§7. Applications to the Theory of Univalent Functions.
_ R T e

1, The method of extremal length is well suited for the determination
of univalent (schlicht) functions with certain extremsl properties, The
well-known distortion theorems which ensue are usually established for
the class of all univalent functions in the unit cirele which satisfy a
normalizing condition at the origin, With the methods we are using it is
preferable to consider a more general situation, where the functions are
given in an anmulius and their valuves are studied in relation to a second
anmlus, as explained further below. The familiar results for the eircle
will then follow as a limiting case,

As a preparation we introduce two invariants attached to the configu-
ration formed by a dbubly—oonnected rezion and an interior point. Iet the
region S be represented by the anmlus ri<lzEl r, and let us denote
the inner contour by [ , the outer by [, . The interior point z,
may be taken to lie on the positive real axis. Two classes of curves will
interest uss 1) the class [ J"] of connected, closed curves which separate
[ from T, and the point 3z  ; 2) the class {0!5 of connected arcs,
beginning and ending on [ , which separate z_ from Iy . We wish %o
determine the extremal lengths J*(z,) = _Q[)"S and }’(zo) = /\_ﬂ_{ﬁ 2
Note that the latter is identical with the invariant l‘a(zo,l'i) defined
in §6 .

The evaluation of these extremal lengths is a problem very similar
to the ones solved in §6 ., However, instead of using an suxiliary trans-
formation we prefer this time to make use of the symmetry alone, a method
which could also have been applied in the preceding cases.
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We draw the real diametef and demote by By the segment (=rpyery) ,
by E} eand Ej the seguents (ry,%)) and (3,,r,) « The upper halves
of [y [ and S0  are demoted by ']y 5y 2% . It 1s claimed that

X‘(’O) = 2/\_2-0»(3193&)

(56) A
)\(50) = 2>32+(r{ix§) .
Por the proof, choose first an arbitrary p in 2 and define in
Rt anewmetric p+§ =p(2)+p(8) . Any curve ' which joins
B, and E} within R% forms, together with its symmetric image, a
ourve )* . Similarly, a curve 4" which joins '] and Ej gives rise
toa J . BHence Lpp {092 L,04% end L ;iy% 2 T4 , while

pef
Ro,; @) 5 20,(Q%) + 2A:(X) = 24,(R) . Prom this ve derive

2
L el Ll

A (R?) T AplR)
2 L
9 Lp+f {g" > L_L.{ig )
Ar-’»f 'Q+) Af (%)

and consequently

A *(%y) & 2 A 4(B;,E3)

X (3) ¢ 2hgs (F3,E8) .

Take now an arbitrary p in R* and extend it by symmetry to the
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lower half, Given any curve ¢t or ¢ » we reflect the part that lies
in the lower half-plane over the real axis. The resulting curve has the
same length, in the metrie p , as the original, and it contains two
aros joining E; and E} or ] end E§ (Pig. 10), Hence z,y{pj;
2L {3 and Loy} 2 25, {47} , while 4,®) = 24,(R*) . We obtain

Lola s 2 L—'Q’}z
Ay (R) - Ay (R?)
2 d
T LI Ly 4"
,L)y e A (%)
and ; ’

).‘(50) 2 2/\._‘2+(31Q3é)
Xs,) 2 2Mge(r,E8) .

The relations (56) are thus proved.

Fig. 10



113.

As a simplification the extremal distances may be referred to the
whole anmulus, It is in fact obvious that 2 os(BE;,E3) = AX(M,+E5)
and 22,Lr7,B8) = Lo (,88) , so that (56) ocen be written in the
form

A3(8,) = Ap (15, )
(‘ ) = _,2( ;Eg) .

(57)

There is of courae no need to compute these invariants further, but
the following remark ao-te the] second invariant is pertinent, The extremal
distance is evaluated by means of a harmonic function with constant
velues on [} end EJ whose normal derivative vanishes on [, . Because
of ﬂ: g::z;‘-:\’o'-m'y gha normal deriva’aiw is also mero along the whole real

diameterd It tollows that A(a ) will not change if an arbitrary cut

along the negative real axis is added to the contour r; .

