other, so that if one of the sections of l-l\~ ^torle^
considered has at least two points of intersection wit* *- -•!*
w i l l have a t l eas t one . However, the fi rs t po in t o f ^sV" Ti l t h
sec t i ons g i ves one end po in t o f J t _ , hence _ . m>2 , , ^_ ° l l l
in regio.ns of fT separated by y I o- if m - 2 * ~ * POlnt3 are
o n e i n t e r s e c t i o n w i t h P Q a n d M ^ , * S S ° t l 0 : i S m U 3 t h a v e
wi th PO- i f „_ , wh * ^ ha3 a lso ^ odd number o f i n te rsec t ions'<4, if m - 1 both end points are not separated >~ PO »nn „
r . » e r o f U o t e - s e c U o n s . l t h P Q l s „ „ . . „ " / ~ - ^ « t h .
■for teveg' , Theorem (29, p. ,o. ] „h ich state, that i f , ' ~
a r e t h e v a l u e s o f - f o r t - - ^ / N m , V ' o + T ^ d + p
p«i«. or the »Mt\:°; .'„; PI; lpv; ')T- "> * ** — * !,-„»
(27) V2 + np " 2k lp+1, k = constant = cosh QT,
" being called the characteristic exponent. Hence the t^ect-ries n
when extended, will be such that at P and 0 or T "t^0^163 p' *>
n i s p r o p o r t i o n a l t o ^ a n d Q o r Q a n d P t h e i r o r d i n a t e

' ' ^ d ' ' c i ' ^ a ' — ' V i , d n + 1 , . . .

1 is proportional to

(28)

(29)

with cn = cosh nnT

d = 2 cosh QT - d - h
n -1 an-2

d , = d. = —^ nT -1' f-n"i C03n "3- or d_ = cosh (n + 1/2 )oT

IT the orbit on y = o has an odd Instability, [19], [5:, i.e.,
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< - c1 5 - i, then the second and third members of both series (28) and
f -9) a l ternate In s ign, for r,1d1 and r ]^2 are pos i t ive (m = 0) and
•o the end points of r^ are separated by x = 0.

If Ic > - 1, we can always choose n so that d1 is posit ive,
nonce t]1 and r\2 are positive. If now two consecutive terms of the
■lories (28) are of opposite sign, it will be so for the corresponding
'•"tins of (29). The first alternation in sign must occur for corresponding
• moles in the two series and once again the end points of _M are

••unrated oj x — r

Tne exceptional case corresponds to a series for which c and
■ln are ail positive, implying k - ocsh f.T > 1. In the case k = *i,
'More ex is ts at least one per iod ic so lut ion for - . mat p Is such a
'•-iution is Impossible, for if we take the family of orbits with their in-
] ' I ' l l points on XJ - 0 tending to ?, the t ime of the first crossing
*.u.ld become infinite, as indicated by the behavior of p; in al l other
" i^es the solut ion for r, Is of the form

t 0 ( t ' + l i t )

whore 0 and ¥ are periodic In t with the same period as the orbit on
y « 0. This indicates that this :rbit is unstable, and the same Is true
U* k > 1. In these cases the time tf crossj_ng of p or q may be made
'i* large as we want as the initial - becomes small. This however is ex-
.''.nded by hypothesis. (See end of proof of Theorem 10.) In the case
< . - - 1 , a t l eas t one o f t he o rb i t s , p o r q , c rosses PQ a t Q o r
<' and the variat ional equations of first order (26) is not sufficient to
■thrive the behavior of eM1 near its end point.

As a corollary we mention that the number of intersections of thv
curves c-it, and *ft2 is of the same parity because every intersection

Wl^ 'h PQ 3f ^2 and not cA{] : : r responds to a curve e} which has tv. :Points on ?Q. Other topological properties of the invariant curves may be
Educed from Sect ion i ; for instance, ^p and Ji q (p, q > 0) intersect
-My at Known points or at symmetric points of known points. It is then
Visible, if all eM r,s are known for n < p, to determine a domain, soir.c-
^tos rruch smal ler than g which contains Ji p, s ince most of i ts Inter
act ions wi th cMo and al l of i ts intersect ions wi th J lR(n < p) are knov:

This in turn will furnish an approximation of the new periodic
••vlutions to which the knowledge of JL leads.

