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Abstract. Mathematica routines for the Dirac operator. This allows to com-

pute the cohomology for any graph. [1].

The first routine finds all the cliques in a graph.�
Cl i [ s , k ] :=Module [{m, n , c , u ,V,W, l ={}} ,

V=VertexLi s t [ s ] ; n=Length [V ] ;
W=EdgeList [ s ] ; m=Length [W] ;
W=Table [{W[ [ j , 1 ] ] ,W[ [ j , 2 ] ] } , { j ,Length [W] } ] ;
c=Subsets [V,{ k , k } ] ;
I f [ k==1, l=V, I f [ k==2, l=W,
Do[ s s = Subgraph [ s , c [ [ j ] ] ] ;
I f [Length [ EdgeList [ s s ] ] == Binomial [ k , 2 ] ,
l = Append [ l , Ver texL i s t [ s s ] ] ] ,
{ j ,Length [ c ] } ] ] ] ; l ] ;� �
Now we compute the matrix D.�

Dirac [ s ] :=Module [{ q , d , l , b , u ,m, n , p , v ,DD} ,
q=VertexLi s t [ s ] ; n=Length [ q ] ;
d=Table [{{0}} ,{p , n−1} ] ;
l=Table [{} ,{p , n } ] ; b=Table [ 0 ,{p , n } ] ; m=n ;
Do[ I f [m==n ,

l [ [ p ] ]= Cl i [ s , p ] ; b [ [ p ] ]=Length [ l [ [ p ] ] ] ;
I f [ b [ [ p ]]==0 ,m=p−2 ] ] ,{p , n } ] ;

v=Sum[ b [ [ p ] ] , { p , n } ] ;
u=Table [Sum[ b [ [ p ] ] , { p , 1 , k } ] ,{ k ,Min [ n ,m+ 1 ]} ] ;
u=Prepend [ u , 0 ] ; DD=Table [ 0 ,{ v} ,{v } ] ;
I f [m>0,d [ [ 1 ] ] = Table [ 0 ,{ j , b [ [ 2 ] ] } , { i , b [ [ 1 ] ] } ] ;
Do[ d [ [ 1 , j , l [ [ 2 , j , 1 ] ] ] ]= −1 ,{ j , b [ [ 2 ] ] } ] ;
Do[ d [ [ 1 , j , l [ [ 2 , j , 2 ] ] ] ] = 1 ,{ j , b [ [ 2 ] ] } ] ] ;

Do[ I f [m>=p ,
d [ [ p ] ]=Table [ 0 ,{ j , b [ [ p +1] ]} ,{ i , b [ [ p ] ] } ] ;
Do[ a=l [ [ p+1, i ] ] ;
Do[ k=Position [ l [ [ p ] ] , Delete [ a , j ] ] [ [ 1 , 1 ] ] ;

d [ [ p , i , k ]]=(−1)ˆ j ,{ j , p+1} ] ,
{ i , b [ [ p + 1 ] ] } ] ] , { p , 2 , n−1} ] ;
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Do[
I f [m>=p ,Do[DD[ [ u [ [ p+1]]+ j , u [ [ p ] ]+ i ] ]= d [ [ p , j , i ] ] ,
{ i , b [ [ p ] ] } , { j , b [ [ p + 1 ] ] } ] ] , { p , 1 , n−1} ] ;
{DD+Transpose [DD] , u } ] ;� �

This leads to the Laplace Beltrami operators which allow to compute the Betti
numbers, and the Cohomology basis.�
LaplaceBeltrami [ s ] :=Module [{DD, LL , br } ,
{DD, br}=Dirac [ s ] ; LL=DD.DD;
Table [Table [ LL [ [ br [ [ k ] ]+ i , br [ [ k ] ]+ j ] ] ,
{ i , br [ [ k+1]]−br [ [ k ] ] } , { j , br [ [ k+1]]−br [ [ k ] ] } ] ,
{k ,Length [ br ] −1} ] ] ;

Nu l l e ty [ A ] :=Length [A]−MatrixRank [A ] ;
Be t t i [ s ] :=Map[ Nul lety , LaplaceBeltrami [ s ] ] ;� �

Example:�
(∗ This i s an a t t empt to expand the Dirac code and comment ∗)

Cl i [ s , k ] :=Module [{m, n , c , u ,V,W, l ={}} , (∗ w i l l r e t u rn l i s t o f subg raphs ∗)
V=VertexLi s t [ s ] ; n=Length [V ] ; (∗ Ver t i c e s and l e n g t h ∗)
W=EdgeList [ s ] ; m=Length [W] ; (∗ Edges and l e n g t h ∗)
W=Table [{W[ [ j , 1 ] ] ,W[ [ j , 2 ] ] } , { j ,Length [W] } ] ; (∗ wr i t e edge s as p a i r s ∗)
c=Subsets [V,{k , k } ] ; (∗ a l l t h e s u b s e t s o f l e n g t h k ∗)
I f [ k==1, l=V, (∗ in case k=1, t a k e v e r t i c e s ∗)
I f [ k==2, l=W, (∗ in case k=2, t a k e edge s ∗)
Do[ (∗ s t a r t t o sum over a l l s u b s e t s ∗)

s s = Subgraph [ s , c [ [ j ] ] ] ; (∗ b u i l d subgraph ∗)
I f [Length [ EdgeList [ s s ]]==Binomial [ k , 2 ] , (∗ i s i t comp le t e ? ∗)
l = Append [ l , VertexLi s t [ s s ] ] ] , (∗ i f yes , add i t ∗)
{ j , Length [ c ] } ] (∗ end sum over s u b s e t s ∗)
] ] ; (∗ end i f s t a t emen t s ∗)
l ] ; (∗ r e t u rn c o l l e c t i o n o f s u b s e t s ∗)