2. We are now ready to apply these results to a univalent function
w=12(z) in S . The images of [, [, and 2 are denoted by I'{,
3 Sl , and it is no limitation of the genmerality to assume that r+
lies inside of l'é In the w-plane we consmer a second anmlus J{'\. 2

Y w
91<lwl< fo whose immer and outer o:ntourtm called 01, 62 Ve are
interested in two general oonditiot(a & to the relative position of 20
with respect to /) : 1) ] and rj separate 01 from €, § 2) Gy
separates Fi from )} sm:lb Fé separates C, from C, . Under each
of these assumptions, kew-mueh can be said sbout the position of w, =

o
£(z,7 , where z, 1is a given point in 2 T
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Under the first hypothesis Q' is contained in /1 , and we must
have r,/ry < Po/f; as an expression of the fact that the extremal
distance from T[] to I} cannot exceed the extremal distance from
Gl to 02 e This is trivial, but if we make mse of the correspondence
between 3z, and w, the principle of majoration yields more. In fact,

every closed curve which separates f'i from I 5 eand "o automatically
geparates 01 from 02 and w., . Hence, by majoration and conformal

(¢
invariance,
(58) A "‘(wo)g /\‘(’o) '

where the invariants are understood to be taken with respect to the regions
v e e ek

This inegunality can be written in a more convenient form if we make
use of the extremal function F(z) which maps $2 onto 2 region obtained
from /) by & radial incision from the outer contour. The function is
unique if we require that the cut lie on the positive real axis with its
tip corresponding %o 2 =r, . Since F(z) is positive on the positive
real axis, it also maps ) with a cut from 12] onto /) witha
cut from l‘(\scl) » Replacing z, and w, by their absolute values, and

o
applying conformal invariance to the right side of the first relation (57),

we obtain from (58)

A*wol) £ A =Rz, 1)) ,

where both invariants are now taken with respect to /) . Since /\'(f)
ig clearly a decreasing function of f we finally obtain
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(59) | 1£(z,)] 2 F(Iz,]) ,

and by its very form this inequality is the best possible, In particular,

ways

as %, tendg to the outer boundary we sre able to conclude that the
shortest distance from [§ %o the origin 1s at least equal to F(r,) .

An oppopite inequality,
(60) l2(a)l$ Py fa/PLEE)

is obtained by inversion in both planes, For the sake of completeness it
should be shown that all values between the lower and upper bound can be
taken, This is easily seen Sy consideration of the functions Fo(z) =
#2)P 7, ()"0 , 05 051, where E(s) = Pyfp/PC"E") { The values
1de in /\ , and a study of the change of arg Fy(z) on f}"_ and f;
reveals that Fg(z) is univalent and preserves the relative position
of the comtours. As 6 varies from O to 1 the values of Fgy(z,)
for a positive =z, cover the whole segment from the meximum (60) to
to the minimum (59) .

!_e'tnrn now to the second hypothesis, which states that ri, 01, é,
Cy follow each other in this order, one outside the other. It canmot be
inferred that rp/ry% fo/fy » but we shall at first make this additional
assumption. We are interested only in the maximum of |£(z )] , and since
this maximum is clearly > @, we may suppose that w, lies in b g

— ; g/ +hq_..‘c‘_'tq'r, om t\.olg l&*r&“ ‘kt‘ . LlM"#Ll |
, of easmve-in (1 ' g7
R W o o ks :

: Contarnme om ane 04 Yhe correspomcding d'.oaomn‘%k .-u,“i; Yo L=
Wﬂﬁg—e.r by the principle o ;

majoration,
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We note now that the function -F(-z) maps S2 with a cut along the
positive real axis from |z,l to the outer boundary onto L) with two
cuts, one on the negative axis from ~F(r,) to - P, and one on the
positive axis from J(-ls ]} %o fz . According to a previous remark
»)L(-I'(-l ol )) = /\(\3 ) » and we obtain

3: (12(z,)]) £ 5\/ (1* (=121 )]
or, in view of the monotonic character,
(61) |2(z,)] & |P(=\g0) ] .
Again, this inequality cannot be improved.
We recall that (61) was proved and has a meaning only if rz/rl

< §o/fy +» for only then does the function F(z) exist. Our two main
results are gathered in the following theorems:

Iheoren. Suppose that w = f(2z) isunivalentdn r<|sl< T

1£(=)| > ¥(1zl) ,



(& L~ = L1 LA = HISEAS ) l” = !'2
lies between |w| =¢; and \w| = ¢, , gnd the image of |zl = r; ldes
the first circle, end if we se ro/Ty s Polfy » hen

|£(2)| < |P(=1z1)],

with the seme function 2(a) a8 _ghove.