:inuou3 V-._riat' A continuous

^ -n o f tne pa ramete r a w i l l n : v oe cons ide red . In th i s case , i f u^ a cont.lnuous function of a, toe invariant curves will vary continuous 1;
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this indicates that the periodic points appear and disapce- ir -ai-s [2o
except if the point of disappearance is on the boundary of ? (=^ on "

J t0) ; in th is case, an orb i t d isappears by flat ten ing on y = r th l
ray be given the interpretation that two symmetric orbits disao-ar on
7 = 0 , t h e y c o i n c i d e i f t h e y a r e o f t h e t y p e 5 o r e . I f t w o j o i n t s

A T T ' T T S l V e 0 n l y ^ 0 r b " € * ^ a n i n t e r p r e t a t i o n m u s t b egiven to the theorem of Poincare referred to.
At first sight one would think that in general ->s cc^ct of

« \ and J iQ wi l l be o f f i rs t o rder but jus t as o f ten the co-^ t may be
of second order. To make th is c lear le t us cons ider fo r ^^Z 1 "mi l !
o f p e r i o d i c s o l u t i o n s o f t y p e a , , t h e i n v a r i a n t k . c ^ V ( T f
continuous function of the parameter and may take values

t h i s
on

o in ts In

is a
- lLn this case orbits near 6, appear or disappear. This has bee^'studied

Ln [9]. The results are as fol lows: When k = - , , ei ther

a ) c M . i s o r t h o g o n a l t o J i Q a n d n e a r 5 e x i s t
o r b i t s o f t y p e 7 . , o r '

b ) J i2 has an inflec t ion po in t and near 6 . ex i s t
o r b i t s o f t y p e e . . I n fl e c t i o n p o i n t i n ' t h i s c o n
text means that the order of contact ls at least
two.

When k = i, either

O there ex is t near 6, non symmetr ic per iodic orb i ts
which cross 6, near the points of zero velocity and
have a double point on y = 0, o r

d) J i . and J i2 have .an in f lec t ion po in t and —»r 5
e x i s t o r b i t s o f t y p e 6 d i s t i n c t f r o m t h e s p i r a l
f a m i l y.

inversely, i f at a point where Jt y crosses J i
i ) e M . i s o r t h o g o n a l t o j i Q , w e h a v e k

a) and orbits 7 ,

o
case

i i ) c M . h a s a n I n fl e c t i o n p o i n t w i t h J i , i t v i i i b
so for Ji2 and k = + 1, case d) and orbits 6 J

i i i ) J i 2 h a s a n i n fl e c t i o n p o i n t w i t h J i , b u t n e t
J t } , we have k = - 1 , case b) and orb i ts T, "

±v) J i2 is or thogonal to J tQ, k 4 a- , , there ex is ts
an o rb i t i n the v i c in i t y o f s . wh ich s ta r ts
o r t h o g o n a l l y t o y = c , c r o s s e s 6 a f t e r - . = ~

• " o s s L s ^ ^ v t h n ^ P r i 0 d T / 2 1 - e " t h e t i m e b e t v , - - r V o? ? o b [ 5 f ? f Y = ° b y 8 1 ' t h l s l s - n e n a t u r a l d e f i n i t i ^ i l f o n o v T
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on y = o and will be again orthogonal to y = 0
after t = 2T, this means that cosh nT » - i or
cosh nT = o and that the orbit is of type e .

v) eM2 is tangent to Ji ^ but no other preceding
property is sat isfied; k=+ i , there exists
orbits in the vicinity of 51 which starts with
zero velocity crosses y = o the second time
orthogonally; in this case after t - 3T again
the velocity is zero and cosh n3T = i, hence
cosh af = - 1 and the orbits are of type 6 .
The points of zero velocity being on one side of
51, we may expect for values of y} nearby two
orbits of type 52, one with the points of zero
velocity on one side of 5^ and one with points
of zero velocity on the other side. Case c) can
not be discovered from the behavior of Ji and

eM2.

