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INTRODUZTION

If one wants to study a given algebraic curve, o
Investigate the properties of such a curve near an ordirz-7
this will not furnish eny information on the behavior bl
large; the kn g€ of the singular points will furnisz

for such a st udj 1 the large and th e classification
[N

points into dosuble points, triple points, cusps, etc., will Tz - <tmost

importance. 21 similse situation arises in the STUQy of IifTerzm-tgl Sua-
tions. Let us take rhose of the tyze
d“x 3 a’y J
—= = = U(x, v), £ = — Ulx, y) ;
dc” X dt dy
F N2 2
/dX + /GY ;) - r'\:"(): ,,) .
\JE, \3t/ SO,

lere the propertiss of existence and unigueness of a solu-*-~
havior near a solution, do not give any Information on t-
ions in the larg Z€; moreover it is difficult to arrive ==
inowledge of one solution for an infinite time except for ¢
tions, and for asymptotic solutions to periodic soluticnz.
:lors may be taken as analogous to the singular points -
urve and thelr knowledge and classification may furnis-

dvance in the study of differential equations.
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® . A classification of periodic sclutions 1s considered here and -
&adeldependent 2 & correspondence of solutions of the differential equa-
tion with points in the t¥o dimensional space RQ. Such a correspondence
can easily be estzhlished in general, if there exists a surface which is
crcesed by every trajectory. This surface is called surface or section oo
cincaré; to successive irtersections of the surface of section by the
irzjectories correspond successive points A and B in R°. The corre-
»ondence of B -5 A defines a transformation T of R2 into itself,
~d the problem o2 finding periodic solutions of the differential equa-
ticns 1s equivaler: to the determination of fixed points of the transforma-
ti>n T.

ru

(G}

1

Unfort::ately it 1s not, in general, easy to obtain s simple
zurface of sectic-. Hence, it makes sense to consider the similar trans-
Tormation that car ze deducad from the Successive Intersections of part of
a surface Satisfying less stringent conditions. This transformation fur-
nlshes those perizdic solutions which cross this surface and this gives at
least a partial arnswer to the problen.

In a certzin numtep of’ aprlications, such as the billiard ball
crozlem and the "estricted three bodies protlem, the transformation T is
t2 product of twn Involutions M‘ Mo. We shall restrict curselves in thi:s
zZer to such a Eransformstion and shall study first the properties of 7.
Yany of thess prosensties are explicit or implicit in Birkhoff's work. It
Wwill i¢ points under powers of T are contained in
the sets y“o, aﬂ1, ...,,Azn, ""‘A{p’ ‘cen

MO, M, and sets generalizing M, and M.

1

“ts a classification of the so-called Symmetric periodi-

ine typicsal application is given in the second part of the paper

ard concerns symmatois rperiodic solutions of conservative systems of two
dezrees of freedom raving 2 line of syrmetry and reverslble, i.e., for

ich any trajectory may te followed in either sense. It 1is shown that
wdsr some conditio-s the transformation T in this application is topo-
Z2al and the se*s GAIn are continuous curves. This Imposes, when the
7zriant curves 5413 are xnown for n < P, restrictive conditions on
«#_, hence the fact that some knowledge of the more complicated periodic
2tions can be ch+ained from the less complicated ones. The conservative
proverty of T 48 not explicitly mentioned here but is implicit because
of the conservative System which is at the origin of T.

When a family of differential equations is considered, the peri-

onints corresrording to the pericdic

Viry continuously and
lirs. Thisz then is investi-
vative prcblem, the problem of
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i

5térmer, bringing together all the known results, throwirz light zn the
role of the essential singularity of the problem and crezenting new re-
sults which had escarped former analysis.
As a help to the reader, we mention a T0re elsmintary arplicatio
o1 conservative transformations in the plane which are rroducts of invo-
lutions, which we discovered recently and of which the Izllowirg marring
is an example.
; 2 2 . 27°
L= -3+ k(kx - ¥I)° o+ [x - ky + (k% - 1) (ux - Al
L4
. 2 . 2, L F
Y=x- (kx - y)° - k [x Ky o+ (kT - i) (kx - g .
CHAPTER I. FERIODIC POTNTS OF SYIIMETRIC TRAISTT=/27T205
1. Definitions. ZLet us consider a one to or= merning T of a
set E onto 1tself and an involution R of BE. The =<8y of totn trenso
formations is of interest only if some relation exists Zetwezen thew We
shall here consider that TR 1s also an involuticn and 2222 7 o 3yTmeTr
transformation with respect to R. Such mappings, procducts of two inro-
lutions were already considered by Birkhoff [1, I p. 727, IL pe <z, L33,
§68, 7181 [2, p. 186].
For the sake of simplicity we let (n teinz ary Intezger)
_ omil _ ol
Pn = T, Mn = TR .
3y hypothesis, Mg =1, Mf = 1 and it 1s easy to prove -nz-
(1) TR = RT™1
(2) PPy = Preg
t =
(2" Py = Mg
1t =
(2t1) M Py = My g
1ty = .
(arrr) MMy = Phg
the last relation glves, when n = 4> the generalization -f the hypothesis

't follows
! is a mapping P o

»
pe

also, that every product of

i

%

M.
n

}U

e}
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2. JInvariant Sets. We define the subsets pn and yﬂn of =
as the sets of points left invariant under the wappings Pn and Mn; ‘Pn
for n > ¢ 1s evidently the set of all the points of period n or diviscx

of n and P_n= Qn.

We shall also consider the sets

(3) ?)n,q= PN 73q

(%) yﬂ)q=¢f(nnaﬂq

n

wrere n # q; we will in general assume n > q.

We shall now deduce some relations; first

M q
and

Zvlnwl qA = Pn_qA = A
Fron a similar argument we octain
() <yﬂq n ﬁn—q) CoM

Also, as a corollary of (6),

<““q n 7’ﬂ-<1> CeMrnq

ard because of (&) and (5),

yf(n’qcf/ﬂq and Qn_q

and so,

(1) My N ¢>n_q=mn’q .

We remind ourselves also that

(8) P P,
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(9) Pha " Plr,q)

Also, if %k - k' + 1 4 ©

(10) ‘Aln,q ¢ dﬂk(n—q)+n, k'(n-gq):7

for, because of (5) and (8), 1if A ¢ yﬂn 9’
¥

Pagh = A Pppg)t - A

and tecause of (2!') an MA = A,
\/I ; - '. .
‘k(n-q)+nA 4
8iril=rly we have

Mk A

“e

'(n-Q)+qA =

irdices in the second set of (10) must ke differerz, herce the re-

N

striction on x and k!.

In the special case qQ=0, k==1 =nd ' = - 1,

M C M

n,o 0,-n

and because of the symmetry of this relation

(11) M o = M .

n, 0,-n

Finally corresponding to (8) and (9) we have

(12) /ﬂn’o kan,o
1
(r21) ”4(n,1 C°A{k(n-1)+1,1
1 M = M .
(13) n,o M ey o (n,q),0
1 =
(13 ) Mn’.' n J”q’] M(n-!,q-l) - 1, 1
For the applications we have in mind, ws intrcdlize tre Tsllowing
terminolsoy: adiq will te called a2 cet of SyTmetriz SInts ard oM a2
b . 4 “Tn,g
Set of doubly symmetric points, so that the relati--s (20 23 (7) zre »

@more precise form of the rollowing theorems:
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THECREM 1. Every doubly symmetric point 1s period-
ic under T.
TERECRIM 2. Every symmetric perlodic point 1s doubly

Pape a2

symmetrilc.