Dirac [ s ] :=Module [{q , d , l , b , bb ,m, n , p , v ,DD} , (∗ Find s imp l i c e s and l e n g t h s ∗)
q=VertexLi s t [ s ] ; n=Length [ q ] ; (∗ Vertex l i s t and i t s l e n g t h ∗)
d=Table [{{0}} ,{p , n−1} ] ; (∗ Conta iner f o r d k subma t r i c e s ∗)
l=Table [{} ,{p , n } ] ; (∗ Conta iner f o r c l i q u e s ∗)
b=Table [ 0 ,{p , n } ] ; (∗ Conta iner f o r c l i q u e s numbers ∗)
m=n ; (∗ upper bound o f c l i q u e dim ∗)
Do[ I f [m==n , (∗ as l ong as t h e r e are c l i q u e s ∗)

l [ [ p ] ]= Cl i [ s , p ] ; (∗ b u i l d l i s t o f a l l c l i q u e s ∗)
b [ [ p ] ]=Length [ l [ [ p ] ] ] ; (∗ f i n d i t s l e n g t h s ∗)
I f [ b [ [ p ]]==0 ,m=p−2] ] ,{p , n } ] ; (∗ abo r t i f t h e r e are none ∗)

v=Sum[ b [ [ p ] ] , { p , n } ] ; (∗ t h i s i s t h e s i z e o f t h e matr ix ∗)
bb=Table [Sum[ b [ [ p ] ] , { p , 1 , k } ] ,{k ,Min [ n ,m+1 ]} ] ; (∗ t h e s e are t h e s u b d i v i s i o n s ∗)
bb=Prepend [ bb , 0 ] ; (∗ have a l s o t h e l e f t s u b d i v i s i o n ∗)
DD=Table [ 0 ,{ v} ,{v } ] ; (∗ empty s h e l l f o r t h e matr ix d ∗)
I f [m>0, (∗ i f m>0, we have some edge s ∗)

d [ [ 1 ] ] = Table [ 0 ,{ j , b [ [ 2 ] ] } , { i , b [ [ 1 ] ] } ] ; (∗ f i l l in empty s h e l l ∗)
Do[ d [ [ 1 , j , l [ [ 2 , j , 1 ] ] ] ]= −1 ,{ j , b [ [ 2 ] ] } ] ; (∗ p l a c e t h e −1 e n t r i e s in ∗)
Do[ d [ [ 1 , j , l [ [ 2 , j , 2 ] ] ] ] = 1 ,{ j , b [ [ 2 ] ] } ] ; (∗ p l a c e t h e 1 e n t r i e s in ∗)

] ; (∗ we have f i n i s h e d w i th edge s ∗)
Do[ (∗ now do the same f o r t r i a n g l e s ∗)

I f [m>=p , (∗ on l y i f not reached max ∗)
d [ [ p ] ]=Table [ 0 ,{ j , b [ [ p+1] ]} ,{ i , b [ [ p ] ] } ] ; (∗ dk ma t r i c e s ∗)
Do[ (∗ core o f t h e procedure ∗)

a=l [ [ p+1, i ] ] ; (∗ t h e c l i q u e we work on ∗)
Do[ (∗ s t a r t run over a l l s u b s imp l e x ∗)

k=Position [ l [ [ p ] ] , Delete [ a , j ] ] [ [ 1 , 1 ] ] ; (∗ f i n d l a b e l o f t h e su b s imp l e x ∗)
d [ [ p , i , k ]]=(−1)ˆ j , (∗ o r i e n t a t i o n o f s u b s imp l e x ∗)

{ j , p+1} ] , (∗ run over a l l s u b s imp l i c e s ∗)
{ i , b [ [ p +1 ] ] } ] ; (∗ run over s imp l i c e s o f dim p ∗)
] , (∗ f i n i s h i f c ond i t i o n ∗)
{p , 2 , n−1} ] ; (∗ sum over d imens ions ∗)

Do[ (∗ now f i l l in t h e d k ma t r i c e s ∗)
I f [m>=p , (∗ on l y i f d imension sma l l enough ∗)
Do[ (∗ s t a r t summing ∗)

DD[ [ bb [ [ p+1]]+ j , bb [ [ p ] ]+ i ] ]=d [ [ p , j , i ] ] , (∗ g l u e in t h e matr ix ∗)
{ i , b [ [ p ] ] } , (∗ sum over rows ∗)
{ j , b [ [ p +1 ] ] } ] ] , (∗ sum over columns ∗)

{p , 1 , n−1} ] ; (∗ sum over d imens ions ∗)
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DD+Transpose [DD] ] ; (∗ f i n a l l y b u i l d d+dˆ∗ ∗)� �
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