In both cases we may allow §, to become infinite. F(z) will
then map ry<|%| <Tp onto a region bounded by |w| = Pz and an infinite
radial cut, and the inequalities subsist.

3« The case of a univalent function im |3| ¢ rp , normalized by the
conditions £(0) =0, |£'(0)] = 1 , can now be handled very easily. For
greater genmerality we may again assume that [£(z)|< Po » letting 0, =0
correspond to the unrestricted case. The existence of a normalized
function implies P, 2 ry

We draw a small circle |[zZ] = Ty e and denote by 1 the minimum,
by p§ the meximum of |£(z)| on this cirele. As ry tends to zero
pi~ry and pfor . Itis clear that £(z) satisfies our first
hypothesis with P, = (] and the second hypothesis with f, =¢7 .
Horeover, for sufficiently small r, the condition rz/rlg Pz/h is
fulfilied., Hence, by the results of the preceding section,

Pi(]3]) s (2(2)l < |Po(=121)],

SEREEL s o R 2 S
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where P, and F, are the extremal functions for ¢, =¢{ and pP; =93 .
As 14 tends to mero it is not hard to see that rl and 12 both tend
to the same limit function P(z) . This function is normalized, real on
the real axis, and maps 12l < Ty onto lwl<92 with 2 ocut along the

positive axis., Prom the preceding inequality we obtain in the limit

(62) ‘ Plal) < 12(z)l ¢ | ®(=i2()],

a relation which is part of the conventional distortion theorem. In the
simplest case Ty = > S f2 =00 it takes the explicit form

s
(t+1a1)t

2] .
(1=121)%

Usually these inequalities are accompanied by corresponding relations
for |[£'(z)l and |£'(z)I/|£(2)] . A more refined treatment would have
yielded‘these results as well, but we feel that our method, which we
consider more important than the results, has been made sufficiently
elear as it is,

(63) < 1£(8)| S

4, We wish to complete our treatment by a discussion of the situation
which arises under our second hypothesis when r,/ry> Po/p; . This case
is rather elementary, and we shall not need the notion of extremal length.

It is not hard to make & reasonsble gueumm extremal function
which will make l:t(so)l & maximum, Assuning z,>0 we conjecture that
the extremal function @ () maps the anmilus JS2. , under preservation
of symmetry with respect to the real axis, onto a region bounded by

lw) = ¢, and an arc of the cirele |w]| =¢; , the center of this are
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being at w = @, . The existence of such a function is obvious, for
as the arc increases from a point to the whole circle, the extremal

| dig.
distance of the contours will decrease from o0 to - log .?z/f S

and must hence pass through the value i_'.ﬂ,lng ro/Ty
The function @ (z) is zero at a point § on the negative

axis, The quotient f(z)/(_f(z) is regular in $2  except, at most,

for a simple pole at § y and its boundary values are < 1 in
absclute value, We make now use of an interesting observation, due %o
M. &, Robinson [ J, namely that such a function remains < 1 on the

_ ray opposite to the pole, To see this, we form the function f(S);(E)/f(s)a.

which is real on the real axis, and consider the region, surrounding | ,

in which it is of absolute value 2 1 . We maintain that this region

cannot be doubly-connected, and hence camnot meet the positive axis.

In fact, on each contour the variation of the argument of our function

is twice the change of arg £(z)/® (z) and hence a multiple of 47 .

On the other hand, this variation is necessarily negative. Hence, with

two contours the total change would be £ -~ 8% , in violation of the

fact that the function has only a double pole, We conclude that [£(z)] £
@ (z) on the positive real axis, and, more gemerally, :

(64) l2(2)] £ @ (1= 1)

for any position of z .