Se

o

3 Transformations of the Invariant Sets. All the sets of sym-
by means of powers of th-

metric rzints may be deduced from ”“o and M,

transforvaticn T because
(14) M =P M

(1u1) M, . =P M

M_, = P_M = -’Io"ln’/“n = :vtoexﬂp ,
W& have

(17) M = ReM .

]

e

Up to a transformation P 211 doubly symmetric sets ”“n a m
2

te reduced to the sets
M when n and q are even |,

M, when n 1s cdd end g is even |,

2K+1,1
Moy 5 oy wnen n 1s even =nd g 1s odd
for instance, tecause I (14,

T S T——




tn
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The last set may be reduced to the second one because -2 ) =g (1)
(18) P-k+1yﬂ2k-2,—1 =“”o,-2k+1 :Mak-uo
but no further reduction is possible.

4. Classification of Symmetric Perisdic Poir-:z. Zzczuse of the
Theorems 1 and 2, symmetric pericdic points =re doubly z;——s=7ri:z =4 con-
versely, so that we have to classily 1n a unigue manner --= 22in7s of the
sets 04{1 q But one of the iterates of thssa ceints Iz “IzirzZ in

tiy
(A) Mgk,o’ M.Qk—l,o’ dﬂ;;{_,_“«l
and conversely, iterates of points of these TS are Tilntz In o q° It
-2

1s thus sufficient to classify points of (.4).
Points are in different sets (o4) for diffsve-~ o -2z of trs

ndices, but because of (12) to (13') each point is contzlnzd in Irly cone

of the ssets

(®) £y 20 2 (x>0

defined by

£ =M - Uek,

2X,0 n,o
<r<ix
7 ? = M - 17
e 2k-1,0 °4é,o
O<ri<2K~1
o)
ck"/ﬂ2k+1,1 'Ud‘é,l :

1<n<C2K+1

The rroperties of the points of the set (@) 2wz =3 Tcllows:
1) the period is exactly and rescectively
2k, 2K-1, 2«
11) -a point in a set & ; is in M _ as well =z its
h . e . - .
kt lterate because if A « Zfi grd P,A =z, =ra-
n
A e 0, -2%’ renza JJ; = 1, - L= A, - o= I
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-3 polnt in the set C’; is in 5411 as well as

th

its k terate and

-a point iIn the set iD is in &410 and its
(x- l)th iterate is in (/u

As for the sets (&), we have

111) The period of the sets C’E and Zii is k and
that of D 1s 2k - 1.

The i1terates of the sets (&) will be denoted
2 ’ K=1
C‘{: ck) es oy C; H

1 2 k-1 -k+1 c -1 .
VDL, e, PR, @250

£

0, €2, ., gk
AnG we have
(19) ci=redi
(121) @];7;:3@;3
(1511) £y = rgid .

5. Other Properties. From 2 similar theorem on the indices

follows:

THEOREM 3. The sets ’4{n,o are partitioned by the
sets &, @j where 21 ard 2j - 1 are all the
divisors of n. The sets ‘A{_n+1 ; @are partitioned
oy the sets C., iDj where 21 and 2j - 1 are all

Prom this zheoren, one may dseduce the partition of any set ”4{n

y
Table I gives the garticion of 04(n)ﬂ = L0 corresponding to some value.
I 1
If the sets aﬂ are obtained in the order of increasing n
and fer a fixed n in uue ,*uer of grreasis

the Tirst time the sets C’g, 2 k’ b

2 p, prarenthesis indicate
are obtuained for 2 fixed k, what-
T time trne sets are cobtalined for

ever be j; Tbracxets irdicate the Fi
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The Partitions of the Sets 04{n q
)

TABLE I

are Given Belzw n, z

(For the conventlons see Section 5.)

63

8idered as equivalent; braces are used

sidered.

THEOREM 4. If

=1

=1

1 the M,
rom the knowledze of oiln
duce the new 3=t

fopwl

are known for
and M __ =

fil « -~

’
n Rr/f{n, Nz lT—

when this equivalerce is ot -~on-

-k, -3 -k, -2 T -k, s N
29 27 9 20 2] 27 g7 ¢:
-3,-2 -3,-1 -3,0 -,
2° ¢ 29 2929 27 27
-2, -1 -2,0 5 -3,1 iy 2
2° 279 ¢g° ANCIE-E 2.2l gl
-1, o -2, 1 E -3,2 -4,
27 27 (2] ‘i 20 (23 D: B¢
T 1,1 2,-2 f 3,-3 4y
(€20 | 29 29 (2] l CYeN272 | 22 r2 g2 ig2)
T 1,0 2,-1 ; 3,-2 by -
— (29 202 29 (27 2 20
2, 1 2,0 ; 3,-1 Ly=Z
— 0 2° (£°) ! co(chrag 272 27 (22
3,2 351 — 3,0 4y -
—> 2° ¢ PO 29 (D] 27 (D3]
4,3 h,2 L, b,0
—> 2° 20 £° 29 2;! 27 £7 1£2;
fixed k with the @xception that sets related by (19) to {(13'1) z2»e con-
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. n~i’ bot n

o . b b A D when n 18 even and

C._ys C . 2. when n 1s odd.

For Instance, when n = 2p the only rew doubly symmetric sets are

and ’“2p because the others

””2;,-2p+2’ ”“2p,—2p+1 »=2D

M

27, -2p+k (3 < ¥ < bup)
2p, -2 s

ct
9]

are =zulvalsnt up to a transformation Pk

M

2p-2,-2p+k-2

The new sets are eguivalent to

0'“ (/” L and r/“

“p-2,2’ “D,0

when these sets are sartiti-ned with tre aid of Theorenm 3, only the im-
proz=r diviszors give new ssts (@), hence the theorem.

€. Non Zxistence :f Syrmetric Periodic Points. Let us consider
two ssts E. and I, which form with M

4 partiticn of E, we nave

i 2 o]
-TECREM 5. If ths mappings of 32, and 04{3 are
¢intained in E., <he sets QD@ zrd & are
1 n n
erpty.

2/ 1
from which we deduce
B, 3 C(T'E) - 27Y(CE,)

N

and =o
o= .
7‘”_2 = 1 (/‘“O CEE’

hence M = 8; on the other hard by 1teration of the hypothesis,

0,~2

TM, CE, axd T(E,) CE,,

.

b

i g

S p e

g
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= TP
Moy = M, C

P Rt

and so
dﬂEp,-E =% for p>o
but the sets @g and Zg are contained in some "J,,f(_:? 2 =3 (p2o0)

and S0 these sets and their iterates =pe empty.

Ir E3, Eu and y”_1 form a partition of I, 1% is easy to

prove

THEOREM 6. TIf the mapping of E3 and the =mazri-o

of oM _, are contained ip E;s the sets (¢ =3

D are empty.

n

Also if E3 and Eh form 2 partition of E ws rave

THEOREM € bis. If M. and the mapping of I,

are contained in E; and if M_,  1s contained in

E,, the sets C7n and iDn are empty.

CHAPTER TIT. APPLICATION TO A CLASS OF CONSERVAT /= PRO3LEMS
OF TWO DEGREES OF FREEDOM

The proverties of Chaptsr 1 were suggested ty the following appli-

cation.