The similar results for periodic solutions of type € crossing
7=0 at X and Y as follows: When k = - 1,

a1), bf) cM2 is orthogonal to Ji either at X or
at Y = TX and near e exist orbits of
type e2

When k = + 1, either

C) there exists near e. a non symmetric orbit cross
i n g € ] a t X a n d T, o r

d') Jt2 has an inflection point with „{{ and near
e] exist orbits of the same type € distinct
from the original family. Conversely, if at a
point where Ji 2 crosses Ji Q but not Ji

vi) eM2 is orthogonal to JiQ, we have k = - 1,
case a) or b) and orbits € ,

vii) Ji2 has an inflection point with Ji , we have
k = + 1, case d) and orbits e ; case c1) can
not be discovered from the behavior of Ji .

a =
Another Interesting property is that if for a certain value of

aQ one orbit of type e1 appears, corresponding to I on x = o,
Ji2 must have a contact or order at least two with x = 0 at I. Let us
note the order of the contact at I by k. for Ji y and k^ for Ji
with the convention^ k = 0 when the curve Ji crosses x = o at I bur
is not tangent at x - o and k = - i when Jt does not pass through \.

^Wif^^S?^^^
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on y = 0 and will be again orthogonal to y = 0
after t = 2T, this means that cosh nT = - i or
cosh nT = 0 and that the orbit is of type e .

v) eM2 is tangent to Ji ^ but no other preceding
property Is satisfied; k = + i, there exists
orbits in the vicinity of 51 which starts with
zero velocity crosses y = o the second time
orthogonally; in this case after t = 3T again
the velocity is zero and cosh n3T = i, hence
cosh nT = - j and the orbits are of type 5 .
The points of zero velocity being on one side of
&.,, we may expect for values of y nearby two
orbit3 of type _2, one with the points of zero
velocity on one side of b}, and one with points
of zero velocity on the other side. Case c) can
not be discovered from the behavior of Ji and
eM2.

The similar results for periodic solutions of type e crossing
7=0 at X and Y as follows: When k = - 1,

a1), bf) eM2 Is orthogonal to Ji either at X or
at Y = TX and near w exist orbits of
type e2.

When k = + 1, either

C) there exists near €1 a non symmetric orbit cross
ing €1 at X and T, or

d1) Ji2 has an inflection point with <yHQ and near
€1 exist orbits of the same type € distinct
from the original family. Conversely, if at a
point where Ji 2 crosses JiQ but not Ji

vi) eM2 is orthogonal to JiQ, we have k = - i,
case a) or b) and orbits e ,

vii) Ji2 has an inflection point with Ji , we have
k = + 1, case d) and orbits € ; case c') can
not be discovered from the behavior of Ji .

Another interesting property is that if for a certain value of
a = aQ one orbit of type e1 appears, corresponding to I on x = 0,
eM2 must have a contact or order at least two with x = 0 at I. Let us
note the order of the contact at I by k1 for Ji ^ and kn for Ji ,
with the convention^ k - o when the curve Ji crosses x = o at I but
is not tangent at x - o and k - - i when Jt does not pass through I.

g S f T C T P j f f T O P g * ^ ^ , . T i n m $ t ®
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We know that k2 > 1, we must disprove k2 = 1. If k0 would be o.ne,
jt2 would cross x = 0 for a let us say smaller than aQ at two points
I- and I2, these points are of period two under the transformation T.
If I2 = T(I. ), and a increases to aQ, I2 and I, tend to I and the
orbi t at I is of type 8, and not e. unless k2 > i . i f j = T(I )
and J2 - T(I2) when a increases to aQ, i3 and I,, tend to^ Doint
J iterate of I, distinct from I, this means that for a = a two
orbits of type e. appeared and not one, this ls not an ordinary' situation.

CHAPTER III. APPLICATION TO STORMER"3 PROBLEM

i5 . Generalities. .is application of the preceding results, ve
will choose a typical conservative problem of two degrees of "freedom which
is of Interest in physics, .namely the study of the motion of an electrical
particle in the magnetic field of an elementary dipole; the Lagrangian of
the problem Is

- > - >
L = T + e v • A

where T is the kinetic energy, e the charge of the particle, 7 Its
velocity and A the potential vector of a magnetic dipole of moment M
situated at the origin ln the direction of the z axis; this vector in
polar coordinates may be taken as tangent to a parallel, oosltive in the
West direction and of length M cos x/r2; this gives the Hamiltonian

H = ^ vl + r M + ((r'2cos"2x)p9 - Mer^cos X

hence the Hamiltonian and the momentum p are constant [21]. men p
is not positive, StSrmer has proven [21, p. 23] that no periodic solution
exists; when P{p is positive, with as unities m, v and Me and with the
change of variable

