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Simplicial Cohomology

Simplicial cohomology is defined by an exterior derivative dF (x) = F (dx) on valuation
forms F (x) on subgraphs x of a finite simple graph G, where dx is the boundary chain of
a simplex x. Evaluation F (A) is integration and dF (A) = F (dA) is Stokes. Since d2 = 0, the
kernel of dp : Ωp → Ωp+1 contains the image of dp−1. The vector space Hp(G) = ker(dp)/im(dp−1)
is the p’th simplicial cohomology of G. The Betti numbers bp(G) = dim(Hp(G)) define∑

p(−1)pbp which is Euler characteristic χ(G) =
∑

x(−1)dim(x), summing over all complete sub-
graphs x of G. If T is an automorphism of G, the Lefschetz number, the super trace χT (G) of the
induced map UT on Hp(G) is equal to the sum

∑
T (x)=x iT (x), where iT (x) = (−1)dim(x)sign(T |x)

is the Brouwer index. This is the Lefschetz fixed point theorem. The Poincaré polyno-
mial pG(x) =

∑
k=0 dim(Hk(G))xk satisfies pG×H(x) = pG(x)pH(x) and χ(G) = pG(−1) so that

χ(G × H) = χ(G) · χ(H). For T = Id, the Lefschetz formula is Euler-Poincaré. With the
Dirac operator D = d + d∗ and Laplacian L = D2, discrete Hodge tells that bp(G) is the
nullity of L restricted to p-forms. By McKean Singer super symmetry, the positive Laplace
spectrum on even-forms is the positive Laplace spectrum on odd-forms. The super trace str(Lk)
is therefore zero for k > 0 and l(t) = str(exp(−tL)UT ) with Koopman operator UTf = f(T )
is t-invariant. This heat flow argument proves Lefschetz because l(0) = str(UT ) is

∑
T (x)=x iT (x)

and limt→∞ l(t) = χT (G) by Hodge.

Interaction Cohomology

Super counting ordered pairs of intersecting simplices (x, y) gives the Wu characteristic ω(G) =∑
x∼y(−1)dim(x)+dim(y). Like Euler characteristic it is multiplicative ω(G × H) = ω(G)ω(H)

and satisfies Gauss-Bonnet and Poincaré-Hopf. Quadratic interaction cohomology is
defined by the exterior derivative dF (x, y) = F (dx, y) + (−1)dim(x)F (x, dy) on functions F
on ordered pairs (x, y) of intersecting simplices in G. If bp are the Betti numbers of these in-
teraction cohomology groups, then ω(G) =

∑
p(−1)pbp and the Lefschetz formula χT (G) =∑

(x,y)=(T (x),T (y)) iT (x, y) holds where χT (G) is the Lefschetz number, the super trace of UT on

cohomology and iT (x, y) = (−1)dim(x)+dim(y)sign(T |x)sign(T |y) is the Brouwer index. The heat
proof works too. The interaction Poincaré polynomial pG(x) =

∑
k=0 dim(Hk(G))xk again

satisfies pG×H(x) = pG(x)pH(x).

The Cylinder and the Möebius strip

The cylinder G and Möbius strip H are homotopic but not homeomorphic. As simplicial cohomol-
ogy is a homotopy invariant, it can not distinguish H and G and pG(x) = pH(x). But interaction

cohomology can see it. The interaction Poincaré polynomials of G and H are pG(x) = x2 + x3

and pH(x) = 0 . Like Stiefel-Whitney classes, interaction cohomology can distinguish the

graphs. While Stiefel-Whitney is defined for vector bundles, interaction cohomologies are defined
for all finite simple graphs. As it is invariant under Barycentric refinement G → G1 = G ×K1,
the cohomology works for continuum geometries like manifolds or varieties.

The Cylinder G is an orientable

graph with δ(G) = C4∪̇C4.

The Möbius strip H is non-

orientable with δ(H) = C7.



Classical Calculus

Calculus on graphs either deals with valuations or form valuations. Of particular interest are
invariant linear valuations, maps X on non-oriented subgraphs A of G satisfying the valu-
ation property X(A ∪ B) + X(A ∩ B) = X(A) + X(B) and X(∅) = 0 and X(A) = X(B) if
A and B are isomorphic subgraphs. We don’t assume invariance in general. By discrete Had-
wiger, the vector space of invariant linear valuations has dimension d + 1, where d + 1 is the
clique number, the cardinality of the vertex set a complete subgraph of G can have. Linear
invariant valuations are of the form

∑d
k=0Xkvk(G), where v(G) = (v0, v1, . . . , vd) is the f -vector of

G. Examples of invariant valuations are χ(G) or vk(G) giving the number of k-simplices in G. An
example of a non-invariant valuation is dega(A) giving the number of edges in A hitting a vertex
a. To define form valuations which implements a discrete ”integration of differential forms”,
one has to orient first simplices in G. No compatibility is required so that any graph admits a
choice of orientation. The later is irrelevant for interesting quantities like cohomology. A form
valuation X is a function on oriented subgraphs of G such that the valuation property holds and
X(A) = −X(A) if A is the graph A in which all orientations are reversed. Form valuations in
particular change sign if a simplex changes orientation and when supported on p-simplices play
the role of p-forms. The defining identity dF (A) = F (dA) is already Stokes theorem. If A is a
discrete p surface made up of (p+ 1)-simplices with cancelling orientation so that dA is a p-graph,
then this discretizes the continuum Stokes theorem but the result holds for all subgraphs of any
graph if one extends F to chains over G. For example, if fG = abc+ ab+ bc+ ca+ a+ b+ c is the
algebraic description of a triangle then fdG = bc−ac+ab+b−a+c−b+a−c = ab+bc−ac is only
a chain. With the orientation fG = abc+ ba+ bc+ ca+ a+ b+ c we would have got additionally
the terms 2a− 2b. The vector space Ωp(G) of all form valuations on G has dimension vp(G) as
we just have to give a value to each p-simplex to define F .