Let us consider the canonical form of a conservative dynamical
problem of two degrees of freedom

(20)

B
|

= JU/3dx

(21) v 3G /3y

for which the following first integral 1is easily found
(22) 2 . 72 = 2U(x, y, a) + h .

Let us think of U ag an analytic function In x ard Y; w=aker con-

ditions are studied in Section 13, 1In the problems which gre naturally of
two degrees of freedom, the constant a does not appear =nd h  1s the in-
“2gration constant; when the equations are deduced freom = Irczism of th
i2grees of freedon with an 1gnorabple coordinate, the SINEIENT 2 13 the




°

“con;;~ate cocrdinate and often h 1s fixed 1f a suitable system of units
1s chosen. Hence there 1is no restriction if we write h = 0 or

(221) ¥+ 3% = 2U(x, ¥, a) .

Different spaces ma2y be used:

1) The four cimensional vhase srtace,

2) The three dimensional surface (22!') if a
1s fixed,

3) A two dimersional surface of section [20],
(I, IT ¢o. 721, if =2 1s fixed; but such a
surface dc=2s not exist 1n general.

4) The two dimenslonal subspace ¢ of the

plane x, y : 2U > ©o.

7. Introduction of 3ymmetry. We shall now make the further hy-
pothesis U(x, -y, a) = U(x, 7, a), which means that the problem is
symmetrical with respect to y = C.

¥y = 0 1s a soluticn of (21) and the solution on the axis of
syrmetry 1s reduced to a problem of one degree of freedom (20).

When a 1s fixed, s solution of the problem which crosses y =
1s determined up to a symmetry by the values of x and % at the time of
crossing because ¥ 1s determined up to the sign by (22'). The two di-
mensional subspace J of the flare x, %

2Ulx, o, 2) - %2 >0,
is a generalization of a surface of section: this surface is made up of
analytlc pleces, but some discussion will have to bs made when there are
double polnts on the boundary and for regular bouncedress {I, II, p. 7¢];
we do not ask that all the trzjectories cross y = 0.

If we are looking for periodic solutions of (20) and (21), sym-
metry is very Important, because then syrmetric veriodic solutions may
exlst and these are much more 2asy to find than non-symmetric periodic
orhits as will be indicated in 3sction 10. We shall consider here the sym-
metry defined above, but what follows may be generalized to other cases.

The two subspaces & and & will mostly be used. Each point
A of T not on the boundary‘gives the initial conditions of two sym-
metric curves T, in ¢ crossing the line of symmetry y = 0 at &

ard follawved in a definite sense and conversely. The points on the bounda:™

¢
- B R ] LR SN 12 SRR R o § = : < =
of 7 cirveszrand to the sclution ¥y = ¢, x= = 2U.

AR U e A i <ot n bt e
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8. Transformations of the Set 7. Let us consider g trajectory
corresponding to a point A of 7 ; if this trajectory agzin crosses
7 =6, then to this point A there corresponds a point 2 7 an
the differentia]l equations define a transformation T of 7 into ltselif,
T is obtained by following the same trajectory in the otran sense
glving, 1if the trajectory crosses y=0 at D: T ' a- D. Let
define the involution R of 7 as the reflexion about % = I; +tnig

corresponds In ¢ to the trajectory starting at the same ointon y =0

o 0q

E

in the opposite direction. If RA - C, we have TRC
and so TR is also an involution.

i
o

If T 13 a one to one mapping of 7 conto 1tsel?, :f.e., if to
each A corresponds a B and a D, then the application <2 2art I ig
lmediate and E = 7; 1ir not, E will be the largest sutss: of 7 fop
vhich the transformation T deduced from T 1is one to one :nto Z. An
& priori knowledge of E 1is then, in general, difficuit ro lZzain, but is

not necessary.,

ur

9. Perlodic Orbits and Symmetric Pariodic Orbits. 22lutions of
(20) and (21) will be called here indifferently, = isna--nras I oorznits.,
It 1s immediate that the sets 77n of E corresrord - tha o
orbits crossing y = ¢ at least once and converssly. wWa mave now to
find the meaning of the sets M aﬂo 1s the set of points <-v
under R, l.e., the set or voints on x = 0 1{n Z. Thsse TIlmts corre-
spond to trajectories perpendiculzr to y=0 in &, il.e., 5 tra-
Jectories Symmetric with respect to the x axis or trajectoriss Symmetric
with respect to the plane y = 0, % = ¢ in the phase Snace.
transform of aAlO under T (1%); these points corresponds -z the nol
crossing of trajectories Symmetric with respect to y = ¢c. I7 A 1s a
point of yﬂ,, TRA = 4; to A corresponds in the phase Space s trajectory
s with initia]l conditions X(XO, Yo = ©Cy ko, yo), to RA sirresponds

the trajectory "ra With 1nitial conditions Y(xo, 0, - ko, - jo) and
- t, X) = - x(t, v) .
After a time 2t1, TRA crosses y = 0 at X, and we have, Z=zczause of
TRA = A
x(2t, Y) = x(0, x)
but because of the uniqueness in the phase space, thils was rr.z =t any pre-

teding time, ror instance - t,, and so

x<z1, Y) = %(- o X) = - k(t1, V) = L




Eér thé same reason j(t1, Y) = 0. The orbit will have one point of zers
' velocity or in € & point on the bourdary 2U = ¢, =2nd A 1is the next
point of intersection with y = C. 32ecause of (iL4!) ’4(2n+1 1s the set
In E of the orblts starting from the zero velocity liine and crossing
y = 0 for the nth time. These orbits are symmetric 1n the phase space
about X = 0, § = 0. Symmetric polnts correspond to syrmetric orbits in

the preceding sense.

The sets 041 are deflned in E, but we extend their definitio-
in 7 1in the obvious manner; they will be, in general, lines which inter-
sect in doubly symmetric points # » Wwhich ccrrespord (Theorem 1) to

n,q
sysmetric perilodic orbits; the converse 1is also trus tecause of Theorem 2.

1C. On the Advantaze of Symmetry. Actually the sets a4ln in 7
willl be cbtalned by Integrating the differential sguations 2¢) and (21)
with Initlal conditions (x, 7 = <) e 3, ¥ = =, 7 ziven by (22') or with
the initial conditions (x, y) satisfyt Ulx, 73 x =y = 0. The
sets ’4(n,q do not give all the ze SheE those which do
rmetric.
rk, recause we

not cross y = ¢, and those which
last ones may in general only te o
have then to integrate 211 the solu
in J up to the second crossing with y = © In & b5y using the

vzlue of X, X

Syametry argument, the integratlion with the indicated initial conditions ur
to the first crossing with y = ¢ i3 sufficlent.

Perlodic orbits which 3o nst cross ¥y == be obtained in th~
cese where there exists another olazne of symmetry in the phase space, which
could be for instance the x = ¢, ¥y = ¢ plane.

But to deduce from this, that sll non- symmetric periodic solu-
tions are obtalned, we must have more xnowledge on the surfaces of section
and prove that every trajectory crosses in the phase space elther x = O,
y=0 or y=2, %= ¢,

1. Clessification of Periodic Orbits. 3ecause of the corre-
spondence of the symmetric periodic points and the symmstric periodic
orplts, Section 4 gives us a classification of syrmetric periodic orbits.