P^r = ex, da = e"2xpj dt
the equations deduced from the new Hamiltonians are:

(30> * = ae2x - e " x - e -2xcos2x , X = au /Sx

(31} l = (e"2xcos2x + 1 + tan2x)tan x = a = bU/bx

(32) x2 + x2 = ae?x - 1 - tan2x + 2e"x - e-2xccs£x. , 2U
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..ere a = P? is used, r. = - 7 = p /2 are equivalent parameters. To
e v e r y s o l u t i o n i n t h e m e r i d i a n n i a - e r . i „ , , i 0
- • 0 . - . ^ * . „ ^ . l a i a n u l a ^ e r , x c o r r e s p o n d a n i n f i n i t y o f t r « -— -~, in .he space obtained by integrating the equation for the longitud

^ 3 3 ) ^ - 2 , - xq> = cos" x - e"

— o r l T ^ T T T A 3 a t r ± V i a l P r ° b l e m ^ t h e P - P - t i e s o f t h e

* = Jj (cos"2x - e~*) da

is commensurable with n}
space, if $ i3 incommer
to the neighborhood of ar
m a y b e c l a s s i fi e d ^ a - 1 ^ . , - v , v . , , . ~ ~ ^ v ^ u i > i u n a n a
solved if the DroblemTri-l" . '. ' i" ' '":"C;.ri9nCe the S^eral problem is easily

'=*, IT * ilLcoU^™^!™^
t o t h e n e i g h b o r h o o d o f ^ T ^ ^ " f a j e c t 0 1 * r e c u r s i n fi n i t e l y o f t e n. _ w - " A _ i u , u c i y o i r e n-■a- state on the surface of revolution and

• x-^c; nence the general problem is easily
- *■ Plane, is; for an example see [11]

(30, 30. I"t U3 n°V COn3±der S°me SSneral *"**«*** of the equates

11. * pii?rt?:f:: :™ re;?"type di3cussed - -
s y ^ e t r y ; t h e p o r t i o n ? 0 f t h e x x V * ^ ± 3 t h e a X l s o f
as fo l l ows (see fo r . i ns tance [27 ] ) the h T ' ^ = ° ' ^ bSSn desc r lbed
b r a n c h a s y m p t o t i c f o r - = . . 0 ^ T ^ U = ° ^ m a d e u p o f a
- n y a t p v l t h x = g ^ . d v h e n T / J l T T T r T f a x l 3 - t ^ ° -
o n e r a s y m p t o t i c f . r , . . . „ l , " * " • s i m i l a r b r a n c h e s
S , > S , t h e o t h e r a s j a p - c t l o f o r . ' . ' ° U t t 1 " 8 x - ° - M Q „ l t h
g 2 > g ; < ? 1 3 t h e n l - o r - a e d o f t „ „ « , „ " ' ° * " * / 2 c u t t ^ * - o a t
t h e t w o l M t b r M c h e 3 h e c o l J Z ^ ™ 7 * ™ " " " " * " ' " 6

f o j - d o r o n e c o v e t e d r e g i o n . _ £ ? 7 , , - ° t h e T J ° ° ' * ' ' ° " "p o i n t a t x i o g , , . , . , 3 p e c l i . ^ ^ t ^ ^ . ; —
^ W S r e a u c e s t o a l i n e n e e d e d . . V h e n

( 3 4 ) x 2e = cos x

called the thalweg, all points of th^ , •
c a s e w i n b e e x c l u d e d . i n t h ^ ^ v i " ^ ^ U ± l l b ^ P o i n t s a n d t h i s

?or every finite -o-*nt- y - ^
v a r i a b l e o n e f i n d s t h a t - r h P - o i ^ . • . . ' ^ ^ t i c ; b y a c h a n g e o f- ^-ja.hz_ jz lntinity are r^uhr -/-ft-v. ^- -. 0 _.̂ .jli ,.j/ 11n one

I
S ^ W ^ ^ ^ ^ ^ I S ^ ^ l
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exception. The point x = - ., x = n/2 is an essential singularity and
has been studied by Stormer [22, p. ,45, 235], [23], Iii, ,947, 19*9], the
proof that there exists a solution through that ooint has been furnished
by Malmquist [18], but no proof of uniqueness is available although this
3eems highly probable.