We use a cylinder G, with f -vector (8, 16, 8) which super sums to the Euler characteristic χ(G) = 0.
An orientation on facets is fixed by giving graph algebraically like with fG = a + b + ab + c +
bc + d + ad + cd + e + ae + be + abe + f + bf + cf + bcf + ef + bef + g + cg + dg + cdg + fg +
cfg + h + ah + dh + adh + eh + aeh + gh + dgh. The automorphism group A = D8 of G has 16
elements. The Lefschetz numbers of the transformations are (0, 2, 2, 0, 2, 0, 0, 2, 0, 2, 2, 0, 2, 0, 0, 2).
The average Lefschetz number is χ(G/A) = 1. The gradient d0 and curl d1 are

d0 =



−1 1 0 0 0 0 0 0
−1 0 0 1 0 0 0 0
−1 0 0 0 1 0 0 0
−1 0 0 0 0 0 0 1
0 −1 1 0 0 0 0 0
0 −1 0 0 1 0 0 0
0 −1 0 0 0 1 0 0
0 0 −1 1 0 0 0 0
0 0 −1 0 0 1 0 0
0 0 −1 0 0 0 1 0
0 0 0 −1 0 0 1 0
0 0 0 −1 0 0 0 1
0 0 0 0 −1 1 0 0
0 0 0 0 −1 0 0 1
0 0 0 0 0 −1 1 0
0 0 0 0 0 0 −1 1


, d1 =


−1 0 1 0 0 −1 0 0 0 0 0 0 0 0 0 0
0 −1 0 1 0 0 0 0 0 0 0 −1 0 0 0 0
0 0 −1 1 0 0 0 0 0 0 0 0 0 −1 0 0
0 0 0 0 −1 0 1 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 −1 1 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 −1 0 1 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 1 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 0 0 −1 1 0 0 0 −1

 .

The Laplacian L = (d + d∗)2 has blocks L0 = d∗0d0, which is the Kirchhoff matrix. The form
Laplacian L1 = d0d

∗
0 + d∗1d1 is a matrix on 1-forms. Together with the form Laplacian L2 = d1d

∗
1,
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the matrix L is

0 −1 4 −1 0 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 −1 4 0 0 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 −1 0 0 4 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 −1 0 −1 4 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 −1 0 −1 4 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 0 −1 −1 0 −1 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 3 1 0 1 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 3 1 0 0 0 0 1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 4 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 4 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 0 3 1 0 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 4 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 0 0 0 4 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 3 1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 4 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 4 0 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 4 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 4 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 1 0 0 0 3 1 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 1 1 3 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 1 0 −1 0 3 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 0 0 1 −1 3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 −1 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 1 0 0 0 0 −1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1 3 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 3 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 3 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 1 0 3



.

For the Möbius strip H with f -vector (7, 14, 7) we could make an edge refinement to get a graph
H̃ with f -vector (8, 16, 8) which after an edge collapse goes back to H. The graphs H and H̃
are topologically equivalent in the discrete topological sense (there is a covering for both graphs
for which the nerve graphs are identical and such that the elements as well as their intersections
are all two dimensional.) Both simplicial as well as quadratic intersection cohomology are the
same for H and H̃. The graph H has the automorphism group D7 but H̃ only Z2. The Lefschetz
numbers of H are (0, 2, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 0, 2). The Lefschetz numbers of H̃ are (0, 2). The
automorphism T = (1, 8, 7, 6, 5, 4, 3, 2) which generates the automorphism group of H̃ has the
Lefschetz number 2. There are 4 fixed points, they are the fixed vertices 1, 5 and the fixed edges
(1, 5) and (7, 3). All Brouwer indices are 1 except for (1, 5) which has index −1. (It is not flipped
by the transformation and has dimension 1). We continue to work with the graph H which has
the algebraic description fH = a+ b+ ab+ c+ bc+ d+ ad+ cd+ e+ ae+ be+ abe+ de+ ade+
f + bf + cf + bcf + ef + bef + g + ag + cg + dg + adg + cdg + fg + cfg.

Here are the gradient and curl of H:

d0 =



−1 0 0 0 1 0 0
−1 0 0 0 0 0 1
−1 1 0 0 0 0 0
−1 0 0 1 0 0 0
0 −1 0 0 0 1 0
0 −1 1 0 0 0 0
0 −1 0 0 1 0 0
0 0 1 −1 0 0 0
0 0 0 −1 1 0 0
0 0 0 −1 0 0 1
0 0 −1 0 0 0 1
0 0 −1 0 0 1 0
0 0 0 0 −1 1 0
0 0 0 0 0 −1 1


, d1 =


1 0 −1 0 0 0 −1 0 0 0 0 0 0 0
1 0 0 −1 0 0 0 0 −1 0 0 0 0 0
0 1 0 −1 0 0 0 0 0 −1 0 0 0 0
0 0 0 0 1 −1 0 0 0 0 0 −1 0 0
0 0 0 0 1 0 −1 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1 0 1 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 −1 0 −1

 .
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The Hodge Laplacian of H is the 28× 28 matrix

4 −1 0 −1 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 4 −1 0 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 4 −1 0 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 −1 4 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 −1 0 −1 4 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 −1 0 −1 4 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 −1 −1 0 −1 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 4 1 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 3 1 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 3 1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 4 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1 0 4 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1 0 0 3 1 1 0 0 −1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 4 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 1 0 3 1 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 3 1 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 4 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 −1 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 4 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 −1 0 0 1 3 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 0 1 0 0 −1 3 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 3 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 3 0 0 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 3 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 3 −1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 3



.