With the notation introduced at the end of Section 7, 1f

Aeﬁngﬂgko

we have with B = 7T




- el o
i oa, =ma -t - rrla - RT3 1. s, L, ket
all the points A, beilng different because of the defi-‘zion 27 zéz. “he
corresponding trajectory Ty, crosses y = O perpendi:larly at 4 and
B and has exactly k - 1 other polnts of interssction Zi wizh 7 = ¢,
such a trajectory will be noted €pr

1]

Similariy to A ¢ C7§, corresponis 3 trajectiry 1 with ex-
actIY. k polnts of intersection with y = ¢ and with -w- ccints of zero
veloclity. Also to A e QDi, corresponds & tra
k points of intersection with y = 0 at cne of which
1s perpendicular and with two points of zerc wvel
to y = C.

3
[
0
‘o
@
Q
ct

Using Table 1, one sees that from the compusazi-n oF
M, 8, and y, may be obtained, l.e., the p
or not with respect to y = 0 and having two points =f -z=»2 welzelty. The
additional computation of yﬂe glves every oroi o 5,
the symmetric periodic orbits with respect to y = 0 Wil Iws £oints where
the crossing 1s perpendicular and without or with an ac=i-’smz” crossing
point and the symmetric periodic orbits with respect tc T = T with tw
symmetrlc points of zero velocity and two points on ¥ = I, =2 =zt which
the crossing 1s perpendicular. And so on.

2. Non Exlstence of Symmetric Pariodic Solu=izrs. =f 4n -ra
Theorem 5, E, = (' n x>0) and E, = (T n %< 0) -2 nes

THEOREM 7. If all trajectories starting from 7 = ¢C

with § >0 and % > 0 end which cross y = - zre
such that at the first crossirg soint % > ¢ <nere

’
1s no symmetric reriodic orbit of tyrze 8 or =.

Moreover, 1if E3 = E1 and Eh = E2 we derive from Thec-em & 2is:

THEOREM 8. If the hypothesis of Tmecrem 7 are verifiasg
and 1f all trajectories starting with zero velizlity and
Yy > 0 and which cross y = 0 are such that z- =-hs
flrst crossing peint % > 0, there 13 no sywrms-=fc
periodic orbit.

The additionsl hypothesls means that M, C Z; hence

M_, = ReMy C RE; = 2




68, ) DEVOGELAERE
REMARK. As such the two prreceding theorems are not
very useful, but will become so when T 1is a topo-

logical transformation.

13. Propvertles cf the Transformation 7T.

THECREM 9. Let &' C @ be 3 closed tounded domain in
which U(x, y, a) has contiruous hournizsd first rartisl
derivatives In x and 7 and in whizh thess derivatives
satisfy Lipschitz's condition. Let I(x ) be a closed

set of intervals in X, such that

- R
(IC)s 75 =0) e ¢
and J' such that
7' =70 (16, %,
C /
then to every point P, e J' correspcrds a unique so-

lution of the differential cquations (2¢) and (21);
this solution cresses zgzaln y = ¢ after a finite time

t,, and before leaving &', the corresponding point
P, 1is 1in a set {; 2rd the originsl reint is in the
set é; the corresccendence between 73 and ,7}

1ls one to one.

PROCF. The system of first order diffsrential equation (2¢) and

(21) satisfies the condition for existence and unijueness of a solution
with initial conditions at t = tys (X , ¥.) € @' and X, yo satisfy-
ng (22); moreover those solutions are con irucus functions of Xor Yor
io, io and (t - to) in @' [28, II, '41]; nernce the correspondence be-
tween some subsets of J is one to cne and it is 228y to see that :75
and 7} are such subsets. It is not so that <hoss solutions are neces-
sarily continuous functions of the initisl conditi-ns alcne, for, t may
increase indefinitely along a solution without trese solutions leaving

@', for instance when the solution is zoymetoole o a2 rzeriodic solution.

THECREM 10. If besides the hyrothesis =f Theorem 9,
U admits in &' continuous bounded second rartial

derivatives which satisfy a Lirschit:z tonditlon, the

- . . O - ey & - ~ ER -
correspondence setween :75 d FD 15 zontinucus

and thus topologlesl.
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>

We shall restrict curselves at first to the open domains of gg
and 5}, a solution correspending to 2 polnt in  J' rnas then continu-
ous first partial derivaztives in Xqs To» fo, Jo and t - <. In cap-

2
ticular, if y, = 0 and ’D is determined by (22), y i3 =2 ccrtinuous
function of Xy ko’ and t - tos since jo is by (3) 2 conti-uous furc-
tion of Xy and ko. Jow y  becomes zsro for t1 =t - [ iz Zdiffer-
entiable and its derivative with respect to t does not zscome zav3 at

P, (otherwise the trajectory would te zn y = ©
s . 1t . N -
of J'), nor in the vicinity of P, (since y. 1is tourd=zd py (21)).

Hence thare exlsts a unique differentiabls funct 1 SRS
satisfies identically y(xo, X ty) = ¢ [28, I, 1t41-182]. If we replace
t, by % 1in the continucus ard differentiable functions x ar3 Z, ws
obtaln 2 result sven stronger than the crme steted.

We have now to discuss polnts on the coundary = J'. If such
a point is not on the boundary -f 7, it is immedilate tra- x ==d X

are continuous and differentiacle for =-y variation of
polnts to the imterior of J!'.
we need to consider more closel
tions nesar y = C. 2ox(t)

t
vicinity x + ¢, n, satisfies
(23) _ §=(\—3—— it

(k) 7=

(25) ¢ = X

with errors of the type e({&] + [4]), e tending to zerc with - zand -
if the time is bounded.

(074
N

(@

-

because >f the symmetry of U. The first equation is equivzlsnt <3 the

third, and (25) shows that the variation ¢ 1s of the form 2x. For any
initial condition n = 0, 7 # ¢, the sclution of the sec-rad 2gustizn at

any finite time cannot be zero at the same time as 1, and so
n = 0 can be solved explicitly in t and continuity and differentiability
follow easlly for pcints on the toundary of J, for dire:<inns i-tsrior
to J'. The prcof of the thecrem 1s cecmpleted if the poir-s -n -hs
boundary are conside

tericr of 7. This z3ks for the cor

at P1’

polints of zorrespondirg

(D
&)
w
-
[
ot

A

IGition of finite ==
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" the definition of J'. The following interpretation must then te given
to points L on the bcundary of J: if L 1s the 1imlt of
of polnts L, interior to J, the time ty after which the L
ing trajectories cross Yy =0 tends to a finite time t as Li terds -
L. Theorems 9 and 10 may serve to prove under certain conditions, con-
tinuity of the curves 5412n 28 l1terztes of 0410. It 1is also possible t-
write similar conditions which willl serve to rrove continuity for #
as obtzined from a 3et of 1nitial corditions on U = o,

N

et

S
E
@
5]

To investizats other properties of tns M_, many nhy-
il
Totheses may be studled. We shall glve as 1llustratisn the following ths
rems ard considerations.

4. The Cz32 of a Connected Bounded Domain & .

THECREM 11. If the domain & 1s bocunded, connected,
ard containinz a seégment P25 on ¥y = ¢; 1if in this
closed domain U(x, 7, &) =28 contlinuous tounded second
pertial derivatives in x -rd ¥y =rd thsse derivatives
satisfy Lipschitz cordltions; if PF 1s a line of
section, i.e., 1f evary trajsstory through iy point
cresses PQ after z fintte rositive time, the corre-
spordsnce T is topslogical and the invariant curves

M

o

“
e

continmuous.

