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PUBLISHERS' NOTE 

THIS book was originally published in 1864. The preface 
to the first edition states: "Without any effort to enlarge 
or originate, the author has striven to give with a natural 
arrangement and in clea.r and concise language, the elenlen­
tary principles and propositions of this branch of science, of 
so much int.erest to the nlathematical student, and so neces­
sary to both the civil and military engineer." 

Professor Church succeeded so well in his efforts to pro­
duce a practical and well-adapted treatise that now, nearly 
forty years after its publication, it is still in use as a text­
book in the United States l\lilitary Academy and in many 
other' academies, technical schools, and colleges. 

The continued denland for this favorite text-book has 
rendered necessary a renewal of the plates. The publishers 
have sublnitted the book to several eminent mathematicians, 
and by their advice have retained the text unchanged as 
not being capable of improvement. The new edition, how­
ever, appears with larger and more legible type, displayed 
to greater advantage on the page. 
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PART I 

ORTHOGRAPHIO PROJECTIONS 

PRELIMINARY DEFINITIONS 

1. ])escriptive Geometry is that branch of Mathematics 
which has for its object the explanation of the nlethods of 
representing by drawings: 

First. All geometrical nlagnitudes. 
Second. The solution of problenls relating to these magni­

tudes in space. 
These drawings are so lllade as to present to the eye, 

situa.ted at a particular point, the same appearance as the 
magnitude or object itself, were it placed in the proper' 
position. 

The representations thus. made are the projections of the 
magnitude or object. 

The planes upon which these projections are usually made 
are the planes of proJection. . 

The point at which the eye is situated is th.e point of sight. 
2. When the point of sigh~ is in a perpendicular drawn to 

the plane of projection through any point of the drawing, 
and at an infinite distance from this plane, the projections 
are Orthographic. 

When the p~oint of sight is within a finite distance of the 
drawing, the projections are Scenograph.ic, commonly called 
the Perspective of the magnitude or object. 

9 



10 ORTHOGRAPHIC PROJECTIONS 

3. It is manifest that if a straight line be drawn through 
a given point and the point of sight, the point in which this 
line pierces the plane of- projection will present to the eye 
the same appearance as the point itself, and will therefore be 
the projection of the point on this plane. 

The line thus drawn is the pro/ecting line qf the point. 
4. In the Orthographic Pro/ection, since the point of sight 

is at an infinite distance, the projecting lines dra,vn from' 
any points of an object of finite lnagnitude to this point, 
will be parallel to each other and perpendic~dar to the plane of 
projection. 

In this projection two planes are used, at right angles to 
each other, the one horizontal and the other vertical, called 
respectively the horizontal and vertical plane of pro/eotion. 

5. In }j"ig. 1, let the planes represented by ABlf' and 
BAD be the two planes of projection, the first the horizontal 

and the second the vertical. 
Their line of intersection AB is the ground line. . 
These planes form by their intersection four diedral angles. 

\ 

The first angle, in which the point of sight is always situ~ 
ated, is above the horizont1tl and in front of the vertical 
plane. The second is above the horizontal and behind the 
vertical. The third is below the horizontal and behind the 
vertical. The fourth is below the horizontal and in front of 
the vertical, as marked in the figure. 

REPRESENTATION OF POINTS 

6. Let M, Fig. 1, be any point in space. Through it draw 
Mm perpendicular to the horizontal, and Mm' perpendicular 
to the vertical plane; m will be the projection of M on the 
horizontal, and m' that on the vertical plane (Art. 4). 
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Hence, the horizontal proJection of a point is the foot of a 
perpendicular through the point to the horizontal plane; 
and the vertical proJection of a point is the foot of a perpen­
dicular through it to the vertical plane. 

The lines Mm and Mm' are the horizontal and vertical 
projecting lines of the point. 

7. Through the lines Mm and Mm' pass a plane. It will 
be perpendicular to both planes of projection, since it 
contains a right line, perpendicular to each, and therefore 
perpendicular to the ground line AB. It intersects these 
planes in the lines mo and m' 0, both perpendicular to AB at 
the same point, forming the rectangle Mo. By an inspection 
of the figure it is seen that 

Mm = mfa, and Mm' = mo; 

that is, the distance of the point lYI, fron1 the horizontal 
plane, is equal to the distance of its vertical proJection from the 

ground line~· and the distance of the i point from the vertical 
plane is equal to that of its horizontal projection from the 
ground line. 

8. If the two projections of ~ point are given, the point 
is completely determined. J?or if at the horizontal projec­
tion m a perpendicular be erected to the horizontal plane, 
it will contain the point M. A perpendicular to the vertical 
plane at m' will also contain M; hence the point M is 
determined by the intersection of these two perpendiculars. 

If M be in the horizontal plane, Mm = 0, and the point is 
its own horizontal projection. The vertical projection will 
be in the ground line at o. 

If M be in the vertical plane, it will be its own vertical 
projection, and its horizontal projection will be in the ground. 
line at o. 
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If M be in the ground line, it will be its own hOTizontal 
and also its own vertical projection. 

REPRESENTATION OF PLANES 

9. Let tTt', Fig. 2, be a plane, oblique to the ground 
line, intersecting the planes of projection in the lines tT 
and t'T respectively. It will be cOlllpletely determined in 
position by its two lines tT and t'T. 

Its intersection with the horizontal plane is the horizontal 
trace of the plane, and its intersection with the vertical 
plane is the vertical trace. Hence a plane is given by its 
traces. 

Neither trace of this plane can be parallel to ~he ground 
line; for if it should be, the plane would be parallel to the 
ground line, which is contrary to the hypothesis. 

The two traces must intersect the ground line at the same 
point. ]j'or if they should intersect it at different points, the 
plane would intersect it in two points, which is irllpossible. 

If the plane be parallel to the ground line} as in the 
same fiiure} its traces must be parallel to the ground line. 
Ifor if they are not parallel, they nlust intersect it; in which 
case the plane would have at least one point in common 
with the ground line, which is contrary to the hypothesis. 

If the plane be parallel to either plane of projection, it 
will have but one trace, ,vhich will be on the other 'plane 
and parallel to the ground line. 

10. If the given plane be perpendicular to the horizontal 
pla!l'e} its vertical trace will be perpendicular to the ground 
line, as t'T, in :F'ig. 2. For the vertical plane is also per­
pendicular to the horizontal plane; hence the intersection 
of the two planes, which is the vertical trace, Blust be per-
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pendicular to the horizontal plane, and therefore to the 
ground line which passes through its foot. 

Likewise if a plane be perpendicular to the vertical plane, 
its horizontal trace will be perpendicular to the ground 
line. 

If tIle plane simply pass through the ground line, its 
position is not determined. 

If two planes are parallel, their traces on the same plane 
of projection are parallel, for these traces are the intersections 
of the parallel planes by a third plane. 

REPRESENTATION OF RIGHT LINES 

11. Let MN, Fig. 3, be any right line in space. Through 
it pass a plane Mmn perpendicular to the horizontal plane; 
mn will be its horizontal, and pp', perpendicular to AB 
(Art. 10), its vertical trace. Also through MN pass a plane 
Mm'n' perpendicular to the vertical plane; m'n' will be its 
vertical, and 0'0 its horizontal trace. The traces mn and 
m' n' are the 'projections of the line. Hence the horizontal 
projection of a right line is the horizontal trace of a plane 
passed through the line perpendieular to the horizontal plane; 
and the vertical projeetion of a right line is the vertieal 
traee of a plane through the line perpendicular to the vertical 

plane: 
rfhe planes Mmn and M·m'n' are respectively the horizontal 

and vertical projecting planes of the line. 
12. The two projections of the line being given, the line 

will in general be completely determined; for if through 
the horizontal projection we pass a plane perpendicular to the 
horizontal plane, it will contain the line; and if through 
the vertical projection we pass a plane perpendicular to the 
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vertical plane, it will also contain the line. The intersec­
tion of these planes must therefore be the line. Hence we 
say a right line is given by its pro/eetions. 

13. The projections mn and m'n' are also manifestly 
Inade up of the projections of all the points of the line 
MN. Hence if a right line pass through a point in space, 
its pro/eetions will pass through the pro/eetions of the point. 
Likewise if any two points in space be joined by a right 
line, the projections of this line will be the right lines 
joining the projections of the points on the same plane. 

14. If the right line be perpendicular to either plane of 
projection, its projection on that plane will be a point, and 
its projection on the other plane will be perpendicular to 
the ground line. Thus in Fig. 4 Mm is perpendicular to 
the horizontal plane; m is its horizontal, and m' 0 its vertical 
projection. 

If the line be parallel to either plane of projection, its 
projection on that plalle will evidently be parallel to the line 
itself,' a,nd its projection on the other plane will be parallel 
to the ground line. :E'or the plane which projects it on the 
second plane must be parallel to the first; its trace must 
therefore be parallel to the ground line (Art. 9); but this trace 
is the projection of the line. Thus MN is parallel to the 
horizontal plane, and m'n' is parallel to AB. .Lt\lso the definite 
portion lVIN of the line is equal to its projeetion mn, since they 
are opposite sides of the rectangle Mn. 

If the line is parallel to both planes of projection or to 
the ground line, both projections ,viII be parallel to the 
ground line. 

If the line lie in either plane of projection, its projection 
on that plane will be the line itself, and its projection on the 
other plane will be the ground line. Thus in Fig. 5, MN in 
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the vertical plane is its own vertical projection, and mn or 
A B is its horizontal projection. 

15. If the two projections of a right line are perpendicu­
lar to the ground line" the line is undetermined, as the two 
projecting planes coincide, forming only one plane, and do 
not by their intersection determine the line as in Art. 12. 

All lines in this plane will have the same projections. 
Thus, in Fig. 5, mn and m'n' are both perpendicular to AB ; 
and any line in the plane MNo ,viII have these for its pro­
jections. 

If, however, the projections of two points of the line are 
given, the line will then be determined; that is, if mn' and 
nn' are given, the two points, IVl and N, will be determined, 
and, of course, the right line which joins them. 

All lines and points, situated in a plane perpendicular to 
either plane of projection, will be projected on this plane in 
the corresponding trace of the plane. 

16. If two right lines are parallel, their proieetions on the 
same plane will be parallel. For their projecting planes are 
parallel, since they contain parallel lines and are perpendic­
ular to the same plane; hence their traces will be parallel 
(Art. 10); but these traces are the projections. 

REVOLUTION OF OBJECTS 

17. Any geometrical nlagnitude or object is said to be 
revolved about a right line as an axis, when it is so moved that 
eaeh of its points deseribes the eireumferenee of a eirele whose 
plane is perpendicular to the axis, and whose eenter is in the axis. 

By this revolution, it is evident that the relative position 
of the points of the object is not changed, each point remain­
ing at the same distance from any of the other points. Thus, 
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if the point M, :H'ig. 6, be revolved about an axis DDt, in the 
horizontal plane, it will describe the circumference of a circle 
whose center is at 0 and whose radius is Mo; and since the 
point must remain in the plane perpendicular to DD', ,vhen 
it reaches the horizontal plane it will be at p or p', in the per­
pendicular mop, at a distance from 0 equal to Mo; that is, it 
will be found in a straight line passing through its horizontal 
projection perpendieular to the axis, and at a distance from the 
axis equal to the hypotenuse of a right-angled triangle of whieh 
the base (mo) is the distanee from the horizontal proj eetion to 
the axis, and the altitude (Mm) equal to the distanee of the 
point from the horizontal plane, or equal to the distanee ( m' r) 
of its vertieal projeetion from the ground line. 

Likewise, if a point be revolved about an axis in the verti­
cal plane until it reaches the vertical plane, its revolved 
position will be found by the same rule, changing the word 
horizontal into vertieal, and the reverse. 

If the axis pass through the horizontal projection of the 
point in the first case, the base of the triangle will be 0; the 
hypotenuse becomes equal to the altitude, and the distance 
to be laid off ,viII be simply the distance from the vertical 
projection of the point to the ground line. 

In like manner, its revolved position will be found when, 
in the second case, the axis passes through the vertical projec­
tion of the point. 

REVOLUTION OF THE VERTICAL PLANE 

18. In order to represent both projections of an obje.ct on 
the same sheet of paper or plane, after the projections are 
made as in the preceding articles, the vertical plane is 
revolved about the ground line as an axis until it coincides 
with the horizontal plane, that portion of it which is above 
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the ground line falling beyond it, in the position ABC'D', 
:Fig. 1, and that part which is below coming up in front, in 
the position of AI3~H" E'. 

In this nevv position of the planes it will be observed that, 
the planes being regarded as indefinite in extent, all that 
part of the plane of the paper which is in front of the ground 
line ,viII represent not only that part of the horizontal plane 
which is in front of the ground line, but also that part of 
the vertical plane which is belo,v the horizontal plane; while 
the part beyond the ground line represents that part of the 
horizontal plane which is behind the vertical plane, and also 
that part of the vertical plane which is above the horizontal 
plane. 

19. After the vertical plane is revolved as in the preced­
ing article, the point rn', in lfig. 1, will take the' position m" 
in the line mo produced, and the two projections m and m' 
will then be in the same straight line, perpendicular to AB. 
Hence, in every drawing thus made, the two proJections of 
the same point must be in the san~e straight line, perpendicular 
to the ground line. 

If, then, AB, Fig. 7, be the ground line, and it be required 
to -represent or a8sum·e a point in spaae, we first assume m 
for its horizontal projection; through m erect -a perpendicu- . 
lar to A.B, and aSSUlne any point, as m', on this perpendicular, 
for the vertical projection. The point will then be f~lly de­
termined (Art. 8). The point thus assumed is in the first 

angle, above the horizontal plane at a distance equal to m' 0, 

and in front of the vertical plane at a distance equal to ·mo 

(Art. 7). 
If the point be in the second angle, its horizontal projec­

tion m Inust be on that part of the horizontal plane beyond 
the ground line, and its vertical projection m' on that part 

DESCR. GEOM. - 2 



18 ORTHOGRApHIO PROjECTioNS 

of the vertical plane above the ground line (Art. 5). When 
the latter plane is revolved to its proper position, m' will fall 
into that part of the horizontal plane beyond the ground line, 
and the two projections will be as in (2), Ifig. 7, mo repre­
senting the distance of the point behind the vertical plane, 
and m' 0 its distance above the horizontal plane. . 

If the point be in the third angle, its horizontal projection 
will be beyond the ground line, and its vertical projection 
on the part of the vertical plane below the horizontal plane. 
The vertical plane being revolved to its proper position, m' 
comes in front of AB, and the two projections will be as 
in (3). 

If the point be in the fourth angle, the two projections will _ 
be as in (4). 

20. To represent, or assume a plane in space, \ve draw at 
pleasure any straight line, as tT, l1"ig. 8, to represent its hori­
zontal trace; then througll T draw any other straight line, 
as Tt', to represent its vertical trace. It is absolutely neces­
sary that these traces intersect AB at the same point, if 
either intersects it (Art. 9). 

The plane and traces being indefinite in extent, the portion 
included in the first angle is represented by tTt'; the por­
tion in the second angle by t'Tt"; that in the third by 
t"Tt"'; that in the fourth by t"'l"'t. 

If the plane be parallel to the ground line and not parallel 
to either plane of projection, both traces must be assumed 
parallel to AB, as in ~"ig. 9; 'rt being the horizontal, and 
'-rt' the vertical trace (Art. 9). 

If the plane be parallel to either plane of projection, the 
trace on the other plane is alone assun1ed, and that parallel 
to AB. 

If the plane be perpendicular to either plane of projection, 
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its trace on this plane n1ay be assumed at pleasure, while its 
trace on the other plane must be perpendicular to AB, as in 
(2), l1""ig. 9; 'It is the horizontal, and 'rt' the vertical trace 
of a plane perpendicular to the h~rizontal plane. 

Also in (3), Tt is the horizontal and Tt' the vertical trace 
of a plane perpendicular to the vertical plane (Art. 10). 

21. To represent or assume a straight line, both projec­
tions may be dravvn at pleasure, as in (1), :Fig. 10, mn is the 
horizontal, and m'n' the vertical projection of a portion of a 
straight line in the first angle. 

In (2), mn is the horizontal and m'n' the vertical projec­
tion of a portion of a straight line in the second angle. In 
(3), the line is represented in the third angle, and in (4), in 
the fourth angle. 

In Fig. 11 are, (1) the projections of a right line parallel 
to the horizontal plane; (2) those of a right line parallel to 
the vertical plane, (3) those of a right line perpendicular to 
the horizontal plane; and (4) those of a right line perpen­
dicular to the vertical plane (.Lt\l't. 14). 

22. To assume a point upon a given right line, since the 
projections of the point Inust be on the projections of the 
line (Art. 13), and in the same perpendicular to the ground 
line (Art. 19), we assume the horizontal projection as m, 
~-'ig. 17, on mn, and at this point erect mm' perpendicular 
to AB: m', where it int~rsects m'n', will be the vertical 
projection of the point. 

23. If two lines intersect, their prqjections will intersect. 
Ifor the point of intersection being on each of the lines, its 
horizontal projection lTIUst be on the horizontal projection 
of each of the lines (Art. 13), and hence at their inter­
section. For the same reason, the vertical projection of the 
point must be at the intersection of their vertical projec-
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tions. These two points being the projection of the sanle 
point, must be in the same straight line perpendicular to 
the ground line (Art. 19). I-Ience if any two line.s inter­
sect in space, the right line ioining the points in which their 
proJections intersect must be perpendicular to the ground line. 

l'herefore, to assume two right lines which intersect, we 
draw at pleasure both projections of the first line, and the 
horizontal projection of the second line intersecting that of 
the first; through this point of intersection erect a perpen­
dicular to the ground line until it intersects the vertical 
projection of this line; througll this point draw at pleasure 
the vertical projectio? of the seco~d line. 1"'hus~ in Fig. 16, 
assume 'mn and m'n', also mo; through m erect mm' per­
pendicular to AB, and through m' dra,v m' 0' at pleasure. 

Two parallel right lines are assullled by drawing' their 
projections respectively parallel (Art. 16). 

NOTATION TO BE USED IN THE DESCRIPTION OF 

DRAWINGS 

24. Points represented as in Fig. 7 vvill be described as 
the point (mm'), the letter at the horizontal projection being 
always written and read, first, or simply as the point M. 

Planes given by their traces, as in Jj--'ig. 8, \vill be described 
as the plane t1"'t', the middle letter being the one ~t the 
intersection of the two traces, and the other letter of the 
horizontal trace being the first in order. If the traces are 
parallel to the ground line, or do not intersect it within 
the limits of the drawing, the saIne notation will be used, 
the nliddle letter being placed on both traces; in the first 
case, at the left-hand extremity, and in the second case at 
the extremity nearest the ground line. 
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Lines given by their projections, as in Fig. 10, \vilI be 
described as the line (mn, m'n'), the letters on the horizon­
tal projection being first in ?rder, or simply the line lVIN. 

The planes of projection will often be described by the 
capitals H and V; H denoting the horizontal, and V the 
vertical, plane. 

The -ground line will be in general denoted by AB. 

MANNER OF DELINEATING THE DIFFERENT I.JINES USED 

IN . THE REPRESENTATION OF MAGNITUDES, OR IN THE 

CONSTRUCTION O~' PROBLEMS 

25. The projections of the same point will be connected 
by a dotted line, thus ....... . 

Traces of planes which are given or required, ,vhen they 
can be seen from the point of sight, - that is" when the 
view is not obstructed, either by the planes of projection or 
by some intervening opaque object, - are dravvn ful~. When 
not seen, or when they are the traces of auxiliary planes, 
not the projecting planes of right lines,- they will be drawn 
broken and dotted, thus: 

Lines, or portions of, lines, either given or required, when 
seen will have. their pr9jections full. When not seen, or 
auxiliary, these projections will be broken,. thus: 

In the construction of problems, planes or surfaces which 
are required will be regarded as transparent, not concealing 
other parts previously drawn. 

All lines or surfaces are regarded as indefinite in extent, 
unless limited by their form, or a definite portion is con-
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sidered for a special purpose. Thus the ground line and 
projections of lines in Fig. 10 are supposed to be produced 
indefinitely, the lines delineated simply indicating the 
directions. 

CONSTRUCTION OF ELEMENTARY PROBLEMS RELATING TO 

THE RIGHT LINE A.ND PLANE 

26. Having explained the manner of representing with 
accuracy, points, planes, and right lines, we are now pre­
pared to represent the solution of a nunlber of important 
problems relating to these magnitudes in space. 

In every problenl certain_ points and magnitudes are 
given, from which certain other points or magnitudes are 
to be constructed. 

Let a right line be first drawn on the paper or slate to 
represent 'the ground line; then assume, as in Art. 19,' 
etc., the representatives of the given objects. The proper 
solution of the problem will now consist of. two distinct 
parts. The first is a clear statement of the principles and 
reasoning to be employed in the construction of the draw .. 
lng. This is the analysi8 of the problem. The second is 
the construction, in proper order, of the different lines 
which are used and required in the, problem. rThis is the 
construction of the problem. 

27. PROBLEM 1. To find the points in which a given 
right line pierces the planes of projection. 

Let AB, Fig. 12, be the ground line, and (mn, m'n'), or 
simply MN, the given line. 

Fir8t. To find the point in which this line pierces the 
horizontal plane. 

Analysi8. Since the required point is in the horizontal 
plane, its vertical project~on is in the ground line (Art. 8);. 
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and since the point is in the given line, its vertical pro­
jection will be in the vertical projection of this line­
(Art. 13); hence' it must be at the intersection of this 
vertical projection with the ground line. The horizontal 
projection of the required. point must be in a straight line 
drawn through its vertical projection, perp~ndicular to the 
ground line (Art. 19), and also in the horizontal projection 
of the gi ven line; hence it ,viII be at the intersection of 
these two lines. But the point being in the horizontal 
plane is the same as its horizontal projection (Art. 8); 
hence the rule: 

J!roduce the vertical projection of the line until it in­
tersects the ground line,. at the point of intersection erect 
a perpendicular to the ground line, and produce it until 
it intersects the horizontal projection of the line,. this 
point of intersection is the required point. 

Oonstruction. Produce m' n' to m'; at m' erect the per­
pendicular m'm, and produce it to m. This is the required 
point. 

Second. In the above analysis, by changing the word 
"vertical" into "horizontal," and the reverse, we have the 
analysis and rule for finding the point in which the given 
line pierces the vertical plane. 

Oonstru:t;,tion. Produce' mn to 0; at 0 erect the perpen­
dic_ular 00', and produce it to 0'. This is the'required point. 

28. PRO'BLEM 2. To find the length of a right line joining 
two given points in space. 

Let AB, lfig. 13, be the ground line, and (mm') and (nn') 
the two given points. 

Analysis. Since the required line contains the two points, 
its projection lnust contain the projections of the points (Art. 
13). Hence, if we join the horizontal projections of the 
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points by a right line, it will be the horizontal proJection of 
the line; and if \ve join tIle vertical projections of the 
points, 'we shall have its vertical proJection. 

If we no\v revolve the horizontal projecting plane of the 
line about its horizontal trace until it coincides with the 
horizontal plane, and find the revolved position of the points, 
and join them .by a right line, it will be the required dis­
tance, since the points do not change their relative position 
during the revolution (Art. 17) .. 

Oonstruction. Draw mn and m' n' . lVIN will be the re ... 
quired line. 

Now revolve its horizontal projecting plane about mn until 
it coincides with "H; the points M ~nd N will fall at m" and 
,n", at distances from m and n equal to rm' and sn' respec­
tively (Art. 17); join mil and n", m"n" will be the required 
distance. 

Since the point 0 in which the line pr.oduced pierces H is 
in the axis, it remains fixed. The line m"n" produced must 
then pass thr~ugh 0, and the accuracy of the drawing tnay 
thus be verified. 

29. Second method for the same problem. 
Analysis. If we revolve the horizontal projecting plane 

of the line about the projecting perpendicular o~ either of 
its points until it beconles parallel to the vertical plane, 
the line will, in its revolved position, be projected on this 
plane in its true length (Art. 14). If we then construct 
this vertical projection, it will be the required distance. 

Oonstruction. Revolve the projecting plane about the 
perpendicular at m. The point n describes the arc nl 
until it comes into the line ml parallel to An; l will be 
the horizontal projection of N in its revolved position., Its 
vertical projection must be in ll' perpendicular to AB; and 
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SInce during the revolution the point N rell1ains at the 
sanle distance above H, its vertical projection must also be 
in the line n'l' parallel to AB (Art. 7), therefore it will be 
at If. 

The point M being in the axis remains fixed, and its 
vertical projection remains at m' ; m'l' is then the vertical 
projection of MN in its revolved position, and the true 
distance. 

By exainining the drawing, it will be seen that the true 
distance is the hypotenuse of a right .. angled triangle whose 
base is the horizontal projection of the line, and altitude 
the difference between the distances of its t,vo extremities 
fronl the horizontal plane. ~t\lso, that the angle at the base 
is equal to the angle ll1ade by the line with its projection, 
or the angle 11lade by the line with the horizontal plane. 
Also, that the length of the line is always greater than 
that of its projection, unless it is parallel to the plane of 
projection. 

30. Every right line of .a plane must pierce any other 
plane to which it is not parallel, in the comnlon in tel'sec­
tion of the two; hence every right line of a plane, not 
parallel to the horizontal plane of projection, will pierce it 
in the horizontal trace of the plane, and if not parallel to 
the vertical plane, will pierce it in the vertical trace. 

Hence, to assume a straight line in a given plane, take a 
point in each trace and join the two by a right line, or other­
\vise, draw the horizontal projection at pleasure; at the points 
,vhere it intersects' the ground line and the horizontal trace 
erect perpendiculars to the ground line; join the point 
,vhere the first intersects the vertical trace ,vith the point 
.where the second intersects the ground line-this will be 
the vertical projection of the line. 
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Thus, in Fig. 14, draw mn, also mm' and nn'; JOIn m'n'; 
it will be the required vert'ical projection. 

31. PROBLEM 3. To pass a plane through three given 
points. 

Let M, N, and P, Fig. 15, be the three points. 
Analysis. If we join either two of the points by a right 

line, it wili lie in the required plane, and pierce the plane'?s 
of projection in the traces of this plane (Art. 30). If we 
join one of these points with the third point, we shall have 
a second line of the plane. If we find the points in which 
these lines pierce the planes of projection, we shall have 
two points of each trace. The traces, and therefore the 
plane, will be fully determined. 

Oonstrtuction. Join m and n by the straight line mn; 
also m' and n' by m'n'. MN will be the line joining the 
first two points. This pierces H at h, and V at v, as in 
Problem 1. Draw also np and n'p'; ,NP will be the second 
line. It pierces H at t and V at t'. Join hand t by the 
straight line ht; it is the required horizontal .trace. Join 
v and t'; t'v is the vertical trace. Or, produce ht until it 
Ineets AB, and join this point with either v or tf for the 
vertical trace (Art. 9). 

If either MN or NP should be parallel to AB, the plane, 
and consequently its traces, will be parallel to AB (Art. 9), 
and it will be necessary to find only one point in each trace. 

32. If it be required to pass. a plane through tvvo right 
lines which either intersect or are parallel, we have siluply 
to find the points in which these lines pierce the planes of 
projection, as in the preceding problem. If the lines do 
not pierce the planes of pi'ojection within the limits of 
the drawing, then any t,vo points of the lines may be 
joined by a right line, and a point in each trace may be 
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determined by finding the points in which this line pierces 
the planes" of projection. 

33. A plane 111ay be passed through a point and right 
lirle by joining the point vvith any point of the line by a 
right line, and then passi~g a plane through these lines; 
or by dra,ving through the point a line parallel to the 
given line, and then passing a plane through the parallels, 
as above. 

,34. p ROBLE~I 4. To find the angle between two right 
lines which intersect. 

Let MN and MO, Fig. 16, be the two right lines, assumed 
as in Art. 23. 

Analysis. Since th,e lines intersect, pass a plane through 
-them, and revolve this plane about its horizontal trace until 
it coincides with the horizontal plane, and find the revolved 
position of the two lines. Since they do not change their 
relative position, their angle, in this new position, ,viII be 
the required angle. 

Construction. 'The line MN pierces H at n, and the line 
MO at 0 (Art. 27); no is then the horizontal trace of the 
plane contailfing the t\VO lines (Art. 32). Revol ve this 
plane about no until it coincides with H. The point M 
falls at p (Art. 17). The points nand 0, being in the 
axis, remain fixed; np will then be the revolved position 
of MN') and po of MO; and the angle npo \viII be the required 
angle. 

35. Second method for' the same problem. 
Analysis~ llevol ve the plane of the t\yO lines about its 

horizontal trace until it becomes perpendicular to the hori­
zontal plane; then revolve it about its ne\v vertical trace 
until it coincides with the vertical plane; the angle will 
then be in the vertical plane in its true size. 
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Const1'uction. :First .revolve the plane about no until if 
beconles perpendicular to H. Tt( will be the ne,v vertical 
trace, the point lVl will be horizontally projected at 8, q and 
vertically at s', s'r being equal to sp. 

N ow revolve the plane about Tt' until it coincides wIth V; 
o will revolve'to 0", 8 to s", aI~d n to n", while the point 
lVI, or (ss'), ,viII be found at w; n"w and o"w ,viII be the re­
vol ved positions of the two lines, and n" WOlf the required angle. 

By examining the drawing, it will be seen that if the 
angle is oblique, it is less than its projection, unless both 
lines are parallel to the plane of projection, in which case 
the angle is equal to its projection. 

L~t the problem be constructed with one of the lines 
parallel to the ground line. 

36. 'If· two riglut lines be perpendicular to each other in 
space, and one of tluern parallello the plane of projection, 
their projecti-ons will be perpendicular. lTor the project­
ing plane of the line which is not parallel to the plane. 
of proj ection is perpendicular to the second line, and also 
to its projection, since this projection is ,parallel to the 
line itself (Art. 14); and since this projection is perpen­
dicular to this projecting plane, it is perpendicular to its 
trace, ,vhich is the projection of the first line. 

37. PROBLEM 5. To find the position of a line bisecting 
the angle formed by two tight lines, one of which is perpendic­
ular to either plane of projection. 