The general results on periodic solutions are as follows- every
periodic solution is in the domain x < f = iGg (2yk/3 ' < =. ■-,-_ 6,i.
this shows that no periodic solution extends to I ol _-* exis-s"in?the'^
region which extends to + - in the case a < 1/16. Zvery ce- Mic solu
tion crosses the x axis [9], [7].

There is only one equilibrium ooint, vhich i= -— d---l- Dol^t
on the boundary of <? vhen a=i/,6. Also anv tra'—-ry ~~^totic to
the equilibrium point or a periodic solution which do- -,t -v-L^ to ln
fl n i t y c r o s s e s t h e x a x i s a f t e r a fi n i t e t i m e . " "

It has also been proven that no periodic sclu-icns e-'st for a
greater than k [6] because then f < g. A lot of specific ^ts on

T z T T T T T T T e b e e n o b t a l n e d f o r t h e v a i u e - ■ *■ " * * . & _ * ,W, 126. 1950] and on a certain number of families of -eriodio solutions
t h e p r i n c i p a l o n e [ 2 4 ] , h 3 ] f [ ] k ] > t h e o v a l f [ 3 , * t T
horseshoe family [9] and the family on the equator [5]." Iz vi-~be sVn
now how the method of Part II leads very naturally to tn:se resets.

.1,7. Surface of Section. The concent of sur^ - of s—inn h.

cal̂ rTo17 hU3efUl ̂  flnd Peri0d±C S°1Uti0nS' VS ̂  -* °™ Secase 7. _ 0 where no such solutions exist; when 7 > ■ vt> -,.vo tn „,a
tinguish three cases, ve will treat first the most sLaightf^rvaM one!

i) r, > 1 or a < 0.0625. It was Drover bv i-"f ~-at for, ,-v,
va lues o f the parameter every t ra jec tory c rosses the ^ T- T lT^
asymptotic to this line h2, p. 30, rn. VII and convent!- T2B T "
Furthermore if a trajectory is asymptotic to x = 0, the tine l^Z''
successive crossings is finite [7, Section 7], hence the se^l Z ie
fined in the preceding section is a line of section (see -Io {7 S-ction
3 ) f o r e v e r y t r a j e c t o r y o f t h e r e g i o n ^ 0 f Q n o t e x t e n d ^ J . .
10 s i corresponds a connected bounded domain fT irside ^he
8 < x < g1 with boundary s t r ip

( 3 5 ) i 2 = 2 U ( x , c , a )

Unfortunately the Theorem n can not be used, because S>. is r.;t bcur^d
7 is an essenti

- 1 j -1-^0 uo therefore usp th
Bossy {161, obtained as follows: ye draw from'the coin" ':,, j

^„ , , , ^a.Xi uuu uc udea, o-
and because the point at infinity is an essential 3-^ = —v -f ;T -
have to restrict g>., let us therefore use the CZ~^-'M'/Z ~ T*J'.
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•perpendicular to the thalweg (34), the distance to the thalweg is u, the
latitude of the point on the perpendicular and the thalweg is y; the
Jacobian of the transformation ls positive and when x = o we have y = c,
x = u and x = u. Let us follow the trajectories in the space u, u, y;
the trajectories which are extremum (y = o) for a given value of y = y
are represented in the plane y = yQ by points on a closed curve c °
a p p r o x i m a t e d b y [ 1 6 ] : °

u + (cos y cos v)"2u2 = a cosV

with tan v = 2 tan y. A point In the interior of cQ corresponds to a
trajectory having an extremum in yQ greater than yQ or passing through
the origin. These trajectories will be represented on another plane
7 = y, < y0 by curve c j inter ior to c. because every t ra jectory has
only one extremum in y between each crossing of y = o [7]. p0r
instance when y = 0, there exists a set of closed corves CJ each one
corresponds to trajectories having their extremum at y = y > 0 and

c j_ i s i n t e r i o r t o c l i f y, > y. . Le t us now cons ide r

& \ ° ? i n ( i y ! < y ± ) .
G . is a closed bounded domain in which U is analytic, if we exclude from
t r the doma in ins ide c j ! and ca l l t h i s t r \ , and define tT ' = R^ ' , to

every point pQ e tT0 corresponds a unique solution of the differential
equations (3c) to (32) and this solution crosses again X = c after a
finite time at a corresponding point P. € $ j hence by Theorem 10 the
correspondance is topological. fMoreover, the part of the invariant curves
J t . a j nd J i 2 con ta ined i _n t f \ i s con t i nuous . I f i t i s t r ue , as con
jectured by Stormer [22, p. i45], that there is only one trajectory through
the or ig in and i f for th is t ra jectory the re turn is by convent ion the
same path backwards, this will mean that the curves c| converge to the
point 0 corresponding to the trajectory through the origin, when 7± tend:
to _ . The t rans format ion T shou ld then be topo log ica l In 7 ' and the