This rollows guite directly from the two oreceding thecrems. I-
this case the set I(XD) is the clcsed segment PQ =zrd 73 =gl = 7.
The 1nvariant curves #
and the curves aﬂgn}] are lterates of yﬂ1 wnich 1is continucus by a
reasoning analogous to the one in Theorsms 9 and 10 because of the continul
with respect to the Initia] conditions corresponding to the curve
U=o0,7 > 0.

op 4r'e the iterates of the continucus Segment Pu,

The end points of the curves are on the boundary of 7, and
correspend to trajectories Infinitely close to the lire of symmetry. Prop-
erties of the imrediate vicinity of y = o may nence furnish scme proper-
tles on symmetric rericdic orbits; for instance.

THECREM 12. Let us consider two trajectories p and

Q 1irfinitely near the line of Symmetry, such that

i = 0 (hence x = 0) at P and Q respectively and
limited to a section correspending to the segment PQ;
if thelr total number of intersections with the open
3egment PQ i3 m, wunder tre conditiong 5f Treorem 11,
there exists zn odd number 2f periodic zgi

utions of type

s tem e e

P
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5 1f m 1s different from one and an even rithber if
M equals one. The case where P Oor g crosses 29

at P or Q requires a special Investigation. It is
also nccessary for the hypothesis of Theorem 11 to ke
fulfilled that the periodic orbit on Yy =0 ras a ron-
real characterlstic exponent (k < 1).

The solutions near the axis of symmetry are Z2lven by Hill's egua-
tion (see, for Instance, [s])

%y
(26) i = <-—g n

o7
where the partial derivative 1is computed on the periodia zclutizn. The
Sturm-Liouville Theorem applies and the roots of two Soiutions of (26)

separate each other, so that 1f one of the sections of the tralectories
consldered has at least two points of intersection with 23, tne other
will have at least one. However, the first polint of interssctian of both
sections gives one end point of V”x’ hence if m > 2 Tcth end points are
in regions of & Separated by y = 0; if m - 2 both ssctizns must have

one Intersection with PQ arnd ””1 has also an odd nuzt2r of Intersections

with PQ; 1if m = 1 both end points are not separated ty PQ and the
number of intersections with PQ 1s even; 1if m = 0, w2 =myust use
Korteweg's Theorem (29, p. 40k] which s8tates that if Tor ot Tges
2re the values of 5 for t = pT, (p + )T, (p + 2)7 wrzre T 13 the

period of the orbit on y = 0, we have
(27) Tps2 * Np = 2k Tps 12 K = constant = cosa a7,
2 belng called the characteristic €Xxponent. Hence the traj

e
when extended, will be such that at P and Q or Q =ard P their ordinate
1 1s proportiocnal to

(28) 1, Nys d]: Cqs T]]dey “0es Cp» ']ldn+1’ e
(29) 1, Mo d]; C]: T]gng ceey Cn) ﬂadn+]: e
with ¢, = cosh naT
dn = 2 cosh QT - dn-l - dn—2 B
o
d_; =42, = z2zzh %; Srdy = cosh (n + 1,27 .

If the orbit on Y = ¢ has an odd Instabllity, [19], (51, tf.e.,



£ = C, < -1, then the

(29) alternate in sizn,

*0 the end points of

"1
k>-1,

frnce n,  and n, are

tirles (28) are of

“orms of (29). The first
uples in the two szeries

4 1re a1l »
xists at le=ast
‘iutlon Is impossicle,
141 pol
+1id beccme
328 the

[
'here e

-

ntson U= ¢
Infini%s, a

slution for

whore 3
¥ o= 0.

znd ¥

[
[

X > 1. In thess ca
s large =3
~tuded by nhypothesis.
PR S 1, 2t least

Aovive the tehavior of aﬂ1 near 1:s =ni

zre perlcdic 1n =

This indiczztes that
s
we want as the initisl - Zseox

cne of the
¥ and the variational equations :7

D OGELAERE
second trnird members of both serles (28) and
for q,d, ==d 1,d, are positive 0)
are serarzted by X = O.

(m = and

we can alwzT3 choose Q S0 that d1 is positive,

csitive. I now two consecutive terms of the
P

orrosicte sign, It will ze so for the corresponding

in sign must occur for correspondir
and once zzzin the end points of M,

C

are

a series for which ¢ and

n
k=1,

Tnat p 1s such a
orbits with thelr in-
the first crossing

p; 1n all other

the case

(%)
O
w
jay
0
=]
Iy
.
4

the family of
the time of

the behavior >f

icd as the orbit or.
znd the same
or q mwmay be made
This however 1s ex-
In the case

PQ at Q@ or
3t order (24) i3 not sufficlent to

3ame tar
is true

Shm mleen A B Aty AP
tne {Lms i Cro83:nz ot e}

>

P ~
e I
A0S 24

intersections of tr..

A oer
vurves o and 0412 is of the sz=2 zarity tecause every intersection
with PQ :f ,Alz =nd not 5441 rIirresponds Lo a curve <, which has tw.
“ints on PQ. Other topoicgical zrozerties of the invariant curves may o
doduced from Section t; for instarcs, ,Aln and aAl (p, @ > 0) intersect
SMly at knlwn points or at symmetriz toints of knawn points. It is then
vwsaible, (2 33l cjti|s are xnown 7ir n < p, to dastermine a domain, sorc-
Vimes much smaller than € which ns M _, since most of its inter-
scations wizh ,413 zrd all of iis Irtersec: iang with o4ln(n < p) are know

This in turn will

folutions to

which the xnowledge

DproximatioA of the

leg

new perlodic

L. A CSONTINNOoUs varl-

this zass,

if U
will vary

continuous:, -

i
:
]
?

e rteat g
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this indicates that the perlodic points appear and disaprszr in rairs | c]
zxcept 1f the point of disappearance is on the boundary o7 ¢  (ard on
d”o); in this case, an orbit dlsappears by flattening on 7 = <,
zay be given the interpretation that two symmetric orbits disaprear on
y = ¢, they coincide if they are of the type & or e. If tyo roints in
t;< appear, they gilve only one orbit €, and an interpre:zztion must be
siven to the theorem of Poincard referred to.