Let MN and OP, :Fig. 17, be the two lines, the latter 
being perpendicular to the vertical plane. 

Analysis. If the plane of the two lines be revolved about 
the second until it becomes parallel to the horizon tal plane, 
the angle \vill be projected on this plane in its true size, and 
may be bisected by a right line. If the plane be then re-
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volved to its primitive position, and the true position of one 
point of the bisecting line be deterlnined, and joined with the 
vertex of the given angle, we shall have the required line. 

Oonstruetion. Let the plane of the two lines be revolved 
about UP until it becomes parallel to H. Any point of MN, 
as M, \vill describe the arc of a circle parallel to V, and be 
horizontally projected at 'In", and om" will be the projection 
of MN, and m" op "viII be the true size of'the angle. Bisect 
it by oq, \vhich will be the horizontal projection of the bisect­
ing line in its revolved position. Join m" ,vith any point of 
op, as p ; this ,viII be the horizontal projection of a line of the 
givel: plane, in its revolved position, which intersects the 

, bisecting line ~n a point horizontally projected at q. ·When 
'the plane resumes its primitive position, this line will be 
horizontally projected in mp, and the point, of \vhich q is the 
horizontal projection, will be horizontally projected at r, and 
vertically at r'; hence or will be the horizontal, and 0" m' the 
vertical proj ection of the required line. 

Or ~he plane of the two lines may be revolved about its 
vertical trace, and the true position deternlined as indicated 
in the figure. 

38. PROBLEM 6. To find the intersection of two planes. 
Let tTt' and sSs', Fig. 18, be the t,vo planes. 
Analysis. Since the line of intersection is a right line 

contained in each plane, it must pierce the horizontal plane 
in the horizontal trace of each plane (Art. 30); that is, at the 

inter.section of the two traces. For th'e same reason, it lTIUst 
pierce the vertical plane at the intersection of the vertical 
traces. If these two points be joined by a right line, it will 
be the required intersection. 

Oonstruction. The requir~d line pierces H at 0 and V at 
p': 0 is its own horizontal projection, and p' is horizontally 
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projected at p; hence po is the horizontal projection of the 
required line; 0 is vertically projected at 0'; p' is its own 
vertical projection; and Ofp' is the vertical projection of the 
req uired line. 

39. Second method for the same problem. When either 
the horizontal or vertiyal traces do not intersect within 
the limits of the drawing. Let tl-'t' and s8s', Fig. 19, be the 
planes; tT and s8 not intersecting within the limits of the 
drawing. 

Analysis.. If we pass any plane parallel to the vertical 
plane, it ,viII intersect each of the given planes in a line 
parallel to its vertical trace, and these two lines will inter­
sect in a point of the required intersection. A second point 
may be determined in the sanle way, and the right line join­
ing these t\VO points will be the required line. 

Oonstruction. Dra\v pq parallel to AB; it will be the trace 
of an auxiliary plane. It intersects the two given planes in 
lines \vhich pierce H at p and q, and are vertically projected 
in p' 0' and q' 0'; 0' is the vertical, and 0 th~ horizontal pro­
jection of their intersection. Draw mn also parallel to AB, 
and thus determine L. 01.1 is the required line. ,Let the 
problem be constructed when both planes are parallel to the 
ground line. 

40. PnOBLEM 7. To find the point in which a given right 
line pierces a given plane. 

Let MN, Ifig. 20, be the given line, ~nd tTt' the given plane .. 
Analysis. If through the line any plane be passed, it, will 

intersect the given plane in a right line, whicll nlust contain 
the required point (Art. 30). This point IllUst also be on the 
given line; hence it will be at the intersection of the two lines. 

Oonstruction. Let the auxiliary plane be the horizontal 
projecting plane of the line; np is its horizontal and ptf its 
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vertical trace (Art. 10). It intersects (rt' in a right line, 
\vhich pierces H at 0 and V at t', of which oft' is the vertical 
projection (Art~ 38).. 'The point m', in which oft' intersects 
m'n, is the vertical projection of the required point; and m is 
its horizontal projection. The accuracy of the drawing may 
be verified by using the vertical projecting plane of MN, as 
an auxiliary plane, and determining m directly as repre­
sented in the figure. 

Let the problem be constructed when the given line is 
parallel to the. ground line. 

41. Second method for the same probleln. When the 
plane is given by any two or its right lines, find the points 
in which these two lines pierce either projecting plane of the 
gi ven line, and join these points by ·a straight line; this will 
intersect the given line in the re_quired point. 

Oonstruction. Let MN and 0 P, Fig. 21, be the lines of the 
given plane, intersecting at L, and QR be th'e given line. 
The line MN pierces the horizontal projecting plane of QR 
at a point of which m is the horizontal, and m' the vertical 
projection. OP pierces the same plane at P, and p'm' is the 
vertical projection of the line joining these two points. This 
intersects q'r' at r', "\vhich is the vertical projection of the 
required point, r being its horizontal projection. 

42. If either projection of a point of an oblique plane be 
given, the other projection may at once be determined by a 
simple application of the principles of the preceding problem. 
Thus let m, ~-'ig. 22, be the horizontal projection of a point 
of the plane tTt'. If at m a perpendicular be erected to H, 
it will pierce tl-'t' in the only point of the plane which' can be 
horizontally projected at m; m is the horizontal, and m"m' 
the vertical projection of this perpendicular. Through it 
pass any plane, as that whose horizontal trace is no. Since 
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this plane is perpendicular to H, nn' will be its vertical trace. 
It intersects (rt' in a right line, of which 0' n' js the ver­
tical projection; hence m' is ,the required vertical projection 
(Art. 40). 

-The auxiliary plane may be passed parallel to tT'; mp will 
be its horizontal, and pp' its vertical, trace. It intersects 
tTt' in a line parallel to tT, \vhich pierces V at p', of \vhich 
mp is the horizontal, and m'p' the vertical, projection; and m' 
,viII be the required vertical projection. 

In a sinlilar way, if the vertical projection be given, the 
horizontal can be found. 

43. If a right line is perpendicular to a plane, its pro­
jections will be respectively perpendicL~lar to the traoos of 
the plane. ~""or the horizontal projecting plane of the line 
is perpendicular to the given plane, since it contains a line 
perpendicular to it. '-rhis projecting plane is also perpen­
dicular to the h~zontal plane (Art. 11). It is therefore 
perpendicular to the intersection of ,these two planes, which 
is the horizon tal trace of the given plane. Hence the hori­
zontal proJeetion of the' line, which is a line of this projecting 
plane, 111ust be perpendicular to the horizontal trace. 

In the same way it may be proved that the vertical pro­
Jection of the line ,viII be perpendicular to the vertical 
trace. 

Conversely - If the prqjections of a right lir~e are respec­
tively perpendicular to the traces of a plane, t7~e line Lvill 
be perpendicular to-the plane. :For if through the hOl'i­
zont~l projection of the line its horizontal projecting plane 
be passed, it will be perpendicular to th.e horizontal trace of 
the given plane, and therefore perpendicular to the plane. 
In the same way it may be proved that the vertical project.:. 
ing plane of the line is perpendicular to the given plane; 
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therefore the intersection of these t,vo planes., which is the 
given line, is perpendicular to the given plane. 

Henoe, to aSSUl11Je· a rijht line perpendioular to a plane, 
we draw its projections perpend.icular to the traces of the 
plane respectively. 

Also, to aSSU7ne a plane perpendioular to a riJht line, 
vve draw the t\VO traces froln any point in the ground line 
perpendicular to the projections of the line. 

44. PROBLEM 8. To draw through a given point a right 
line perpendicular to a given plane, and to :find the distance 
of the point from the plane". 

Let lVI, :F'ig. 23, be the given point, and tTt' the plane. 
Analysis. Since the required perpendicular is to pass 

through the given point, its projections must pass through 
the projections of the point (Art. 13); and since it is to be 
perpendicular to the plane., these projections must be respec­
tively . perpendicular to the traces of the plane (Art. 43). 
Hence, if through the horizontal proje'ction of the point a 

right line be dravvn perpendicular to the horizontal trace, 
and through the vertical projection a right line perpendicu­
lar to the vertical trace, they will be respectively the hori­
zontal and vertical projections of the required line. 

If the point in which this perpendicular pierces the plane 
be found, the distance between this point and the given point 
will be the required distance or length of the perpendicular. 

Oonstruction. 1'hrough m dravv mn perpendicular to tT, 
and th~~OUg~l m', rn' n', perpendicular to t'T. MN ,viII be the 
required perpendicular. N is the point in "\vhich ~1N pierces 
the plane (Art. 40), and m"n" the length of the perpendicu­
lar (Art. 28). 

Let the problelll be constructed when the plane is parallel 
to the ground line; also when it is perpendicular to it. 

DEseR. GEOM.-3 
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45. PROBLE~I 9. To project a given right line on any 
oblique plane, and to show the true position of this projection. 

Let MN, ~F\ig. 24, be the given line, and tTt' the given 

plane. 
Analysis. If through any two points of the line perpen­

diculars be drawn to the plane, and the points in which they 
pierce the plane be found, these ,viII be two points of the 
required projection, and the right line joining/ them will be 
the required line. If now the plane be revolved about its 
horizontal trace to coincide with the horizontal plane, or 

about its vertical trace until it coincides with the vertical 
plane, and the revolved position of these tvvo points be found 
and joined by a right line, this will sho,v the true position 
of the line in the oblique plane. 

Oonstruction. _ ,Assume the two .points ]\1 and P (Art. 22), 
and draw the perpendiculars MR and PS (Art. 44). The 
first pierces the plane at R, and the second at S (Art. 40); 
and rs will be the horizontal, and r's' the vertical projection 
of the required projection. The point N, in which the given 
line pierces the plane, will also be one point of the required 
projection. 

No,,, revolve the plane about tT until it coincides with H. 
Rjs found at r" (Art. 17), and S at s", and r" 8" is the true 
position of RS in its own plane; rtf 8" produced must pass 
through the point in which the projection pierces H. 

If the given line be parallel to the plane, it will only be 
necessary to determine the projection of one point on t:he 
plane, and through this to draw a line parallel to the given 
line (Art. 14). 

46. PROBLEM 10. Through a given point to pass a plane 
perpendicular to a given right line. 

Let M, :H'ig. 25, be the given point, and NO the given line. 
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Analysis. Since the plane is to be perpendicular to the 
line, its traces must be respect.ively perpendicular to the pro­
jections of the line (Art. 43). We thus know the direction 
of the traces. Through the point dra \v a line parallel to the 
horizontal trace; it ,viII be a line of the required plane, and 
will pierce the vertical plane in a point of the vertical trace. 
Through this point draw a right line perpendicular to the 
vertical projection of the line; it will be the vertical trace 
of the required plane. Through the point in which this 
trace il~tersects the ground line draw a right line perpen­
dicular to the horizontal projection of the line; it will be the 
horizontal trace. 

Oonstruction. Through m draw mp perpendicular to no; it 
will be the horizontal projection of a line through M, parallel 
to the horizontal trace; and since this line is parallel to H, 
its vertical projection will be m'p' parallel to AB. -This line 
pierces V at p' (Art. 27). Draw p'T perpendicular to n'o', 
and Tt perpendicular to no; ffp' ,viII be the required plane. 
Or through M draw MS parallel to the vertical trace. . It 
pierces H at s, which must be a point of the horizontal trace, 
and the accuracy of the drawing may thus be tested. 

47. -PROBLEM 11. To pass a plane through a given point 
parallel to two given right lines. 

Let lVI, Fig. 26, be the point, and NO and PQ the two 
given lines. 

Analysis. Through the given point draw a line parallel to 
each of the given lines. The plane of these two lines will be 
the required plane, since it contains a line parallel to each of 
the given lines. 

Oonstruction.' Through 'm draw ms parallel to no, and 
through m', m's' parallel to n' 0'. The line }\lIS will be parallel 
to NO (Art. 16). In the same way construct ~R parallel 
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to Ql~. These lines pierce H at sand t respectively, and 
MR pierces V at r'; hence tTr' is the required plane 
(Art. 32). 

Let the problern be constructed when one 6f the gIven 
lines is parallel to the ground line. 

Let the problem; to pass a plane tllrough a given point 
para1lel to a given plane, also be constructed. 

48. PROBLE~I 12. To pass a plane through a given right 
line parallel to another right line. 

Let MN, Fig. 27, be the line through which the plane is 
to be passed, and PQ the other given line. 

Analysis. Through any point of the first line draw 
a line parallel to the second. Through this auxiliary 
line and the first pass a plane. It will be the required 
plane. 

Oonstruction. 'rhrough R, on the first line, draw RO 
parallel to PQ. It pierces H at 0, and V at.t'. MN pierces 
H at m, and V at n'; hence ol't' is the required plane .. 

Let the problem be constructed when either line is paral~ 
leI to th.e ground lip.e. 

49. PROBLEM 13. To :find the shortest distance from a 
given point to a given right line. 

Let M, Fig. 28, be the given point, and NO .the given 
straight line. 

Analysis. The required distance is the length of a per­
pendicular from the point to tHe line. If through the given 
point and the line we pass ·a plane, and revolve this plane 
about either trace until it coincides with the corresponding 
plane of projection, the line and point will not change their 
relative positions; hence, if througll the revolved position 
of the point we dra.w a perpendicular to the revolved posi­
tion of the iine, it will be the r.equired distance. 
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Oonstruction. Through M draw lV1P parallel to NO. It 
pierces H at p. NO pierces H at o. po is then the hori­
zontal trace of the plane through lVl and NO (Art. 32). 
Revolve this plane about op until it coincides with H. M 
fall~ at m" (Art. 17) .. Since p renlains fixed, pm" is the 
revolved position of MP. NO being parallel to MP before 
revolution, 'will be parallel after; and as 0 is in the axis, 
oq" parallel to pm" will be the revolved position of NO. 
Dra 'v m" q" perpendicular to oq"; ·it will be the required 
distance. vVhen the plane is revolved ,back to its prinlitive 
position, m" is horizontally projected at m, and q" at q, 
hence lVl Q is the perpendicular in its true position~ 

50. Second ,method for the sanle problem. 
Analysis. If through the given point a plane be passed 

perpendicular to the given line (Art. 46), and the,_,pqint. in 
\vhioh the given line pierces the plane be found (Art: 40), and 
'joined with the given point, \ve shall have the required dis-
tance, the true length of which can be found as in Art. 28. 

Let the problem be constructed in accoi'dance with this 
analysis. 

I~et the problem also be constructed ,vhen the given line 
is parallel to the horizohtal plane. 

51. PRoB~E~r 14. To find the angle which a given right 
line makes with a given plane. 

Let MN, Fig. 29, be the given line, and tTt' the given 

plane. . 
Analysis. The angle made by the line with the plane is 

the saIne as that Inade by t4e line with its projection on 
the plane. Hence, if through any point of the line a per­
pendicular be drawn to the plane, the foot of this perpen­
dicular ,viII be one point of the projection. If this point 
be' JOIned with the point in which the given line pierces 
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the plane, we shall have the projection of the line on the 
plane (Art. 45). This projection, the perpendicular, and" a 
portion of the given line fornl a right-angled triangle, of 
which the projection is the base, and the angle at the base" 
is the required angle. But the angle at the vertex, that 
is, the angle between the perpendicular and g-iven line, is the 
complement of the required angle; hence, if we find the 
latter angle and subtract it fronl a right angle, we shall 
have the required angle. 

(Jonstruction. Through M draw the perpendicular MP 
to tl't' (Art. 44). It pierces H in p. 1'he given line 
pierces H in 0, and op is the horizontal trace of the plane 
of the two lines (Art. 32). Revolve this plane about op, 
and determine their angle pm"o, as in Art. 34. Its com­
plement, prm', is equal to the required a~gle. 

I.Jet the problem be constructed when the plane is parallel 
to the ground line. 

52. PROBLEM 15. To find the angle between two given 
planes. Let 8S8' (:Fig. 30) and tTt' be the two planes 
intersecting in the line ON (Art. 38). 

Analysis. If we pass a plane perpendicular to the inter­
section of the two planes, it will be perpendicular to both, 
and cut from each a right line perpendicular to this inter-" 
section at a comnlon point." The angle between these lines 
will be the measure of the required angle. 

Oonstruction. Draw pq perpendicular to on; it will be the 
horizontal trace of a plane perpendicular to 0 N (Art. 43). 
This plane intersects the given planes in right lines, one of 
which pierces H at p, and the other at q. If right lines be 
drawn fronl these points to the point in which the auxiliary 
plane intersects ON, they will be the lines cut from the 
planes, and the angle between them will be the required angle. 
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rrhe vertical trace of the auxiliary plane may be drawn as 
in Art. 43, and the vertex of the angle found as in Art. 
40, and then the angle as in Art. 34. Or otherwise, 
thus: Suppose a right line to be drawn from r to the ver­
tex of the angle, it will be perpendicular to ON, since it is 
contained in a plane perpendicular to it; it will also be per­
pendicular to pq, since it is in the horizon tal proj ecting plane 
of ON, which is perpendicular to pq (Art. 43). If this 
projecting plane be revolved about no until it coincides with 
H, n' will fall at n"; and since a is fixed, on" will be the 
revolved position of ON; and rm", perpendicular to on", will 
be the revolved position of the line joining r with the vertex. 
If now the plane of the two lines be revolved about pq until 
it coincides with H, mil will be at v, rv being equal to rm", 
and pvq will be ~he ~equired angle (Art. 34). 

The point m", from its true position, is horizontally pro­
j~cted at m, and _ vertically at m', and pmq is the horizontal, 
and p'm' q' the vertical projection of the angle. 

Let the problelll be constructed when both planes are 
parallel to the ground line. 

53. If the angle between a given plane and either plane of 
projection, as the horizontal, be required, we shnply pass a 
plane perpendicular to the horizontal trace, as in :F'ig. 31. 
This plane cuts on from H, and ON from tTt', and the angle 
non", found by "revolving the auxiliary plane about on (Art. 
34), will be the required angle. 

In the sanle way the angle p'q'p", between the given plane 
and vertical plane, may be found. 

54. PROBLEM 16. Either trace of a plane being given, and 
the angle which the plane makes with the corresponding plane 
of projection, to construct the other trace. 

Let tT, ~"'~g. 31, be the horizontal trace of the plane, and 
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de! the angle which the plane makes with the horizontal 
plane. 

Analysis. If a right line be dra,,:,"n through any point of 
the given trace, perpendicular to it, it ,vill be the horizontal 
trace of a plane perpendicular to the given trace, and if at 
the same point a line be drawn, making ,vith this line an 
angle equal to the given angle, this will be the revolved 
position of"'a line cut from the required plane by this perpen­
dicular plane (Art. 53). If this line be revolved to its true 
position, and the point in which it pierces the vertical plane 
be found, this will be a point of the required vertical trace. 
If this point be joined with the point where the horizontal 
trace intersects the ground line, we shall have the vertical 
trace. 

Construction. Through 0 draw no perpendicular to tT;, 

also on", making the angle n~n" = de!; on" will be the 
revolved position of a line of the required plane. When this 
line is revolved to its true position, it pierces V at n'" and 
n'T is the required trace. 

If the given trace does not intersect the ground line within 
the linlits of the drawing, the same construct~on may be 
made at a second point of the trace, and thus another point 
of the vertical trace be detern1ined. 

55. PROBLEM 17. To find the shortest line which can be 
drawn, terminating in two right lines, not in the foame plane. 

I.iet MN" ~-'ig. 32, and OP be the two right-lines. 
Analysis. The required line is manifestly a right line, 

perpendicular to both of the given lines. If through one 
of the l~nes we pass a plane parallel to the other, and then 
project this second line on this plane, this projection will 
be parallel to the line itself (Art. 14), and therefore not 
parallel to the first line. It will then intersect the first line 
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in a point. If, at this point, we erect a perpendicular to the 
plane, it will be contained in the projecting plane of the firs~ 
line, be perpendicular to both lines, and intersect them both. 
That portion included between them is the required line. 

Construction. '-rhrough MN pass a plane parallel to OP 
(Art. 48); mr is its horizontal, and k' n' its vert.ical trace. 
Through any point of OP, as Q, draw QU perpendicular to 
this plane (Art. 49). It pierces the plane at U (Art. 40) ; 
and this is one point of the projection of OP on the parallel 
plane. Through U draw UX parallel to OP; it will be 
'the projection of OP on the plane. I It intersects MN in X, 
,vhich is the point through which the required line is to be 
drawn, and XY, perpendicular to the plane, is the required 
line, the true length of which is x" y" (Art. 28). 

Let the' probleln be constructed with ,one of the lines 
parallel to the ground line. 

Also with one of the lines perpendicular to either plane 
of projection. 

56. Second construction of the same problem. 
Let ]YIN and OP, Fig. 33, be the right lines. 
Through MN pass a plane parallel to OP (Art. 48); mr 

is its horizontal trace. Through p conceive a perpendicular 
to be dra\vn to this plane. The pQint in which it pierces 
the plane will be one point of the projection of OP 011 the 
pl~ne. To find this point, through the perpendicular pass 

. a plane perpendicular to 0 P; pq ,,,ill be its horizontal trace 
(A.rt. 43). This plane will intersect the parallel plane in 
a right line, which pierces H at q. It intersects the hori-

. zontal projecting plane of OP in a right line perpendicular 
to OP at p. To determine this line, revolve the projecting 
plane of OP about op until it coincides ,,,ith H. Any point 
of OP, as L, falls at l", and pl" is the revolved position of 
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OPe This projecting plane intersects the parallel plane in 
a right line, which pierces H at k, and is parallel to OP; 
ku, parallel to pl", is the revolved position of this parallel 
line; pu, perpendicular to pl", is the revolved position of 
the intersection of the projecting plane and perpendicular 
plane; and u is the revolved position of a point of the line 
of intersection of the perpendicular and parallel plane. Now 
revolve the plane perpendicular to OP about pq as an axis, 
until it coincides ,vith H. The point, of which u is the 
revolved position, falls at u", and u" q is the revolved posi­
tion of the line of intersection of the perpendicular and 
parallel plane; pp" is the revol ved position of the line 
through p perpendicular to the parallel plane, and is equal 
to the distance required; and p" is the revolved position of 
the projection of p on the parallel plane. In the counter­
revolution, the point p" will be horizontally projected., some­
where in the perpendicular to the axis pq; p" x" is the 
horizontal projection of the projection of 0 P on the parallel 
plane, and xy, perpendicular to mr, is the horizontal, and 
x' y' the vertical projection of .the required line. 

CONSTRUCTION AND CLASSIFICATION OF LINES 

57. Every line may be generated by the continued motion of 
a point. If the generating point be taken in any position on 
the ~ine, and then be moved to its next position, these two 
points may be regarded as forIning an infinitely small right 
line, or elementary line. The two points are consecutive points, 
or points having no distance between them, and may practi­
cally be considered as one point. 

l'he line 11lay thus be regarded as Inade up of an infinite 
number of infinitely small elements, each element indicating 
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the direction of the motion of the point while generating 
that part of the line. 

58. The law which directs the motion of the generating 
point deterlnines the nature and class of the line. 

If the point moves always in the same direction, that is 
so that the elements of the line are all in the same direct~on, the 
line generated in a right line. 

If the point llloves so as continually to change its direction 
from point to point, the line generated is a cu.rved line or 
cu.rve. 

If all the elements of a curve are in the sa,me plane, the curve 
is of single curvature. 

If no three consecutive elements, that is if no four con­
secutive points, are in the same plane, the curve is of double 

curvature. 

We thus have three general classes of lines. 
I. Right lines: all of whose points lie in the same direction. 
II. Ourves of single curvature: all of whose points lie in 

the same plane. 
III. Ourves of double curvature: no four consecutive points 

of which lie in the same plane. 
59. The simplest curves of single curvature are: 
I. The circumference of a circle, which may be generated 

by a point moving in the saIne plane, so as to remain at the 
same distance from a given point. 

II. A parabola, vvhich may be generated by a point moving 
in the same plane, so that its distance from a given point shall 
,be constantly equal to its disYd,nce from a given right line. 

'The given point is thejoeus, the given right line the directrix. 

If through the focns a right line be drawn perpendicular 
to the directrix, it is the axis of the parabola; and the point 
in which the axis intersects the curve is the vertex. 
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From the definition, the curve may readily be constructed 
by points, thus: Let:B"', :B-'ig. 34, be the focus~ and CD the 
directrix. rrhrough:B' draw Fe perpendicular to CD. It 
will be the axis. rrhe point V, Inidway between ~' and 0, is 
a point of the curve, and is the vertex. 'fake any point on 
the axis, as P, and erect the perpendicular PM to the axis. 
With If as a center, and CP as a radius, describe an arc 
cutting PM in the two points :LVI and M'. These will be 
points of the curve, since 

FM = CP = DM, also FM' = op = D'JYI'. 

In the same ,yay' all the points nlay be constructed. 
III. An ellipse~ which ll1ay be generated by a point moving 

in the saIne plane, so that the SUIn of its distances fr<:;>ITl two 
fixed points shall be constantly equal to a given right line. 

The two fixed points are the foci. The curve may be con­
structed by points, thus: Let :B-' and F', :B'ig. 35, be the two 
foci, and VV' the given right line, so placed that 'V:B' = V'If'. 

Take any point as P between :B' and F'. With If as a 
center and V'P as a radius, describe an arc. With F' as a 
center, and VP as a radius, describe a second arc~- inter­
secting the first ·in the points M and M'. Tliese ,yill be 
poin~s of the required curve, since 

M:B' + MF' = VP + V'p = VV' ; also J\1Jf + IVI'F' = VV'. 

In the same way all the points may be constructed. V 
and V' -are evidently points of the curve, since 

Vl1' + Vlf' = V'~-" + VF' = VV' ; also V'.F' + V'F = VV'. 

The point C, luidway between the foci, is the center of the 
curve. The line VV', passing through the foci and ter ... 
minating in the curve, is the transverse axis of the curve. 
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The points V and Y' are the vertices of the curve. DD' 
perp~ndicular to VV' at the center is the conJugate axis of 
the curve. 

If the two axes are given, the foci Inay be constructed 
thus: With D, the extrenlity of the conjugate axis, as a 

center, and CV,. the semi-transverse axis as a radius, describe 
an arc cutting VV' in F and :F'. These points will be the 
foci, for 

DF + D~-" = 2CV = VV'. 

IV. The hyperbola, which may be generated by moving a 
point in the same plane, so that the difference of its distances 
from two fixed points shall be equal to a given line. 

The t\VO fixed points are the foci. . 

The curve may be constructed by points, thus: I.Jet F and 
F', Fig. 36, be the two foci, and VV' the given line, so 
placed that If V = F'V'. 

With ~-" as a center, and any radius greater than If'V, as 
:B-'~b, describe an arc. With F as a center, and a radius FlVI, 
equal to Jj-"O - VV', describe a second arc, intersecting the 
first in the points M and M'. These will. be points of the 
required curve, since 

If'M - Jj-'M = F'O - Jj-'M = VV'; also Jj-"M' - FM' = VV. 

In the same way any number of points luay be determined. 
It is manifest also that if the greater radius be used with 

F as a center, another branch, NV'N', exactly equal to 
MVM', will be described. 

V and V' are evidently points of the curve, since 

F'V - If V =. VV' = Jj-'V' - F'V', 

and are the vertices of the hyperbola. 
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'fhe point C, nlidway between the foci, is the center, and 
VV' is the transverse axis. A perpendicular, DD', to the 
transverse axis at the center is the indefinite c(Jniugate axis. 

I t evidently does not intersect the curve. 

PROJECTION OF CURVES 

60. If all the points of a curve be projected upon the hori­
zontal plane, and these projections be joined by a line, this 
line is the horizontal proJection of the curve. 

Likewise, if the vertical projections of all the points of a 
curve be joined by a line, it will be the vertical proJ eotion of 
the curve. 

61. The two projections of a curve being given, the curve 
lvill in general be completely determined. Ifor in the saIne 
perpendicular to the ground line t\VO points, one on each 
projection, may be assumed, and the corresponding point of 
the curve determined, as in Art. 8. Thus in and m', Fig. 
37, being assun1ed in a perpendicular to AB, M will be a 
point of the curve, and in the same way every point of the 
curve may in general be determined. 

62. If the plane of a curve of single curvature is perpen­
dicular to either plane of projection, the projection of the 
cnrve on that plane will be a right line, and all of its points 
,viII be prqjected into the trace of the plane on this plane of 

. projection. 
If the plane of the curve be perpendicular to the ground 

line, both projections will be right lines, perpendicular to the 
ground line, 'and the curve will be undetermined, as in Art. 15. 

I f the plane of the curve be parallel to either plane of 
projection, its projection on that plane will be equal to itself, 
since each element of the curve will be projected into an 
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equal elenlent (Art. 14). Its projection on the other plane 
,vill be a right line parallel to the ground line. 

rrhe projection of a curve of double curvature can in no 
case be a right line. 

63. 1-'he points in w~ich a curve pierces either plane of 
projection can be found by the same rule as in Art. 27. 
Thus 0, l1~ig. 37, is the point in which the curve MN pierces 
H, and p' the point in which it pierces V. 

TANGENTS AND NORMALS TO LINES 

64. If a right line be drawn through any point of a curve, 
as lVI, :Fig. 38, intersecting it in another point, as M', and 
then the second point be moved along the curve towards M, 
until it coincides with it, the line, during the motion con­
taining both points, ,viII beconle tangent to the curve at M, 
which is the point of contact. 

As when the point M' becomes consecutive ,vith M, the 
line thus containing the element of the curve at M (Art. 57) 
may, for all practical purposes, be regarded as the tangent, 
,ve say that a right line is tangent to another line when it con­

tains 6wo consecutive points of that line. 
If a right line continually approaches a curve and becon1es 

tangent to it at an infinite distance, it is called an asymptote 

of the curve. 
Two curves are tangent to each other when they contain 

t\VO consecutive points, or have, at a cornmon point, a common 

tangent. 
If a right line is tangent to a curve of single curvature, 

it will be contained ifl; the plane of the Cl~rve. For it passes 
through two points in that plane, viz. the two consecutive 
points of the curve. 
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Also, if a right line is tangent to another right line, it will 
coincide with it, as the two lines have tvYO points in conlll10n. 