The reader is encouraged to find, in a similar way, upper and lower
bounds for a univalent function which maps (2| = ry inside of |w| =p;
and \z\ =1, outside of |w [ = FPo + There are two cases, depending on
whether one allows the function to become infinite or not.
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-5, A8 a last related problem we treat a question raised and answered
by Teichmiiller [ J. Suppose that the inner complement of a doubly~-
connected region () contains the circle lw| = fl and a certain point
Wy oe while the outer complement contains |w| = Po and a point Wy . For
given absolute values W41 5 151 what is the greatest possible extremal
distance between the contours of (L ?

Suppose that () can be mapped onto the anmulus ri<lzl<r, , and
consider also a map of the region -(H contained between the inner
contour of () =nd the outer circle |wi= P» onto an anmulus

ry < EeE r3 . In the latter mapping, let 32 be the point corresponding
to ﬂ2 (Figa ll)c

I r %—PL.
Fig. 11

There are two extremal mappings to be considered: 1) the function
] = F(z) which maps ry<izl<r, onto rf< lJI( r} with a radial slit
from the outer circle; 2) the function w = Fy(Y) which maps ri< If[< r}
onto f,<lwi< P, with a slit from the imner circle. Both functions

are chosen so as to be positive on the positive real axis, negative on
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the hegative real axis.

By the first part of the Theorem of no. 2 , applied to the mapping
from the z-plane to the j-mﬂane, we conclude that

T2l 2 B(xp) .

Similariy, the same result, as modified by inversions in both planes,
yields

when applied to the mapping of the }-annulus onto .Ql . To this latter

mapping the second part of the same theorem is also applicable'and gives
lwyl 2 =Fy(=1151)
Together, the three inequalities obviously imply

lwgl
o |W1|

"Fl (=F (1'2 ))
-Fl ("F("'rl) ) -

oW

The composite function ~F,(~-F(z)) is readily seen to map ry <1zl <T)
onto the given annmulus in the w-plane with two cuts, one on the positive
axis from the outer eircie and one on the negative axis from the inner
circle, Our inequalities express that these cuts extend at least to the
points |w2| and -|w1| respectively. Consequently, the ratiof rz/i'l
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is a maximum when () is the region obtained by drawing the cuts
exactly to these points.')

The simplest and most interesting case arises when fl =0 and
fop = 00 . It is then known only that () separates 0 and w, from
oo and Wo . The maximum extremal distance is the one between the

1)Footnote added 1957:

The last reasoning should perhaps be spelled out a little more clearly. Let

us write - F1(-F(r2)) =m F1(-F(-r1)) =m . These are positive numbers, and

2 1 ]
we have found that Q2 is conformally equivalent to the region obtained by

cutting f1 < |w] < f, elong the real axis from PZ to m, and from =-pP,

2
to -my . Consider more generally the same annulus 91 < le < PZ with slits

to M2 and -M1

annulus. This ratio is a certain function of M1, M2 , say RZ:R‘I = Q(M1,M2) .

, and let RZ:R‘l be the ratio in a conformally equivalent

It is clearly an increasing function of M2 and a decreasing function of M1 :

Therefore the inequalities that we have proved imply r,iry = ?(umZ) <

§(|w1|,|w2‘) . This is the precise statement of the theorem.
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segments (-]wll »0) and (1121,00) . This is a universal increasing
function of the ratio ¢ = [wyl/|w;| which we shall demote by /l(p)/2 .
Without the factor 1/2 it represents the extremal distence of the
segments with respect to the upper half-plane, Since complementary
intervals have reciprocal extremal distﬁnoes, we obiain the funetional
relation Afp)A(1/p) =1 and, in particular, A(1) =1 . This last
result implies a rather interesting consequence: w&m

5ti111 following Teichmiiller we prooud to deduce the best possible
form of an inequality originally due to Ahifors [ ]. A simply-conmected
region S¢ in the sz-plane is mapped onto the strip 0< 9y <1 of
the | -plame. It is assumed that §= = 00 corresponds to 2 boundary
point or prime end to the left of x = x; , while ? = +00 corresponds
$0 a point to the right of x = Xs e On each vertical line of abscissa
x from the interval (xl,xz) there exists at least one cross-cut 6:
of ..Q which separates these two prime ends. Assuming, merely for the
sake of simplicity, that there is just one Qx we denote its length
by Ox) . Tn §3.4 it wes proved that the extremal distance of Q‘l
912 is at least equal %o