At first sight one would think that in general -»= contact of
a”k and 0410 will be of first order but Just as often tra contact may be
of second order. To make this clear let us consider for Inst n%e a family

of perlodic solutions of type 8,, the invariant k = coz- 17 is a
zontinuous function of the parameter and may take values - T, oz -1,
In this case orbits near 5, appear or disappear. This =zz been studied
in {9]. The results are as follows: When k = - 1, eitnz»
a) oM, 1is orthogonal to M, and near 5, exist
orbits of type 7,, or
b) 04(2 has an inflection point and near 8, =xist
orbits of type €, Inflection point in this 2on-
text means that the order of contact is at 2==3t
two.
“hen kX = 1, either
c) there exist near 5, non symmetric periodi: troits
which cross &, near the points of zero veliizity znd
have a double point on y = 0, or
d) ¢ﬂ1 and 5442 have .an inflection point and r=ar 8,
exist orbits of type %, distinct from the Sriginal
family.
conversely, if at a point where M, crosses ,4(0
1) yﬂ, is orthogonal to ‘““o’ we have k = - 1, case
a) and orbits 740
11) oM, has an inflection point with Mo, 1t il te
so for 5412 and k = + 1, case d) and orbi-s 8.,
111) 0412 has an inflection point with ,Alo, but ot
4%1, we have k = - 1, case b) and orbits =,
iv) yﬂe 1s orthogonal to yﬂo, k # + 1, there sxtsts
an orblt 1in the vicinity of 8, which starts
orthogonally to y = ¢, crosses 8, after : = 7T
; T is here the half period T/z i.2., the time Cetwszern Twy 2onsecuy
;POSsin§S of y =0 by 8,, thils is she natural defini-+< - 23 follows

“rom [g].
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on y = 0 and will be ggain orthogonal to y = 0

after t = 2T, this means that cosh QT = - 1 or
cosh aT = 0 and that the orbit is of type €y
v) oM, 1is tangent to M _, but no other preceding

2
property 1s satisfiled; k = + 1, there exists

orbits in the vicinity of 8, which starts with
zero velocity crosses y = 0 the second time
orthogonally; in thils case after +t = 3T agaln
the veloclty 1s zero and cosh a3T = 1, hence
cosh aT = - and the orblts are of type 5,.
The polnts of zero veloclty being on one side of
%,, we may expect for values of Y, nearby two
orbits of tyve %5, one with the points of zero
veloclty on one side of 5,, and one with points
of zero velocity on the other sids. Case c) can
not te discovered from the behavior of 5441{ and

My

| —

The similar results for periodic solutions of tyre €, crossin:
¥y=0 at X and Y as follows: When X = - 1,

a'), b') oM, 1s ortnogonal to M, elther at X or
at ¥ = TX and near €, exlst orbits of
type €y

Wnen X = + 1, elther

c') there exlsts near €, & non symmetric orblt cross- j

ing €, at X anmd T, or

ar) yﬂg has an Inflection point with oM, and near
€, exist orbits of the same type €, distinct

from the original family. Conversely, if at a

polint where dﬂg crosses “ﬂo but not ¢M1

vi) 5442 1s orthogeonal to 0410, we have k = - 1,
case a) or b) and orbits €55

vii) yﬂQ has an inflection point with ,Alo, we have
k = + 1, case d) and orbits €,; case c') can
not be dlscovered from the behavior of 6442.

Another interesting property 1s that if for a certain value cf
a = a, one orbit of type €, @appears, corresponding to I on x = O,
”“2 must have a contact or order at least two with x = O at I. Let us
note the order of the contact at T by k1 for aﬂ1 and k2 for ””2’
with the convention %k = ¢ when the curve eM crczses X = 0 at I bur
v

1s not tangent at x = 0 and k = - 1 when oM dces not pass through I.

E
=
[
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on y = 0 and will be again orthogonal to y = ©
after t = 2T, this means that cosh a7 = - 1 or
cosh 2T = 0 and that the orbit is of type €ye

v) 6442 1s tangent to M _, but no other preceding
property 1s satlsfled; k = + 1, there exlsts
orbits in the vicinity of 5, which starts with
zero velocity crosses y = 0 the second time
orthogonally; in this case after t = 3T again
the velocity 1s zero and cosh 03T = 1, hence
cosh qT = - and the orbits are of type 5,.
The points of zero velocity belng on one side of
8,, we may expect for values of 7, nearby two
orbits of tyve 85, one with the points of zero
veloclity on one side of §,, and one with points
of zero velcocity on the other sids. Case c) can
not be discovered from the behavior of 5441, and

My

1] —

The similar results for periodic solutions of type e, crossin:
¥y=0 at X and Y as follows: When k = - 1,

a'), ') M, 1is ortnogonal to M, elther at X or
at ¥ = X and near €, sxlst orbits of
type €50

Anen X = + 1, elther

c') there exists near €, & non symmetric orbilt cross-

Ing e, at X and T, or
a') ¢4(2 has an inflection point with yﬂo and near
€, exist orbits of the same type €, distinct
from the original family. Conversely, if at a

point where ,A42 crosses ¢Alo but not ““1

vi) 5442 1s orthogonal to Mo we have k = -1,
case a) or b) and orbits €55
vii) ““2 has an inflection point with My we have

k =+ 1, case d) and orbits €,5 case c') can
not te discovered from the behavior of aAle.

Another interesting property 1s that if for a certailn value of
& = a, one orblt of type €, 4appears, corresponding to I on x = O,
d”z must have a contact or order at least two with x = 0 at I. Let us
riote the order of the contact at I by k, for aﬂ1 and k2 for 5442,
with the convention k = 0 when the curve .# crczses X = 0 at I bur
is not tangent at X =0 and k = - 1 whan H does not rass through I.
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We know that k2 2 1, we must disprove k2 = 1. If ke would be one,
Mp would cross x = O for a let us say smaller than 1, &t two points
I, and I,, these points sre of period two under the transformation T.
ir I, = T(IT), and a Increases to ay, I, and I, tend to I and the
orbit at I 1s of type 8, and not e, unless X, > 1. If J, = T(I])
and J, = T(Ie) when a 1ircreases to a,; I3 and I, tend to a point

J 1terate of I, distinct from I, this means that for a = ay two

orbits of type €, appeared and not one, this is not an ordlnary situation.

CHAPTER IIT. APPLICATION TO 3TSRVER'S PRC BLEM

15. Generalities. Ais application of the prececing results, we
will choose a typical conservative problem of two degrees of freedom which
is of interest in physics, nazmely the study of the moticn of an glectrical
partlcle in the magnetic fisld of an elementary dipole; the Lagrangian of
the problem is

where T 1is tho kinetic =r2rzy, =& the charge of the rarticle, :7 its
velocity and A the potential vector of a magnetic dipole of moment M
sltuated at the origin in the direction of the 2z axis; this vector in
polar coordinates may be taken as tangent to a parallel, positive in the
West direction and of length ¥ cos k/re; this gives the Hamiltonian

2
. [.2 -2 2 -2 -2 - vep™! -
H= 5 {pr TP, o+ <(r cos k)p$ Mer cos x) ]

hence the Hamiltonian and the momentum Py are constant [27]. When p

i3 not positive, StBrmer has proven [21, p. 23] that no periodic solution
exists; when p 1s positive, with as unities m, Vv and Me and with the
change of variable

dt

= - ~—eX. 3
pwr = e7, do e pCD

the equations deduced from the new Hamiltonians are:

(30) % = aeX - o™X . e %05 = X = dU/dx
(31) A o= <e'2xcosex + 1 4+ tan2x>tan A= A= 3U/d
(32) %2+ 3% = ae® L tan®a s 2e™® - 27 %.n5%0 2 U



' rere 2 = p"4 1s used, Y, = -y = p@/a re equlvalent parameters. To
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2
e€v2ry solution in the meridian plane r, ccrrespond an Infinity of

ra_,
<3

-
Jectory in the Space obtained by 1ntegrating the equation for the longitug-.
(33) ¢ = cos™on - =X .