The expression "a tangent to a curve" or "a tangent" 
will hereafter be understood to mean a rectilineal tangent 
unless otherwise mentioned. 

65. If two lines are tangent in space, their projections 
on the same plane will be tangent to each otlwr. If Of. the 
projections of the two consecutive points COlllmon to the two 
lines will also be consecutive points common to the projec­
tions of both lines (Art. 60). 

The converse of this is not necessarily true. But if both 
the horizontal and vertical projections are tangent at points 
which are the projections of a COlllmon point of the tvYO lines 
(Art. 23), the lines ,viII be tangent in space; for the pro­
jecting perpendiculars at the common consecutive points will 
intersect in two consecutive points COllllnon to the two lines. 

66. If a right line be drawn perpendicular to a tangent at 
its point of contact, as MO, lj-'ig. 38, it is a normal to the curve. 

As an infinite number of perpendiculars can be thus drawn, 
all in a plane perpendicular to lVIT at lVI, there will be an 
infinite number of norlnals at the same point. 

If the curve be a plane curve, that is, a curve of single 
curvature, the term "norlllal" will be understood to mean 
that norinal which is in the plane of the curve unless other­
wise mentioned. 

67. If we conceive a curve to be rolled on its tangent at 
any point until each of its elements in succession COllles into 
this tangent, the curve is said to be rect(fied~· that is, a right 
line equal ~o it in length has been found. Since the tangent 
to a curve at a point contains the element of the curve, the 
angle which the. curve at this point makes with any line or 
plane will be the same as that made by the tangent. 
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THE HELIX 

68. If a point be moved uniformly around a right line, 
reluaining .always at the same distance from it, and having 
at the same time a uniform motion in the direction of the line, 
it will generate a curve of double curvature, called a helix. 

The right line is the axis of the curve. 
Since all the points of the curve are equally distant from 

the axis, the projection of the curve on a plane perpendicular 
to this axis will be the circumference of a circle. 

Thus, let m, Fig. 39, be the horizontal, and 'in'n' the verti­
cal projection of the axis, and P the generatit?-g point, a~d 
suppose that while the point nloves once around the axis, it 
moves through the vertical distance m'n'; prqs will be the 
horizontal projection of the curve. 

To determine the vertical projection, divide prqs into any 
number of equal parts, as 16, and also the line m'n' into the 
san1e number, as in the figure. 1'hrough these points of 
division draw lines parallel to AB. Since the motion of the 
point is uniform, while it moves one eighth of the vvay round 
the axis it ,viII ascend one eighth of the distance m'n', and 
be horizontally projected at x, and vertically at x'. When 
the point is horizontally projected at r, it will be vertically 
projected at r'; and in the same way the points y', q', etc., 
may be determined, and p'r' q' Sf will be the required vertical 
projection. 

69. It is evident from the nature of the motion of the 
generating point, that in generating any two equal portions 
of the curve, it ascends the saIne vertical distance; that is, 
any two elementary arcs of the curve will make eqllal angles 
with the horizontal plane. Thus, it CD (a), :Fig. 39, be any 
element of the curve, the angle which it makes with thu 

DEseR. GEOM. -4 
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horizontal plane will be DCe, or the angle at the base of a 
right-angled triangle of which Ce = cd, Jj'lig. 39, is the hasp, 
and De the altitude. But from the nature of the motion, Ce 
is to De as any arc px is to the corresponding ascent x"x'. 

Hence, if we rectify the arc xp (Art. 67), and ,vith this as 
a base construct a right-angled triangle, having x' x" for its 
altitude, the angle at the base will be the angle which the 
arc, or its tangent at any point" luakes ,vith the horizontal 
plane. '1'herefore, to dra,v a tangent at any point as X, we 
dravv xz tangent to the circle pXfj~ at X; it ,viII be the hori­
zontal projection of the required tangent. On this, fron1 x, 
layoff the rectified arc xp to z; z will be the point ,yhere 
the tangent pierces H, and z'x' will be its vertical projection. 

Since the angle ,vhich a tangent to the helix Blakes with 
the horizontal plane is constant, and since each elelnent of 
the curve is equal to the hypotenuse of a right-angled tri­
angle of which the base is its h.orizontal projection, the angle 
at the base, the constant angle, and the altitude, the ascent 
of the point while gene!ating the, element, it follows that 
when the helix is rolled out on its tangent, the SUIll of the 
elelnents, or length of any portion of the curve, will be equal 
to the hypotenuse of a right-angled triangle, of which the 
base is its horizontal projection rectified, and altitude, the 
asce,nt of the generating point while generating the portion 
considered. Thus the length of the arc pX is equal to the 
length of the portion of the tangent ZX. 

GENERATION AND CLASSIFICATION OF SURFACES 

70. A surface may be generated by the continued motion of 

a ~ine. The moving line is the generatrix of the surface; 
and the different positions of the generatrix are the elements: 
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If the generatrix be taken in any position, and then be 
llloved to its next position on the surface, these t\VO positions 
are consecutive positions of the generatrix, or consecutive ele­

. ments of the surface, and nlay practically be regarded as one 
element. 

71. rrhe form of the generatrix, and the law which 
directs its lllotion, deternline the nature and class of the 
surface. 

Surfaces may be divided into two general classes. 
First. Those. which can be generated by right lines, or 

which have rectilinear elements. 

Second. Those ~{)hich can only be generated by curves, and 

which can have no rectilinear elements. These are DOUBLE 

CURVED SURFACES. 

Those which can be generated by right lines are: 
(1) Planes, ,vhich lllay be generated by a right line moving 

so as to touch another right line, having all its positions parallel 
to its fir .'5t po sition. 

(2) -Single curved surfaces, ,vhich lnay b~ generated by a 

right line, moving so that any two oj its consecutive positions 

shall be in the same plane. 

(3) Warped surfaces, vvhich lnay be generated by a right 
line moving so that no two oj its conservative positions shall be 
in the same plane. 

72. Single curved surjaees are of three kinds. 

I. Those in which all the positions of the rectilinear genera­
trix are parallel. 

II. Those in which all the positions of the rectilinear gen­
,eratrix intersect in a comillon point. 

III. l'hose in ,vhich the consecutive positions of the 
rectilinear generatrix intersect two and two, no three posi­
tions intersecting in a common point. 
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CYLINDRICAL SURFACES, OR CYLINDERS 

73. Single curved surfaces of the first kind are cylindrical 
s'urfaces, or cylinders. Every cylinder may be generated by 
nl0ving a right line so as to touch a curve, and have all its 
positions parallel. 

The moving l~ne is the rectilinear generatrix. The curve 
is the directrix. The different positions of the generatrix 
are the rectilinear elements oj the surjace. 

Thus, }1-'ig. 40, if the right line MN be moved along the 
curve mlo, having all its positions parallel to its first posi­
tion, it will generate a cylinder. 

If the cylinder be intersected by any plane not parallel to 
the rectilinear elements, the curve of intersection may be 
taken as a directrix, and any rectilinear element as the gen­
eratrix, and the surface be regenerated. This curve of inter­
section may also be the base of the cylinder. 

The intersection of the oy linder by the horizontal plane is 
usually taken as the base. If this .base have a center, the 
right line through it, parallel to the rectilinear elements, is 
the axis of the cylinder. 

A definite portion of the ~,urface included by two parallel 
planes is sometilnes conside'rec1; in which case the lower 
curve of intersection is the lower base, and the other the 
upper base. 

Cylinders are distinguished by the' na~e of their bases; 
as a cylinder with a circular base, a cylinder with an 
elliptical base. 

If the rectilinear elenlents are perpendicular to the plane 
of the 'base, the cylinder is a right cylinder, and the base a 
rig ht section .. 

A cylinder may also be generated by moving the curvi-
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linear directrix, as a generatrix, along anyone of the recti­
linear elements, as a directrix, the curve remaining· always 
parallel to its first position. 

If the curvilinear directrix be changed to a right line, the 
cylinder becomes a plane. 

I t is Inanifest that if a plane parallel to the rectilinear ele­
ments intersects the cylinder, the lines of intersection will 
be rectilinear elelnents which will intersect the base. 

74. It will be seen that the projecting lines of the differ­
ent points of a curve (Art. 60) forD1 a right cylinder, the 
base of which, in the plane of projection, is the projection of 
the curve. 

These cylinders are respectively the horizontal and vertical 
pro/ecting cylind,ers of the curve, and by their intersection 
deternline the curve. 

,75. A cylinder .is repI'esented by projecting one or more 
of the curves of its surface and its principal rectilinear 
elements. 

When these elements are not parallel to the horizontal 
plane, it is usually represented thus: Draw the base as mlo, 
Fig. 40, in the horizontal plane. . Tangent to this draw right 
lines lx and kr parallel to the., horizontal projection of the 
generatrix; these will be. the horizontal projections of the 
extr'eme rectilinear elements as seen fronl the point of sight, 
thus formin'g the horizontal'projection of the cylinder.. Draw 
tangents to the ,base perpendicular to the ground line as 
mm', 00'; through the points 1n' and 0' c1ra\v lines m'n' and 
0' 8' parallel to the vertical projection of th.e generatrix, thus 
fornling the vertical projection of the cylinder, m' 0' being 
the vertical projection of the base. 

76. To assume a point of the surface, we first assume one 
of its projections as the horizontal. Through this point 
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erect a perpendicular to the horizontal plane. It will pierce 
the surface in the only points which can be horizontally pro­
jected at the point taken. 'rhrough this perpendicular pass 
a plane parallel to the rectilinear .elements; it will intersect 
the cylinder in elenlents (Art. 73) "\vhich will be intersected 
by the perpendicular in the required points. 

Oonstruction. Let p, Fig. 40, be the horizontal projection 
assunled. Through p dra"\v pq parallel to lx; it will be the 

. horizontal trace of the auxiliary plane. This plane inter­
sects the cylinder in two elements, one of which pierces H 
at q and the other at u;; and q' y' and u' z" will be the ver­
tical projections of these elenlents, v'p' the vertical projec­
tion of the perpendicular, and p' and p" the vertical 
projections of the two points of the surface horizontally 
projected at p. 

To aSSU7ne a rectilinear element, we have simply to draw 
a line parallel to the rectilinear generatrix through any point 
of the base or of the surface. 

CONICAL SURFACES, OR CONES 

77. Single curved surfaces of the second kind are conical 
surfaces, or cones. 

Every cone may be generated by moving a right lilie so 
as continually to touch a given curve and pass through a 
given point not in the plane of the curve. 

The moving line is the rectilinear fJeneratrix,. the curve, 
the directrix)' the given point, th e vertex of' th e cone; 
and the different positions of the generatrix, the rectilinear 
elements. 

The generatrix being indefinite in length will generate 
two parts of the surface on different sides of the vertex 
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\vhich are called nappes~· one the upper, the other the lower, 

nappe. 
Tl;tus, if the right line MS, Fig. 41, move along the curve 

mlo and continually 'pass through S~ it ,viII generate a cone. 
If the cone be intersected by any plane not passing 

through the vertex, the curve of intersection may be taken 
as a directrix and any rectilinear element as a generatrix, 

and the cone be regenerated. This curve of intersection 
Inay also be the base of the cone. The intersection of the 
cone by the horizontal plane is usually taken as the base. 

If a definite portion of the cone inclu9-ed by two parallel 
planes is considered, it is called afrustum of a cone~· one of 
the limiting curves being the lower and the other the upper 

base of the frustuln. 
Cones are distinguished by the names of their bases; as a 

cone with a circular base, a cone with a parabolic base, etc. 
If the rectilinear elelnents all make the same angle with a 

right line passing through the vertex, the cone is a right cone, 

the rigpt line being its axis. 

A cone may also be generated by moving a curve so as 
continually to touch a right line, and change its size accord­
ing to a proper law. 

If the curvilinear directrix of a cone be changed to a right 
line, or if the vertex be taken in the plane of the curve, the 
cone will become a plane. 

If the vertex~ be removed to an infinite distance, the cone 
\vill eviden~ly beconle a cylinder. 

If a cone be intersected by a plane through the vertex, the 
lilles of interseotion will be rectilinear elelnents intersecting 
the base. 

78. A cone is represented by projecting the vertex, one of 
the curves on its surface, and its principal rectilinear ele--
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ments. Thus let S, ~"ig. 41, be the vertex. Draw the base 
mlo in the horizontal plane, and tangents to this base through 
8, as sl and sk, thus forming the horizontal projection of the 
cone. Draw tangents to the base perpendicular to the ground 
line, as mm', 00', and through m' and 0' draw the right lines 
m's' and 0' s', thus forming the vertical projection of the cone. 

79. To assume a point of the surface, we first assunle one 
of its projections as the horizontal. Through this erect a 
perpendicular to the horizonta,l plane; it will pierce the sur­
face in the only points which can be horizontally projected at 
the point taken. Through this perpendicular and the vertex 
pass a plane. It will intersect the cone in elements which 
will be intersected by the perpendicular in the required 
points. 

Oonstruction. Let p be the horizontal projection. Draw 
ps. It will be the horizontal trace of the auxiliary plane 
which intersects the cone in two elenlents, one of which 
pierces H at q, and the other at r, and q's' and r's' are the 
vertical projections of these elements, and p' and p" are 
the vertical projections of the two points of the surface. 

To assume a rectilinear element, V\Te have simply to draw 
through any point of the base or of the surface a right line 
to the vertex. 

80. Single curved surfaces of the third kind may be gen­
erated by drawing a system of. tangents to any curve of 
double curvature. These tangents will evidently be recti­
linear elements of a single curved surface. For if we con­
ceive a series of consecutive points of a curve of double 
curvature, as a, b, c, d, etc., the tangent which contains a and 
b (Art. 64) is intersected by the one which contains band (J 

at b; that which contains band c, by the one which contains 
a a,nd d at c; and so on, each tangent intersecting the pre-
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ceding consecutive one, but not the others, since no two ele­
ments of the curve not consecutive are in general in the 
saIne plane (Art. 58). 

81. If the curve to which the tangents are drawn is a 
helix (Art. 68) the surface may be represented thus: Let 
pxy, j1-'ig. 42, be the horizontal, and p' x' y' the vertical proj ec­
tion of the llelical directrix. Since the rectilinear elements 
are all tangent to this directrix, anyone may be assumed, 
as in Art. 69; hence XZ, YU, etc., are elelnents of the 
surface. 

A point of the surface may be assumed by tak~ng a point 
on any assumed element. 

These elenlents pierce H in the points z, u, v, etc., and 
zuvw is the curve in which the surface is intersected by the 
horizontal plane, and lnay be regarded as the base of the 
surface; and it is evident that if the surface be intersected 
by any plane parallel to this base, the curve of intersection 
will be equal to the base. 

VVARPED SURFACES WITH A PLANE DIRECTER 

82. There is a great variety of warped surfaces, differing 
from each other in their nlode of generation and properties. 

The lTIOst simple are those Wllich may be generated by a 
right line generatrix, moving so as to touch two other lines as 
directrices, 'and parallel to a given plane, called a plane 

directer. 
Such surfaces are warped surfaces, ~()ith two linear directrices 

and a plane directer. 
They, as all other warped surfaces, may' be represented by 

projecting one or more curves of the surface and the princi­
pal rectilinear elements. 



58 OR11HOGlfAP HIC PROJECTIONS 

83. The directrices and plane directer being given, a 
rectilinear element passing through any point of either 
directrix may be determined by passing a plane through 
this point, parallel to the plane directer, and jlndir&J1 the 
point in which tl~is plane cut~ the other directrix, ancl 
joining this with the given point. 

Oonstruction. Let lVIN and PQ, ~"'ig. 43, be any two linear 
directrices, tTt' the plane directer, and 0 any point of the 
first directrix. 

Assume any line of the plane directer, as CD (Art. 30), 
and through the different points of this line dra\v right lines 
SE, S:B-', &c., to any point, as s of tT. Through 0 draw a 
system of lines OR, OY, etc., parallel respectively to SE, 
S~'" etc. These will form a plane through 0, parallel to frt', 
and pierce the horizontal projecting cylinder of PQ, in the 
points R, Y, W, etc. These points being joined, will form 
the curve RW, which intersects PQ in X, and this is" the 
point in which the auxiliary plane cuts the directrix PQ. 
OX will then be the required elelnent. If the curve r'w' 
should intersect p' q' in more than one point, two or ~ore 
el~ments passing through 0 ,vould thus be determined. 

84. If an element be reql{;irecl parallel to a given right 
line, this line beir~g in the plane directer, or parallel to it, we 

draw through the different points of either clirectrix, lines 
parallel to the given line. These {orln the rectilinear ele­
ments of a cylinder, parallel to the given line. If the points 
in which the second directrix pierces this cylinder be found, 
and lines be drawn through theln parallel to the given line, 
each will touch both directrices, and be an element 
required. 

Oonstruction. Let the surface be given as in the preced ... 
ing article and let FS, 'Fig. 44, be the given line. Through 
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the points 0, K, L, etc., dra\v OX, KY, LZ, etc., parallel to 
:F'S. These lines pierce the horizontal projecting cylinder of 
the di~ectrix PQ, in the points X, Y, Z, etc., which, being 
joined, fornl the curve XY, intersecting PQ in W. Through 
W dravv WR, p~rallel to FS; it is a required elelnent, aud 
there lllay be t,vo or n10re as in the preceding article. 

85. A warped surface, with a plane directer, having one 
directrix a right line and the other a curved, is called a 
conoid. The elements of the conoid pass through all the 
points of the rectilinear directrix, instead of a single point, 
as in the cone. 

If the rectilinear directrix is perpendicular to the plane 
directer, it is a right conoid, and this directrix is· the line of 
striction. 

THE HYPERBOLIC PARABOLOID 

86. A \varped surface with a plane directer and two rec­
tilinear directrices, is a hyperbolic paraboloid, since its inter .. 
section by a plane may be proved to be either an hyperbola 
or parabola. 

Its rectilinear elements may be constructed by the prin-
. ciples in Arts. 83 and 84. In the first case, two right 

lines through the given point will detern1ine tIle auxiliary 
plane, and the point in which it is pi.erced by the second 
directrix may be determined at once, as in Art. 41. In 
the second case, the cylinder becomes a plane, and the point 
in ",vhich it is pierced by the second directrix is als-o deter­
mined, as in Art. 41. 

87. The reotilinear elements of a hyperbolio paraboloid 
divide the direotrioes proportionally. Jj"or these elements 
are in a system of planes parallel to the plane directer 
and to each other, and these planes divide the directrices 
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into proportional parts at .the points ,,,here they are inter­
sected by the elelnents. (Davies' Legendre, Book vi., 
Prop. xv.) 

Conversely-If two right lines be divided into any 
number of proportional parts, the riiht ?ines joinini the 
corresponding points of division will lie' in a system of 

parallel planes, and be elements of an l~yperbolic parabo­

loid, the plane directer of which is parallel to any two of 

these dividing lines. 
Thus, let lVIN and OP, Fig. 45, be any two rectilinear di­

rectrices. Take any distance, as ml, and lay it off on mn 
any nUlnber of times, as ml, lk, kg, etc. Take also any 
distance, as or, and lay it off on po any number of times, 
as pr, rs, SU, qo, etc. Join the corresponding points of di:" 
vision by right lines, lr, ks, gu, etc.; these will be the hori­
zontal projections of rectilinear elements of the surface. 
Throug h m., l, k, etc., and p, r, s, etc., erect perpendiculars 
to AB, to m', l', k', etc., and p', r', s', etc., and join the cor­
responding points by the right lines l' r', k' s', g' u', etc.; these 
will be the vertical projections of the elenlents. 

88. To aSS1~me any point on this surface, and in teneral 
on al~y warped surface, we first a~sume its horizontal pro­
j ection, and at this erect a perpendicular to the horizon tal 
plane. Through this perpendicular pass a plane; it will 
intersect the rectilinear elenlents in points which, joined, 
will give a line of the surface, and the points in which this 

.line intersects the perpendicular will be the required points 
on the surface. 

Let the construction be made upon either of the figures, 
43, 44, or 45. . 

89. If any two rectilinear elements of an hyperbolic par­
aboloid be taken C(;S directrices, with a plar~e directer paralle:l 
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to the first directrices, and a surface be thus generated, it 
will be id.entical with the first surface. 

'fo prove this we have only to prove that any point of an 
element of the second [Je~eration is also a point of the first . 

. Thus, let lVIN and OP, Fig. 46, be the directrices of the 
first generation, and NO and lVIP any two rectilinear ele­
ments. Through M draw MW parallel to NO. The plane 
WMP will be parallel to the plane directer of the first gen­
eration, and may be taken for it. 

Let NO and MP be taken as the ne"v directrices, and let 
ST be an element of the second generation, the plane direc­
tel' being parallel to MN and OPe Through U, any point 
of 81\ pass a plane parallel to WMP, cutting the directrices 
MN and OP in Q and R. Join QR; it will be an element of 
the first generation (Art. 83). Draw Nn and Qq parallel to 
ST, piercing the plane WlVIP in nand q. Also draw 00 and 
Rr parallel to ST, piercing WMP in 0 and r; and draw no, 
intersecting MP in T, since N n, ST, and 00 are in the same 
plane. M, q, and n will be in the same right line, as also P, 
r, and 0; and since MN and Nn, intersecting at N, are 
parallel to the plane directer of the second generation, their 
plane will be parallel to it, as also the plane of PO and 00 ; 
hence, these planes being parallel, their intersections, Mn and 
Po, with the plane WMP, will be parallel. Draw qr. 

Since Qq and Nn are parallel, we have 

M Q : QN : : Mq : qn. 

Also, PR : RO : : Pr : roo 

But (Art. 87), MQ : QN : : PR : RO ; 

. hence, Mq : qn : : Pr : ro ; 
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and the right line, qr, nlu8t pass through T, and the plane of 
the three parallels, Qq, ST, and Rr, contains the element 
QR, ,vhich Inust therefore intersect srr at U. Hence, any 
point of a rectilinear element of the second generation is 
also a point of an element of the first generation, and the 
two surfaces are identical. It follows from this, that through 
any point of an hyperbolic paraboloid tu'o rectilinear elements 
can always be drawn. 

WARPED SURF.ACES WITH THREE LINEAR DIRECTRICES 

90. A second class of warped surfaces consists of those 
which may be generated by moving a right line so as to 
touch three lines as directrices, or warped surfaces with three 
linear directrices. 

Jl rectilinear ele7nent of this class' of surfaces passing 

through a given point on one of t7~e clirectrices may be 
found by drawing throl{;gh this point a system of right 

lines intersecting either of the other directrices,. these fornl 
the surface of a cone vvhich will be pierced by the third 
directrix in one or more points, through which and the 
given point right lines being drawn will touch the three 
directrices, alid be required elenlents. 

Oonstruction. Let MN, OP, and QR, Fig. 47, be any 
three linear directrices, and M a given point on the first. 
'Through M draw the lines MO, MS, MP, etc., intersecting 
OP in 0, S, P, etc. They pierce the horizontal projecting 
cylinder of QR -in X, Y, Z, etc., forming a curve, XYZ, 
which intersects QR in U, the point in which QR pierces 
the surface of the auxili~ry cone. MU is then a required 
element, two or more of vvhich would be determined if XZ 
should intersect QR in more than one point. 
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91. rrhe silnp~est of the above class of surfaces is a sur­
face which may be generated by moving a right line so as to 

touch three rectilinear directrices. I t is an hyperboloid of 

one nappe, as many of its intersections by planes are hyper­
bolas, "\vhile the surface itself is unbroken. 

The construction of the preceding article is much sim­
plified for this surface, as the auxiliary cone becomes a 
plane; and the point in which this plane is pierced by 
the third directrix is found as in Art. 40 or 41. 

THE HELICOID 

92. If a right line be moved uniformly along another 
right line as a directrix, always making the s~me angle 
with it, and at the same' tin18 having a uniform angular 
motion around it, a'· warped surface will be genera~ed, 
called a helicoid .. 

The rectilinear directrix is the axis of the surface. Thus 
C:H'ig. 48), let the horizontal plane be taken perpendicular 
to the axis, 0 being its horizontal, and o'n' its vertical pro­
jection, and let OP ... be the generatrix, parallel to the verti­
cal plane. 

It is evident from the nature of the motion of the genera­
trix that each of its points will generate a helix (Art. 68). 
That generated by the point P, constructed as in Art. 68, 
will be horizontally projected in prq, and vertically in 
p'r' q'. 

To assume a rectilinear element of the surface, we first 
assume its horizontal projection, as ox. Through x erect 
the perpendicula.r xx', and from 0' layoff the distance 0'0", 
equal to a/x"; 0" x, will be the required vertical projection. 
In the same way, the element (oy, o"'y') may be assumed. 
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To assume any point on the sur/ace} ,ve first assunle a 
rectilinear element, and then take any point in this element, 
as M. 

The elements pierce the horizontal plane in the points 
p, u, w, etc., and the cur~e puw is its intersection by the 
surface. 

The surface is manifestly a warped surface, since, fronl 
the nature of its generation, no two consecutive positions 
of the generatrix can be parallel or intersect. 

This surface is an important one, as it forms the curved 
surface of tIle thread of the ordinary scre,v. 

If the generatrix is perpendicular to the axis, the helicoid 
becomes a particular case of the right c~noid (Art. 85), the 
horizontal plane being the plane directer, and any helix the 
curvilinear directrix. 

93. Other varieties of 'varped surfaces nlay be generated 
by moving a right line so as to touch two lines, having its 
differen t positions, in succession, parallel to the different 
rectilinear elelnents of a cone: By llloving it parallel to a 
given plane, so as to touch two surfaces, or one surface and' 
a line; or so as to touch thTee surfaces -" two surfaces and 
a line - one surface and two lines; and in general, so as to 
fulfill any three reasonable conditions. . 

It should be remarked that in all these cases the direc­
trices should be so chosen that the surface generated will be 
neither a plane nor single curved surfa?e. Also, that these 
surfaces, as all others, may be generated by curves moved in 
accordance with a law peculiar to each variety. 

94. If a curve be moved in any way so as p.ot to generate 
a surface of either of the above classes, it will generate a 
double curved surface, the silnplest variety of which is the 
surface of a sphere. 
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95. All exanlination of the modes of generating surfaces, 
above described, ,viII indicate the following test for ascertain­
ing the general class to which any given surface belongs. 

1. If a straight ruler can be made to touch the surface in 
every direction, it must be a plane. 

2. If the ruler can be made to touch a curved surface in any 
one direction, and then be moved so as to touch in a position 
very near to the first, and the two right lines thus indicated 
are parallel or intersect, the surface must be single curved. 

3. If the lines thus indicated neither intersect nor are 
parallel, the surface must be warped. 

4. If the ruler cannot be nlade to touch the surface In 

any direction, the surface must be double curved. 

SURFAOES OF REVOLUTION 

96. A surface of revolution is a surface which may be 
generated by revolving a line about a right line as an axis 
(Art. 17). 

]j~rom the nature of this generation it is evident that any 
intersection of such a surface by a plane perpendicular to 
the axis is the circumference of a circle. Hence, the surface 
may also be generated by moving the circumference of a 
circle with its plane perpendicular to the axis, and center 
in the axis, the radius changing in accordance with a pre­
scribed law. 

If the surface be intersected by a plane passing through 
the axis, the line of intersection is a meridian line, and the 
plane a meridian plane; and it is also evident that all 
Ineridian lines of the same surface are equal, and that the 
surface may be generated by revolving anyone of these 
meridian lines about the axis. 

DESCR. G EO~I. - 5 
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97. If two surfaces of revolution havin,t a common axis 
intersect, the lil~e of intersection must be" tlte circumference 
of a circle whose plane is perpendicular to the axis and 
center in the axis. J.1""'or if a plane be passed through any point 
of the intersection and the common axis, it will cut from each 
surface a meridian line (Art. 96), and these meridian lines 
wil~ have the point in common. If these lines be revolved 
about the COlnrnOIl axis, each will generate the surface to 
which it belongs, while the common point will generate the 
circumference of a circle common to the two surfaces, and 
therefore their intersection. Should the meridian lines in­
tersect in more than" one point, tl1e surfaces will intersect 
in two or more circumferences. 

98. The simplest curved surface of revolution is that 
\vhich may be generated by a right line revolving about 
another right line to ,vhich it is parallel. This is evidently 
a cylindrical surface (Art. 73), and if the plane of the base 
be perpendicular to the axis, it is a right cylinder with a 
circular base. 

If a right line be revolved about another right line which 
it intersects, it will generate a conical surface (Art. 77), 
vvhich is evidently a right (Jone, the axis being the line with 
which the reetilinear elenlents make equal angles. 

These are the only two single curved surfaces of revo­
lution. 

THE HYPERBOLOID OF REVOLUTION OF ONE NA.PPE 

99. If a right line be revolved about another right line 
not in the sarne plane with it, it vvilI generate a warped 
surface, ,vhich is an hyperboloid of revolution of one nappe 
(Art. 91). 

To prove this, let us take the horizontal plane perpen.:. 
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dicular to the axis, and the vertical plane parallel to the 
generatrix in its first position, and let c, Fig. 49, be the 
horizontal, and Of m' the vertical projection of the axis, and 
MP the generatrix; cm will be the horizontal, and m' the 
vertical projection of the shortest distance between these 
tvvo lines (Art. 55). 

As 1VIP revolves about the axis, 01\1 will remain perpen­
dicular to it, and M will describe a circumference which is 
horizontally projected in mxy, and vertically in y'x'; and 
as OM is horizontal, its horizontal projection \vill be per­
pendicular to the horizontal projection of MP in all of its 
positions (Art. 36), and remain of the same length; hence 
the horizontal projection of MP in any position will be 
tangent to the circle mxy. NO' two consecutive positions 
can therefore be parallel. Neither can they intersect; for 
from the nature of the Illotion any two must be separated 
at any' point by the elementary arc of tl1e circle described 
by that point. The 8urface i8 therefore a warped 8urface. 

The point P, in \vhich MP pierces H, generates the circle 
pwq, which 'may be regarded as the base of the surface. 

The circle generated by M is the smallest circle of the 
surface, and is the aircle of the gorge. 