It consists of three blocks. The first, L0 = d∗0d0 is a 7× 7 matrix which is the Kirchhoff matrix of
H. The second, L1 = d∗1d1+d0d

∗
0 is a 14×14 matrix which describes 1-forms, functions on ordered

edges. Finally, the third L2 = d1d
∗
1 deals with 2-forms, functions on oriented triangles of H. Note

that an orientation on the triangles of H is not the same than having H oriented. The later would
mean that we find an orientation on triangles which is compatible on intersections. We know that
this is not possible for the strip. The matrices d0, d1 depend on a choice of orientation as usually
in linear algebra where the matrix to a transformation depends on a basis. But the Laplacian L
does not depend on the orientation.

Quadratic interaction calculus

Quadratic interaction calculus is the next case after linear calculus. The later has to a great deal
known by Kirchhoff and definitely by Poincaré, who however seems not have defined D, the form
Laplacian L, nor have used Hodge or super symmetry relating the spectra on even and odd dimen-
sional forms. Nor did Poincaré work with graphs but with simplicial complexes, a detail which is
mainly language as the Barycentric refinement of any abstract finite simplicial complex is already
the Whitney complex of a finite simple graph. Quadratic interaction calculus deals with functions
F (x, y), where x, y are both subgraphs. It should be seen as a form version of quadratic valuations
[7]. The later were defined to be functions X(A,B) on pairs of subgraphs of G such that for fixed
B, the map A → X(A,B) and for fixed A, the map B → X(A,B) are both linear (invariant)
valuations. Like for any calculus flavor, there is a valuation version which is orientation oblivious
and a form valuation version which cares about orientations. When fixing one variable, we want
x→ F (x, y) or y → F (y, x) to be valuations: F (x, y ∪ z) + F (x, y ∩ z) = F (x, y) + F (x, z) and
F (x, y) = −F (x, y) = −F (x, y) if y is the graph y for which all orientations are reversed and
the union and intersection of graphs simultaneously intersect the vertex set and edge set. Note
that we do not require F (x, y) = −F (y, x). But unlike as for quadratic valuations (which are
oblivious to orientations), we want the functions to change sign if one of the orientations of x or y
changes. Again, the choice of orientation is just a choice of basis and not relevant for any results
we care about. Calculus is defined as soon as an exterior derivative is given (integration is already
implemented within the concept of valuation or form valuation). In our case, it is defined via
Stokes theorem dF (x, y) = F (dx, y) + (−1)dim(x)F (x, dy) for simplices first and then for general
subgraphs x, y by the valuation properties. While in linear calculus, integration is the evaluation
of the valuation on subgraphs, in quadratic interaction calculus, we evaluate=integrate on pairs of
subgraphs. The reason for the name “interaction cohomology” is because for F to be non-zero, the
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subgraphs x, y are required to be interacting meaning having a non-empty intersection. (The
word “Intersection” would also work but the name “Intersection cohomology” has been taken
already in the continuum). We can think about F (A,B) as a type of intersection number of
two oriented interacting subgraphs A,B of the graph G and as F (A,A) as the self intersection
number F (A,A). An other case is the intersection of the diagonal A =

⋃
x{(x, x)} and graph

B =
⋃

x{(x, T (x))} in the product G × G of an automorphism T of G. The form version of the
Wu intersection number ω(A,B) is then the Lefschetz number χT (G). A particularly important
example of a self-intersection number is the Wu characteristic ω(G) = ω(G,G) which is quadratic
valuation, not a form valuation. Our motivation to define interaction cohomology was to get a
Euler-Poincaré formula for Wu characteristic. It turns out that Euler-Poincaré automatically and
always generalizes to the Lefschetz fixed point theorem, as the heat flow argument has shown;
Euler-Poincaré is always just the case in which T is the identity automorphism.

Lets look now at quadratic interaction cohomology for the Cylinder graph G and the Möbius
graph H. We believe this case demonstrates well already how quadratic interaction cohomology
allows in an algebraic way to distinguish graphs which traditional cohomology can not. The
f -matrices of the graphs are

V (G) =

 8 32 24
32 112 72
24 72 40

 , V (H) =

 7 28 21
28 98 63
21 63 35

 , V (H̃) =

 8 32 24
32 114 74
24 74 42

 .

The f -matrix is the matrix V for which Vij counts the number of pairs (x, y), where x is an i-
simplex, y is a j-simplex and x, y intersect. The Laplacian for quadratic intersection cohomology
of the Cylinder is a 416× 416 matrix because there are a total of 416 =

∑
i,j Vij pairs of simplices

which do intersect in the graph G. For the Möbius strip, it is a 364 × 364 matrix which splits
into 5 blocks L0, L1, L2, L3, L4. Block Lp corresponds to the interaction pairs (x, y) for which
dim(x)+dim(y) is equal to p. The scalar interaction Laplacian L0 for the Cylinder is the diagonal
matrix Diag(8, 8, 8, 8, 8, 8, 8). For the Möbius strip H, it is the matrix L0(H) = Diag(8, 8, 8, 8, 8, 8).
The diagonal entries of L0(H) depend only on the vertex degrees. In general, for any graph, if
all vertex degrees are positive, then the scalar interaction Laplacian L0 of the graph is invertible.
For the Cylinder, the block L1 is an invertible 64 × 64 matrix because there are V12 + V21 = 64
vertex-edge or edge-vertex interactions. Its determinant is 25838 · 5 · 7 · 11 · 13 · 1781032373220892.
For the Möbius strip, the block L1 is a 56× 56 matrix with determinant 24637573177429240412.