«n continuous. We wil l suppose this to be true in the following; if the
conjecture is disproved, the results here stated will need an interpretation.

As no trajectory through the origin crosses the first time x = c
or thogonal ly, J t2 does not pass through 0 and is -analyt ic , J l . is made
up of two branches corresponding to the two branches of the boundary of i?.
which converge towards c.

i i ) 7 , - 1 o r a = C .C625 . Th i s case i s s im i l a r t o t he p re
ceding one except for the fact that the boundary of $> and tf has a

e/

'■^,^; tf6 f°iLl0;^ng„?raJ9Ct0^ through the origin is by convention a tra-,..,.;ry through che origin in tne rTx coordinates, i.e., a -raiectorv
a i r e S o ^ f t e ^ x ' a x t ^ 3 l ^ ^ a t * * * * * * * t h e r . e g a t l v e 0 ^

,Tf^g(w."a'wr_?w;
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double pOfclnt, this does not alter any conclusion of i.

i i i ) o < 7] < 1 or a > 0.0625* Here the situation is not as
nice as in the preceding cases; in this case a trajectory starting from
\ = 0 either crosses again X = 0 or is unbounded, hence there does not
exist a nice closed section of the x, x for which the transformation T
transforms this section into itself. But the ideas of the second part of
this paper may still be used because every periodic trajectory i3 bounded
by the line x = f. Let us bound the domain inside of (35} by the line
x = f and ca l l t h i s f f ; i f A € f f , TA i s no t necessa r i l y i n . f f o r
may even not exist If the trajectory goes to infinity before crossing
\ = 0 , b u t I f A I s p e r i o d i c a l l t h e i t e r a t e s o f A a r e i n f f ; t h e
i n v a r i a n t l i n e s J i n a r e n o t e n t i r e l y i n f f b u t t h e i r i n t e r s e c t i o n s

^n ,p a re necessa r i l y i n f f , hence to find the pe r i od i c so lu t i ons i tis not necessary to know which part of ff is transformed into itself but
on ly to find the par t o f the i te ra tes o f J iQ and J i wh ich is ins ide
tf . This can be done in succession and we know that the iterate cf a oart
o f c M ^ n o t i n f f w i l l n o t b e I n 7 .

We will from here on summarize the content of the Recent bearing
the same title as this paper.

18. Data on the Computations. A sufficient number of ooints on
the curves Ji y and Ji2 have been determined for a sufficient number of
values of the parameter a or 7] . The choice has been made with -neat
care and was dependent on preceding computation and on extensive commu
tations done with a desk computer. The computations were zzne on a high
speed computer (the 3EAC of the National Bureau of Standards). Tn the
Report we have indicated clearly how the initial conditions were deter
mined, which method of integration was used and which method of checking
was Involved. A total of 1288 trajectories were integrated for some
21 values of the parameter. The trajectories near y = c have also been
integrated with another method to give the boundary points cf Ji and

Ji_. I t may be interesting to note that the t ime for the integration of
one step was 0.35 sec. for the high-speed computer versus 25 min. for
the desk computer. For a precision of five to six decimal places, from
*K) to 70 steps were necessary, in the mean.

3re-19* Presentation of the Results. The results have oeen ■_>_-_-
sented In the form of tables which are available on microfilm and In the
form of diagrams, one for each value of the parameter 7 ; for 7 - c.97, a
detailed study has been made which leads to two diagrams, one of which is
enclosed (Figure 1 ). Some data about Figure 1 will now be sly*. V r o r

The subspace . ff is bounded by the curve KJP and its 3--nmetric,
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The curves eM 1 and Jip have been determined by computation; each point
corresponds to a trajectory with special Init ial conditions (Section 9).
Ji^ and Ji_2 have been deduced by symmetry. The two branches of Ji
spiral towards a point 0 , which corresponds to a trajectory a tending
to the singularity x = - oo, \ = £ . The curves Ji have been deformed
in the neighborhood of o to simpli fy the drawing (of *1i- ). The inter-

1 m J

sections of eM_2, Ji^^> eMy and Ji give periodic points labeled accord
ing to their symmetry (Section k); the letter subscript distinguishes
different periodic solutions having the same symmetry. A to H corre
spond to periodic solutions which are particularly important.