100. To assume a rectilirbear element, we take any point 
in the base, pwq, and through it dra\v a tangent to xmy, as 
wz; this ,viII be the horizontal projectio,n of an elelnent. 
Through z erect the perpendicular zz'; z' will be the ver­
tical' projection of the point in which the element crosses 
the circle of the gorge, and w' z' will be the vertical projec­
tion of the element. 

To assume a point of the surface, \ve first assume a recti­
linear elelnent as above, and then take any point of this ele­
ment (Art. 22). 
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101. If through the point M a second right line, as MQ, 
be dra ,vn parallel to the vertical plane, and 111aking "vi th the 
horizontal plane the same angle as MP, and this line be re­
vol ved about the saIne axis, it will generate the saIne surface. 
}i-'or if any plane be passed perpendicular to the axis, as the 
plane whose vertical trace is e'g', it will cu~ MP and MQ in 
two points, E and G, equally distant from the axis, and these 
points 'viII, in the revolution of MP and MQ, generate the· 
same circumference; hence the two surfaces Inust be identi­
cal. The surface having t,vo generations by different right 
lines, it follows that through any point of the surface two rec­

tilinear elements can be dra~on. 

102. Since the points E and G generate the same circum­
ference, it follows that as 11P revolves, MQ remaining fixed, 
the point E will, at some time of its motion, coincide with 
G, and the generatrix, MP, intersect MQ in G. In the same 
way any other point, as F, ,viII conle into the point K of ¥Q, 
giving another element of the first generation, intersecting 
MQ at K ; and so for each of the points of MP in succession. 
In this case kl will be the horizontal projection of the ele­
ment of the first generation. Hence, if the generatrix of either 

generation remain fixed, it will intersect all the elernents of the 
other generation. 

If, then, any three elements of either generation be 
taken as directrices, and an elelnent of the other gener­
ation be moved so as to touch theln, it will generate the 
surface. It is therefore an hyperboloid of one nappe 

(Art. 91). 
An hyperboloid of revolution of one nappe may thus be 

generated, by m,oving a right line so as to touch three other 

right lines, equally distant from a fourth (the axis), the dis­
tances being measured in the same plane perpendicular .to the 
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fourth, and the directrices making equal angles with this 
plane. 

103. If the vertical plane is not parallel to the generatrix 
in its first position~ the circle of the gorge may be constructed 
thus: I.Jet WZ be the first position of the generatrix, and 
through e dra,Y ez perpendicular to wz: it will be the hori­
zontal projection of the radius of the required circle. The 
point of which z is the horizontal projection is vertically pro­
jected at z', and mzx ,,,ill be the horizontal, and y' x' the ver­
tical projection. of the circle of the gorge. With e as a 
center and ew as a radius, describe the base pwq, and tl1e sur­
face will be fully represented. 

104. To construct a meridian curve of this surface, we 
pass a plane through the axis parallel to the vertical plane. 
r t will intersect the horizontal circles generated by the dif­
ferent points of the generatrix in points of the required 
curve, ,,,hich will be vertically projected into a curve equal 
to itself (Art. 62). 

Thus the horizontal plane vvhose vertical trace is e'g' in­
tersects the generatrix in E, and eo is the horizontal ·projec­
tion of the circle generated by this point, and 0 is the point 
in which this circle pierces the n1eridian plane. 

In the sarne way the points whose vertical projections are 
n', xl, n", 0", etc., are deternlined. The plane whose vertical 
trace is elf 0", at the sanle distance froIn y' x' as e' 0', evidently 
determines a point 0" at the sanle distance fron1 y' x' as 0' ; 

hence the chord 0'0" is bisected by y' x', and the curve 0' x' 0" 

is symmetrical with the line y' x'. . 
The distance e' 0' equal to ce - me is the difference be­

t\veen the hypotenuse ce and base m,e of a right-angled 
triangle, ha ~ing the altitude me. As the point 0' is further 
relnoved from x', the altitude of the corresponding triangle 
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remains the same, while the hypotenuse and. base both in­
crease. If ,ve denote the altitude by a, and the base and 
hypotenuse by band h respectively, we have 

a2 
h2 - b2 = a2 and h - b = ., 

h+b 

from which it is evident that the difference e' 0' continually 
diminishes as the point 0' recedes from x'; that is, the curve 
x'n'o continually approaches the lines p'm' and q'm'., and will 
touch them at an infinite distance. 'These lines are then 
asymptotes to the curve (Art. 64). 

If, now, any element of tlle first generation, as the one 
passing through I, be drawn, it will intersect the element of 
. the second· gen.eration M Q in R, and the corresponding ele­
ment on the opposite side of the circle of the gorge in U. 

Since this element has but one point. in common ,vith the 
meridian curve, and no point of it or of the surface can be 
vertically projected on the right of this curve, the vertical 
projection u'r' must be tangent to the curve at i'. But since 
ri is equal to iu, r'i' must be equal to i'u', or the part of the 
tangent included between the asymptotes is bisected at the 
point of contact. This is a :prop~rty peculiar to the hyper­
bola (Analytical Geometry, Art. 164), and the meridian curve 
is therefore an hyperbola; YX being its transverse axis, and 
the axis of the surface its conjugate (Art. 59). If this 
hyperbola be revolved about its conjugate axis, it will gen­
erate the surface (Art. 96), and hence its name. 

This is the only warped surface of revolution. 
105. The most simple double curved surfaces of revolu .. 

tion are: 
I. A spherioal surfaoe or sphere, which may be generated 

by revolving a circumference about its dianleter. 
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II. An ell~psoid of revolution or spheroid, ,vhich may be 
generated by revolving an ellipse about either axis. 'When 
the ellipse is revolved about the transverse axis, the surface 
is a prolate spheroid,. when about the conjugate axis, an 
oblate spheroid. 

III. A paraboloid of revol1lJtion, which may be generated 
by revolving a parabola about its axis. 

IV. An hyperboloid of revolution of two nappes, which may 
be generated by revolving an hyperbola about its transverse 
aXIS. 

106. These surfaces of revolution are usually represented 
by taking the horizontal plane perpendicular to the axis, 
and then drawing the intersection of the surface with the 
liorizontal plane; or the horizontal projection of the greatest 
horizontal circle of the surface for the horizontal projection, 
and then projecting on the vertical plane the n1eridian line 
,vhich is parallel to that plane for the vertical projection. 

107. To assume a point on a surface thus represented, 
we first assume either projection as the 11orizontal, and erect 
a perpendicular to the horizontal plane, as in Art. 76. 
Through this perpendicular pass a meridian plane; it will 
cut from the surface a meridian line \vhich will intersect 
the perpendicular in the required point or points. 

Oonstruction. Let the surface be a prolate spheroid~ Fig . 
. 50, and let c be the horizontal, and c'd' the vertical projec­
tion of the axis, mon the horizontal projection of its largest 
circle, and d'·m' c'n' the vertical projection of the meridian 
curve parallel.to the vertical plane, and let p be the assumed 
horizontal projection; p will be the horizontal, and s'p' the 
vertical projection of the perpendicular to H; cp will be the 
horizontal trace of the auxiliary meridian plane. If this 
plane be now revolved about the axis until it becomes paral-
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leI to the vertical plane, p will describe the arc pr, and r will 
be the horizontal, and r'r" the vertical projection of the 
revolved position of the perpendicular. The meridian curve, 
in its revolved position, will be vertically projected into its 
equal d' me' n' (Art.' 61)~ and r' and r" will be the vertical 
projections of the two points of intersection in their revolved 
position. When the meridian plane is revolved to its primi­
tive position, these points \vill describe the arcs of horizontal 
circles, projected on H in rp, and on V in r'p' and r"p", and 
p' and p" will be the vertical projections of the required 
points of the surface. 

TANGENT PLANES AND TANGENT SURFACES. NORMAL 

LINES AND NORMAL PLANES 

108. A plane is tangent to a surface when it has at least 
one point in common with the surface, through which, if any 
intersecting plane be passed, the right line cut from the 
plane will be tangent to the line cut from the surface at the 
point. This point is the point of contact. 

It follows from this definition that the tangent plane is the 

locus of, or place in which are to be found, all right lines 

tangent to lines of the surface at the point of contact~· and 
since any two of these right lines are sufficient to determine 
the tangent plane, vve have the following general rule for 
passing a plane tangent to any surface at a given point: 
Draw any two lines of the surface intersecting at the point. 

Tangent to each ojt these, at the same point, draw a right line. 

rrhe plane of these two tangents 'l-oill be the required plane. 

109. A right line is normal to a 'surface, at a point, when 
it is perpendicular to the tangent plane at that point. 

A plane is norrnal to a surface when it is perpendicular to 
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the tangent plane at the point of contact. Since any plane 
passed through a normal line will be perpendicular to the 
tangent plane, there may be an infinite number of normal 
planes to a surface at a point, while there can be but one 
normal line. 

110. The tangent plane at any point of a surface with 
rectilinear elements mL~st contain/ the rectilinear elements 
that pass through the poi7ut of contact. Jj"or the tangent to 
each rectilinear elelnent is the elenlent itself (Art. 64), and 
tl1is tangent must lie in the tangent plane (Art. 108). 

Ill. til plane which contains a rectilinear element and its 
consecutive one, of a single curved surface, will be tangent to 
the surface at every point of this elemer~t, or all along the 
element. For if through any point of the elelnellt any inter­
secting plane be passed, it will intersect the consecutive ele­
ment in a point consecutive with the first point. The right 
line joining these two points will lie in the given plane and 

. be tangent to the line cut from the surface (Art. 64). 
Hence the given plane will be tangent at the assumed point. 

'fhis elenlent is the element of contact. 

Conversely - If a plane be tangent to a single curved sur­
face, it must, in general, contain two c07Lsecl~tive rectilinear 
elements. For if through any point of the element con-
tained in the tangent plane (Art. 110) we pass an intersect­
ing plane, it will cut from the surface a line~ and from the 
plane a right line, ,vhich vvill have two consecutive points in 
common (Art. 108). Through the point consecutive with 
the assunled point dravy the consecutive element to the first 
element; it must lie in the plane of the second point and 
first element (Art. 70), t'hat is, in the tangent plane. 

112. It follows fron1 these principles~ that if a plane be 
tangent to a single curved surface" and the element of cou-
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tact be intersected by any other plane, the right line cut 
from the tangent plane will be tangent to the line cut from 
the surface. Hence, if the base of the surface be in the 
horizontal plane, the horizontal trace of the tangent plane must 

be tangent to this base, at the point in \vhich the element of 
contact pierces the llorizontal plane; and the same principle 
is true if the base lie in the vertical plane. 

113. A plane tangent to a warped surface, although it 
contains the rectilinear element passing through the point of 
contact, cannot contain its consecutive element, and therefore 
can, in general, be tangent at no other point 'of the element. 

114. If a pla7~e contain'a rectilil/;ear element of a warped 
surface, and be_ ]//;ot parallel to the other elen~ents, it will 
be tangent to the surface at S07ne point of th~s element. 
:£1"or this plane will intersect each of the other· rectilinear 
elen1ents in, a point; and these points being joined, will form 
a line which will intersect the give-n element. If at the 
point of intersection a tangent be drawn to this line, it will 
lie in the tangent plane (Art. 108). The given ,element, be­
ing its own tangent (Art. 64)" also lies in the tangent plane: 
,The plane of these two tangents, that is, the intersecting plane, 
is therefore tangent to the surface at this point (Art. 108). 
Thus Fig. 51, if a is an element, b, c, etc., b', c', etc., the con­
secutive elements on each side of a, the plane through a will, 
cut these elements in the curve cbab' c', '" hich crosses the 
element a at the point a. ,The tangent mn at this point, 
and the element a, 'determine the tangent plane. It is thus 
seen that, in general, a tangent plane to a warped surface is 
also an intersecting plane. 

If the intersecting plane be parallel to the rectilinear ele­
ments, there will be no curve of intersecti.on formed as above, 
and the plane will not be tangent. 
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115. A plane tangent to a surface of revolution is per­
pendicular to the meridia.1'/; plane passing through/ the 
point of contact. 11"'101" this tangent plane contains the tangent 
to' the circle of the surfac~ at this point (Art. 108), and this 
tangent is perpendicular to the radius of this circle, and also 
to a line drawn through ,the point 'parallel to the axis, since 
it lies in a plane perpendicular to the axis; and therefore it 
is perpendicular to the plane of these two lines, which is the 
ll1eridian plane. 

116. Two curved surfaces are tangent to each other when 
<)0 

they have at least one point in common, through which if 
any intersecting plane be passed, the lines cut from the sur­
faces will be tangent to each other at this point. l~his will 
evidently be the case 'when they have a common tangent 
plane at this point. 

117. If two single curvecl surfaces are tanger/;t to each 
other at a point of a com1non element, they will be tangent 
all along this element. For the COlnmon tangent plane \vill 
contain this element and be tangent to each surface at every 
point of the element (Art. 111). 

This principle is not true ,vith warped surfaces. 
118. But if two warped surfaces, having two directrices, 

7'Lave a common plane directer, a COlnn1JOn rectilirlJear ele­
ment,", and two con~mon tangent planes, t71Je points of con­
tact being on the comnvon element, they will be tangent 
all along this element. For if through each of the points 
of ~ontact any int~rsecting plane be passed, it will intersect 
the surfaces in two lines, which will have, besides the given 
point of 'contact, a second consecutive point in common 
(Art.-l08). If, no\v, the common elenlent be moved upon 
the lines cut from either surface, as directrices, and parallel 
to the conllllon plane directer, into its consecutive position, 
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containing these second consecutive points, it will evidently 
lie in both surfaces, and the two surfaces will thus con­
tain two consecutive rectilinear elelnents. If, now, any 
plane be passed, intersecting the~e elenlents, t,vo lines will 
be cnt from the surfaces, having tvvo consecutive points 
in commOll, and therefore tangent to each other; hence 
the surfaces will be tangent all along the common element 
(Art. 116). 

119. Also, if two warped sL~rfaces, having three direc­
trices,71tave a C07n1non ele7nent and three com1non tangent 
planes, the points of contact being on t.his element, they 
will be tangent all along this element. :For if through 
each point of contact any intersecting plane be passed, it 
will intersect the surfaces in two lines, ·\vhich, besides the 
given point of contact, will have a second consecutive point 
in common. If the comlllon element be llloved upon the 
three lines cut from either surface as directrices, to .its con­
secutive position, so as to contain the second consecutive 
points, it will evidently lie in both surface,s; hence the two 
surfaces contain two consecutive rectilinear elements and 
will be tangent all along the common elelnent. 

120. It follows frolTI the principle in Art. 114 that the 
projecting plane of every rectilinear element of a warped 
surface is tangent to the surface at a point. If through 
these points of tangency projecting lines be dra\vn, they 
will form a cylinder tangent to the warped surface, ,vhich 
Inay be regarded as the projecting cylinder of the surface; 
and the traces of these planes or the projections of the 
elements will all be tangent to the base of this cylinder. 
This is seen in the horizontal projection of the hyperboloid 
of revolution of one nappe, ~"ig. 49; also in both projec· 
tions of the hyperbolic paraboloid, Fig. 45. 
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121. If two surfaces of revolution} having a common 
axis} are tangent to each other} they will be tangent at 
every point of a circulnference of a circle perpendicular 
to the axis. For if through the point of contact a nleridian 
plane be passed, it will cut from the surfaces nleridian lines, 
which will be tangent at this point (Art. 108). If these 
lines be revolved about the common axis, each will generate 
the surface to which it belongs, while the point of tangency 
will generate a circumference common to the two surfaces, 
'v hich is their line of contact. 

SOLUTION OF PROBLEMS RELATING TO T.ANGENT PLANES 

TO SINGLE CURVED SURF.ACES 

122. The solution of all these problems depends mainly 
upon the principles that a plane tangent to a single curved 
surface is tangent all along a rectilinear element (Art. 111); 
and that if such surface and tangent plane be intersected 
by any plane, the lines of intersection will be tangent to 
each other. 

123. PROBLEM 18. To pass a: plane tangent to a cylin­
der at a given point on the surface. 

Let the cylinder be given as in Art. 75, Ifig. 40, and let 
P be the point assumed as in Art. 76. 

Analysis. Since the required plane must contain the 
rectilinear element through the given poin t, and its hori­
zontal trace must be tangent to the base at the point "vhere 
this elenlent pierces the horizontal plane, Art. 112, we draw 
the element, and at the point where it intersects the base., 
a tangent; this will be the horizon tal trace. The vertical 
trace must contain the point where this element pierces the 
vertical plane, and also the point where the horizontal trace 



78 ORTHOGRAPHIC PROJECTIONS 

intersects the ground line. A right line joining these two 
points will be the vertical trace. When this elenlent does 
not pierce the vertical plane within the limits of .the drawing, 
we draw through anyone of its points a line parallel to 
the horizontal trace; it ,viII be a line of the required plane, 
and pierce the vertical plane in a point of the vertical trace. 

Oonstruction. Draw the element PQ; it pierces H at q. 
At this point draw qT, tange.ut to mlo; it is the required 
horizontal trace. Through P draw PZ parallel to qT; it 
pierces V at z', and z'T is the vertical trace. 

mm'n' is the plane tangent to the surface along the ele­
lllent MN. 

124. PROBLEM 19. To pass a plane through a given point 
without the surface tangent to a cylinder. 

Let the cylinder be given as in the preceding problem. 
Analysis. Since the plane nlust contain a rectilinear ele­

ment, if we draw a line through the given point, parallel 
to the rectilinear elements of the cylinder, it nlust lie in the 
tangent plane, and the point in which it pierces the hori­
zontal plane will be one point of the horizontal trace. If 
through this point we draw a tangent to the base, it will be 
the required horizontal trace. A line through the point of 
contact, parallel to the rectilinear elenlents, will be the ele­
ment of contact, and the vertical trace may be constructed 
as in the preceding problem. Or a point of this trace may 
be obtained by finding the point in which the auxiliary line 
pierces the vertical plane. 

Two or more tangent planes may be passed if two or more 
tangents can be drawn to the base from the point in which 
the auxiliary line pierces the horizontal plane. 

Let the construction be Inade in accordance with the above 
analysis. 
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125. PROBLEl\1 20. To pass a plane tangent to a cylinder 
and parallel to a given right line. 

Let the cylinder be given as in }j"ig. 52, and let RS be 
the given line. 

Analysis. Since the required plane must' be parallel to 
the rectilinear elenlents of the cylinder as well as to the 
given line, if a plane be passed through this line parallel 
to a rectilinear element, it "viII be parallel to the required 
plane,.alld its traces parallel to the required traces (Art. 10). 
Hence a tangent to the base, parallel to the horizontal trace 
of this auxiliary plane, will be the required horizontal trace. 
The element of contact and vertical trace may be found as 
in tIle preceding problem. 

Construction. Through RS pass the plane sT'r', parallel 
to lVIN, as in Art. 48. Tangent to mlo and parallel to sT', 
dra \v qT; it is the horizontal trace of the required plane, 
anJ Tt' parallel to T'r' is the vertical trace. QP is the ele­
Inent of contact. The point z', determined as in the pre­
ceding problem, will aid in verifying the accuracy of the 
dra\villg. 

When more than one tangent can be drawn parallel to 
sl-", there will be more than one solution to the problem. 

126. PROBLEM 21. To pass a plane tangent to a right 
cylinder with a circular base having its axis parallel to the 
ground line at a given point on the surface. 

Let ed, Fig. 53, be the horizontal, and e'f' the vertical 
projection of the circular base, and G I{ the axis; then lcdi 
,viII be the horizontal, and u' e'j'b' the vertical projection 
of the cylinder. Let p be the horizontal projection of the 
point. To determine its vertical projection, at p erect a 
perpendicular to H (Art. 76). Through this pass the plane 
tTt' perpendicular to AB. It intersects the cylinder in the_ 
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circumference of a circle equal to the base, of which M is the 
center. This circumference will intersect the perpendicular 
in two points of the surface. Revolve this plane about tT 
until it coincides with H; M falls at m" (Art. 17). With 
m" as a center and au as a radius, describe the circle qsr; 
it will be the revolved position of the circle cut from the 
cylinder; q and r will be the revolved positions of the 
required points, and p' and p" their vertical projections. 
Let the plane be passed tangent at P. 

A'nalysis. Since the plane must contain a rectilinear ele­
Inent, it will be parallel to the ground line, and its traces, 
therefore, parallel to the ground line (Art. 9). If through 
the given point a plane be passed perpendicular to the axis, 
and a tangent be drawn to its intersection ,vith the cylinder 
at the point, it will be a line of the required plane. If 
through the points in vvhich this line pierces the planes of 
projection lines be drawn parallel to the ground line, they 
will be the required traces. 

Oonstruction. Through P pass the .plane tTt', and revolve 
it as above. At q draw qx tangent to qrs; it is the revolved 
position of the tangent. When the plane is revolved to its 
primitive position, this tangent pierces H at x, and'V at y', 
Ty' being equal to Ts'; and xz and y'w' are the required 
traces. 

127. PROBI.JEM 22. To pass a plane tangent to a right 
cylinder with a circular base, having its axis parallel to the 
ground line, through a given point without the surface. 

Let the cylinder be given as in Fig. 53, and let N be the 
given point. 

Analysis. Since the r~quired plane must contain a recti­
linear element, it must be parallel to the ground line. If 
through the given point a plane be passed perpendicular to 
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the axis, it w-ill cut from the cylinder a circumference equal 
to the base; and if through the point a tangent be drawn to 
this circulllference, it will be a line of the required plane, 
and the traces may be determined as in the preceding 
problem. 

Since two tangents can be drawn, there may be two tan­
gent planes. 

Let the construction be made in accordance with the 
analysis. 

128. PROBLEM 23. To pass a plane parallel to a given' 
right line, and tangent to a right cylinder, with a circular 
base, with its axis parallel to the ground line. 

Let the cylinder be given as in Jj"'ig. 54, and let MN be 
the given line. 

Analysis. Since the plane must be parallel to the axis, if 
through the given line we pass a plane parallel to the axis, 
it will" be parallel to the required plane and to the ground 
line. 

A plane perpendicular to the ground line will cut from 
the cylinder a circumference; from the required tangent 
plane a tangent to this circumference (Art. 108), and from 
the parallel plane a right line parallel to the tangent. If, 
then, we construct the circumference, and draw to it a tan­
gent parallel to the intersection of the parallel plan~, this 
tangent will be a line of the required plane, from which the 
traces may be found as in the preceding problenls. 

Oonstruction. Through m and n' dra\v the lines mp and 
n' q', parallel to AB. They will be the traces of the parallel 
plane (Art. 48). Let tTt' be the plane perpendicular to 
AB. It cuts from the cylinder a circle whose center is 0, 
and from the parallel plane a right line which pierces H at 
p and V at q' (Art. 38). Revolve this plane about tT until 

DESCR. GEOM.-6 
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it coincides with H; xyz will be the revolved position of the 
circle, and sp that of the line cut from the parallel plane; Z'U 

tangent to xyz, and ~parallel to sp, will be the revol ved posi­
tion of a line of the required plane, \vhich, in its true position, 
pierces H at u, and V at w', and uv and w'v' are the traces of 
the requir,ed plane. 

Since another parallel tangent can be dra\vn, there wili" be 
two solutions. 

129. PROBLEM 24. To pass a plane tangent to a cone, 
through a given point on the surface. 

Let the cone be given as in Fig. 41, and let P, assumed as 
in Art. 79, be the given point. 

Analysis. The required plane must contain the rectilinear 
element, passing through the given point (Art. 110). If, 
then, we dra\v this elenlent (Art. 79), and at the point 
where it pierces the horizontal plane dra\v a tangent to the 
base, it will be the horizontal trace of the required plane, 
and points of the vertical trace may be found as in the 
silnilar case for the cylinder. 

Let the construction be made in accordance with the 
analysis. 

130. PROBLEM 25. Through a point without the surface of 
a cone to pass a plane tangent to the cone. 

I--iet the cone be given as in Fig. 55, and let P be the given 
point. 

Analysis. Since the required plane must contain a rec­
tilinear elelnent, it will pass through the vertex; hence, if 
we join the given point \vith the vertex by a right line, it 
will be a line of the required plane, and pierce the hori­
zontal plane in a point of the required horizontal trace, 
\vhich may then be dra\vn tangent to the base. If the 
point of contact with the base be joined to the vertex by 
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a right line, it will be the element of contact. The vertical 
trace may. be found as in the preceding problems. 

If more. than one tangent can be dra,vn to the base, there 
,viII be nlore than one solution. 

OonstrU:(Jt'ion. Join P with S by the line PS; it pierces 
H at u. Draw uq tangent to mlo; it is 'the required hori­
zontal trace. SQ is the element of contact which pierces V 
at w', and z'T is the vertical trace. 

ux will be the horizontal trace of a second tangent plane 
through P. 

131. PROBLEM 26. To pass a plane tangent to a cone and 
parallel to a given right line. 

I..Jet the cone be given as in Fig. 55, and let NR be the 
gi yen right line. 

Analysis. If through the vertex we draw a line parallel 
to the given line, it ill ust lie in the required plane, and 
pierce the horizontal plane in a point of the horizontal' trace. 
'rhrough this point draw a tangent to the base; it will be 
the required horizontal trace, anc;l the element of contact 
and vertical trace may be found as in the preceding problem. 

When Inqre than one tangent can be drawn to the base 
there will be more than one solution. 

If the parallel line through the vertex pierces the hori­
zontal plane within the base, no tangent can be drawn, and 
the problenl is impossible. 

Let the construction be made in accordance with the 
analysis. 

132. PROBLEM 27. To pass a plane tangent to a single 
curved surface with a helical directrix at a given point. 

Let the surface be given as in ]j'ig. 42, and let R be the 
given poin~ (Art. 81). 

Analysi8. The tangent plane must, in general, be tangent 
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all along tIle rectilinear element through the point of con. 
tact. Its horizontal trace must therefore be tangent to the 
base (Art. 112). If through the point where this element 
pierces the horizontal plane a tangent be drawn to the base, 
it ,viII be the required horizontal trace, and the vertical 
trace may be determined as in the case of the cylinder or 
cone. 

Oonstruction. The element RX pierces H at Z. At tllis 
point dra\v the tangent tT; it is the horizontal trace. Tt' 
is the vertical trace. 

To pass a plane throu~h a given point without this sur­
face tangent to it, ,ve pass a plane through the point parallel 
to the base and draw a tangent to the curve of intersection 
(Art. 81) through the point. This tangent, ,vith the ele­
nlent of the surface through its point of contact, will deter­
Inine the tangent plane. 

133. PROBLEM 28. To pass a plane tangent to a single 
curved surface with a helical directrix and parallel to a given 
right line. 

Let the surface be given as in ]j~ig. 42, and let MN be the 
given line. 

Analysis. If with any point of the right line as a vertex 
we construct a cone whose elements make the same angle 
with the horizontal plane as the elelnents of the surface, and 
pass a plane through the line tangent to this cone, it will be 
parallel to the required plane. The traces of the required 
plane Inay then be constructed as in Art. 125. 

Oonstruction. Take n' as the vertex of the auxiliary cone 
and draw n'o", making with AB an angle equal to o's'T; 
0" cs" ,viII be the base of the cone in H. Throug h m dra 'v 
me tangent to 0" cs". It will be the horizontal trace of the 
parallel plane, and t"T', parallel to it and tangent to uvw, is 
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the required horizontal trace. Let the pupil construct the 
vertical trace. 

134. It is a remarkable property of this surface, with a 
helical directrix, that any plane passing through a recti­
linear element is tangent to the surface, at the point vvhel'e 
the elelnent intersects the directrix. Ifor this plane will in­
tersect the other elements, thus forming a curve (Art. 114). 
l"'his curve \vill intersect the given element at the point 
wh.ere the element touches the directrix. The tangent to 
the curve at this point and the element both lie in the given 
plane; it is therefore tangent to the surface at the point 
(Art 114). This plane does not, in general, contain the con­
secutive element, and is therefore not necessarily tangent 
all along the elenlent. 

The projecting planes of all the elements are tangent to 
the surface, and the cylinder formed by the projecting lines 
of the points of contact is therefore tangent to the surface 
(Art. 120). Its base is the circle pxq. 

It should be observed also that at any point on the helical 
directrix an infinite number of planes can be passed tangent 
to the surface, as at the vertex of a cone. Only one of these 
planes will contain two consecutive rectilinear elelnents. 

135. By an examination of the preceding problems it will 
be seen: 

(1) That with two remark~able exceptions only one tangent 
plane can be drawn to a single curved surface at a given point. 

(2) That the number which can be. drawn through a given 
point without the surface, and tangent along an element, will 
be lhnited. 

(3) That the number which can be dra\vn parallel to a. 
given right line, and tangent along an element, is also limited. 

(4) That in general a plane cannot be passed through a 
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given right line and tangent to a single curved surface. If, 
ho,vever, the given line lies on the convex side of the surface, 
and is parallel to the rectilinear elell1ents of a cylinder, or 
passes through the vertex of a cone, or is tangent to a line of 
the surface, the problem is possible. 

PROBLEMS RELATING TO TANGENT PLANES TO WARPED 

SURFACES 

136. Since a tangent plane to a warped surface lllust 
contain the rectilinear element passing through the point of 
contact (Art. 110), we can at once determine one line of the 
tangent plane. A second line Inay then be determined in 
accordance with the rule in Art. 108. 

When the surface has two different generations by right 
lines, the plane of the two rectilinear elements passing 
through the given point ,viII be the required plane. 

137. PROBLEM 29. To pass a plane tangent to a hyperbolic 
paraboloid at a given point of the surface. 

Let MN and PQ, Fig. 56, be the directrices, and MP and 
NQ any two elements of the surface, and let 0, assumed as 
in Art. 88, be the given point. 

Analysis. Since through the given point a rectilinear ele­
ment of each generation can be dra,vn (Art. 89), we have 
simply to construct these two elenlents and pass a plane 
through them (Art. 136). 

Oonstruction. Through 0 draw OE and OF parallel re­
spectively to NQ and lVl'P. These will ~eterlnil1e a plane 
parallel to the plane dire,cter of the first generation (Art. 86). 
This plane cuts the directrix PQ in the point 'U (Art. 41). 
Join U with 0, and we have an element of the first gener~tion 
(Art. 83). Let NQ and MP be taken as directrices of the 
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second generation. Through O' dra\v 00 and OD parallel 
respectively to MN and PQ. They will determine a plane 
parallel to the plane directer of the second genera~ion 

(Art. 86)." 1'his plane cuts MP in W, and OVV will be an 
element of the second generation, and the tangent plane is 
deterluined as in Art. 32. 