For the Cylinder graph G, the block L2(G) is a 160×160 matrix, which has a 1-dimensional kernel
spanned by the vector [ 0, -5, -5, 10, 10, 2, 2, 5, 0, -5, 2, 10, 10, 2, 5, 0, -5, -2, -2, -10, -10, 5, 5, 0,
2, 10, 10, 2, -10, 2, 0, 9, -2, 9, 10, -10, -2, -9, 0, -9, -10, 2, -2, -10, 9, 0, 9, -10, -2, -10, -2, -9, 0, -2,
-9, -10, 2, 10, 10, 2, 0, 5, 5, -2, -10, 9, 0, 9, -10, -2, 2, -10, -9, 0, -2, -9, -10, 2, 10, -5, 10, 2, 0, 5,
-2, 10, -9, 0, -9, 10, -2, 10, -2, 9, 9, 0, 2, -10, -10, -2, -5, -10, -2, 0, 5, 2, 10, -5, 2, 10, -5, 0, -7, -7,
-8, -7, -7, -8, 8, 7, 7, -7, -7, -8, 8, 7, 7, 7, 7, 8, -8, -7, -7, 8, 7, 7, -7, 7, -8, -7, -7, 8, -7, -7, 8, -7, 7,
8, -8, 7, -7, -8, 7, 7, -8, 7, 7, 8, -7, 7 ]. This vector is associated to edge-edge and triangle-vertex
interactions. So far, harmonic forms always had physical relevance. We don’t know what it is for
this interaction calculus.

On the other hand, for the Möbius strip H, the interaction form Laplacian L2(H) is a 140× 140
matrix which is invertible! Its determinant is 242314537611 · 17141108722126332429240414.
The quadratic form Laplacian L3 which describes the edge-triangle interactions. For the Cylinder
G, the interaction form Laplacian L3(G) is a 144 × 144 matrix. It has a 1-dimensional kernel
spanned by the vector [ 4, 3, -6, -3, 6, 3, 4, -6, 3, -6, -3, -3, 4, -6, 6, 3, 4, -6, -3, -6, 2, -3, -3, 2, -2,
-3, 2, -3, 3, 2, -2, -3, -2, 3, -3, 2, 6, 6, -4, -3, 3, 3, 2, -2, -3, -2, 3, 3, 2, 6, -3, 6, -4, -3, -3, 2, -2, 3, 3,
-2, 3, -2, -6, 3, 6, -4, 3, 6, -3, -6, 3, -4, -4, -3, 3, -2, 2, -3, -6, 3, 6, -3, -4, -3, 3, -2, 2, -6, -3, -6, 6, 6,
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3, -2, 2, -3, 4, 3, -3, -3, 3, -4, 3, -2, 2, -6, -3, -6, 6, 6, 3, -2, 3, 2, -3, 4, 3, 3, -4, 3, 3, -3, -2, 2, -6, 6,
-6, 6, -2, 3, -3, 2, -3, 4, -3, -6, 6, 3, -2, 3, -3, 2, -3, 4 ].

The surprise, which led us write this down quickly is that for the Möbius strip H, the inter-
action form Laplacian L3(H) is a 126 × 126 matrix which is invertible and has determinant
2283753731121771108742126334429240412. Since L3 is invertible too, there is also no cohomological
restrictions on the p = 3 level for the Möbius strip. The quadratic form Laplacian is invertible.
This is in contrast to the cylinder, where cohomological constraints exist on this level. The inter-
action cohomology can detect topological features, which simplicial cohomology can not.

The fact that determinants of L3, L2 have common prime factors is not an accident and can be
explained by super symmetry, as the union of nonzero eigenvalues of L0, L2, L4 are the same
than the union of the nonzero eigenvalues of L1, L3.

Finally, we look at the L4 block, which describes triangle-triangle interactions. For the Cylinder G,
this interaction Laplacian is a 40×40 matrix which has the determinant 226335 ·1132322927122412.
For the Möbius strip, it is a 35× 35 matrix which has determinant 2115 · 11 · 1108722126332.

The derivative d0 for the Moebius strip H is the 56× 7 matrix

d0 =



−1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 1 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 1 0 0 0
−1 0 0 0 0 0 0
0 0 0 1 0 0 0
−1 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 −1 0 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0
0 0 0 0 −1 0 0
0 0 −1 0 0 0 0
0 0 0 0 0 1 0
0 0 0 −1 0 0 0
0 0 0 0 0 1 0
0 −1 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 −1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 −1 0
0 0 0 0 0 0 1
−1 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 −1 0 0 0 0
0 0 0 0 0 0 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 1 0 0 0 0
0 0 1 0 0 0 0
0 0 1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 −1 0 0 0
0 0 0 −1 0 0 0
0 0 0 1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 −1 0 0
0 0 0 0 1 0 0
0 0 0 0 1 0 0
0 0 0 0 0 −1 0
0 0 0 0 0 −1 0
0 0 0 0 0 −1 0
0 0 0 0 0 1 0
0 0 0 0 0 0 −1
0 0 0 0 0 0 −1
0 0 0 0 0 0 −1
0 0 0 0 0 0 −1



.