2
& (x)
]
Denote now the maximm of § on O, by {, and the minimm
of ? on 9 by §p (fig. 12), We wishl‘bo derive a lower bound
for ?2 ;’1 . To this end we reflect the whole configuration in the

PR Ao TR TR TSGR i SR T RS R Y I Ty < B 5 on b s tatie s s
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Pig. 12

{ -plane over the real axis and tramsform the double strip by means of
the function w = a"j The symmetric images of 9 and 9 will
then bound a dou bly-connected region to which our préoeding resﬁlt can
be applied. Because of the symmetry the extremal distance of the contours
is exactly half the extremal distance of 0x1 and 912 . ¥e may hence

conclude that

2 o
1 : “ (‘?L—-flj
(65) )-[ é?’;) S A(Q )

or, introducing the inverse function of A (f) .

(66) ?z “711/\ ( [ a(x) 7& 1'“3

This is the precige form of Ahlfors' inequality.
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For }1 = 1?2 (65) yields the interesting relation

where x, end X, are now to be interpreted as the minimum and maximum
of x on the inverse image of a sogment with constant f « Naturally,
all these inequalities represent best possible results. .

In most applications a weaker but more manageable form of (66) is
preferable. Por this and other purposes we shall, in the next section,
derive upper and lower bounds for LL(p) in terms of clementary
functions,

6. The extremal distance of two ares on a circle or two segments
with respect to the cirele or half-plane is a function only of the
cross-ratio of the four endpoints., If the arcs are (a,b) and (e,d) ,
in positive cyclic order, we write

£ st . el
£ 7 = et

This is a positive number, and the arcs ecan be transformed into the
segmentz (-1,0) and (p,) of the real axis, The extremal distance
of the sres is hence _A\(p) .

We transform the arcs to the unit circle, choosing the lipear frans-
formation so as to give the new arcs (~-9,4) and (F—E,Eﬁté’) Come
puting the cross-ratio we have p = c0t® @ . The extremal di%aa with
respect to the YAIZL circle is twice the extremal distance with respect
to the whole plame, The latter is greater thaa tb’cmmw >
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the orthogonal circles comstructed over the given arcs (fig. 13) . Yhen
these are transformed into concentric circles, the ratic of the radii is
found to be oot 0/2 . Hence we obtain

e ¥ 2 log cot .
| <
, .
V& 3
______ w 50
%\ 2 "-‘\ .f--,
\ Moo
e
Pig. 13

In order to obtain an upper bound we note first that;'A(f) is alse
the extremal dletance between the right are and the imaginary axis, Now
mep the whole plane outside of the right hand are onto the outside of
& circle enclosing the point 1 which is orthogonal to the unit cirele
end symmetric with respect to the real axis, Ietting O and 60 remain
fixed, we retain symmetry with respect to the unit circle and the real
axis, Simple computations show that the orthogomal circle will intersect
the unit oircle at the points of argwment t9/2 , and that the image of
the imaginary axis will lie entirely in the ﬂt—hg! ‘half-plane, For this
reason /(\(p) 1is less than the extremal distance between the orthogonal

S b el Rt e e 5 e et S N oy, e e Sl TR
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elrcle and the imaginary axis. Using the velue given above we find
(68) : Ale)s Llog M o
. Ve iF 2 o R

These inequalities are rezscnably aceurate for large ¢« For small
values we replace them by

e

? +6 2
(69) ﬁ_loats o4 1//\(5>)<,n,1crsiza:2 3

dramn from the functional equation A(p) A (1/p) =1 .
Inverting the inequality (67) we obtain, very easily,

(70) : P < ainhzfzimy),

and from (68) , after some computation,

: / 2
; w e

the last inequality being valid enly for simhlAf)>1 . From (70) and
(71) we can derive simpler inequalities

(72) AQ’)* C, < 7_;_ Lojf < A(?)-f- Ci
valid as soon as /\(p) is greater than athirdconat#nt Gy . Numericel

values can be assigned to the three constants, but are of comparatively
ntﬂo mﬁuﬂto



ReachinsBask-t0 (66) we can now conclude that
: x’-oex
(73) Fa=f1> fg,‘(;) -8
XI
as soon as

X,

LA__,\: >
8(x) = Uy

X,

Tais inequality has well-iknown applications to the theory of entire
functions, '

&‘n&g