<-' 

138. PROBLEM 30. To pass a plane tangent to an hyperbo-
loid of revolution of one nappe at a given point of the surface. 

Let the surface be given as in Fig. 57, and let 0 be the 
gi ven point." 

'Analysis. Same as in the preceding problem. 
Oonstruction. OZ is the element of the first generation 

passing through 0 (Art. 100). It pierces H at r. Draw 
OS (Art. 101). It is an element of the second generation 
passing through O. This elelnent pierces H at w, and wr is 
the horizontal trace of the required plane, and Tt' is its ver­
tical trace. 

Since the meridian plane through 0 must be perpendicu­
lar to the tangent plane (Art. 115), its trace cx 'must be 
perpendicular to wr. 

139. PROBLEM 31. To pass a plane tange"nt to a helicoid 
at a point of the surface. 

Let the surface be given as in Fig. 48, and let M be the 
gi ven point. 

Analysis. The tangent plane must contain the rectilinear 
element passing through ~he given point, and also the tan­
gent to the helix at this point (Art. 108). The plane of 
these two lines will then be the required plane. 

Oonstruction. MX is the rectilinear element through }\tI. 

I pierces H at u ; cmd is the horizontal projection of the helix 
through M. Draw the tangent to this helix at M, as in Art. 
69. mz "viII be its horizontal projection, Z the point in which 
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it pierces the horizontal plane through C, and m'z/ its vertical 
projection. This tangent pierces H at k; hence ku is the hori­
zontal trace of the required plane and t,r-r is the vertical trace. 

Since a tangent plane to the surface contains a rectilinear 
element, it is evident that it cannot make a less angle with 
the horizontal plane than the elements, nor a greater angle 
than 90°, the angle Inade by the projecting plane of any 
rectilinear element, which is tangent at the point where 
the element intersects the axis. 

140. PROBLEM 32. To pass a plane tangent to a helicoid 
and perpendicular to a given right line. 

Analysis. If, with any point of the axis as a vertex, we 
construct a cone whose rectilinear elements shall make with 
the horizontal plane the same angle as that made by the rec­
tilinear elements of the given surface, and through the ver­
tex of this cone pass a plane perpendicular to the given line 
(Art. 46), it will, if the problem be possible, cut from the 
cone two ,elements, each of which will be parallel to a recti­
linear element of the helicoid and have the same horizontal 
projection. If through either of these elements a plane be 
passed parallel to the auxiliary plane, it will be tangent to 
the surface (Art. 114) and perpendicular to the given line. 

Let the problem be constructed in accordance with the 
analysis. 

141. An auxiliary surface may sometimes be used to 
ad vantage in passing a plane tangent to a warped surface at 
a given point. Thus let MN and PQ, Fig. 58, be the two 
directrices of a warped surface having V for its plane 
directer, and let 0 be the given point. A t the points X and 
Y, in which the rectilinear element through 0 intersects the 
directrices, draw a tangent to each directrix, as XZ and YU. 
On these tangents as directrices move XY parallel to V. It 
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will generate an hype~bolic paraboloid (Art. 86) having with 
the given surface the common element XY~ and a comnlon 
tangent plane at each of the points X and Y, since the plane 
of the two lines XY and XZ~ and also that of XY and YU is 
tangent to both surfaces (Art. 108). The two surfaces are 
therefore tangent all along the common elelnent XY (Art. 
118). If~ then, at 0 we pass a plane tangent to the hyper­
bolic paraboloid~ it will be also tangent to the given surface 
at the same point. 

If the given surface have three curvilinear directrices~ a 
tangent may be drawn to each, at the point in which the 
rectilinear elelnent through the given point intersects it; 
and then this element may be moved on these three tan­
gents as directrices~ generating an hyperboloid of one nappe 
(Art. 91), which will be tangent to the given surface all 
along a con1mon element (Art. 119). A plane tangent to 
this auxiliary surface at the given point will also be tangent 
to the given surface. 

142. An infinite number· of planes nlay, in general, be 
passed through a point without a warped surface, and tan­
gent to it. For if, through the point, a system of planes be 
passed intersecting the surface, tangents may be dra\vn fro111 
the point to the curves of intersection, and these ,viII form 
t~e surface of a cone tangent to the warped surface. Any 
plane tangent to this cone will be tangent to the warped 
surface~ and pass through the point. 

Also, an infinite number of planes may, in general, be 
passed tangent to a warped surface and parallel to a right 
line. For if the surface be intersected by a system of planes 
parallel to the line, and tangents parallel to the line be 
dra wn to the sections, they will forln the surface of a 
cylinder tangent to the warped surface. Any plane tan-
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gent to this cylinder will be tangent to the warped surface 
and parallel to the given line. 

143. To pass a plane through a givef~ right line, and tan­
gent to a warped surface, it is only necessary to produce the 
line until it pierces the surface, and through the point thus 
determined draw the rectilinear element of the surface. 
This, with the given line, will determine a plane tangent 
to the surface at SOlne point of the element (Art. 114). 

If there be two rectilinear elements passing through this 
point, each will give a tangent plane, and the number of 
tangent planes will depend upon the number of points in 
which the line pierces the surface. If the given line be 
parallel to a rectilinear element, it pierces the surface at an 
infinite distance, and the tangent plane will be determined 
by the two parallel lines. 

PROBLEMS RELATING TO TANGENT PLANES TO DOUBLE 

CURVED SURFACES 

144. These problems are, in general, solved either by a 
direct application of the rule in Art. 108, taking care to 
intersect the surface by planes, so as to obtain the two sim­
plest curves of the surface intersecting at' the point of con­
tact, or by means of more simple auxiliary surfaces tangent 
to the given surface. 

145. PROBLEM 33. To pass a plane tangent to a sphere, at 
a given point. 

Let C (~"ig. 59) be the center of the sphere; prq its hori­
zontal, and p' s' q' its vertical projection. Let M be the 
point assumed, as in Art. 107. 

Analysis. Since the radius of the sphere, dra\Vll to the 
point of contact, is perpendicular to the tangent to any 
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great circle at this point, and since these tangents all lie in 
the tangent plane (Art. 108), this radius must be perpen­
dicular to the tangent plane. We have then sinlply to pass 
a plane perpendicular to this radius at the given point, 
and it "viII be the required plane. 

Oonstruction. This may be Illade. directly, as in Art. 46, 
or otherwise, thus: Through 1\II and C pass a plane perpen­
dicular to H; cm will be its horizontal trace. Revolve this 
plane about em as an axis until it coincides with H; c"m" 

,vill be the revolved position of the radius (Art. 28). At 
m" dra vv m" t perpendicular to c" mil. I t is the' revolved 
position of a line of the required plane. It pierces H at t; 
and since the horizontal trace must be p~rpendicular to em 
(Art. 43), tT js the required horizontal trace. Through 
M dra\v MN parallel to tT. It pierces V at n'; and Tn', 
perpendicular to e' m', is the vertical trace. 

146. PROBLEM 34. To pass a plane tangent to an ellip­
soid of revolution at a given point. 

Let the surface be given as in Art. 107, Jj~ig. 50, and let P 
be the point. 

Analysis. If at the given point we draw a tangent to 
the meridian curve of the surface, and a second tangent to 
the circle of the ,surface at this point, the plane of these two 
lines ,viII be the required plane (Art. 108). 

(}onstruetion. Through P pass a meridian plane; eF will 
be its horizontal trace. Revolve this plane about the axis of 
the surface until it is parallel to V. R ,vill be the revolved 
position of the point of contact. At r' dra\v r'x' tangent to 
(/n' d'm'. It will be the vertical projection of the revolved 
position of a tangent to the meridian curve at R. When 
the plane is revolved to its primitive position, the point, of 
,vhich y' is the vertical projection, remains fixed, and y'p' 
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will be the vertical projection of the tangent, and cp its 
horizontal projection. It pierces H at x, one point of the 
horizontal trace of the required plane. pr ~s the horizontal, 
and p'r' the vertical projection of an arc of the circle of the 
surface containing P. At P dra,v pu perpendicular to cpo 
It will be the horizontal projection of the tangent to the 
circle at P, and p'u' is its vertical projection. This pierces 
V at u', a point of the vertical trace. Through x draw xl"' 

parallel to pu, and through T draw Tu'; xTu' will be the 
required plane. 

147. Second rnethod for the same problem. 
Analysis. If the tangent to the meridian curve at P 

revolve about the axis of the surface, it will generate a right 
cone tangent to the surface in a circumference containing the 
given point (Art. 121). If at this point a tangent plane 
be drawn to the cone, it will be tangent also to the surface. 

Oonstruction. Draw the tangent at P, as in the preceding 
article. It pierces H at x, and this point during the revolu­
tion describes the base of the cone whose vertex is at cy'. 
The element of the cone through P pierces H at x, and xTt' 
is the required plane. 

148. By the same methods.a tangent plane may be passed 
to any surface of revolution at a given point. 

Since the tangent plane and horizontal plane.are both per­
pendicular to the m~ridian plane through the point of C011-

tact, their .-intersection, ,vhich is ~e horizontal trace, will be 
perpendicular to the meridian plane and to its horizontal 
trace. 

While at a given point on a double curved surface only 
one tangent plane can be passed, it may be proved, as in 
Art. 142, that from a point '\vithout the surface an infinite 
nUluber of such planes can be passed. 
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149. PROBLEl\I 35. To pass a plane through a given right 
line and tangent to a sphere. 

Let the ground line pass through the center of the sphere, 
and let C, :F'ig. 60, be the center, and de! the circle, cut from 
the sphere by the horizontal plane, and let lVIN be the given 
line. 

Analysis. If we take any point of the given line as the 
vertex of a right cone tangent to the sphere and pass a 
plane through the line tangent to this cone, it will be tan­
gent also to the sphere. 

Oonstruction. Take m as the vertex of the auxiliary cone, 
and draw the tangents md and me and the right line mO. 
The tangents will be the two rectilinear elements of the cone 
in the horizontal plane, and me will be its axis. Since the 
line of contact of the two surfaces is a circumference whose 
plane is perpendicular to mC (Art. 121), this plane \vill be 
perpendicular to H, and de will be its horizontal trace. 
rrhis circuluference Inay be regarded as the base of the cone, 
and i~ \ve find the point in which its plane is pierced by lVIN, 
and draw fro~ this point a tangent to the base, it will be a 
line of the required plane (Art. 112). . 0 is this point (Art. 
15). If the plane of the base be revolved about de as an 
axis until it .coincides with H, 0 will fall at 0", 0"0 being 
equal to o'q (Art. 17). The circle of contact ,viII take the 
position dp" e, de being its dialneter. Dra\v o"p" ~ it will be 
the revolved position of th~ tangent. It pierces H at t, one 
point of the horizontal trace; l\fN pierces H at m; hence tm 

is the required horizontal tra·ce. MN pierces V ··at n', a 
point of the vertical trace. A second point t' may be deter­
mined as in Art. 123, and n't' is the vertical trace. When 
the plane of the circle of contact is in its true position, p" is 
horizontally projected at p, and vertically at p', p'r being 
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equal to pp"; hence OP will be the radius passing through 
P. Since the tangent plane 111ust be perpendicular to this 

,radius, Op and Op' must be respectively perpendicular to tm 

and t'n'. 
Since a second tangent can be dra\vn from 0 to the base 

of the cone, another tangent plane Inay be constructed. 
150. Second method for the same problem. 
Let the sphere and the right line MN be given as in 

Fig. 61. 
Analysis. If any two points of the given line be taken 

each as the vertex of a cone tangent to the sphere, each 
cone will be tangent in the circumference of a circle, and 
the planes of these circles will intersect in a right line, 
which will pierce the surface of the sphere at the' inter­
section of the circumferences, and these points will be 
common to the three surfaces. If through either of these 
points and the given line we pass a plane, it will be tangent 
to both cones and to the sphere. 

Construction. Take the points m and n' as the vertices 
of the two auxiliary cones; de is the horjzo~tal projection 
of the circle of contact of the first cone with the sphere, 
and fg is the vertical projection of the circle of contact of 
the second cone and sphere (Art~ 15). The planes of these 
two circles intersect in a right line, of which de is the hori­
zontal, and fg the vertical projection (Art. 15); and this 
line pierces H at o. Now revolve the circle of which de 
is the diameter, about de as an axis, until it coincides with 
H. It takes the position clsex. Any point of the line 
(de, fg), as R, falls at r", and or" will be the revolved 
position of the line of intersection of the two planes, and 
p" and q" will be the revolved positions of the two points 
in which it pierces the surface of the sphere. After th~ 
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counter-revolution these points are horizontally projected 
at p and q, and vertically at p' and q'. OP is the radius 
of the sphere at P. The traces tl"' and t' n' of the plane 
tangent at P lnay nov v be dra,vll as in the preceding article; 
or by drawing mt perpendicular to Op, and n't' perpendicular 
to Cp' (Art. 43). A second tangent plane at Q 11lay be 
determined in the san1e \vay. 

151. Third method for the same problem. 
Let C, l1-'ig. 62, be the center, and de! the horizontal, and 

d' h'f' the vertical projection of the sphere, and let ]\lIN be 
the given line. 

Analysis. Conceive the sphere to be circumscribed by a 
cylinder of revolution whose axis is parallel to the given 
line. The line of contact will be the circumference of a 
great circle perpendicular to the axis and given line (Art. 
121). A plane through the right line tangent to this cyli~­
del' ,viII be tangent also to the sphere. The plane of the 
circle of contact will intersect the given line in a point, and 
the required tangent plane in a right line drawn froIn this 
point tangent to the . circle. The plane of this tangent and 
the given line will be the required plane. Without COll­

structing the cylinder, we have then simply to pass a plane 
through the center of the sphere perpendicular to the given 
line, and from the point in which it intersects the line, to 
draw a tangent to the circle cut from the sphere by the saIne 
.plane, and pass a plane through this tangent and the given 
line. 

Construction. Through 0 draw the t\VO lines OP and OQ, 
as in Art. 46. 'The plane of these two lines is perpendic­
ular to MN, and intersects it in 0 (Art. 41). The horizon­
tal trace of this plane may now be determined, as in Art. 
46, and the plane revolved about this trace until it coin .. 
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cides with I-I, and the revolved position of the point and 
circle be' found and the tangent drawn. 

Otherwise thus: Revolve this pla.ne about OP until it 
becomes parallel to H. The point 0, in its revolved posi­
tion, will be horizontally projected at r, and the c,ircle ,viII be 
horizontally projected in de! (Art. 62). Froln r draw the 
two tangents rk and rl. They will be the horizontal projec­
tions 'of the revolved positions of the two tangents to the 
great circle, cut froln the sphere by the perpendicular plane, 
and k and l will be the horizontal projections of the revolved 
positions of the two points of contact of the required tangent 
plane. After the counter-revolution, R will be horizontally 
projected at 0; and since X remains fixed, oy ,viII be the 
horizontal, and 0' y' the vertical projection of the first tan­
gent, and Y its point of contact. 

Since the second tangent does not intersect PO within the 
limits of the drawing, draw the auxilary line fJP, and find the 
true horizontal projection of the point which, in revolved 
position, is horizontally projected in g, as in Art. 37. It 
will be at ,g", and og" will be the horizontal projection of the 
second tangent, and z the horizontal projection of the second 
point of contact. S is the point in which this tangent inter­
sects CQ, 0' s' is its vertical projection, and Z is the second 
point of contact. A plane through MN, and each of these 
points will be tangent to the sphere. 

152. PROBLEM 36. To pass a plane through a given right 
line and tangent to any surface of revolution. 

Let the horizontal plane be taken perpendicular to the axis, 
of 'v hich c, Fig. 63, is the horizontal, and a'd' the vertical, 
projection. I.Jet poq be the intersection of the surface by. the 
horizontal plane, p' d' q' the vertical projection of the meridian 
curve parallel to the vertical plane,. and MN the given line. 
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Analysis. If this line revolve about the axis of the sur­
face, it will generate a hyperboloid of rev~lution of one 
nappe (Art. 99), having the sanle axis as the given surface. 
If we now conceive the plane to be passed tangent to the 
surface, it will also be tangent to the hyperboloid at a point 
of the given right line (Art. 114); and since the meridian 
plane, through the point of contact on each surface, lnust be 
perpendicular to the common tangent plane (Art. 115), tl1ese 
lneridian planes must form one and the same plane. This 
plane will cut from the given surface a meridian curve, from 
the hyperboloid an hyperbola (Art. 104), and from the tan­
gent plane a right line tangent to these curves at the required 
points of contact (Art. 108). The plane of this tangent 
and the given line ,viII therefore be the required plane. 

Construction. Construct the hyperboloid, as in Art. 99. 
cx ,viII be the horizontal, and x' y' x" the vertical, projection 
of one branch of the meridian curve parallel to V. If the 
Ineridiall plane, through the required points of contact, be 
revolved about the common a:xis until it becomes parallel to 
V, the corresponding meridian curves "viII be projected, one 
into the curve p' d' q', and the oth~r into the hyperbola x' y' x" . 

Tangent to these curves draw x'r'; X will be the revolved 
position of the point of contact on the hyperbola, and R 
that on the 11leridian curve of the given surface. When 
the meridian plane is· revolved to its true position, X will 
be horizontally proj.ected in mn at S;. sc will be the horizontal 
trace of the meridian plane, and u ,viII be the horizontal, and 
u'the vertical projection of the point of contact on the given 
surface. A plane through this point and MN ,viII be the 
tangent plane. 

153. In general through a given right line a lilnited num~ 
ber of planes only can be passed tangent to a double curved 

DEseR. GEOM.-7 
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surface. ~-'or let the surface be intersected by a system of 
planes parallel to the given line, and tangents be drawn to 
the sections also parallel to the line. 1'hese will fornl a 
cylinder tangent to the surface. Any plane through the 
right line tangent to this cylinder will be tangent to the sur­
face; and the number of tangent planes will be determined 
by the nutnber of tangents which can be drawn from a point 
of the gi yen line to a section made by a plane through this 
point. 

POINTS IN WHICH SURFACES ARE PIERCED BY LINES 

154. The points in which a right line pierces a surface are 
easily found by passing through the line any plane inter­
secting the surface. It ,viII cut fronl the surface a line 
\vhich will intersect the given line in the required points. 
This auxiliary plane should be so chosen as to intersect the 
surface in the simplest line possible. 

If the given surface be a cylinder, a plane through the 
right line parallel to the re~tilinear elements should be used. 
It vvill intersect the cylinder in one or nlore rectilinear ele-
11lellts which will intersect the given line in the required 
points. 

If the given surface be a cone, the auxiliary plane should 
pass through the vertex. 

If the given surface be a sphere, the auxiliary plane should 
pass through the center, as the line of intersection ,viII be a 
circulnference with a radius equal to that of the sphere. 

155. If the given line be a curve of single curvature, its 
plane ,viII intersect the surface, if at all, in a line which will 
contain the required points. If the plane does not intersect 
the surface, or if the line of intersection 'does not intersect 
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or is not tangent to the given curve, there will of course be 
no points ?OmffiOn to the curve and surface. 

If the given line be a curve of double curvature, a cylin­
der or cone may be passed through it intersecting the given 
surface., If the line of intersection intersects the given line, 
the points thus deterlnined will be the required points. 

These problems will be easily solved when the lllore gen­
eral problem of finding the intersection of surfaces has been 
discussed. 

INTERSECTION OF SURFACES BY PLANES. DEVELOPMENT 

OF SINGLE CURVED SURFACES 

156. The solution of the problem of the intersection of 
surfaces consists in finding two lines, one on each surface, 
,vhich intersect. The points of intersection will be points 
in both surfaces, and therefore points of their line of 
intersection. 

157. To find the intersection of a plane with a surface, 
we intersect the plane and surface by a system of auxiliary 
planes. Each plane will cut from the given plane a right 
line, and froln the surface a line, the intersection of which will 

be points of the reqtdred line. The systenl of auxiliary planes 
should be so chosen as to cut from the surface the simplest 
lines; a rectilinear elenlent if possible, or the circuluference 
of a circle, etc. 

The curve of intersection Inay be dra,vn with greater 
accuracy by deterll1ining at each of the points thus found a 
tangent to the cu~ve, and then dravving the projections of 
the curve tangent to the projections of these tangents 
(Art. 65). 

This tangent must lie in the intersecting plane, that is, in 
the plane of the curve (Art. 64). It must also lie in the 
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tangent plane to the surface at the given point (Art. 108). 
Hence if we pass a plane tangent to the given surface a.t the 
given point and determl~ne its intersection with the intersecting 
plane, this will be the required tangent. 

158. Since the tangent plane to a single curved surface in 
general contains two consecutive rectilinear elements (Art. 
111), it will contain the elenlentary portion of the surface 
generated by the generatrix in moving fronl the first elelnent 
to the second. N ow if the surface be rolled over until the 
consecutive element follo\ving the second comes into the 
tangent plane, the portion of the plane linlited by tIle first 
and third elelnents will equal the portion of the surface 
lilnited by the saIne elelnents. If we continue to roll the 
surface on the tangent plane until any following element 
CaInes into it, the portion of the plane included bet,veen this 
elelnent and the first will be equal to the portion of the sur­
face limited by the same elements. Therefore, if a single 
curved surface be rolled over on anyone of its tangent 
planes until each of its rectilinear elelnents has come into 
this plane, the portion of the plane thus touched by the surface, 
and limited by the extreme elements, ,viII be a plane surface 
eq ual to the gi ven surface, and is the development of the 
surface. 

As a tangent plane to a warped surface cannot contain 
two consecuti ve rectilinear elements (Art. 113), the ele­
luentary surface limited by these two elements, cannot be­
brought into a plane without breaking the continuity of .the 
surface. A warped surface, therefore, cannot be developed. 

N either can a double curved surface be developed, as any 
elementary portion of the surface "viII be lilnited by two 
curves, and cannot be brought into a plane without breaking 
the continuity of the surface. 
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159. In . order to deterInine the position of the different 
rectilinear elements of a single curved surface, as they COllIe 
into the tangent plane, or plane of develop1nent, it ,viII always 
be necessary to find son1e curve upon the surface ,vhich will 
develop into a right line, or circle, or some sinlple kno\vn 
curve, upon which the rectified distances between these ele­
men ts can be laid off. 

160. PROBLEM 37. To find the intersection of a right cyl­
inder with a circular base by a plane. 

I.Jet mlo, Fig. 64, be the base of the cylinder, an d c the 
horizon tal, and c'd' the vertical proj ection of. the axis; then 
mlo will be the horizontal, and s' m" 0" u' the vertical projec­
tion of the cylinder (Art. 75). Let tTt' be the. intersecting 
plane. 

Analysis. Intersect the cylinder and plane by a system of 
auxiliary planes parallel to the axis and also to the horizon­
tal, trace of the given plane. These will cut fronl the cylin­
der rectilinear elements, and froln the plane right lines 
parallel to the horizontal trace. The intersection of these 
lines will be points of the,required curve (Art. 157). 

This curve, as also the intersection of any cylinder or cone 
with a circular or an elliptical base, by a plane 'cutting all 
the rectilinear elements, is an ellipse. (Analytic Geometry, 

Arts. 82 and 200.) 
Construction. Draw xy parallel to tT; it will be the hori·· 

zontal trace of one of the auxiliary planes; yy' is its vertical 
trace. It intersects the cylinder in two elements, one of 
which pierces H at x, and the other at z, and x"x' and z"z' 
are their vertical projections. It intersects the plane in the 
right line XY (Art. 38), and X and Z, the intersections of 
this line 'vvith the two elelnents, are points of the curve. In 
the same way any number of points may be found. 
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If a point of the curve on any particular elel11ent be re" 
quired, ,ve have simply to pass an auxiliary plane through 
this elelnent. Thus, to construct the point all (0, 0" u'), draw 
the trace ow, and construct as above the point O. 

Since this point lies on the curve, and also on the extreme 
elenlen t, and since no point of the curve can be vertically 
projected outside of 0' 'u', the vertical projection of the curve 
nlust be tangent to o"u' at 0'. Or, the reason nlay be given 
thus, in 111any like cases: If a tangent be drawn to the eurve 
at 0, it will lie in the tangent plane to the surface at 0 
(Art. 108); and since this tangent plane is perpendicular to 
the vertical plane, the tangent will be vertically projected 
into its trace o"u', ,vhich must therefore be tangent to m'o'l' 

at 0' (Art. ?5). Also, m"s' l1lust be tangent to m'o'l' at m'. 
If a plane be passed through the axis perpendicular to the 

intersecting plane, it will evidently cut froln the plane a 
right line vvhich ,viII bisect all the chords of the curve per­
pendicular to it, an.d this line ,viII be the transverse axis of 
the ellipse; lc is the horizontal trace of such a plane. It 
cuts the given plane in I{G (Art. 38), and the cylinder in 
two elelnents horizontally projected at k and l, and KL is the 
transverse axis, and K and L are the vertices of the ellipse. 
I{ is the lowest, and L the highest, point of the curve. 

Since the curve lies on the surface of the cylin-der, its hori­
zontal projection ,viII be in the base mlo. 

To draw a tantel~t to the curve at any point, as X; draw 
xr tangent to xol at x; it is tIle horizontal trace of a tangent 
plane to the cylinder at X (Art. 123). This plane inter­
sects tTt' in a right line, which pierces H at r; and since X 
is also a point of the intersection, RX will be the required 
tangent (Art. 157). If a tangent be drawn at each of the 
points deternlined as above, the projections of the curve can 
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be dravvn, with great accuracy, tangent to the projections of 
these tangents, at the projections of the points of tangency. 

The part of the curve MXO, bet"veen the points 1\11 and 0, 
lies in front of the extrenle elements (m, m" s') and (0, 0" u') 
and is seen, and therefore m' x' 0' is dl'a \vn full, and m' l' 0' 

b1"01(en. 
To represent t7~e curve il~ its true dimensions, let its 

plane be revolved about tl' until it coincides with H. r-fhe 
revolved position of each point, as X, at x"', will be de­
termined as in Art. 17; k'" and l'" will be the revolved 
position of the vertices, rx'" ,viII be the revolved position of 
the tangent, and l"'x"'k'" the ellipse in its true size. 

161. PROBLEM 38. To develop a right cylinder with a 
circular base, and trace upon the development the curve of 
intersection of the cylinder by an oblique plane. 

Let the cylinder and curve be given as in the preceding 
problenl, arid let the plane of development be the tangent 
plane at L. 

Analysis. Since the plane of the base is perpendicular to 
the element of contact of the tangent plane, it is evident 
that as the cylinder is rollecl out on this plane, this base will 
develop into a right line on which \ve can layoff the rectified 
distances between the several elelnents and then dra\v them 
each parallel to th.e elenlent of contact. 

Points of the developlnent of the curve are found by lay­
ing off on the developlnent of each elenlent, fronl the point 
where it meets the rectified base, a distance equaJ to the 
distance of the point from the base. 

Oonstruction. The plane of developnlent being coincident 
\vith the plane of the paper, let IT.I, :F'ig. 65, be the elelllent 
of contact. Draw II perpendicular to lL, ancllay off II equal 
to the rectified circumference lw - - k - - l, :Fig. 64. I t "viII be 
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the developn1ent of the base. Layoff lw equal to the arc 
lw, and dra\v wW parallel to lL. It is the developlIlent of 
the element which pierces H at w. Likevvise for each of the 
elements layoff wz, zm, etc., equal respectively to the recti­
fied arcs wz, zm, etc., in Fig. 64, and draw zZ, m11, etc. 
The portion of the plane included between lL and lL will be 
the developnlent of the cylinder. 

On lL layoff lL = l"l', I.J will be one point of the developed 
curve; on wW layoff wW =w"w', W will be a second point; 
and thus each point may be determined, and L - - I{ - - L ,viII 
be the developed curve. The line rx, the sub-tangent, will 
take the po~ition rx on the developed base, and Xr will be 
the tangent at X in the plane of developnlent. This n1ust 
be tangent at X, since the tangent after development must 
contain the same two consecutive points which it contains in 
space, and therefore be tangent to the develop~ent of the 
curve (Art. 64). 

162. PROBLEM 39. To find the intersection of an oblique 
cylinder by a plane. 

Let the cylinder be given as in Fig. 66, and let tTt', per­
pendicular to the rectilinear elements, be the intersecting 
plane . 
. Analysis. Intersect the cylinder and plane by a system of 

auxiliary planes parallel to the rectilinear elelnents and per­
pendicular to the horizontal plane. These planes ,viII each 
intersect the cylinder in two rectilinear elelnents, and the 
plane in a right line, the intersection of which will be points 
of the curve. 

Oonstruction. Let eq, parallel to li, be the horizontal trace 
of an auxiliary plane; qq' will be its vertical trace. It inter­
sects the cylinder in two elements, one of which pierces H at 
r, the other at s, and these are vertically projected in r'g' and 
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s' h', and horizontally in eq. It intersects tTt' in a right line, 
which pierces H at e, and is vertically projected in e'q', and 
horizontally in eg. These lines intersect in Z and Y (Art. 
23), points of the curve. In the same way any number 'of 
points may be determined. 

The auxiliary planes, being parallel, n1ust intersect tTt' in 
parallel lines, the vertical projections of which will be parallel 
to e' q'. 

By the plane, whose horizontal trace is mn, the points U 
and X are determined. The vertical projection of the curve 
must be tangent to m'n' at u'. The points in which the 
horizontal projection is tangent to li and kj-' are deter­
mined by using these lines as the traces of auxiliary 
planes. 

To draw a tangent to the curve at any point, as X, pass a 
plane tangent to the cylinder at X; av is its horizontal trace, 
and vx the horizontal, and v' x' the vertical projection of the 
tangent. 

A sufficient number of points and tangents being thus 
determined, the projections of the curve can be drawn with 
accuracy. The part cyd is full, being the horizontal projec­
tion of that part of the curve which lies above the extreille 
elements LI and KF. ~For a siln.ilar reason, u'x'w' is full. 