It takes as arguments a list of function values on pairs of self-interacting vertices (x, x) and gives
back a function on the list of pairs of interacting vertex-edge or edge-vertex pairs (x, y). The
exterior derivative d1 for H is a 140× 56 matrix. We use now the notation a = −1 for formatting
reasons:

6





a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 1 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0a 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 1 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 1 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 10 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a01 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a1 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a1 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 00 0 1
a 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0a 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0a 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 1 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 1 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0a 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0a 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 0 0 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0a 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1a 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1a 0 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0a 1 0 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0a 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1a 0 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 00 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10a 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 0a
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0a


The derivative d2 for H is a 126× 140 matrix:
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

a0a10000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a00100000000000000000
0001a0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0000000000000000000
0a000100000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000010000000000000000
00a00100000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000001000000000000000
0000a01000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a000000000000000000
0000000a0a0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a00000000000000000
00000000a00a100000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0100000000000000
000000000a001000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a000000000000000
0000000000a001000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000010000000000000
00000000000a01000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000001000000000000
00000000000000a0a100000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a00000100000000000
000000000000000001a0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000010000000000
000000000000000a00001000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0000000000000000
0000000000000000a00a10000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a000001000000000
000000000000000000000aa100000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a00000000100000000000
000000000000000000000001aa0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0000000010000000000
0000000000000000000000a000a00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000001000000000
000000000000000000000000a001000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a000000000000000000
0000000000000000000000000000a100000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a00000000000000000000
000000000000000000000000000001a0a000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0000000000100000000
000000000000000000000000000000a00a100000000000000000000000000000000000000000000000000000000000000000000000000000000000000a000000000010000000
0000000000000000000000000000000a0a0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000001000000
000000000000000000000000000000000000a0a00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000100000000
00000000000000000000000000000000000a000a0000000000000000000000000000000000000000000000000000000000000000000000000000000000000a00000000000000
000000000000000000000000000000000000a000a000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000010000000
0000000000000000000000000000000000000a00a1000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0000001000000
000000000000000000000000000000000000000a010000000000000000000000000000000000000000000000000000000000000000000000000000000000000a000000000000
000000000000000000000000000000000000000000a1000000000000000000000000000000000000000000000000000000000000000000000000000000000000100000000000
00000000000000000000000000000000000000000001a0a000000000000000000000000000000000000000000000000000000000000000000000000000000000010a00000000
000000000000000000000000000000000000000000a0000a00000000000000000000000000000000000000000000000000000000000000000000000000000000001000000000
00000000000000000000000000000000000000000000a000a00000000000000000000000000000000000000000000000000000000000000000000000000000000000a0000000
000000000000000000000000000000000000000000000a00a000000000000000000000000000000000000000000000000000000000000000000000000000000000000a000000
0000000000000000000000000000000000000000000000000a0a0100000000000000000000000000000000000000000000000000000000000000000000000a00000000100000
0000000000000000000000000000000000000000000000000000a100000000000000000000000000000000000000000000000000000000000000000000000000000000010000
00000000000000000000000000000000000000000000000000a000010000000000000000000000000000000000000000000000000000000000000000000000a0000000000000
000000000000000000000000000000000000000000000000000a00a100000000000000000000000000000000000000000000000000000000000000000000000a000000001000
00000000000000000000000000000000000000000000000000000000a10000000000000000000000000000000000000000000000000000000000000000000000a00000000000
0000000000000000000000000000000000000000000000000000000001a0000000000000000000000000000000000000000000000000000000000000000000000a0000000000
00000000000000000000000000000000000000000000000000000000000a01000000000000000000000000000000000000000000000000000000000000000000000000100000
00000000000000000000000000000000000000000000000000000000a000a100000000000000000000000000000000000000000000000000000000000000000000a000010000
00000000000000000000000000000000000000000000000000000000000a00a00000000000000000000000000000000000000000000000000000000000000000000000001000
000000000000000000000000000000000000000000000000000000000000000a0a00000000000000000000000000000000000000000000000000000000a00000000000000000
0000000000000000000000000000000000000000000000000000000000000000a0a01000000000000000000000000000000000000000000000000000000a0000000000100000
00000000000000000000000000000000000000000000000000000000000000000a0a10000000000000000000000000000000000000000000000000000000a000000000010000
000000000000000000000000000000000000000000000000000000000000000000a00a0000000000000000000000000000000000000000000000000000000000000000001000
0000000000000000000000000000000000000000000000000000000000000000000000a0a0000000000000000000000000000000000000000000000000000000000a00000000
0000000000000000000000000000000000000000000000000000000000000000000000a00a0100000000000000000000000000000000000000000000000000000000a0000100
00000000000000000000000000000000000000000000000000000000000000000000000a0a00100000000000000000000000000000000000000000000000000000000a000010
00000000000000000000000000000000000000000000000000000000000000000000000000a01000000000000000000000000000000000000000000000000000000000000001
00000000000000000000000000000000000000000000000000000000000000000000000000000a01000000000000000000000000000000000000000000000000000000a00000
000000000000000000000000000000000000000000000000000000000000000000000000000000a10000000000000000000000000000000000000000000000000000000a0000
00000000000000000000000000000000000000000000000000000000000000000000000000000000a01000000000000000000000000000000000000000000000000000000100
00000000000000000000000000000000000000000000000000000000000000000000000000000000a00100000000000000000000000000000000000000000000000000000010
00000000000000000000000000000000000000000000000000000000000000000000000000000a000a010000000000000000000000000000000000000000000000000000a001
000000000000000000000000000000000000000000000000000000000000000000000000000000000000a1000000000000000000000000000000000a00000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000000000000001a000000000000000000000000000000000a0000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000000000000000aa010000000000000000000000000000000a000000000000000100
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0010000000000000000000000000000000000000000000000010
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a010000000000000000000000000000000000000000000000001