This integration is a trivial problem ang the properties of the
trzjectories in the three dimensional space are deduced easily from those
tn2 meridian rlane, for instance to a pericdic solution of rerlod ¢z

2

in this plare correspond trajectorlss on the surface of revolution around
“ne z =axis having the periodic solution as directrix. Ir

b = h/‘; <cos—2x - e-x> do

13 commansuranle with «, 412 sponding trajectories are periodic in

SrEzE, I8 9 1s incommenzuranls £iCh trajectory recurs infinitely often
o= orhocd of ar i-ttia- State on the surface of revolution and

121t nance the general problem is easily

3
the problem in -ne < A nlare, is; for an eXample see [11],

Let us now consider some general properties of the e uations
g aq
(3¢, 31).
16.  Pronerties. The squations are of the type discussed 1in Part

II, Pluying the role of the varishie Y, the x axis is the axis ofr
aymmetry; the portion ¢  of the X, A plane, U 2 C, has been described
(zee for instance [271), the ooundary U = o {g made up of a
oranch asymptotic fop L= =-=™ to A= g/ cutting the x axis orthogo-
r2liy at P with x = 8 and when 0 < a <« 1/16  of two similar branches
SRS a3ymptotic for x = - o to A = n/2 cutting a = o .gt Q with

8, > 2, the other asymptctic for x = 4 to 3 - n/2 cutting i = o0 at
B> > 8, & 13 then formed of two disconnected regions; when g > /16

the two last branches become connected and do not Cross x = 0, @ 1g then
formed of one connected region. When 1 - 1/16  the toundary has a double

polint at x = iog 2, » = ¢ and a special discussion 1is needed. When
2 =0, & reduces to 2 line

[0}
¢

(34) e* = cos?y

called the thalweg, all points of this lire are equilibrium points and this
case will be excluded .4An the following.

¥or avery finite solnt X ang 4re analytie; by a Cchange of
varizble ore £inds that the coints -t nfindty are rezuliar with one
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exceptlon. The point x = - @, A = x/2 13 an essentiz_ singularity ard
has been studied by StSrmer [22, p. 145, 2351, (23], 123, 1947, 1949], the
proof that there exists a solution through that point ==3 heen furnished

by Malmquist [18], but no proof of uniqueness is avaizz=le aitnhough this
seems highly probable.

The general results on periodic solutions|§;e 23 follizws: every
periodic solution 1s in the domain x < £ = icg (27777 < g, (33, p. 611
this shows that no periodic solution extends o + = z2-3 exists in the
region which extends to + » 1in the case a < 1/16. Ivary perisdic solu-

tion crosses the x axis [9], [7].

There is only one equilibrium voint, whiczh 1z -ha dcutle point
on the boundary of ¢ vwhen a - 1/16. Also any trajzoisry zsymototic to

the equilibrium point or a periodic solution which doez --t extend to in-
finity crosses the x axis after a finite time.

It has also been proven that no perlcdic scluzizns sxist for a
greater than 4 [6] because then f < &+ A 1ot of spezific reaults on
periodic solutions have been obtained for the vslue Y, = C.97 Ty StSrmer

(241, [26, 1950] and on a certain number of familles of -eriodis solutions,
the principal one (24], [13], [14], the oval family (31, 4], =23 the
horseshoe family (9] and the family on the equatzr {5]. <= will be seen
now how the method of Part IT leads very naturzily to t-:s52 reszi-s.

17. Surface of Section. The concert £ surfz-= of s=zction, te-
ing especially useful to find periodic solutions, we wil- ~ot cirsider the
case y, £ 0 where no such solutions exist; when We nzve to dis-
tinguish three cases, we will treat first the mest

0w R
%
2
®

traizntforward one.

1) Yy > 1 Or a < 0.0625., It was proven by Zrzef that for these
values of the parameter eVery trajectory crosses the lirs i = o
asymptotic to this line (12, p. 30, Th. VII and conventi:z p. z3 Th. vi.
W

Furthermore if a trajectory is asymptotic to r = 0, trz zime tetween
2gment  PQ  de-
=~ T

7]

Y

Successive crossings is finite {7, Section 7], nence tke
fined in the preceding section is a lirne of secticn (se=s
3]) for every trajectory of the region ?1 of ¢ nzz
To 5’1 corresponds a connected boundsd “omain J  inziis the strip
8 £ X £ 3, with boundary

o

o 17, Section

ct n

ercirg to + =.

o

z

(35) x° - 2U(x, 2, a) .
Uhfortunately the Theorem 11 can not te used 1s nzt beoundad

2
and because the point =zt infinity is an =3sentd?
have to restrict 571’ let us therefore ws= th
Bossy [16], obtained as follows: we draw from =
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;e"oendicular to the thalweg (34), the distance to the thalweg 18 u, the
latitude of the point on the perpendicular and the thalweg 1s y; the
Jacobian of the transformation is positive and when A = 0 we have y = ¢,

=u and x = . Let us follow the trajectories in the space u, u, ¥
the trajectorles which are extremum (y = 0) for a glven value of y = To
are represented 1n the plane y = Yo by polnts on a closed curve N
approximated by [16]:

.
!

+

0

v}

o2 4

u® + (cos y cos v)%u® = g cos’y
*ith tan v =2 tany. A point in the interior of ¢ corresponds to a
trajectory having an extremum in ¥s greater than Y5 ©Or passing through
the origin. These trajectories will bne reprssented on ancther plane

=7y <J, by curve c; interior to C, because every trajectory has
nly one extremum in ¥ between each c¢rossing of y = ¢ [7]. For
instance when y = 0, there exists a set of closed curves ci each one
corresponds to trajectories having their extremum at y=74 >0 and

is interior to cj if ¥y >7;. Let us now consider

o

O

~1
1
¢ =¢, nlyl syy) -

H

1s a closed bounded domain in which U 1is analytic, if we exclude frcr

¢

1 ] 1

7 the domaln inside c{ and c=2ll this J y» and define = R71, to
1

2very point Py ¢ T corresponds a unique solution of the differential

zguations (3¢) zo (32) and uhiJ solution crosses azailn A = ¢ after a

!
finlte time at 3 corresponding coint P] € 7} hence by Theorem 10 the

correspondance is topological. Jorecver, the part of the invariant curves
oM. and aﬂg contailned in 3ﬂ is continusus. If it is true, as con-
Jectured Hy StSrmer [22, p. 145], that there 1s only one trajectory through
tne origin ") and 1f for this trajsctory the return is by convention the
same path backwards, this will mean that the curves c} converge to the
zolnt © corresponding to the trajectory through the origin, when ¥4 tends
to %- The transformation T should then be topological in 3' and the

yﬂq contiruous. We wlll suppose this to be true in the following; if the
conjecture 1s disproved, the results hsre sta ted will need an interpretatior

AS no trajectory through ths orlgin crcsses the first time A = - :
ortnogonally, dﬂ does nct pass through ¢ and is analytie, yﬂ1 is made
uo of two u.anches corresvonding T3 the two branches of the boundary of ?i
which converge towards <.

i1) 7, =1 or a

ceding one except for the fazt that

]
N
.
<y
ON
n

5. This case 1s similar to the pre-
the boundary of ¢ and &  has a

* In the fol¢o~1ng trajsctory throuz in 1s by convention a tra-
Story through the orizgin In tne v, 9 tes, i.e., a zrajectory
3sing uh““Jéh the esuential Singularity at infinity in the negative
rection of the x axis.
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double point, this does not alter any conclusion of i.