To show the curve in its true dimensions, revolve the plane 
about (r until it coincides vvith H. The revolved position 
of each point may be found as in Art. 17, and 0" y" d" z" 

,viII be the curve in its true size. 
The section thus maci is a right section. 

163. If it be required to develop the cylinder on a tan­
gent plane along any element, as I{:F', we first make a right 
section as above. We know this will develop into a right 
line perpendicular to KJj-'. On this we layoff the rectified 
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arcs of -the section included between the several elements, 
a~d then draw these elelIlents parallel to K~'. 

The de.veloped base, or any curve on the su~rface, may be 
traced on 'the -plane of developnlent by laying off on each 
element, fr~)ln the developed position of the point where it 
intersects the right section, the distance from this point to 
the point where the element intersects the base or curve. A 
line through ,..the extrelllities of these distances will be the 
required development. 

164. PROBLEM 40. To find the intersection of a right cone, 
with a circular base, by a plane. 

Let the cone be given as in Fig. 67, and let tTt' be the given 
plane, the ver~ical plane being assullled perpendicular to it. 

Analysis. Intersect the cone by a system of planes through 
the vertex and perpendicular to the vertical plane. The 
element cut from the cone by each plane (Art. 157) ,vill­
intersect the right line cut from the given plane in points of 
the required curve. 

Oonstruction. Let lk be the horizontal trace of an auxiliary 
plane; ks' will be its vertical trace" It intersects the cone 
in two elements, one of which pierces H in l, and the other 
in i, horizontally projected in ls and is respectively. It 
intersects the given plane in a right line perpendicular to 
V, vertically projected at x', and horizontally in xv; hence 
x and v are the horizontal proj~ctions of two points of the 
curve, botll vertically projected at x'. In the same way 
any number of points can be found, as Y (~()y'), etc. 

The plane whose horizontal trace is mo, perpendicular to 
tTt', intersects it in a right line vertically projected in Tt', 

,vhich evidently bisects all chords of the curve perpendicular 
to it, and is therefore an axis of the curve. This plane 
cuts from the cone the elenlents SlVI and SO, which are 
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intersected by the axis in the points Z and U, \vhich are 
the vertices. 

To draLv a tanger~t to the Clurve at ar~y point, .. as X, pass 
a plane tangent to the cone at X; lr is its horizontal trace. 
It intersects tTt' in (rx, Tx'), \vhich is therefore '~he required 
tangent (Art. 157). The horizontal projection, 1txZV, can 
now be drawn. u' z, is its vertical projection. 

To represent the curve in its true dimenSions, we n1ay 
revolve it about tT until it coincides vvith H, or about Tt' 
until it coincides with V, and deterlnine it as in Art. 17. 
Otherwise, thus: Revolve it about lJZ until its plane becomes 
parallel to V; it will then be vertically projected in its true 
dimensions (Art. 62). The points U and Z being in the 
axis, ,viII be projected at ~(/ and z' respectively. X will be 
vertically proj ected at x", x' x" being equal to px. Y at 
y", y'y" being equal to qy. (~oy') at w", etc., and u'x"z'x'" 
will be the curve in its true size. 

165. If a right cone with a c'ircular base be intersected 
by a plane, as in Fig. 67, Inaking a less angle with the plane 
of the base than the elements do, the curve of intersection 
is an ellipse (Analytical GeometJ"y, Art. 82). If it make the 
same angle, or is parallel to one of the elenlents, the curve is .a 
parabola. If it make a greate1~ angle, the curve is an hyper­

bola. Hence these three curves are known by the general 
nalne conic sections. 

166. PHOBLEM 41. To develop a right cone with a circular 
base. 

I~et the cone and its intersection by an oblique plane be 
given as in the preceding problem, Fig. 67, and let the plane 
of development be the tangent plane along the element MS ; 
'~he half of the cone in front being rolled to the Jeft, and the 

other half to the right. 
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Analysis. Since the base - of the cone is everywhere 
eq ually distant from the vertex, as the cone is rolled out, 
each point of this base will be in the circunlference of a 
circle described with the vertex as a center, and a radius 
equal to the distance from the vertex to any point of the 
base. By laying off on this circumference the rectified arc 
of the base, contained between any two elements, and dra,v­
ing right lines froln the extrenlities to the vertex, we have, 
in the plane of development, the position of these elements. 
Laying off on the properJ elelnents the distances from the 
vertex to the different points of the curve of intersection, 
and tracing a curve through the extremities, we have the 
developlnent of the curve of intersection. 

Construction. With SlYl = 8.' 'in', lj"jgs. 67 and 68, describe 
the arc OlVIO. It is the development of the base. Layoff 
MG = mg, and draw SG; it is the developed position of the 
element SG. Il). the sanle way layoff G L = gl, LO = lo, and 
draw SL and SO. OSM is the development of one half the 
cone. In like lnanner the other half Jnay be developed. 

On SM layoff SZ = s' z'. Z will be the position of the 
point in the plane of development. To obtain the true 
distance from S to Y, revolve SY about the axis of the cone 
until it becolnes parallel to V, as in Art. 28; s' e' will be its 
true length. On SG layoff SY = s'e'; on SL, SX = s'd'; 

on 8M, SU = s'u'. Z, Y, X, and U will be the position of 
these points on the plane of developnlent, and UX··· U will 
be the development of the curve of intersection. 

Through L draw LR perpendicular to L8, and lnake it 
equal to lr. RX will be the developed tangent. 

167. PROBLEM 42. To find the intersection of any cone 
by a plane. 

Let the cone and plane tTt' be given as in Fig. 69. 



ORTHOGRAPHIO PROJECTIONS 109 

Analysis. Intersect the cone by a systenl of planes through 
the vertex and perpendicular to the horizontal plane. Each 
of these planes will intersect the cone in one or more recti­
linear elements, and the given plane in a right line, the 
intersection of which will be points of the curve. Since 
these auxiliary planes are perpendicular to the horizontal 
plane, they will intersect in a right line through the vertex 
perpendicular to the horizontal plane, and the point in which 
this line pierces the cutting plane will be a point common to 
all the right lines cut from this plane. 

Oonstruction. Find the point in ,vhich the perpendicular 
to H through S pierces t'ft', as in Art. 42. v' is its ver­
tical projection. The vertical projections of the lines cut 
{raIn t'I't' all pass through this point. 

Let sp be the horizontal trace of an auxiliary plane. It 
intersects the cone in the elemepts SE and SD, and the cut­
ting plane in the right line Cps, p'v'). This line intersects 
the elements in Rand Y, which are points of the required 
curve. In the same way allY number of points may be 
found. 

To find the point of the curve on any particular element, 
as 8M, we pass an auxiliary plane- through this elenlent. sm 
is its horizontal trace, and Z and X are the two points on this 
element. The vertical projection of the curve is tangent to 
s'm' at z', and to s' 0' at u'. The points q and w, in which the 
horizo'ntal projection is tangent to sl and sn, are found by 
using as auxiliary planes the two planes whose traces are sl 
and sn. 

To draw a tangent to the curve at any point, as X, pass 
a plane tangent to the cone at X. ic is its horizontal trace 
(Art. 129). It intersects tTt' in eX, which is therefore the 
required tangent (Art. 157). 
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The part of the curve vvhich lies above the two extreme 
elenlents SL and SN is seen, and therefore its projection, 
wyzq, is full. Ifor a silllilar reason the projection, z' q' x' u', of 
that part of the curve which lies in front of the two extreme 
elements, SM and SO, is full. 

To show the curve in its true dimensions, revolve the 
plane about tT, until it coincides with H, and determine each 
point, as Q at q", as in Art. 17. Or the position of 8V' 

may be found at v". r-l'hen if the points c, a, b, p, etc., be 
each joined vvith this point by right lines, we have the re­
volved positions of the lines cut froll1 the given plane by the 
auxiliary planes, and the points y", z", r", x", in v" hich these 
lines are intersected by the perpendiculars to the axis, yy", 
zz", etc., are points of the revolved position 'of the curve. 
x" c is the revolved position of the tangent. 

16S: The intersection of the single curved surface, with 
a helical directrix, by a plane, may be found by intersecting 
by a system of auxiliary planes tangent to the projecting 
cylinder of the helical directrix. These intersect the sur­
face in rectilinear elelnents, and the plane in right lines, the 
intersection of which will be points of the required,~qurve. 

169. PROBLEM 43. To find the intersection of any surface 
of revolution by a plane. 

Let the surface be a hyperboloid of revolution of one nappe 
given as in ]j"'ig. 70, and let tTt' be the cutting plane. 

Analysis. If a meridian plane be passed perpendicular to 
the cutting plane, it will intersect it in a right line, which 
will divide the curve symlnetrically, and be an axis. If the 
points in which this line pie~ces the surface be found, these 
will be the vertices of the curve. N ow intersect by a system 
of planes perpendicular to the axis of the surface; each plane 
will cut from the surface a circumference and.from the given 
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plane a right line, the intersection of vvhich \vill be points of 
the required curve. 

Oonstruction. Dra,v en perpendicular to t'1'; it will be the 
horizontal trace of the auxiliary llleridian plane. This plane 
intersects tTt' in the right line NC (Art. 38), and the sur­
face in a lueridian curve ,vhich is intersected by NO in the 
two vertices of the required curve; or in its highest and 
lowest points. 

To find these points, revolve the meridian plane about the 
axis until it beconles parallel- to V. The lueridian curve 
,viII be vertically projected into the hyperbola, which limits 
the vertical projection of the surface (Art. 62) and the line 
NO into d I Of. The points s' and r' will be the vertical pro­
jections of the revolved positions of the vertices. After the 
counter-revolution~ these points are horizontally projected at 
k and l, and vertically at k' and l'. 

Let u'z' be the vertical trace of an auxiliary plane perpen­
dicular to the axis. It cuts the surface in a circle horizon­
tally projected in wuz, and the plane in a right line, which 
piercing V at e' is horizontally projected in ez; hence U and 
Z are points of the curve. In the sanle wa;y any nu'nlber of 
po~nts may be deterluined. 

The points 0' and v', in ,vhich the vertical projection of the 
curve IS tal~gent to the hyperbola which lilllits the projection 
of the surface, are the ~ertical projections of the points in 
which the line, cut out of the given plane by the lnericlian 
plane parallel to the vertical plane, intersects the nlericlian 
curve cut out by the ,same plane. 

The points upon any particular circle may be determined 
by using the plane of this circle as an auxiliary plane. If 
the curve crosses the circle of the gorge, the points in which 
it crosses are determined by using the plane of this circle, 
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and, in this case the horizontal projection of the curve must 
be tan'gent to the horizontal projection of the circle of the 
gorge~ at the points x and y. 

The method given above for deternlining the vertices of 
the curve is applicable to any surface of revolution. In this 
particular surface it may be luodified thus: Let the line NL 
revolve about the axis; it will genetate a -cone of revolution 
whose base is dni and vertex C. This cone intersects the 
hyperboloid in two circumferences (Art 97), and the points in 
which NL intersects these circumferences will be the points 
required. 

To construct them: through any rectilinear element of 
the hyperboloid, as MQ, and the vertex of the cone, pass a 
plane; qi ,viII be its horizontal trace (Art. 33). It inter­
sects the cone' in two elements horizontally projected in ci 
and cg,. and the points a and b are points in the horizontal 
projections of the circl~s in which the hyperboloid and cone 
intersect, and K and L are the required vertices. 

To draw a tangent to the curve at Z, pass a plane tangent 
to the surface at Z, as in Art. 138; its intersection with tTt' 
will be the tangent (Art. 157). The curve may be repre­
sented in its true dimensions as in Art. 162. 

Let the interse?tion of an oblique plane with a sphere, an 
ellipsoid of revolution and paraboloid of revolution, be con­
structed in accordance with the principles of the preceding 
-problem. 

170. To find the intersection of any warped surface with 
a· plane directer, by an oblique plane, intersect by planes 
parallel to the plane directer. Each will cut from the sur­
face one o~ more rectilinear elenlents, and from the plane a 
right line, the intersection of which will be points of the 
required curve. 
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171. To find the intersection of a helicoid by a plane, 
the surface being given as _ in Art. 92, intersect by, a systenl 
of auxiliary planes through the axis. 'These wil\ cut from the 
surface rectilinear elenlents, and £roln ,.the plane right lines, 
the intersection of which will b~ points of the required 
curve. 

Let the construction,'be made, and the. curve and its tan­
gent represented in true dimensions. 

INTERSECTION OF CURVED SURFACES 

172. To find the intersection of al1.;y tU)O cu/rved surfaces, 
we intersect thenl by a systelu of auxiliary surfaces. Each 
auxiliary surface will cut fronl the ,given sllrfaces 'lines 
the intersection of which will be points of the required line 
(Art. 156). 

The system of auxiliary surfaces should be so chosen as 
to cut from the given surfaces the simplest lines, rectilinear 
elements if possible; or the circulllferences of circles, etc. 

To draw a tangent to the curve of intersection at any 
point, pass a plane tangent to each surface at this point. 
'-rhe intersection of these two planes will be the required 
tangent, since it must lie in each of the tangent planes 
(.Lt\rt. 108). 

In constructing this curve. of mtersection, great care 
should be taken' to determine those points in which its 
projections are tangent to the lilniting. lines of the projeD­
tions of the surfaces; and also those points in which the 
curve itself is tangent to other lines of either surface, as 
these points aid nl uch in, dra \ving the curve' ,vi th accuracy. 

173. PROBLEM 44. To find the intersection of a cylinder 
and cone. 

DESCR. GEOM.-8 
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Let the surfaces be given as in l1"'ig. 71; the base of the 
cylinder bai being in the horizontal plane, and its rectilinear 
elenlents parallel to the vertical plane; the base of the cone 
m' l' 0', in the vertical plane, and S its verte~. 

Analysis. Intersect the t,vo surfaces by a system of aux­
iliary planes pass'ing through the vertex of the cone and paral­
lel to the rectilinear elements of the cylinderr. Each plane will 
intersect each of the surfaces in two rectilinear elements, 
the intersection of which ,viII be points of the required curve. 
These planes "viII intersect in a right line passing through 
the vertex of the cone and parallel to the rectilinear elements 
of the cylinder, and the point in which this line pierces the 
horizontal plane will be a point common to the horizontal 
traces of all the auxiliary planes. 

Oonstruction. Through S draw sr-r parallel to BE. It 
pierces H in t. Through t draw any right line, as th; it 
may be taken' as the horizontal trace of an auxiliary plane, 
the vertical trace of which is hg' parallel to b' e'. This plane 
intersects the cylinder in t,\ro elements ,vhich pierce H at g 
and i, and are horizontally projected in gg" and ii". The saIne 
plane intersects the cone in two elements which pi~rce V in 
m' and n', and are horizontally projected in ms and ns. These 
elements intersect in the points X, Y, Z, and U, which are 
points of the required curve. In the same way any number 
of points may be determined. 

The horizontal projection of the required curve is tangent 
to ms at the points x and y; since ms is the horizontal pro­
jection of one of the extreme elements of the cone. The 
points of tangency on sl n1ay be deterlnined by using an 
auxiliary plane, which shall contain ,the element SI.J. 

The points of tangency on dw are obtained in the saIne 
way, by using the plane whose horizontal trace is td. 
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The points in which the vertical projection of the curve is 
tangent to the vertical projections of the extreme elements 
of both cone and cylinder. will be determined by using as 
auxiliary planes those which contain these elements. 

A tangent to the curve at any of the points thus determined 
may be constructed by finding the intersection of two planes, 
one tangent to the cylinder and the other to the cone, at this 
point (Art. 172). 

The plane, of which tc is the horizontal trace, is tangent to 
the cylinder along the element CQ, and intersects the cone 
in the two ,elements SP and SQ. If at P a plane be passed 
tangent to the cone, it will be tangent along SP, which is 
also its intersection with the tangent plane to the cylinder. 
SP is then tangent to the curve at P, and for a siInilar reason 
8Q is tangent at Q. Hence the two projections- sp and sq 
are tangent to xpy--qu at p and q respectively; and the 
vertical projections of the same elements will be tangent 
at p' a;nd q'. 

The plane of which te' is the horizontal trace is tangent 
to the cone along the element SK, and intersects the cylin­
der in two elements, the horizontal projections of 'v hich are 
tangent to xp--qv at k and v. 

The projections of the curve can now be drawn with great 
accuracy. The horizontal projection of that part which lies 
above the two elements 8M and SL, and also above the 
elelnent DW, is drawn full. Likewise the vertical projec­
tion of that part which lies in front of the element BE, and 
also in front of the two extreme elements of the cone is full. 

If t,vo auxiliary planes be passed tangen,t to the cylinder, 
and both intersect the cone, it is evident that the cylinder 
will penetrate the cone so as to form two distinct curves of 
intersection. If one intersects the cone and the other does 
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not, a portion only of the cylinder· enters the cone, and there 
vvill be a continuous curve of intersection, as in the figure. 

If neither of these planes intersects the cone, and the cone 
lies between them, the cone ,viII penetrate the cylinder, 
making two distinct curves. 

If both planes are tangent to the cone, all the rectilinear 
elements of both surfaces "\vill be cut. 

174 .. The interseotion of tLVO oylinders n~ay be found by 
passing a plane through a rectilinear elenlent of one cylin­
der parallel to the rectilinear elelnents of the other, and 
then intersecting the cylinders by a systelp. of planes parallel 
to this plane. '-fhe horizontal traces of these planes will be 
parallel, and the construction "rill be in all respects similar 
to that of the preceding problenl. 

The interseotion of tIDO oones may also be found by using 
a systenl of planes through the vert'ices of both cones. The 
right line which joins these vertices will lie in all of these 
planes and pierce the horizontal plane in a point common 
to all the horizontal traces. 

We may ascertain whether the cylinders or cones intersect 
in two distinct curves, or only one, in the sanle manner as 
in Art. 173, by passing auxiliary planes tangent to either 
cylinder or cone. 

175. I>ROBLEM 45. To find the intersection of a cone and 

helicoid. 
Let mnl, :F'ig. 72, be the base of the cone, S its vertex; 

and let prq be the horizontal, and p' 0" q' the vertical projec­
tion of the helical directrix, (8, 0' s') being the axis, and the 
rectilinear generatrix being parallel to the horizontal plane 

(Art. 92). 
Analysis. Intersect the surfaces by a system of auxiliary 

planes through the axis of the helicoid. These planes cut 
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from both surfaces rectilinear elelnents, \vhich intersect In 
points of the req uired curve. 

Oonstruction. Dl'a \v sk as the horizontal trace of an aux­
iliary plane. 'rhis plane intersects the cone in the elerrlent 
81(, and the helicoid is an elenlent of which 8g is the h9ri\ 
zontal and h'g' the vertical projection. These intersect in 
X, a point of the required curve. In the same way, Y, Z, 
and other points, are deterlnined. At the points m' and z', 
the vertical projection of the curve is tangent to s'm' and 
s'l' (Art. 160). 

To draw a ta-ntent to tlue curve C(;t X, pass a plane tangent 
to each of the surfaces at X (Arts. 129 and 139): ku is 
the horizontal trace of the plane tangent to the cone, and tw, 
parallel to sg, that of the plane tangent to the helicoid, and 
their intersection, UX, is the required tangent line. 

176. PROBLEM 46. To find the intersection of a cylinder 
and hemisphere. 

Let mnl, Fig. 73, be the base of the cylinder and 1VIX a 
rectilinear element. . Let ced be the horizontal and c'l'd' the 
vertical projection of the helnisphere. 

Analysis. Intersect the surfaces by a systenl of auxiliary 
planes parallel to the rectilinear elelnents of the cylinder and 
perpendicular to the horizontal plane. Eacll plane ,viII cut 
froln the cylinder t,vo rectilinear elenlents, and ironl the 
sphere a senlicircumference the intersection of whicl1 will be 
points of the required curve. 

Oonstruction. Take pn as the trace of an auxiliary plane. 
It cuts froin the cylinder the tvvo elenlents PY and NZ, and 
from tIle hemisphere a selni,circulnference of \v hich i is the 
center and ig the radius. Revol ve this plane about pn until 

- ~ 

it coincides with 'H. pi" "viII be the revolved position of PY 
(Art. 28), and, nz" parallel to pi" the revolved position of 
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NZ, gcz" the revolved position of the semicircumference, y" 
and z" the revolved position of the required points, and Y 
and Z the points in their true position. 

In the sanle way any number of points may be determined. 
The points of tangency x and ware found by using mx and 

lw as the traces of auxiliary planes, and r' and u' by using or 

and su. 
A tangent at any point Inay be constructed by finding the 

unit section of two planes tangent to the cylinder and 
sphere, as in Arts. 123 and 145. 

The tangents at Z and Yare evidently parallel to H. 
177. PROBLEM 47. To find the intersection of a cone and 

hemisphere. 
Let mlo, Fig. 74, be the base of the cone, and S its vertex 

at the center of the sphere, abe being the horizontal and a' d' e' 
the vertical projection of the hemisphere. 

Analysis. Intersect the surfaces by a systenl of planes 
passing through the vertex and perpendicular to the horizon­
tal plane. Each plane will cut froln the cone two rectilinear 
elelnents, and from the hemisphere a semicircumference, the 
intersection of which will be points of the required curve. 

Oonstruction. Take sp as the horizontal trace of one of 
the auxiliary planes. It intersects the cone in the two ele­
ments SP and SQ, and the henlisphere in a semicircle whose 
center is at S. Re/volve this plane about the horizontal pro­
jecting line of S, until it becomes parallel to V. The ele­
ment SP will be vertically projected in s'p"', SQ in 8' q"', the 
semicircle in a.' d' c', and x" and y" will be the vertical pro­
jections of the revolved positions of the points of intersec­
tion. In the counter-revolution these points describe the 
arcs of horizontal circles and in their true position will be 
vertically projected at x, and y', and horizontally at x and 11, 
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In the same way any number of points may be found. 
The points of tangency u' and z' are found by using auxil­

iary planes which cut out the extreme elelnents SM and 
so. 

The points in which the vertical projection of the curve is 
tangent to the selnicircle a' d' c' are found by using the auxil­
iary plane whose trace is st. 

To draw a tangent to the curve at any point, \ve pass a 
plane tangent to the sphere at this point, as in Art. 145, and 
also one tangent to the cone at the same point, as in Art. 
129, and determine their intersection. 

178. PROBLEM 48. To develop an oblique cone with any 
base. 

Let the cone be given as in the preceding problem, Fig. 
74, and let it be developed on the plane tangent along the 
element SP. 

Analysis. If the cone be intersected by a sphere having 
its center at the vertex, all the points of the curve of inter­
section will be at a distance from the vertex equal to the 
ra~ius of the sphere; hence when the cone is developed this 
curve will develop' into the arc of a circle having its center 
at the position of the vertex and its radius equal to that of 
the sphere. On this we can layoff the rectified arcs of the 
curve of intersection included between the several rectilinear 
elements (Art. 159),. alld then draw these elenlents to the 
position of the vertex. 

The developed base, or any curve on the surjaee, may be 
traced on the plane of development by laying off on each ele­
ment, from the vertex, the distance froln the vertex to the 
point wbere the element intersects the base or curve. A line 
through the extremit~es of these distances will be the re­
quired development. 
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Construction. Find, as in the preceding problem, the curve 
XUy - - -. With S, J1-'ig. 75, as a eenter and sa as a radius, 
describe the arc XURe It is the indefinite development of 
the intersection of the sphere and cone. Draw SX for the 
position of the elell1ent SX. 

'1'0 find the distance bet,veen any two points measured on 
the curve XUY - - -, we first develop its horizontal pro­
jecting cylinder on a plane tangent to it at X, as in Art. 
161. X'U'R', Fig. a, is the development of the curve. On 
XUR layoff XU = X'U', DR = U'll', etc., and draw SU, SR, 
etc. These will be the positions of the elelnents on the plane 
of development. On these layoff SP = s'p"', S1\1 = s'm"', 
etc., and join tIle points P~I, etc., and "\ve have the develop­
ment of the base of the cone. 

179. PROBLEM 49. To find the intersection of two surfaces 
of revolution whose axes are in the same plane. 

First, let the axes. intersect and let one of the surfaces be 
an ellipsoid of revolution and the other a paraboloid; and 
let the horizontal plane be taken perpendicular to the axis 
of the ellipsoid and the vertical plane parallel to the axes; 
(c, c'd'), Fig. 76, being the axis of the ellipsoid, and Ccl, s'l') 
that of the paraboloid. Let the ellipsoid be represented as 
in Art. 107 and let z'f'r' be the vertical projection of the 
paraboloid. 

Analysis. Intersect the two surfaces by a system of aux­
iliary spheres having their centers at the point of intersection 
of the axes. Each sphere ,viII intersect each surface in the 
circunlference of a circle perpendicular to its axis (Art. 97)~ 
and the points of intersection of these circumferences will be 
points of the required curve. 

Oonstruction. With s' as a center and any radius s' q', de­
scribe the circle q'p'r'; it ,viII be the vertical projection of 
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an auxiliary sphere. This sphere intersects the ellipsoid in 
a circumference vertically projected in p' q', and horiZiontally 
in pxq. It intersects the paraboloid in a circumference ver­
tically projected in r'v'. These circumferences intersect in 
two points vertically projected at x', and horizontally at x 

and x". 
In the same way any number of points may be found. 
rrhe points on the greatest circle of the ellipsoid are found 

by using s'n' as a radius. These points are hori2t>ntally pro­
jected at u and u", points of tangency of xzx" with nom. 

The points Wand Z are the points in which the rneridian 
curves parallel to V intersect, and are points of the required 
curve. 

Each point of the curve z'x'w' is the vertical projection 
of two points of the curve of intersection, one in front and 
the other behind the plane of the axes. 

A tangent may be drawn to the curve at any pointJ as X, 
as in Art. 172. Other\vise thus: If to each surface a 
normal line be drawn at X, the plane of the~e two norlllals 
will be perpendicular to the tangent, plane to each surface at 
X, and therefore perpendicular to their intersection, which 
is the ,required tangent lipe (Art. 172). Hence if through 
'X a right line be drawn perpendicular to this normal plane, 
it ,viII be the required tangent. 

Since the meridian plane to a surface of revolution is normal 
to the surface (Art. 115), the norInaI' to each surface at X 
nlust lie in the meridian plane of the surface and therefore 
intersect the axis. 

To construct the normal to the ellipsoid, revolve the 
nleridian curve through X, about the axis of the surface, 
until it becolnes parallelto V; it will be projected into 0' n' d', 
and the point X ,viII be vertically projected at q'. Perpen-
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dicular to the tangent at q' draw q'k'. It will be the vertical 
projection of the normal in its revolved position. After the 
counter-revolution, K remaining fixed, k'x' will be the ver­
tical, and ox the horizontal projection of the normal. 

In the sanle \vay the normal LX to the paraboloid may be 
constructed. 

The line k'l' is the vertical projection of the intersection 
of the plane of these two norlnals with the plane of the axes, 
and is parallel to the vertical trace of the first plane; hence' 
x't' perpendicular to this line is the vertical proj ection of the 
required tangent, xi is the horizontal projection of the inter­
section of the normal plane with the plane of the circle PXQ, 
arid this is parallel to the horizontal trace of the normal 
plane; hence xt perpendicular to this is the horizontal pro­
jection of the required tangent. 

Seoond. If the axes of the two surfaces are parallel, the 
construction is more simple, as the auxiliary spheres become 
planes perpendicular to the axes or parallel to the horizontal 
plane. Let the construction be made iIi this case. 

PRACTICAL PROBLEMS 

180. In the preceding articles we have all the elen1entary 
principles and rules relating to the orthographic projection. 
The student who has thoroughly mastered them will have 
no difficulty in their application. 

I.Jet this application no\v be 11lade to the solution of the 
follovving simple pro blen1s. 
. 181. PROBLEJ\t[ 50. Having given two of the faces of a 
triedral angle and the diedral angle opposite one of them to 
construct the triedral angle. 

Let d~f and rise", :H'ig. 77, be the t\VO given faces and A 
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the given angle opposite fse", dsf being in the horizontal 
plane and the vertical plane perpendicular to the edge .if. 

Construct, as in Art. 54, de' the vertical trace of a plane 
whose horizontal trace is sd and making with H the angle 
A; sde' ,viII be the true position of the required face. 
'Revolve fse" about sf until the point e" comes into de' at e'. 
This lllust be the point in which the third edge in true posi­
tion pierces V. Join e'f; it will be the _vertical trace of the 
plane of the face fse" in true position, and SE will be the 
third edge. 

Revol ve sde' about sd until it coincides with H; e' falls 
at e" , (Art. 17), and dse'" is the true size of the third or 
required face. 

e'fd is the diedral angle opposite the face dse', and pvq, 
determined as in Art. 52, is the diedral angle opposite dsf. 

182. PROBLEM 51. Haying given two diedral angles 
formed by the faces of a triedral angle and the face opposite 
one of ~hem to construct the angle. 

Let A and B, }1-'i~. 78, be the t,vo diedral angles, and dse'" 
the face opposite B._ 

1\tlake e'dj = A. Revolve dse'" about ds until e'" comes 
into de' at e'. This ,viII be the point where the edge se'" in 
true position pierces V, and SE will be this edge. 

Draw e'm, luaking e'me = B, and revolve e'm about e'e; it 
will generate a right cone whose rectilinear elements all 
make with H an angle equal to B. 'Through s pass the 
pla~e sfe' tangent to this cone (Art. 130). I t, with the 
faces fsd and sde', will form the required angle. 

fse" is the true size of the face opposite A, e" being .the 
revolved position of e', determined as in ,l\.rt. 17, and 
the third diedral angle formed by e'fs and e'ds may be 
found as in Art. 52. 
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183. PROBLEM 52. Given two faces of a triedral angle 
and their included diedral angle to construct the angle. 

Let dse'" and dsj, lfig. 79, be the two given faces and A 
the given angle. 