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0a0000000000000000000000000000000a00000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a010000000000000000000000000000000000000000100
00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0a0010000000000000000000000000000a0000000000010
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000a0a0100000000000000000000000000000a000000000001
a0000000000000a000000100000000000000000000000000000000000000000000000000000000000000000000000000001a0000000000000000000000000000000000000000
0a0000000000000a0000000000000000000000000000000000000000000000000000000000000000000000000000000000010000000000000000000000000000000000000000
00a0000000000000a00000100000000000000000000000000000000000000000000000000000000000000000000000000001a000000000000000000000000000000000000000
000a0000000000000a0000010000000000000000000000000000000000000000000000000000000000000000000000000010a000000000000000000000000000000000000000
0000a000000000000000000010000000000000000000000000000000000000000000000000000000000000000000000000100000000000000000000000000000000000000000
000000000000000000a000000100000000000000000000000000000000000000000000000000000000000000000000000000a000000000000000000000000000000000000000
0000000000000000000a000000100000000000000000000000000000000000000000000000000000000000000000000000001000000000000000000000000000000000000000
00000a00000000000000a00000000000000000000000000000000000000000000000000000000000000000000000000000010000000000000000000000000000000000000000
000000a0000000000000000000010000000000000000000000000000000000000000000000000000000000000000000000100000000000000000000000000000000000000000
0000000000000000000001000000a000000000000000000000000000000000000000000000000000000000000000000000000100000000000000000000000000000000000000
000000000000000000000010000000000000000000a00000000000000000000000000000000000000000000000000000000000a0000000000000000000000000000000000000
00000000000000000000000100000a0000000000000a0000000000000000000000000000000000000000000000000000000001a0000000000000000000000000000000000000
000000000000000000000000100000a0000000000000a0000000000000000000000000000000000000000000000000000000010a000000000000000000000000000000000000
0000000000000000000000000000000a0000000000000a000000000000000000000000000000000000000000000000000000000a000000000000000000000000000000000000
00000000000000000000000001000000a0000000000000a0000000000000000000000000000000000000000000000000000000a1000000000000000000000000000000000000
00000000000000000000000000100000000000000000000a00000000000000000000000000000000000000000000000000000010000000000000000000000000000000000000
000000000000000000000000000000000a00000000000000a0000000000000000000000000000000000000000000000000000001000000000000000000000000000000000000
0000000000000000000000000001000000a000000000000000000000000000000000000000000000000000000000000000000100000000000000000000000000000000000000
0000000a000000000000000000000000000000000000000000000000000000010000000000000000000000000000000000000000a00000000000000000000000000000000000
00000000a0000000000000000000000000000000000000000a0000000000000010000000000000000000000000000000000000001a0000000000000000000000000000000000
000000000a0000000000000000000000000000000000000000000000000000000100000000000000000000000000000000000000100000000000000000000000000000000000
0000000000a000000000000000000000000000000000000000a00000000000000000000000000000000000000000000000000000010000000000000000000000000000000000
00000000000a000000000000000000000000000000000000000a000000000000001000000000000000000000000000000000000001a000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000a00000000000000100000000000000000000000000000000000000a000000000000000000000000000000000
000000000000a0000000000000000000000000000000000000000a0000000000000010000000000000000000000000000000000010a000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000a0000000000000010000000000000000000000000000000000001000000000000000000000000000000000
0000000000000a00000000000000000000000000000000000000000a000000000000000000000000000000000000000000000000010000000000000000000000000000000000
00000000000000a00000000000000000000000000000000000000000000000010000000000000000000000000000000000000000000a00000000000000000000000000000000
000000000000000a0000000000000000000000000000000000000000000000001000000000000000000000000000000000000000000100000000000000000000000000000000
0000000000000000a000000000000000000000000000000000000000a000000001000000000000000000000000000000000000000001a0000000000000000000000000000000
00000000000000000a000000000000000000000000000000000000000a00000000000000000000000000000000000000000000000000a0000000000000000000000000000000
000000000000000000a000000000000000000000000000000000000000a0000000000000000000000000000000000000000000000000a0000000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000a0000001000000000000000000000000000000000000000000a000000000000000000000000000000
0000000000000000000a0000000000000000000000000000000000000000a000000100000000000000000000000000000000000000001a000000000000000000000000000000
00000000000000000000a0000000000000000000000000000000000000000a00000010000000000000000000000000000000000000010a000000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000000a00000010000000000000000000000000000000000000001000000000000000000000000000000
0000000000000000000000000000a000000000000000000000000000000000000000000000000000000010000000000000000000000000100000000000000000000000000000
00000000000000000000000000000a00000000000000000000000000000000000000000000000000000001000000000000000000000000100000000000000000000000000000
000000000000000000000000000000a000000000000000000000000000000000000000a0000000000000001000000000000000000000001a0000000000000000000000000000
0000000000000000000000000000000a000000000000000000000000000000000000000a000000000000000000000000000000000000000a0000000000000000000000000000
00000000000000000000000000000000a000000000000000000000000000000000000000a0000000000000000000000000000000000000010000000000000000000000000000
000000000000000000000000000000000a000000000000000000000000000000000000000a00000000000001000000000000000000000001a000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000a0000000000000100000000000000000000000a000000000000000000000000000
0000000000000000000000000000000000a0000000000000000000000000000000000000000a000000000000010000000000000000000010a000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000a00000000000001000000000000000000000a000000000000000000000000000
00000000000000000000000000000000000a00000000000000000000000000000000000000000000000000000001000000000000000000000a00000000000000000000000000
000000000000000000000000000000000000a000000000000000000000000000000000a0000000000000000000000000000000000000000000a0000000000000000000000000
0000000000000000000000000000000000000a000000000000000000000000000000000a000000000000000000001000000000000000000001a0000000000000000000000000
00000000000000000000000000000000000000a000000000000000000000000000000000a0000000000000000000000000000000000000000010000000000000000000000000
000000000000000000000000000000000000000a0000000000000000000000000000000000000000000000000000010000000000000000000100000000000000000000000000
0000000000000000000000000000000000000000a00000000000000000000000000000000a00000000000000000000100000000000000000001a000000000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000a0000000000000000000010000000000000000000a000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000a000000000000000000001000000000000000000a000000000000000000000000
00000000000000000000000000000000000000000a0000000000000000000000000000000000a00000000000000000000100000000000000010a000000000000000000000000
0000000000000000000000000000000000000000000000000a000000000000000000000000000000000000000001000000000000000000000000a00000000000000000000000
00000000000000000000000000000000000000000000000000a00000000000000000000000000000000000000000100000000000000000000000100000000000000000000000
000000000000000000000000000000000000000000000000000a0000000000000000000000000a000000000000000100000000000000000000001a0000000000000000000000
0000000000000000000000000000000000000000000000000000a0000000000000000000000000a00000000000000000000000000000000000000a0000000000000000000000
00000000000000000000000000000000000000000000000000000a0000000000000000000000000a0000000000000000000000000000000000000a0000000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000000000a0000000000000100000000000000000000000a000000000000000000000
000000000000000000000000000000000000000000000000000000a00000000000000000000000000a000000000000010000000000000000000001a000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000a00000000000001000000000000000000000a000000000000000000000
0000000000000000000000000000000000000000000000000000000a000000000000000000000000000a0000000000000100000000000000000010a000000000000000000000