The curve eM has been obtained using only topological proper
t ies and Its known intersections with the curves Ji and ^#p deduced
from Table I. Its drawing is Inexact, the curve may be more complicated
but not less complicated than what appears in Figure i . Its intersections
with the other curves and its symmetric (not drawn) give new symmetric
periodic solutions. Ji ^ has been constructed on another diagram. Ji -
has two branches which spiral towards a point o~ which correspond to the
second intersect ion of the trajectory a with \ = 0.

2 0. Interpretation of the Results. From the diagrams it Is
possible to obtain results on the appearance of and disappearance of the
symmetr ic per iodic solut ions. In part icular, the orbi ts of type 5
and €1 have been studied (points A to H ...) and the results on their
existence and stability, which had been obtained by special methods [3],
M, [ i^], [17] are deduced easily. New results Include the study of the
disappearance of orbits by passage to a limit position on >> = c related
to [5], the proof of existence of many new periodic solutions which could
hardly be obtained by the classical methods.

.Analytic computations of the curves Ji and Jt ^ which corre
spond to orbits close to the singular trajectory cr have been made using
results of LemaItre and Bossy [16] and the analytic computations of the
same curves when y. is large have also been done.

In one word the above method permits the unification of all the
known results on Stormer's problem; at the same time it provides new re
sults and new Insight on the difficulties which one should expect for
similar problems.

2T. Remarks on the Classification. Before I conclude, I should
like ta make some remarks on the classification here given as applied to
conservative problems. The reader will have no difficulty extending these
remarks to any system of differential equations for which this classifica
tion can be used.
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When a continuous variation of the parameter "a" was investi
gated, we saw that an orbit kept its classification except when the orbit
disappeared; hence for a continuous variation of "a", the number of
double points of the orbit on y = o remains the same. This is a special
case of a more general theorem of Birkhoff h, II, p. 60].

From this theorem we see that we can refine the classification
by considering the double points of the orbit outside y = 0. It would t-
of interest to consider in more detail this subclasslfication which has,
no doubt, a certain importance.

£__:—Conclusion. In the Introduction we have Indicated the aim-
of this paper. We should like as conclusion, to bring out the relation of
these investigations with connected research.

First of all, nothing has been gained here on problems such as
t rans i t iv i ty or s tab i l i ty o f systems of d i f ferent ia l equat ions, but re
sults are obtained which are much more detailed than those given by the
general fixed point theorems, because not only is the existence of more
than one or two periodic solutions proven, but the relations of the differ
ent periodic solutions with each other is obtained, i.e., the structure of
the periodic solution Is established.

There is a possibil ity that these investigations could lead to
the proof, under certain hypotheses, of the density of the periodic solu
tions; in that case, every solution can be approximated during a
finite t ime by a periodic solut ion.

The method here used has no essential limitations and enables
dealing with problems with large non linearities as opposed to the per
turbation methods which deal with small non linearities, but which gen
eral ly fal ls otherwise (see, for instance, the appl icat ion of perturbat ion
method to St5rmer!s problem by G. LemaItre [15]).

It Is proper to mention that some methods (Van der Pol method
and others) may succeed in special cases even with large non linearities.

Finally, we should like to mention that the results here obtain
ed are not only of interest In themselves but because of their application
to the region problems.

In these problems one considers two domains R,, Rg in the phase
space and asks, for instance, the proportion of trajectories with init ial
conditions in R1 that enter R2. Solution to these problems depends on

the^knowledge of unstable periodic trajectories and trajectories asymptoticto these. Examples of this application are given for the cosmic rays'
problem by LemaItre, Vallarta, Bouckaert, Albagli Hunter, Yong-Li, and
DeVogelaere (see references of [27]) and for a problem of chemical physics
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(on transitions rates) by Boudart and DeVogelaere [10].
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