Make·e'd! equal A. de' vvill be the vertical trace of the 
plane of the face dse'" in its true position. Revol ve dse'" 
about sd until e'" comes into de' at e', the point where the 
edge se'" in true position pierces V. Draw e'f. It is the 
vertical trace of the plan e of the third or required face, and 

/se" is its true size. 
eon" (Art. 53) is the diedral angle opposite e'ds, and the 

third diedral angle can be found as in Art. 52. 
184. PROBLEM 53. Given one face and the two adjacent 

diedral angles of a triedral angle to construct the angle. 
Let dsh ~Fig. 79, be the given face, and A and B the two 

adjacent diedral angles. 
Make e'df = A. Construct as in Art. 54 fe', the vertical 

trace of a plane sfe', luaking with H an angle = B. SE 
,viII be the third edge, dse'" and /se" the true size of 
the other faces, and the third diedral angle is found as in 
Art. 52. 

185. PROBLEM 54. Given the three faces of a triedral 
angle to construct the angle. 

Let dse" , , Ifig. 80; dsj, andfse" be the three given faces, 
sd and sj being the two edges in the horizontal plane. 

lVI alee se" = se'" . Revolve the face fse" about is; . e" 
describes an arc whose plane is perpendicular to H (Art. 17), 
of which e" e is the horizontal and ee' the vertical trace. 
Also revolve dse'" about ds; elf' describes an arc in the 
vertical plane. These two arcs intersect at e', the point 
where the third edge pierces V, and SE is this edge. 

Join e'd and e'f. These are the vertical traces of the 
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planes of the face'S dse" I and fse" in true position. The 
diedral angles lnay now be found as in the preceding 
articles. 

186. PROBLEM 55. Given the three diedral angles formed 
by the faces of a triedral angle to construct the angle. 

Let A, B, and C, Ifig. 81, be the diedral angles. 
l\fake e'd/= A. Draw ds perpendicular to AB and take 

e'ds as the plane of one of the faces. If we now construct a 
plane \vhich shall make witll Hand e'ds angles respectively 
equal to Band C, it, with these planes, will form the re­
quired triedral angle. 

To do this: with d as a center and any radius as dm, 

describe a sphere; mn' q will be its vertical projection. 
Tangent to mn'q draw o'u, nlaking o'ud = B, and revolve it 
about 0' d. It will generate a cone whose vertex is 0', tangent 
to the sphere, and all of whose rectilinear elements ll1ake 
with H an angle equal to B. 

Also tangent to mn'q draw p'r', making with de' an angle 
equal to C, and revolve it about p'd. It will generate a 
cone whose vertex is p', tangent to the sphere, and all of 
whose rectilinear elelnents lnake \vith the plane sde' an angle 
equal to C. If now through 0 and p' a plane be passed 
tangent to the sphere, it will be tangent to both cones and 
be the plane of the required third face. p' 0' is the vertical 
trace of this plane, and /s tangent to the base uxy is the 
horizontal trace, SE is the third edge, and ds!, dse"', andfse" 
the three faces in true size. 

187. By a reference to Spherical Trigonometry, it will be 
seen that the preceding six problems are simple constructions 
of the required parts of a spherical triangle when either 
three are given. l'hus in Problenl 50, two sides a and 0, 

and an angle A opposite one, are given and the others C011-
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structed. In Problem 51, two angles A and B and a side b, 
opposite one, are given, etc. 

188. PROBLEM 56. To construct a triangular pyramid 
having given the base and the three lateral edges. 

Let cde, :Fig. 82, be the base in the horizontal plane, AB 
being taken perpendicular to cd, and let cS, dS, and eS be 
the three edges. With c as a center and cS as a radius, de­
scribe a sphere, intersecting H in the circle mono The required 
vertex lllUst be in the surface of this sphere. With d as a 
center and dS as a radius, describe a second sphere, intersecting 
H in the circle qmp. The required vertex must also be on this 
surface. These t\VO spheres intersect in a circle of which mn 

is the horizontal and m' s' n' the vertical projection (Art. 97). 
With e as a center and eS as a radius, describe a third sphere, 
intersecting the second in a circle of ~hich qp is the horizontal 
projection. These t,;vo circles intersect in a right line per­
pendicular to H at s, and vertically projected in r' s'. This 
line intersects the first circle ill S, \vhich must be a point 
common to the three spheres, and therefore the vertex of 
the required pyramid. Join S with c, d, and e, and we have 
the lateral edges, in true position. 

189. PROBLEM 57. To circumscribe a sphere about a tri­
angular pyramid. 

Let mno, :B~ig. 83, be the base of the pyramid in the hori­
zontal plane, and S its vertex. 

Analysis. Since each edge of the pyramid must be a 
chord of the required sphere, if either edge be bisected 
by a plane perpendicular to it, this plane will contain the 
center of the sphere. Hence, if three snch planes be con­
structed intersecting in a point, this must be the required 
center, and the radius will be the right line joining the 
center with the vertex of either triedral angle. 
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Oonstruetion. Bisect mn and no, by the perpendiculars re 

and pe. These will be the horizontal traces of two bisecting 
and perpendicular planes. They intersect in a right line 
perpendicular to H at eo Through U~ the middle point of 
SO, pass a plane perpendicular to it (Art. 46). tTt' is this 
plane. It is pierced by the perpendicular (e, de') at C 
(Art. 42), which is the intersection of the three bisecting 
planes, and therefore the center of the required sphere. CO 
is its radius, the true length of which is e' 0" (Art. 29). 

With e and e' as centers, and with (/0" as a radius, de­

scribe circles. They will be, respectively, the horizontal 
and vertical projections of the sphere. 

190. PROBLEM 58. To inscribe a sphere in a given tri­
angular pyramid. 

Let the pyramid S-mno, :F'ig. 84, be given as in the pre .. 
ceding problem. 

Analysis. The center of the required sphere must be 
equally distant from the four faces of the pyranlid, and 
therefore must be in a plane bisecting the diedral angle 
formed by either two of its faces. Hence, if we bisect three 
of the diedral angles by planes intersecting in a point, this 
point must be the center of the required sphere, and the 
radius will be the distance froln the center to either face. 

Construction. Find the angle sps" rnade by the face Son 

with H (Art. 53). Bisect this by the line pu, and revolve 

the plane 8PS" to its true position. The line pu, in its true 
position, and on will determine a plane bisecting the diedral 
angle sps". In the same way deternline the planes bisecting 
the diedral angles srs''', sqs"". These planes, with the base 
mno, form a second pyramid, the vertex of \vhich is the inter­
section of the three planes, and therefore the required center. 

Intersect this pyramid by a plane parallel to H, whose 
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vertical trace is t' y'. 'This plane intersects the fa~es in lines 
parallel to mn~ no~ and om respectively. These lines form 
a triangle whose vertices are in the edges. To determine 
these lines, layoff pv = y' y"; draw vz parallel to ps. z will 
be the revolved position of the point in which the parallel 
plane intersects p'u in its true position. z" is the horizontal 
projection of this point, and z" y of the line parallel to no. 
In the same \vay ty and tx are determined. Draw ox and 
ny; they will be the horizontal projections of two of the 
edges. These intersect in 0 the horizontal projection of the 
vertex. n' y' is the vertical projection of the edge which 
pierces H at n, 0' the vertical projection of the center, and 
0' d' the radius. 

With 0 and 0' as centers, describe circles with c'd' as a 
radius. They will be the horizontal and vertical projections 
of the required sphere. 



PART II 

SPHERICAL PROJECTIONS 

PRELIMINARY DEFINITIONS 

191. One of the nlost interesting applications of the prin­
ciples of Descriptive Geometry is to the representation, upon 
a single plane, of the different circles of the earth's surface, 
regarded as a .perfect sphere. 

rrhese representations are Spherical Pro,iections. rfhe 
plane of projection ,vhich is generally taken as that of one 
of the great circles of the sphere, is the prirnitive plane j and 
this great circle is the primitive circle. 

The axis of the earth is tIle right line about which the 
earth is known daily to revolve. 

The two points in which it pierces the surface are the 
poles, one being taken as the North and the other as the 
South Pole. 

The. axis of a circle of the sphere is the right line through 
its center perpendicular to its plane, and the points in which 
it pierces the surface are the poles of the circle. 

The polar distance of a point of the sphere is its distance 
from either pole of the primitive circle. 

The polar distance of a circle of the sphere is the distance 
of any point of its circumference froll1 either of its poles. 

192. The lines on the earth's surface usually repre­
sented are: 

DESCR. GEOM. - 9 129 
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1. The Equator, the circumference of a great circle whose 
plane is perpendicular to the axis. 

2. The Ecliptic, the circumference of a great circle nlaking 
an angle of 23io, nearly, with the equator. It intersects the 
equator in two points, called the Equinoctial Points. 

3. The Meridians, the CirCUll1ferences of great circles 
whose planes pass t.hrough the axis, and are therefore per­
pendicular to the plane of the equator. 

Of these meridians two are distinguished: the Equinoctial 
Golure, Which passes through the equinoctial points; and the 
Solstitial Colure, whose plane is perpendicular to that of the 
equinoctial colure. 

The solstitial colure intersects the ecliptic in two points, 
called the Solstitial Points. 

4. The Parallels of Latitude, the circulnferences of sinall 
circles paralJel to the equator. 

Four of these are distinguished: 
The Arctic Oircle, 23t ° from the north pole; 
The Antarctic Circle, 23k ° from the south pole; 
The Tropic of _Cance-r, 23to north of the equator; 
The Tropic of Oapricorn, 23!O south of the equator. 

The first t,vo are also called Polar Oircles. 
193. '"The Latitude of a point on the earth's surface is its 

distance froin the equator, measured on a lueridian passing 
through the point. 

The Horizon of a point or place on the earth's surface is 
the circumference of a great circle whose plane is perpen~ 
dicular to the radius passing through the point. 

Let -M, Fig. 85, be any point on the earth's surface. 
Through this point and the axis pass a plane, and let MNS 
he the circumference cut from the sphere; N the north and 
S the south pole; ECE' the intersection of the plane \vith 
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the equator, and POQ perpendicular to OM, its intersection 
,vith the horizon of the given point. Then lYlE is the lati­
tude of the point, and NQ the distance of the pole N frorn 
the horizon. NQ also n1easures the angle NCQ, the inclina­
tion of the axis to the horizon. But 

NQ = ME, 

since each is obtained by subtra~ting NM from a quadrant; 
that is, the distance from either pole of the earth to the horizon 

of a lJZace is equal to the latitude of that place. 

194. Let NS, Fig. 85, and lVIR be the axes of t,vo circles 
intersecting the plane NOM in the lines EE' and PQ re­
spectively. ECP is then the angle made by the planes of 
these circles. But 

EOP = NOM, 

since each is obtained by subtracting lVICE from a right 
angle; that is, the angle between any two circles of the sphere 

is equal to the angle formed by their axes. 

195. If a plane be passed through the axes of any circle 
of the sphere and of the primitive circle, its intersection with 
the primitive plane is the line of measures of the given circle .. 

This auxiliary plane is perpendicular to the planes of both 
circles, and therefore to their intersection; hence the line of 
111eaSUres, a line of this plane, must be perpendicular to the 

intersection of the given with the primitive circle, and lnust 
also pass through the center of the primitive circle. Thus, if 
EE', Fig. 85, is the intersection of a circle with the primitive 
plane NESE', NS is its line of Ineasures. Also, NS is the 
line of measures of any small circle whose intersection with 
the priInitive plane is parallel to EE'. 
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ORTHOGRAPHIC PROJECTIONS OF THE SPH'ERE 

196. When the point of sight is taken in the axis of the 
primitive circle, and at an infinite distance from this circle, 
the proiections of the sphere are orthographic I( Art. 2). 

If E, Fig. 85, be any point, e will be its orthographic pro­
jection on the plane of a circle \vhose axis is OlVI. But 

Oe = Ed; 

that is, the orthographic projection ·of any point of the sur­
face of a sphere is at a distance from the center of the primitive 
circle equal to the sine of its polar distance. 

197. The circumference of a circle, oblique to the prim­
itive plane, is proiected into an ellipse. :For the projecting 
lines of its different points forIn the surface of a cylinder 
w hose intersection with the primitive plane is its projection 
(Art. 74), and this intersection is an ellipse (Art. 160). 

If the plane of the circumference be perpendicular to the 
prilnitive plane, its projection is a right line (Art. 62). 

If the plane of the circunlference be parallel to the 
prilnitive plane, its projection is an equal circumference 
(Art. 62). 

The projection of every diameter of the circle which is 
oblique to the primitive plane will be a right line less than 
this dialneter (Art. 29), while the projection of that one 
\vhich is parallel to the primitive plane will be equal to 
itself (Art. 14). This projection will then be longer than 
any other right line which can be drawn in the ellipse, and is 
therefore its transverse axis. (Analytical Geometry, Art. 127.) 

The projection of that diameter vvhich is perpendicular to 
the one which is parallel to the primitive plane will be per­
pendicular to this transverse axis (Art. 36) and pass through 
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the center, and therefore be the conJugate axis of the ellipse 
(Art. 59). 

This last diameter is perpendicular to the intersection of 
the plane of the given circle and the primitive plane, and 
therefore makes with the prilllitive plane the same angle as 
the circle; and one half its projection, or the semiconJugate 
axis of the ellipse, is evidently the cosine of this inclination, 
computed to the radius of the given circle. Hence to pro­
ject any circle orthographically, we have simply to find the pro­
}ection of that diameter which is parallel to the primitive plane, 
and through its middle point draw a right line perpendicular 
to it, and make it equal to the cosine of the angle made by the 
circle with the primitive plane. The first line is the trans­
verse, and the second the semiconjugate axis of the required 
ellipse, whicll may then be accurately constructed as in 
Art. 59. 

It should be remarked that the conjugate axis of the 
ellipse always lies on the line of measures of the circle to 
be projected (Art. 195). 

198. The line of measures of a circle evidently contains 
the projections of both poles of the circle (Art. 195); and 
since the arc which measures the distance of either pole 
from the pole of the primitive circle measures also the in­
clination of the two circles (Art. 194), it follows that either 
pole of a circle is orthographically projected in its line of 
measures at a distance from the center of the primitive circle 
equal to the sine of its inclination (Art. 196). 

199. PROBLEM 59. To project the sphere upon the plane 
of anyone of its great circles. 

I.Jet EpE' q, Fig. 86, be the primitive circle intersecting 
the equator in the points E and E', and making with it an 
angle denoted by A. Let E and E' also be assumed as the 
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equinoctial points. The line EE' is then the intersection 
of the pl'inlitiv"e plane by the equator, ecliptic, and equi­
noctial colure, and pq perpendicular to it is the line of 
measures of all these circles. 

Let us first project the hemisphere lying between the 
prinlitive plane and the north pole. 

Since EE' is that diameter of the equator which lies in 
the primitive plane, it is its own projection, and therefore 
the transverse axis of the ellipse into which the equator is 
projected. Ifrom q layoff qm' = A, and draw rn'm perpen­
dicular to pq. Cm = cos .A .. , and is the semiconjugate axis 
(Art. 197). On this and EE' describe the semiellipse 
EmE'; it is the projection of that part of the equator lying 
above the primitive plane. 

n is the projection of the north pole, En' being nlade equal 
to A, and On = n'x its sine (Art. 198). 

EE' is also the transverse axis of the projection of the 
ecliptic. If the portion of the ecliptic on the henlisphere 
under consideration lies between the equator and the north 
pole, it will make an angle with the primitive plane greater 
than that of the equator by 23to. If it lies bet\veen the equa­
tor and the south pole, it will lnake a less angle by 23t 0. 
Taking the former case, layoff m' 0' = 23to, then qo' = A + 23~0, 
and Co=cos(A+23!0)= the seluiconjugate axis, with ,vhich 
and EE' describe the semiellipse EoE', the projection of 
one half the ecliptic. 

The equinoctial colure, making with the equator a right 
angle, makes \vith the primitive plane an angle equal to 
90° + A. EE' is the transverse axis of its projection, and 
On = cos qn' = cos(90° + A) = the semiconjugate axis. And 
the semiellipse EnE' is the projection of that half above 
the primitive plane. 
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The solstitial colure, being perpendicular to the equator 
and equinoctial colure, is perpendicular to EE', and there­
fore to the primitive plane; hence its projection is the right 
line qp (Art. 197). 

To project any meridian, as that which makes with the 
solstitial colure an angle denoted by B, pass a plane tangent 
to the sphere at the north pole. I t will intersect the planes 
of the given meridian and solstitial colure in lines perpen­
dicular to the axis and making with each other an angle 
equal to B; and these lines will pierce the primitive plane in 
points of the intersections of the planes of these meridians 
with the prilnitive plane (Art. 30). To determine this 
tangent plane, revolve the solstitial colure about pq as an 
axis until it comes into the priluitive plane. It will then 
coincide with En'pq, and the north pole will fall at n'. Draw 
n't tangent to En'p; it is the revolved position of the inter­
section of the required tangent plane by the plane of the 
solstitial colure. It pierces the primitive plane at t, and st 
perpendicular to On (Art. 145) is the trace of the tangent 
plane. Revolve this plane about ts until it coincides 'vitl~ 
the primitive plane. The north pole falls at n"; tn" being 
equal to tn' (Art. 17) . Through n' , draw n" 8, Ina king with 
n"t an angle equal to B. This ,viII be the revolved position of 
the intersection of the tangent plane by the plane of the given 
lueridian. It pierces the primitive plane at s, and sO is the 
intersection of the lueridian plane with the primitive, and yz 
is the transverse axis of the required projection (Art. 197). 

To find the semiconjugate: through the north pole pass a 
plane perpendicular to yz; nv is its trace. Revolve this 
plane about nv until it coincides with the prinlitive plane. 
N falls at n"', and n"'rn is the angle made by the meridian 
with the primitive plane (Art. 53). Layoff vk= C}1J, and 
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draw ku parallel to yz. Cu is the required semiconjugate 
axis, and the semielli pse yuz is the projection of that half of 
the meridian which lies above the primitive plane. 

Since the plane of any parallel of latitude, as the arctic 
circle, is parallel to the equator, it will be intersected by the 
plane of the equinoctial col ure in a dialneter parallel to E E', 
and to the primitive plane, and the projection of this diame­
ter will be the transverse axis of the projection. 1'0 de­
termine it: revolve the equinoctial colure about EE' as an 
axis until it coincides with EpE'q; N falls at p. Jj"'rom play 
off pa' =23}0, the polar distance of the parallel, and draw 
a'b'. It will be the revolved position of that diameter of 
the arctic circle which is parallel to the primitive plane. 
When the colure is revolved to its true position, a'b' will be 
projected into ab, the required transverse axis. :F'rom d~ its 
nliddle point, layoff di = cos A, COIllputed to the radius da; 

it will be the semiconjugate axis, and the ellipse aibh is the 
required projection. 

In the same way the tropic of Cancer or any other parallel 
may be projected. 

If the polar distance of the parallel is greater than 90° - A, 
the inclination of the axis, the parallel will pass below the 
primitive plane and a part of its projection be drawn broken. 

The projection of the tropic of Cancer is tangent to EoE' 
at 0 (Art. 65). 

200. Each point in the primitive circle is evidently the 
projection of two points of the surface of the sphere, one 
above and the other below the primitive plane. To repre­
sent these points distinctly and prevent the confusion of the 
drawing, we first project the upper hemisphere, as above, and 
then revolve the lo,ver 180°, about a tangent to the primitivB 
circle at E. It will then be above the prinlitive plane and 
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may be projected in the samle ,yay as the first. Em"E" is 
the projection of the other half of the equator; 8 of the south 
pole; Eo" E" of the other half of the ecliptic; EsE" of the 
equinoctial col ure; y'sz' of the meridian, etc. 

201. If the projection be made on the equator, the pre­
ceding problern is nluch silnplified. rrhus, let EpE' q, "Fig. 87, 
be the equator; n is the projection of the north pole; EoE' 
of one half of the ecliptic, qo' being equal to 23to, and no its 
COSIne. 

Since the nleridians are all perpendicular to the equator, 
EE' is the projection of the equinoctial, and pq of the solstitial 
colure; yz of the meridian Inaking an angle of 30° with the 
solstitial colure. 

Since the parallels of latitude are parallel to the primitive 
plane, ahbi is the projection of the arctic circle, and ogkl 

that of the tropic of CanCel\ na being equal to the sine 
of 23!0, and nl = sin 66~"0 (Art. 196). ogkl is tangent to 
EoE' at o. 

202. If the projection be made on the equinoctial colure,. 
let ENE'S, :F'ig. 88, be the prinliti ve circle, and E and E' the 
equinoctial points. 

Since the eqllator is perpendicular to the primitive plane, 
EE' will be its projection. N is the north and S the south 
pole. EoE' is the projection of one half the ecliptic; Co being 
equal to cos 66to. NS is the projection of the solstitial colure. 

Since the parallels are perpendicular to the primitive plane, 
ab and a'b' are the projections of the polar circles; N a and 
Sa' being each equal to 23~ 0; and 19 and l'g' the projections 
of the tropics, Ng and Sg' being each equal to 66to. 

NyS is the projection of one half the nleridian, n1aking an 
angle of 30° with the solstitial colure, or 60° with the primitive 
plane, Cy being equal to cos 60° = teE' . 
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203.. The projections may be made upon the ecliptic, and 
horizon of a place, in the same way as in Problem 59. In the 
form"er case, the angle A will equal 23!O; and in the latter, 
since' the angle included between the axis and horizon is 
equal to the latitude of the place (Art. 193), the angle A 
between the equator and horizon will be 90° + the latitude. 

STEREOGRAPHIC PROJECTIONS OF THE SPHERE 

204. The natural appearance aI).d beauty of a scenographic 
dl'a,ving will depend very much upon the position chosen 
by the draughtsman or artist for the point of sight. This 
should be so selected that a person taking the dra"'''ing into 
his hand for examination will naturally place his eye at this 
point. Jj-'roln any other position of the eye the drawing 
\vill appear to some extent distorted. Hence it is that an 
orthographic drawing never appears perfectly natural, as it 
is impossible to place the eye of the observer at an infinite 
distance froln it. 

In spherical projections, if the point of sight be taken at 
either pole of the prilnitive circle, the projections are Stereo­
graphic, and, in general, present the best appearance to the 
eye of an ordinary observer, as in this case the projections 
of all circles of the sphere, as will be seen in Art. 207, are 
circles. 

205. The projection of each point on the surface of the 
sphere ,viII be that point in which a right line, through it 
and the point of sight, pierc,es the primitive plane (Art. 3). 

Let M, Fig. 89, be any point on the surface of the sphere. 
'rhrough it and the axis of the primitive circle pass a plane. 
It will intersect the sphere in a great circle EME'S, and the 
primitive plane in a right line EE'; Nand S being the poles 
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Qf the primitive circle. and S the point of sight. NM is the 
polar distance and m the stereographic projection of }VI. Cm 

is the tangent of the arc Co, computed to the radius CS = CE, 
and Co is one half of NM. That is, the stereographic pro­
jection of any point of the surface of the sphere is at a dis­

tance from the center of the primitive circle equal to the tangent 

of one half its polar distance. 

In this projection it should be observed that the polar 
distance of a point is always its distance froln the pole oppo~ 
site the point of sight, and often exceeds 90°. 

206. If a plane be passed through tl1e vertex of an oblique 
cone ,vith a circular bas"e, perpendicular to this base and 
through its center, such plane is a principal plane, and evi­
dently bisects all chords of the cone dra \vn perpendicular to it. 

Let SAB (}1'ig. 90) be such a plane interBecting the cone in 
the elements SA and SB, and the base in the diameter AB. 
If this cone be now intersected by a plane, fI't', perpendicular 
to the principal plane, and making with one of the principal 
elements, as SA, an angle, Sba, equal to the angle SBA, which 
the other makes with the plane of the base, the section is a 
subcontrary section and will be the circumference of a circle. 
~'or, through 0, any point of ba, which is the orthographic 
projection of the curve of intersection on the principal plane, 
pass a plane parallel to tIle base. It cuts from the cone the 
circumference of a circle, and intersects the plane of the sub­
contrary section in a right line perpendicular to SAB at 0, 

and the two curves have at this point a common ordinate. 
The similar triangles aod and cob give the proportion 

ao : oc : : od : ob; or, ao X ob = oc X ode 

But oc X od is equal to the square of the common ordinate, 
since the parallel curve is a "circle ; hence ao X ob is equal to 
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the square of the ordinate of the subcontrary section, which 
must, therefore, be a circle. 

207. To project any circle of the spl~ere, through its axis 
and the axis of the priIlliti ve circle pass a plane~ and let 
ENE'S, ~"ig. 89, be the circle cut frolll the sphere by this 
plane; S the point of sight; RM the orthographic projection 
of the given circle on the cutting plane (Art. 62); eN the 
axis of the prilnitive circle orthographically projected in 
EE', and CP the axis of the given circle. 

The projecting lines, drawn froln points of the CirCU111fer­
ence to S, fornl a cone whose intersection by the primitive 
plane will evidently be the stereographic projection of the 
circumference; SRM is the principal plane of this cone, and 
SR and SlY! are the principal elements. l"'1he prinlitive plane 
is perpendicular to this plane, and intersects the cone in a 
curve of which rm is the orthographic projection. But the 
angle 

Srm = SMR. 

Since each is measured by SR, ES being equal to E'S, hence 
this section is a subcontrary section, and therefore a circle 
"\vhose diameter is mr. That is, the stereographic pro}ection 
of every circle on the surface of a sphere \vhose plane does 
not pass through the point of sight is a circle. 

mr is also the line of measures of the given circle (Art. 
195) and evidently contains the center of its projection. 

(rhe distance 

Cr = tan Co' = tan ~ (PR + PN), 

and Cm = tan Co = tan t (PR - PN). 

Hence the extremities of a diameter of the proJection of 
any circle on the surface of the sphere are in its line of 
measures, one at a distance from the center oj' the primitive 
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circle, equal to the tangent of one half the sum of the polar 
distance and inclination of the circle, and the other at a 
distance equal to the tangent of one half the difference of 
these two ares. 

When the polar distance is greater than the inclination, 
these extremities will evidently be on different sides of the 
center of the prilIlitive circle. When less, they will be on 
the same side. If the polar distance is equal to the inclina­
tion, the projection of the given circle will pass through the 
center of the primitive circle. 

The polar distance and inclination of any circle being 
known, a dialIleter of its projection can thus be constructed, 
and thence the projection. 

208. If the circle be parallel to the prirnitive plane, the 
subcontrary and parallel sections coincide, and the pro­
jection is a circle ,vhose center is at the center of the primi­
tive circle, and radius the distance of the projection of any 
point of the circulIlference fronl the center of the primitive 
circle; that is, the tangent of half the circle's polar distance 

(Art. 205). 
If the plane of the circle pass through the point of sight, 

the projecting cone becomes a plane, and the proJection is a 
right line. 

209. If a right line be tangent to a circle of the sphere, its 
projection will be tangerLt to the projectiol1/ of the circle. For 
the projecting lines of the circun1ference form a cone, and 
those of the tangent a plane tangent to this cone along the 
projecting line of the point of contact; hence the intersec­
tions of the cone and plane by the prilnitive plane are tan­
gent to each other at the projection of the point of contact 
(Art. 112). But the first is the proj ection of the circle, and 
the second that of the tangent. 
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210. Let MR and Mrr (Fig. 91) be the tangents to two 
circles of the sphere at a CallInan point M. Let these tan­
gents be projected on the primitive plane by the planes RMS 
and TMS respectively, in the lines mr and mt, and let lVlaS 
and MbS be the circles cut froln the sphere by these planes, 
and let SR and ST be the lines cut froln the tangent plane 
to the sphere at S. Since this tangent plane is parallel to 
the primitive plane, the lines SR and ST will be parallel 
respectively to mr and mt, and the angle RST = rmt. Join 
RT. Since RS and RM are each tangent to the circle MaS, 
they are equal, and for the same reason TM = TS; hence 
the two triangles RMT and RST are equal, and the angle 

RMT = I{ST = rmt~· 

that is, the angle between any two tangents to circles of the 
sphere at a common point is equal to the angle of their 
proJections. 

The, angle between the circles is the same as that between 
their tangents; and since the projections of the tangents are 
tangent to the projections of the circles, the. angle between 
the projections of the circles is the salne as that between the 
projections' of the tangents; hence the angle between any two 
circumferences or arcs is equal" to the angle between their 
pro} eetions. 

211. If from the centers of the projections of two circles 
radii be drawn.! to the intersection of t11ese prqjections} they 
will make the same angle as the circles in space. For these 
radii, being perpendicular to the tangents to the projections 
at their common point, make the same angle as these tan­
gents, and therefore as the projections of the arcs, or as the 
arcs themselves. 
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212. If the circle to be projected be a great circle, it will 
intersect the primitive circle in a diameter perpendicular to 
its line of measures (Art. 195). Let 0 (Fig. 92) be the 
center of the profection of such a circle intersecting the primi­
tive circle EPE'R in the diameter PR, CE being its- line of 
l1leaSUres, and P and R evidently points of the projection. 
Draw the radius OR. The prinlitive circle is its own pro­
jection; therefore the angle CRO is equal to the angle be­
tween the given and primitive circles (Art. 211). CO is the 
tangent of this angle, and OR its secant. Hence the center 
of the pro/ection of a great circle is in its line of measures 
(Art. 207), at a distance from the center of the ,primitive 
circle equal to the tangent of its inclination, and the radius of 
the projection is the secant of tltis angle. 

213. Let 0 (~"'ig. 93) be the center of the profection of a 
small circle perpendicular to the primitive plane and inter­
secting it in PRo OC is its line of lueasures, and P and R 
points of the projection. Join CR and OR. OR is perpen­
dicular to CR, since EPE'R is the projection of.the primitive 
circle, and PpR that of the given circle, 'at right angles with 
it (Art. 211). OR is therefore the tangent of the arc ER, 
the .polar distance of the given circle, and CO is its secant. 
Hence the center of the profection of a small circle, perpendicu­

lar to the primitive plane, is in its line of Ineasures, at a dis­
tance fronl the center of the priIniti ve circle equal to the se­

cant of the polar distan.ce, and the radius of the projection is 
the tangent of the polar distance. 