The exterior derivative d3 for the Möbius strip H is the 35× 126 matrix

a000000000a0001000000000000000000000000000000000000000000000000101a00000000000000000000000000000000000000000000000000000000000
0a000000000a000100000000000000000000000000000000000000000000000000a11000000000000000000000000000000000000000000000000000000000
00a000000000a000000000000000000000000000000000000000000000000000100000a0000000000000000000000000000000000000000000000000000000
000a000000000a00100000000000000000000000000000000000000000000000010001a0000000000000000000000000000000000000000000000000000000
0000a000000000000100000000000000000000000000000000000000000000000001000a000000000000000000000000000000000000000000000000000000
000000000000001000a00000000a0000000000000000000000000000000000000000000011a000000000000000000000000000000000000000000000000000
0000000000000001000a00000000a000000000000000000000000000000000000000000000a101000000000000000000000000000000000000000000000000
00000000000000001000000000000a000000000000000000000000000000000000000000010000100000000000000000000000000000000000000000000000
00000000000000000100a000000000a0000000000000000000000000000000000000000000010001a000000000000000000000000000000000000000000000
000000000000000000000a000000000a0000000000000000000000000000000000000000000010010000000000000000000000000000000000000000000000
00000a000000000000000000000000000000000001000000000000000000000000000000000000000101000000000000000000000000000000000000000000
000000a0000000000000000000000000a000000000100000000000000000000000000000000000000010010a00000000000000000000000000000000000000
0000000a0000000000000000000000000a00000000010000000000000000000000000000000000000001001a00000000000000000000000000000000000000
00000000a0000000000000000000000000a000000000000000000000000000000000000000000000000010000a000000000000000000000000000000000000
000000000a0000000000000000000000000a00000000100000000000000000000000000000000000000001001a000000000000000000000000000000000000
0000000000a0000000000000000000000000a00001000000000000000000000000000000000000000000000000101a00000000000000000000000000000000
00000000000a0000000000000000000000000a0000000000000000000000000000000000000000000000000000000a10000000000000000000000000000000
000000000000a0000000000000000000000000a0001000000000000000000000000000000000000000000000000100010a0000000000000000000000000000
0000000000000a0000000000000000000000000a000100000000000000000000000000000000000000000000000010001a0000000000000000000000000000
0000000000000000000000000000000000000000a0001000000000000000000000000000000000000000000000000001001000000000000000000000000000
000000000000000000a000000000000000000000000000000000001000000000000000000000000000000000000000000001a0000000000000000000000000
0000000000000000000a0000000000000000000000000a000000000100000000000000000000000000000000000000000000a1010000000000000000000000
00000000000000000000a0000000000000000000000000a00000000010000000000000000000000000000000000000000000010010a0000000000000000000
000000000000000000000a0000000000000000000000000a00000000010000000000000000000000000000000000000000000010100a000000000000000000
000000000000000000000000000000000000000000000000a0000000001000000000000000000000000000000000000000000000010a000000000000000000
0000000000000000000000a0000000000000000000000a00000000000000000000000000000000000000000000000000000000000000010100000000000000
00000000000000000000000a000000000000000000000000000000000001000000000000000000000000000000000000000000000000100010000000000000
000000000000000000000000a000000000000000000000a00000000000001000000000000000000000000000000000000000000000000100010a0000000000
0000000000000000000000000a000000000000000000000a00000000000001000000000000000000000000000000000000000000000000100100a000000000
00000000000000000000000000a000000000000000000000a0000000000000100000000000000000000000000000000000000000000000001010a000000000
00000000000000000000000000000000a0000000000000000a00000000010000000000000000000000000000000000000000000000000000000001010a0000
000000000000000000000000000000000a0000000000000000a0000000000000000000000000000000000000000000000000000000000000000000001a0000
000000000000000000000000000000000000000000000000000a000000001000000000000000000000000000000000000000000000000000000000000010a0
0000000000000000000000000000000000a00000000000000000a000000001000000000000000000000000000000000000000000000000000000001000100a
00000000000000000000000000000000000a00000000000000000a00000000100000000000000000000000000000000000000000000000000000000100010a


It takes as an argument a 3-form F , a function on pairs (x, y) of simplices for which the dimension
adds to three. These are the 63 intersecting edge-triangle pairs together with the 63 intersecting
triangle-edge pairs, in total 126 pairs. The derivative result dF is a 4-form, a function on the 35
triangle-triangle pairs.
It is rare to have trivial quadratic cohomology. We let the computer search through Erdös-Renyi
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spaces of graphs with 10 vertices and found one in maybe 5000 graphs. Interestingly, so far, all of
them were homeomorphic to the Moebius strip.