1i1) o < v, <1 or a> C.0625. Here the situszticn is not as

nice as In the preceding cases; in this case a trajectory startirg from

» = 0 elther crosses again A = ¢ or is unbounded, hence thare does not
exist a nice clcsed section of the x, X for which the transformation T
ransforms this section into itself. But the ideas of tr= s=cord part of
this paper may still be used because every periodic trajec:cry is bounded
by the line x = f. Let us bound the domain inside of (235 oy tre line
x=1f and call <ris J; if A e J, TA is not necessax»ily in J  or
may even not exist 1f the trajectory goes to infinity befire crossing

A =0, but if A 1s perlodic all the iterates of A are *n J: the

5
invariant lines ¢J{p are not entirely in J but thelr i--=rssstions
y”n,p are necessarily in &, hence to find the reriodic =zoluticns it
1s not necessary zo xnow which part of J 1is transformsd ‘nto 1tzelf but
only to find the rart of the iterates of oA{O and ¢ﬂ1 wnlch 13 inside

7. This can te “cne in succession and we know that the izarsts -f g vart
of MD rot in Z will not be in .

We will from here on summarize the content of t:= Z2rort bearing
the same title as this paper.

18. Deta on the Computations. A sufficient nuztsr of zTointa on

T2

the curves ¢ﬂ1 znd M, have tzen determined for 2 s
values of the parsmeter a or Yqt The choice has been =—=zis
care and was dependent on preceding computation =ard on

tations done with =2 desk computer. The ccmputations were :
speed computer (the SEAC of the lational BSureau of Stancdariz}., In the
Report we have indicated Clearly how the initial cocnditions were deter-
mined, which method of integration was used and which metnzd sf cr scking
was Involved. A total of 1288 trajectories were integrzt=d for some

21 values of the rarameter. The trajectories near y = ¢ nave also been
integrated with another methed to glve the boundary points -f # and
‘“2' It may be interesting to note that the time for the i-s z

one step was 0.35 sec. for the high-speed computer versus 25 min. for
the desk computer. For a precision of five to six decimal zlaces, from
ko to 7O steps were necessary, 1in the mean.

19. Presentation of the Results. The results h
sented In the form of tables which are available on microfiim and in the
form of diagrams, one for each value of the parameter 75 T
detailed study has been made which leads to two dlagrams, :cne
enclosed (Figure 1). Some data shout Fizure 1 will row oe =iy

The sutspace 7 13 bounded Ty the curve K¥JP arf 1ts

2]
et
i
b
@
ct
k3
il
O

a
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¢

The curves ¢“1 and ‘7”2 have been determined by computzticn; ezach point

corresponds to a trajectory with special initial conditiorns (Section 9).

y“_l and yﬂ_e have been deduced by symmetry. The two Trznches of dﬂ,

gpiral towards a point 0,, which correspords to a trajezi:ry o tending
n

to the singularity X = - o, ) = 5 + The curves ¢ﬂ1 havs Teen deformed

in the neighborhood of 0, to simplify the drawing (of -#.). The inter-
gections of yﬂ_e, M_qs yﬂ‘ and ,A{e give periodic poirnts labeled accord-
ing to thelr symmetry (Section 4); the letter subscript distinguishes

different periodlc solutions having the same symmetry. A <o H corre-
spond to periodic solutions which are particularly import=-z.

The curve 04(3 has been obtalned using only torclcsgical proper-
ties and 1ts known intersections with the curves ¢ﬂ1 hololi - Zeduced
from Table I. Its drawing 1s inexact, the curve may be =:ire compliicated
but not less complicated than what appears in Figure 1. I:Is intersectiors
with the other curves and its symmetric (not drawn) gilve -zw symmstric
periodic solutions. aAlh has been constructed on another Ziagram. 5413
has two branches which spiral towards a point O3 which c:crresrond to the
second intersection of the trajectory ¢ with 1 = C.

20. Interpretation of the Results. From the dizzrzms it is
possible to obtain results on the appearance of and disargr==zrence of the
symmetric perlodic solutilons. In particular, the orbits = tyce 8}
and €, have been studled (points A to H ...) and th2 rss2its on their
existence and stability, which had been obtained by special =~ethods [3],
(43, [141, [17] are deduced easily. New results include trhs study of the
disappearance of orblts by passage to a 1imit position cn +« = ¢ related
to [51, the proof of existence of many new periodic soluti:zs which could
hardly be obtalned by the classical methods.

Analytic computations of the curves ¢ﬂ1 and ,%E which corre-
spond to orbits close to the singular trajectory o have Zssn zade using
results of Lemaltre and Bossy [16] and the analytic compuzzzions of the
Same curves when 1y, 1s large have also been done.

In one word the above method permits the unificzzisn of 2ll the
known results on Stdrmer's problem; at the same time it vr:ovides ne
sults and new insight on the difficulties which one shoull z=xrect for
similar problems.

W Ire-

21. Remarks on the Classification. Before I c:zmzlude, I should
1like ta wake some remarks on the classification here givern =3 arplied to
conservztive problems. The reader will have no difficul:zy zxtending these

remargKs t3 any system of differential equations for which =nis clzzsifica-
tion can be used.
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When a continuous variation of the parameter "a" was investi-

gated, we saw that an orbilt kept 1ts classification except when the orbit
disappeared; heice for a continuous variation of "a", the number of
double points of the orbit on Yy = 0 remains tne same. Thils is a specis’

case of a more general theorem of Birkhoff [1, II, p. 60].

From this theorem we see that we can refine the classification
o7 considering the double points of the orbit outside y = 0. It would -
of Interest to consider in more detail this subclassificatlion which has,
no doubt, a certain importance.

22. Conclusion. In the Introduction we have indicated the ain=
of thls paper. We should like as conclusion, to bring out the relation crf
“nese Investigaticns with connected research.

First of all, nothing has been gained here on problems such as
transltivity or stabllity of Systems of differentlal equations, but re-
sults are obtained which are much more detalled than those given by the

eneral fixed point theorems, because not only 1s the existence of more
than one or two perlodic solutions proven, but the relations of the differ-
ent perlodic solutions with each other is obtained, i.e., the structure of
the periodic solution 1s established.

=

There 13 a possibility that these Investigations could lead to
~ne proof, under certain hypotheses, of the density of the periodic solu-
tins; in that case, every solutlon can te approximated during a
Tinite time by a periodic solution.

The method here used has no essential limitations and enables
dealing with problems with large non linearities as opposed to the per-
turbation methods which deal with small non linearitles, but which gen-
erally falls otherwise (see, for instance, the application of perturbatior.
method to Stdrmer's problem by G. Lemaltre [15]).

It is proper to mention that some methods (Van der Pol method
and others) may succeed 1n special cases even with large non linearities.

Finally, we should like to mention that the results here obtaln-
ed are not only of interest in themselves but because of their application
Lo the region problems.

In these problems one considers two domains R', R2 in the phas=

space and asks, for instance, the proportion of trajectories with initial
conditions in R, that enter Ra’ Sclution to these problems depends on
the xnowledge of unstable verilodic trajectories and trajectories asymptotic
> these. Ixamglsa »f this zpplication are glven for the cosmic rays'
rroolem by Lemaltre, Vallartz, Bouckaert, ! tagli Hunter, Yong-Li, and
DeVogelaere (see references of [27)) and for a problem of chemlcal physics
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(on transitions rates) by Boudart and DeVogelaere [10].
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