Remarks

• Quadratic cohomology is the second of an infinite sequence of interaction cohomologies. In
general, we can work with k-tuples of pairwise intersecting simplices. The basic numerical

value in the k-linear case is the k’th Wu characteristic ωk(G) =
∑

x1∼···∼xk(−1)
∑

j
dim(xj)

which sums over all pairwise intersecting ordered k-tuples (x1, . . . , xk) of simplices in the
graph G. The example of odd-dimensional discrete manifolds shows that it is possible that
all higher cohomologies depend on simplicial cohomology only. So, even when including
all cohomologies, we never can get a complete set of invariants. There are always non-
homeomorphic graphs with the same higher cohomology data.

• In the case of the example used here, the cubic interaction cohomology of the graph is
(0, 0, 0, 0, 1, 1, 0). It is the same than the cubic interaction cohomology of the Möbius strip.
The Laplacian L of the cohomology already has 3824 entries in the Cylinder case with
|V | = 8 and 3346 entries in the Möbius case with |V | = 7. After a Barycentric refinement,
the cylinder is a graph with 32 vertices and 80 edges. The cubic interaction Laplacian is
then already a 45280 × 45280 matrix. For the refinment of the Möbius strip, a graph with
28 vertices and 70 edges, the cubic interaction Laplacian is a 39620× 39620 matrix. This is
already tough for computers. In the quadratic case, where we have a 2856× 2856 Laplacian
matrix in the Möbius case, we can still determine that the determinant is invertible. The
determinant is a 1972 digit number but it appears already too large to be factored (we can
factor det(L0), det(L1) but no more det(L2).

7530638969874397037979561711563112002450663202144179001869326434789895988079316266055681741641534250
5520402569595314660610608902074065506357217964315818517986509791000567001716964026456737170353278527
1205791817169519067463372551421515830453988162735079594026130431933358246089334527639943252893043314
4536846307940785014527346854658200312809912922056973558229588054325241084931073085380158240709097935
6856545344770686703962622087593958650046156181661362355633631125541312189408443468961510149659023008
2253124421977553946079895639750091735324856288724091518682261237676362313177970059565027587536004200
2138919062124125445019983450555077106254638768447785154161762378024206587870332810577525207756811085
2067854380728346698788219529968766187343056661909834655700724253992870078325196771420313519612791286
9986050780368228721041434897398832261931316935066219252063684161315984087992975315123939475219156474
5064548408545070430211633945500014771746565658431354824735645943447432884777245390819277928091941305
0609424952327156527353420951979538240302361150261531075349177730786563980994148788098868370790909985
1070271552493935030583189076381732318859268620773387011789160691174099395371231597923911979872060284
0306733497401619307415880298487658209948973720609493409838205662853016994078695087814672005466663217
9379439733797746978039824274589416892649204500101226831922014937137653898387522575569863167507965108
4060326919043324423083543518686472734091371402379539572955982226395668169331555359933747282072900339
2881996143606297654761309496728269968651404538957809358589034309430857786052252496945529658134936169
5395066531914463700676327141913762262475351302519866878990530107809129987566574701732438272093994454
1389573174488922097890193235110489144406702328313353424147603306762836337219491316933490480514757457
9714638345039702184738990758949184452076641181016476076100416768684884112135152505650404031544520907
559177723438295140827322671712156466607554560000000000000000000000000000

• The interaction Betti numbers satisfy the Whitney-Cartan type formula bp(G × H) =∑
k+l=p bk(G)bl(H) like Stiefel-Whitney classes but seem unrelated to Stiefel-Whitney classes.

• The Cylinder G and Möbius strip H can be distinguished topologically: one tool is orien-
tation, an other is the connectedness of the boundary. Why is an algebraic description via
Betti numbers interesting? Because they are purely algebraically defined.

• Using computer search we have found examples of finite simple graphs for which the f -vector
and f -matrix are both the same, where the singular cohomologies are the same and where
the Wu characteristic is the same, but where the Betti vector for quadratic cohomology is
different.

• For complicated networks, the computations of interaction cohomology become heavy, al-
ready in cubic cases we reach limits of computing rather quickly. It can be useful therefore
to find first a smaller homeomorphic graph and compute the cohomology there.
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• Homeomorphic graphs have the same simplicial cohomologies. This is true also for higher
cohomologies but it is less obvious. One can see it as follows; after some Barycentric re-
finements, every point is now either a point with manifold neighborhood or a singularity,
where various discrete manifolds with boundary come together. For homeomorphic graphs,
the structure of these singularities must correspond. It follows from Gauss-Bonnet formulas
that the higher Wu-characteristics are the same. To see it for cohomology, we will have
to look at Meyer-Vietoris type computations for glueing cohomologie or invariance under
deformations like edge collapse or refinement.

• We feel that the subject of interaction cohomology has a lot of potential also to distinguish
graphs embedded in other graphs. While Wu characteristic for embedded knots in a 3-sphere
is always 1, the cohomology could be interesting.

• We have not yet found a known cohomology in the continuum which comes close to interac-
tion cohomology. Anything we looked at looks considerably more complicated. Interaction
cohomology is elementary: one just defines some concrete finite matrices and computes their
kernel.

• For more, see [6, 5, 3, 4, 8, 1, 2, 7].
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The figure shows the Dirac and Laplacian of the Cylinder graph G. We see the spectrum of the
interaction Laplacian on each of the 5 interaction form sectors p = 0, . . . , p = 4. We see also the
super symmetry: the union of the spectra on even dimensional forms p = 0, 2, 4 is the same than
the union of the spectra on odd-dimensional forms p = 1, 3.
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The figure shows the Dirac and Laplacian of the Möbius graph G. We see the spectrum of the
interaction Laplacian on each of the 5 interaction sectors p = 0, . . . , p = 4. There is one important
difference however: the Laplacian is invertible.
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