214. Let P and R, ~"'ig. 94, be the poles of any circle of the 
Hphere; EPE'S being the circle Ct;tt from the sphere by the 
plane of the axes of the given and primitive circles, and MQ, 
the intersection of this plane ~ith that of the given circle, 
and EE', its intersection vvith the primitive circle, the line 



144 SPHERICAL PROjECTIONS 

of measures of the given circle. p is the projection of P, and 
r of R. Cp is the tange"nt of Co, equal to one half of N~, 
which measures the inclination of the given circle to the 
primitive (Art. 194). Cr is the tangent of Co', the comple­
ment of 00, or is the cotangent of Co. Hence the poles of 
any circle of the sphere are projected into the line of Ineasures, 
the one furthest from the point" of sight at a distance from 
the center of the priulitive circle equal to the tangent of half 
the inclination, and the other at a distance equal to the co­
tangent of half the inclination of the given to the primitive 
circle. 

215. PROBLEM 60. To project the sphere upon the plane 
of any of its great circles, as the ecliptic. 

Let EpE' q, :F'ig. 95, be the primitive circle intersecting the 
equator in EE'. In this case, E and E' will be the equi­
noctial points, and in any other case may be taken as such. 
EE' will also be the intersection of the plane of the equi­
noctial colure with the primitive plane, and pq the line of 
measures of both these circles. 

We will first project the hemisphere above the primitive 
plane, the point of sight being at the pole underneath. 

Since the equator makes an angle of 23io with the primi­
tive plane, ,ve dravv E'o, making the angle CE'o = 23io. Co 
is the tangent of this angle and E'o the secant; hence with 
o as a center and E' 0 as a radius, describe the arc EmE'; it 
is the projection of the part of the equator above the primi­
ti ve plane (Art. 212). 

From E layoff Ek = 23~o and draw kE'; On is the tangent 
of half the inclinatioll of the equator, and n is the projection 
of the north pole (Art. 214). 

The equinoctial colure makes with the primitive plane an 
angle = 90° + 23to. Through E' draw E'x perpendicular to 
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E'o. The angle CE'x = 90° + 23to, and Or = tan CE'r is its 
tangent, and E'r its secant. vVith r as a center, and E'r as 
a radius describe E'nE. It is the projection of the half of 
the equinoctial colure above the primitive plane. It must 
pass through n. 

The solstitial co lure, being perpendicular to EE', passes 
through the point of sight and is projected into the right 
line pq. 

To project any other meridial'lJ, as that which makes an 
angle of 30° with the equinoctial colure, produce the arc 
E'nE until it intersects Or produced. The point of inter­
section, ,vhich we denote by 8, will be the projection of the 
south pole, and since all the meridians pass through the 
poles, their projections will pass through nand 8, and n8 will 
be a chord common to the projections of all the meridians. 
If at its middle point r, the perpendicular rl be erected, this 
will contain the centers of all tllese projections. If through 
n, nl be drawn making rnl = 30°, it will be the radius of the 
projection of that meridian which nlakes an angle of 30° ,vith 
the equinoctial colure, since rn is the radius of the projection 
of this colure (Art. 211); and l is the center of the projec­
tion of the required meridian, and ynz the projection. 

To project a parallel of latitude, as the arctic circle, 
layoff Ei = 47°, the sum of the inclination, 23~0, and the 
polar distance 23~0 (Art. 207). Draw E'i; Co = tan i Ei, 
and 0 is one extremity of a diameter of the projection. 
Since the inclination is equal to the polar distance, the other 
extrenli ty is at C (Art. 207), and the circle on Co, as a 
diameter, is the required projection. 

For the tropic of Oancer, layoff Ep = 23!O + 66~_o; Op is 
the tangent of half Ep., and p one extremity of a diameter 
at the projection. :From k layoff kh = 66to, the polar dis­

DESOR. GEOM. -10 
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tance of the parallel. '1'hen Eh = 43° equal the difference 
between the polar distance and the inclination, and Cv is the 
tangent of its half, and v the other extremity of the diam­
eter, and the circle on pv the required projection. The pro­
jection of this tropic is tangent to the ecliptic at p (Art. 65). 

216. Since each point on the hemisphere below the primi­
ti ve plane has a greater polar distance than 90° and will 
therefore be projected without the primitive circle (Art. 205), 
and those circles near the point of sight ,viII thus be pro­
jected into very large circles, we make a more natural repre­
sentation of this hemisphere by revolving it 180°, as in the 
orthographic projection, about a tangent at E, the point of 
sight being llloved to the pole of the prinlitive circle in its 
ne"\v position. The hemisphere is then above the primitive 
plane, and is projected as in the preceding article, s being 
the projection of the south pole, Em"E" of the other half of 
the equator, EsE" of the equinoctial colure, etc. 

217. If the projection be made on any other great circle 
than the ecliptic, as on that making with the equator an 
angle denoted by A, the construction will be the same, the 
angle A being used instead of 23to. 

If on the horizon of a place, A must equal 900 minus the 

latitude (Art. 193). 
218. If the projection be made on the equator, the preced­

ing problem is much simplified. Thus let EpE' q, Fig. 96, 
be the equator, E and E' the equinoctial points. EE' is the 
intersection of the plane of the ecliptic with that of the 
equator, and pq is its line of measures and EoE' its pro­
jection, m being the center and mn = tan 23~0. 

Since the meridians pass through the point of sight, they 
are projected into right lines. EE' is the projection of the 
equinoctial and pq of. the solstitial colure; and ynz of the 
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meridian which nlakes an angle of 30° with the solstitial 
colure, n being the projection of the north pole. 

The' parallels of latitude, being parallel to the equ~tor, are 
projected as in Art. 208, the arctic circle into arb, and the 
tropic of Cancer into doj, na being equal to tan !(23kO), and 
nd = tan ~ (66t). 

219. ] f the proj ection be on the solstitial colure, let ENE'S, 
:F'ig. 97, be the primitive circle, EE' its intersection with the 
plane of the equator. 

The equator, being perpendicular to the primitive plane, 
passes through the point of sight and is projected into EE'. 

The ecliptic, for the same reason, is projected into 00', oCE 
being equal to 23!0. 

NyS is the projection of the meridian, making with the 
primitive plane an angle of 30°, m being its center and 
Cm = tan 30°. 

adb and a' hb' are the projections of the polar circles, ex 
and Ox' being each equal to the secant of 23to, and xb and 
x'b' each equal to the tangent of 23to (Art. 213). 

ogf and o'g'd' are the projections of the tropics, each 
described with a radius equal to the tan 66-~_0. 

GLOBUIJAR PROJECTIONS 

220. By an examination of an orthographic or stereo­
graphic projection, it will be observed that the projections 
of equal arcs of great circles which pass through the pole 
of the primitive circle are very unequal in length. In the 
orthographic, as the arc is removed from the pole its pr?­
jection is diminished, and when near the primitive circie 
becomes very small, while the reverse is the case in the 
stereographic. 
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To avoid this inequality as far as possible, the point of 
sight is taken in the axis of the primitive circle, without the 
surface, and at a distance from it equal to the sine of 45° 

=Rvk· 
Spherical projections with this position of the point of 

sight are called Globul~r. 
r-rhus let the quadrant Ep, :F'ig. 98, be bisected at M, and 

S the point of sight. M is projected at m, and em will be 
equal to mE. j1-'or we have the proportion: 

CS xoM 
oS : oM : : CS : em; whence Cm = oS ---I (1) 

Since oM = oC = qS = RvlI, 

we have oS = R + 2 Rvll, and CS = R + RviI. 

Su bstituting these in (1) and reducing, we have 

Cm=R=mE; 
2 

and it will be found that the projections of any other .two 
equal arcs of this quadrant are very nearly equal. This is 
the only advantage of this mode of projection, as the pro­
jections of the circles of the sphere, being the intersections 
of their projecting cones with the prin1itive plane, will, in 
general, be ellipses. 

GNOMONIC PROJECTION 

221. If the sphere be projected on a tangent plane at any 
point, the point of sight being at its center, the projection is 
called Gnomonic. 

In this case the projections of all meridians are right lines 
since their planes pass through the point of sight. 
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If the point of contact be on the equator, the projections 
of the parallels of latitude will be arcs of hyperbolas (Art. 
165). 

If the point of contact be at either pole of the earth, these 
projections will be circles. 

By this mode of projection the portions of the sphere dis­
tant from the point of contact will be very much exaggerated. 

OYLINDRICAL PROJECTION 

222. If a cylinder be passed tangent to a sphere along the 
equator, and the point of sight be taken at the center of 
the sphere, and the circles of the sphere be projected on 
the cylinder, and the cylinder be then developed, we have 
a developed projection called the Oylindrical pro/ection. 

In this case the nleridians will be projected into right 
lines, elements of the cylinder, which are developed into 
parallel lines perpendi~ular to the developed equator (Art. 
161); and the parallels into circles which are developed 
into right lines perpendicular to the developed meridians 
and at distances from the equator each equal to the tangent 
of the latitude of the parallel. 

OONIC PROJEOTION 

223. If a cone be passed tangent to a sphere along one of 
its parallels of latitude, and the circles of the sphere be pro­
jected on it, the point of sight being a~ the center, and the 
cone be then developed, we have a developed projection 
called the Gonia pro} ection. 

In this case the meridians will be projected into right 
lines, elements of the con~, which are developed into right 
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lines passing through the vertex; and the parallels into 
circles whose developments ,viII be arcs described from the 
vertex, each "vith a radius equal to the distance of the pro­
jection fron1 the vertex (Art. 166). 

Thus, in Ifig. 99, let EPE' be a section of the sphere and 
V the vertex of the cone tangent along the parallel of which 
ab'is the orthographic projection. The equator "viII be pro­
jected into a circle whose diameter is ee', and the parallel MN 
into one whose dialneter is mn, the first being developed into 
an arc of which Ve is the radius, and the second~ into one of 
which V m is the radius. The radius V a of the development 
of -the circle of contact is evidently the tangent of its polar 

distance. 
The drawing in this, as in the cylindrical projection, 

for those portions of the sphere distant frOITI the circle of 
contact will evidently greatly exaggerate the parts pro­
jected. 

224. This exaggeration may be l~ssened by making the 
projection on a cone passing through two circulnferences 
eq ually distant, one from the equator and the other from the 
pole. Thus let ab and ed, Fig. 100, represent two circles 
equally distant from EEf and P, Ea being one fourth 
of the quadrant; in this case, while the parts Ea and eP 
will be exaggerated in projection, the part aa will be 
lessened. 

225. When a small portion of the surface between two 
given parallels is to be represented, the conic method may 
be well used, taking ,the cone tangent to the sphere along a 
para1lel midway between the given parallels if the first 
lllethod be used, or passing through tvvo parallels each dis­
tant from a limiting parallel one fourth the arc of the given 
portion, if -the second method be used. 
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CONSTRUCTION OF MAPS 

226. If it be desired to represent the entire surface of the 
earth by a map, either of the preceding methods may be 
used. In this case it is usual to divide the quadrant froln 
the pole to the equator into nine equal parts, and to project the 
parallels of latitude through each of these points, as well as 
the polar circles and tropics; and also to divide the semi­
eqllator into twelve equal parts and to project the meridians 
passing through these points. These meridians will be 15° 
apart and are called hour circles. 

The projections of the different points to be represented 
are then made and the map filled up in detail. 

227. The Stereographic projection gives the most natural 
representation, and in general is of the easiest construction. 

In the Globular, when the equator is taken as the pl'imi­
ti ve circle, the projections of the meridians are right lines, 
and of the parallels of latitude, circles; and this projection 
has the advantage that these parallels, which are equally dis­
tant in space, have their projections also very nearly equally' 
distant. 

228. A very simple construction when the primitive cir­
cle is a meridian is sometimes made thus: Divide the arcs 
EN, E'N, ES, and E'S, Ifig. 101, each into nine equal parts, 
and the radii ON and CS also each into nine equal parts; 
then describe arcs of circles through each of the three cor­
responding points of division for the representatives of the 
parallels. 

In the same way divide CE and eE' each into six equal 
parts, and through the points of division a~d the po~es Nand 
S describe arcs of circles for the representatives of the 
meridians. 
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This representation, though called the equidistant proJec­
tion, is not strictly a projection. It differs little, however, 
from the Globular projection. 

LORGNA'S MAP 

229. A map of the globe is sonletimes made by describing 
a primitive circle with a radius equal to R v2, R being the 
radius of the sphere, and regarding this as the representative 
of the equator. 'rhrough its center draw right lines making 
angles with each other of 15°, for the meridians. 

To represent the parallels: With the center of the primi­
tive circle as a center, and witll a radius equal to v2 Rh, 
.k being the altitude of the zone, included between the pole 
and the parallel, describe a circle to represent each parallel 
in succession. 

The area of the primitive circle is evidently equal to the 
area of the hemisphere, and the area of each other circle to 
that of the corresponding zone. Hence, the area between 
any two circumferences will be equal to that of the zone 
included between the corresponding parallels. 

Also the area of any quadrilateral formed by the arcs of 
two meridians and two parallels will be equal to its repre­
sentative on the primitive plane. 

MERCATOR'S CHART 

230. This chart, which is much used by navigators, is a 
modification of the Oylindrical projection. It has the great 
advantage that the course of a ship on the sl1rface of the 
sphere, which m~kes a constant angle with the meridians 
intersected by it, will be represented on the chart by a right 
line. 
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To secure this, as the length of the representative of a 
degree of longitude, as con1 pared with the arc itself, is 
manifestly increased as the distance froln the equator 
increases, it is necessary that the representati ves of the 
degrees of latitude should increase in the sanle ratio. 

But the length of a degree of longitude, at any latitude, 
is known to be equal to the length of a degree at the 
equator multiplied by the cosine of the latitude, and since 
the representative of this degree at all latitudes is constant 
on the chart, being the distance between two parallel lines, 
the representatives of two consecutive meridians, it follows 
that as we depart froln the equator, this representative, as 
compared with the arc itself, increases as the cosine of the 
latitude decreases, or increases as the secant increases, and 
hence the representative of the degree of latitude must 
increase in the same ratio; that is, this representative, at 
any given latitude, must equal its length at the equator 
multiplied by the natural secant of this latitude. 

By adding the representatives of the several degrees, or, 
still more accurately, of the several minutes of a quadrar:,t, 
the distance of the representative of each parallel from the 
equator may be found, and ~he chart may then be thus con­
structed. Dravv a right line to represent the equator, then 
a system of equidistant parallel lines for the meridians; on 
either one of these layoff the proper distances computed 
as above for each parallel to be represented, and through 
the extremities of these distances draw right lines perpen­
dicular to the systeln first drawn. They represent the 
parallels. 

231. All the maps constructed as in the preceding articles, 
though giving a general representation of the relative posi­
tion of objects on the earth's surface, are defective in this, 
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that there is no definite relation between actual distances of 
points and the representation of these distances on the maps, 
~o that there can be no scale on the map by which these 
actual distances can be determined. 

As in detailed representations of smaller portions of the 
surface this scale is absolutely necessary, other modes of 
constructing these maps have been devised, by which a near 
approximation to an accurate scale is made. 

FLAMSTEAD'S lVIETHoD 

232. In this method, modified and improved, and now in 
very general use, a right line, AB, Fig. 102, is drawn, which 
represents the rectified arc of the meridian passing through 
the middle of the portion to be mapped. A point, c, is then 
assulned to represent the point in which the parallel midway 
bet\veen the ext.relne parallels intersects this meridian, and 
from this point, in both directions, equal distances, cx, cy, 

etc., are laid off, each representing the true length of one 
degree of the 'meridian. Then with a radius equal to the 
tangent of the polar distance of this central parallel, the arc 
dce is described to represent the parallel. This arc is the 
development of the line of contact of a cone tangent to 
the sphere. Also, with the same center, arcs are described 
through each of the points of divison x, y- - -r, 0, to represent 
the other parallels one degree distant from each other. 
Then, on each of these arcs, froIn AB, layoff both ways 
the arcs ca, ca', yv, yv', 08, os', etc., each equal to the length 
of a degree of longitude at the points c, 0, etc., viz. the 
length of a degree at the equator multiplied by the natural 
cosine of the latitude of the point. Through the points a, 
v, 8, etc., and a', v', 8', etc. , draw the lines aV8 and a/, v', 8'. 
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They ,viII represent the two meridians Inaking an angle of 
one degree each with the central meridian. 

In the same way, the representatives of the two rneridians 
next to these may be constructed by laying off on the same 
arcs from a, v, 8, etc., distances each equal to ea, yv, 08, etc., 
and drawing lines through the points thus deterrnined, and 
so 011, until the representatives of the extreme nleridians of 
the portion to be lnapped are drawn. 

In this Inap the scale along the central Ineridian and par­
allels will be accurate. In other directions when the map 
does not represent a very extended portion of the sphere, a 
very near approximation to accuracy is made. 

1"'HE POLYOONIC METHOD 

233. In t~is method, by which the elegant and accurate 
maps of the U. S. Coast Sllrveyare constructed, the central 
meridian and parallel are represented as in the preceding 
article. The representatives of the other parallels are each 
described, through the proper point of division, with a 
radius equal to the tangent of its polar distance, thus giv­
ing the development of the lines of contact of so many 
tangent cones to the sphere. The length of each degree of 
longitude is then laid off as in the former method, and the 
representatives of the meridians drawn. 

In this method, also, the scale along the central meridian 
and parallels is accurate, and in other directions very nearly 
so. This has the advantage that the representatives of the 
meridians and parallels are perpendicular to each other as in 
space, ,vhich is ,not the case in :Flamstead's method. 

234. When very small areas are mapped, this method is 
thus lllodlfied in the coast survey office. The same process 
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is used as above to construct the representatives of the me· 
ridians with accuracy. 'Then commencing \vith the central 
parallel, the distance ex, Fig. 102, between it and the con­
secutive one, as measured on AB, is laid off on each Inerid­
ian in both directions, and through the extremities lines are 
drawn to represent the consecutive parallels. Then froln 
these the san1e distances are laid off for the next, and so on 
until all are constructed. 

The first set of parallels described as in the preceding 
article, w·hich should be in pencil, are thell erased. 

By this method equal meridian distances are everywhere 
included between the parallels, and the scale is accurate only 
in the direction of the meridians and central parallel. 'fhis 
is called the equidistant polyeonie method. 

235. When the polar distance of the parallel is luuch 
greater than 45°, the practical construction of its representa­
tive becomes difficult, as its center will be so far distant. 
In such case, for both the polyconic luethod and that of 
Flamstead, tables are carefully computed giving the rectilin­
eal coordinates of the points of the representatives of the par­
allels, for each minute of latitude and longitude, and these 
representatives can then be accurately constructed by points. 
rrhe tables thu.s computed in the U. S. Coast Survey office 
are very much extended and of great value. 



PART III 

SHADES AND SHADOWS 

PRELIMINARY DElflNITIONS 

236. To represent a bodY.,with acc'uracy, it is not only 
necessary that the drawing should give the representations 
of the details of its form, but also of its colors, whether 
natural or artificial, or the effect of light and shade. 

Different portions of the same body ~ill appear lighter or 
darker according as the light falls directly upon it or is 
excluded from it, by itself or some other body. A simple 
application of the elementary principles previously deduced 
will enable us to linlit and represent these portions, and con­
stitutes that part of the subject called Shades and Shadows. 

237. It is a principle of Optics that the effect of light, 
when in the same medium and unobstructed, is transmitted 
from each point of a luminous body in every direction, along 
right lines. These right lines are called rays of light. Any 
right line, therefore, drawn from a point of a luminous body 
will be regarded as a ray of light. 

The sun is the luminous body which is the principal source 
of light. It is at so great a distance, that rays drawn from 
any of its points to an object on the earth's surface, may, 
without material error, be regarded as parallel. In the con­
struction of problems, in this part of our subject, they will be 
so taken. 

167 
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238. Let SR, lfig. 103, indicate the direction of the paral­
lel rays of light, coming from the source and falling on the 
opaque body B; and let n-mlop-q be a cylinder, whose rec­
tilinear elelnents are rays of light parallel to SR, enveloping 
and touching this body. 

It is evident that all light, coming directly from the source, 
will be excluded from that part of the interior of this cylinder 
which is behind B. This part of space from which the light 
is thus excluded by the opaque body, is the indefinite shadow of 

the body~' and any object \vithin this portion of the cylinder 
is in the shadow or has a shadow cast upon it. 

The line of contact mlop separates the surface of the 
opaque body into two parts. That part \vhich is to\vards 
the source of light, and on which the rays fall directly, is the 
illuminated part,. and that part opposite the source of light 
from which the rays are excluded by the body itself, is the 
shade of the body. 

This line of contact of the tangent cylinder of rays, thus 
separating the illuminated part from the shade, is the line of 
shade. Any plane tangent to this cylinder of rays will also 
be tangent to the opaque body at sonle point of this line of 
contact (Art. 116); and, conversely, every plane tangent to 
the opaque body at a point of the line of shade will be tan­
gent to this cylinder, and contain a rectilinear elelnent (Art. 
110), or ray of light, and thus bp. a plane of rays. Hence, 
points. of the line of shade on any opaque body Inay be 
obtained by passing planes of rays tangent to the body, and 

finding their points of contact. 
239. If the cylinder n-mlop-q be intersected by any surface, 

as the plane ABeD, that part m'l'o'p' of this plane, which is 
in the shado\v, is the shadow of B on this plane. That is, 
the shadow of an opaque body on a surface is that part of the 
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surface from which the rays of light are excluded by the 
interposition of this body between it and the source of 
light. 

The bounding line of this shadow, or the line which separates 
the shadow on a surface fronl the illulninated part of that 
surface, is the line of shadow. It is also the line of inter­
section of the cylinder of rays ,vhich envelops the opaque 
body, and the surface on which the shadow is cast. 

240. When the opaque body is bounded by planes, the 
cylinder of rays, by which its shadow is determined, will be 
changed into several planes of rays, which will include the 
indefinite shadow; and the line of shade will be luade up of 
right lines which, though not lines of mathematical tan­
gency, are the outer lines in which these planes touch the 
opaque body, and still separate the illuminated part from the 
shade. 

The line of shadow in this case is also made up of the 
lines of intersection of these planes with the surface on 
\vhich the shadow is cast, and still separates the illuminated 
part of this surface froIn the shadow. 

SHADOWS OF POINTS AND LINES 

241. The indefinite shadow of a point may be regarded as 
that part of a ray of light, -drawn through it, ,vhich lies in 
the direction opposite to that of the source of light, and the 
point in which this ray pierces any surface is the shadow of 
the point on that surface. 

242. The shado,v of a right line will then be determined 
by ~rawing through its different points rays of light. These 
form a plane oj rays, and the intersection of this plane with 
any surface is the shadow of the line on that surface. 
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To determine whether a gi ven plane is a plane of rays, it 
is only necessary to ascertain w·hether it contains a ray of 

light. 'l'his lllay be done by dra,ving through anyone of its 
points a ray. If this pierces the planes of projection in the 
traces of the given plane, it is a plane of rays (Art. 30). 

243. The shadow of a right line on a plane lllay be con­
structed by finding the shadows cast by any two of its points 
on the plane (Art. 241), and joining tllese by a right line, 
or by joining the shadow of anyone of its points with the 
point in which the line pierces the plane (Art. 30). 

If the right line be parallel to the plane, its shadow on the 
plane will be parallel to the line itself, and the shadow of a 
definite portion of it ,vill be equal to this portion (Art. 14). 

If the line is a ray of light, its shadow on any surface will 
be a point. 

Thus let MN, Fig. 104, be a limited right line, and tTt' 
the plane on which its shadow is required, MR indicating 
the direction of the rays of light. 

Through the extremities M and N draw the rays MR and 
NS. They pierce tTt' in Rand S (Art. 40), which are points 
of the shadow (Art. 241). Join these points by RS; it will 
be the required shadow. 

If the shadow be cast on the horizontal plane, the rays 
through the extremities M and N, Fig. (a), pierce H at m" 
and n", and m"n" is the shadow. 

If the shadow be cast on the vertical plane, these rays 
pierce V at m" and n", :H'ig. (b), and m"n" is the shadow. 

If MN is parallel to either plane, then RS in Fig. 104, and 
m"n" in Jj""'igs. (a) and (b)~ will be equal to MN. 

If right lines are parallel, their shadows on a plane are 
patallel, since they are the intersections of parallel planes of 
rays by this plane. 
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244. 'fhe shadow of a curve "viII be deterlnined by passing 
through it a cylinder of rays. 'fhe interseotion of this oylinder 

with any surface vviII be the shadow of the curve on that 
surface. 

The line of shado\V" on a surface ( -Lt\rt. 239) "rill always 
be. the shadow of the line of shade, and if through any point 
of the line of shadow a ray be drawn to the source of light, 
it will intersect the line of shade in a point ,,,hich casts the 
assumed point of shadow. 

Froln this it follovvs that the point of shadow oast by any 

line in space upon any other line may be found by construct­
ing the shadows of both lines on a plane, and drawing 
through the point of intersection of these shadows a ray; 
it ,viII intersect the second line in the point of shadow cast 
upon it, hy the point in ,vhich it intersects the first. 

245. If tLVO lines are tangel1;t i71; space, their shadows, 

on any surface, Lvill be tan&er~t at the point of shadow 
cast by the given point of contact. 11-'01' the cylinders of 
rays through the lines will be tangent along the ray passing 
through the point of contact (Art. 117); hence their inter­
sections by any surface will be tangent at the point where 
this ray pierces the surface. These intersections are the 
shado,vs of the lines. 

246. The shadow of a curve of single cU1"vature, on a plane 
to vv hich it is parallel, will be an equal curve, since each of 
its elen1ents will cast a parallel and equal element of the 

shadow' (Art. 243). 
If the plane of the curve be a plane of rays, its shadow on 

a plane will evidently be a right line. 
The shadow of the circurnference of a circle, on a plane to 

which it is parallel, will be an equal circumference, whose 
center is the shado,y cast by the given center. 

DESCR. GEOM. -11 
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Also, \vhen the plane on which the shadovv is cast makes 
a subcontrary section in the cylinder of rays through the 
circuluference (Art. 206). 

In all other positions, \vhen its plane is not a plane of 
rays, its shado\y vvill be an ellipse (Art. 160), and any t\VO 
dialneters of the circle perpendicular to each other ,viII cast 
conJugate diameters of the ellipse of shado\v. Jj--'or if at the 
extrenlities of either diameter tangents be drawn, they ,"vill 

be parallel to the other diameter, and their shadow parallel 
to the shadow of this diameter (Art. 243).. But the 
shado\vs of the two tangents are tangent to the shadows of 
the circle at the extreluities of the shado\v of the first 
dialneter (Art. 245) ; hence the shado\v of the second 
dialneter is parallel to the tangents at the extremities of 
the shadow of the first. These shadows are therefore con­
jugate diameters of the ellipse, and with them the ellipse 
may be constructed. (Analytical Geometry, Art. 150.) 

If the shadows of t\yO perpendicular dianleters be found, 
also perpendicular to each other, they will be the axes of the 
ellipse, which may be constructed as in Art. 59. 

BRILLIANT POINTS 

247. In looking llpon the illuminated part of a curved 
surface it will be observed that, in general, one or lllore 
points appear much more brilliant than the others. This 
is due to the fact that the ray of light incident at each Qf 

these points is reflected immediately· to the point of sight. 

These points are called brilliant points J. and since it is a 
principle of Optics that the incident and reflected rays, at 
any point of a surface, lie in the same normal plane on 
opposite sides of the normal at this point, making equal 
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angles with it, it follows that at a brilliant point the ray of 
light and the right line drawn to the point of sight must 
fulfill these conditions. 

When the point of sight is at an infinite distance, as in 
the Orthographic projection, the brilliant point may' be con­
structed thus: Through any point draw a l~ay of light and 
a right line to the point of sight. These will be parallel 
respecti vely to the corresponding lines at the required point 
and Inake the same angle. Bisect the angle fornTed by these 
auxiliary lines, as in Art. 37. The bisecting line vvill be 
parallel to the line which bisects the parallel and equal angle 
at the brilliant point. Hence, perpendicular to this bisecting 
line, and tangent to the surface, pass a plane. I ts point of 
contact will be the brilliant point J. for a line through this 
point parallel to the bisecting line ,viII be a normal to the 
surface, and ,viII bisect the angle formed by a ray of light 
and a right line dravvn from this point to the point of sight. 

PRACTICAL PROBLEMS 

248. PROBLE1\f 61. To construct the shadow of a rec­
tangular pillar on the planes of projection. 

Let mnlo, Fig. 105, be the. horizontal and m'n'p' q' the 
vertical projection of the pillar, and let (nn", n' r) indicate 
the direction of the rays of light. 

The upper base vertically projected in m'n', and the t,vo 
vertical faces horizontally projected in mn and mo, are evi­
dently illuminated, and together f01'111 the ililuninated part 
of the pillar; and the edges en, p'n'), (nl, n'), (lo, n'rn')., 
and (0, q'm') separate the illu111inated part from the shade 
and make up the line of shade (Art. 240). 

Since n is in the horizontal plane and n" the shadow of N, 
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nn" is the shado,v of (n, p'n') on H (Art. 243). The plane 
of rays through (nl, n') is perpendicular to V, and n"r, 
parallel to nl, is its horizontal and rl" it~ vertical trace; 
hence n"r is that part of the shadow of (nl, n') \vhich is 

on H; ~nd rl", limited by the ray through (In'), that 
pa.rt on V. 'rhe ray (rx, rn') intersects (nl, n') in (xn'), 
and nx is the horizontal projection of that part which casts 
the equal shadovv n"r (Art. 243), and xl of that part which 
casts rl". 

l" 0" is the shadow of (ol, m'n') on V, parallel and equal 
to itself. 

The plane of rays through (0, q'm') is perpendicular to 
H, and 08 is its horizontal and 80" its vertical trace; and 
08 the shadow of (0, q'1n') on 11, and 80" its shaclo\v on V, 
q' y' is the vertical projection of the part \vhich casts the 
shadow 08, and y!m' of that part which casts its equal 80" 

(Art. 243). 
l-'he line of shadow is thus the broken line nn" r - - - 0" 

- - - 0, and the portion of the planes \vithin this line is 
the required shado\v, and should be darkened as in the 
drawing. 

249. PROBLEM 62. To construct the shadow of a rec­
tangular abacus on the faces of a rectangular pillar. 

Let mnlo, Fig. 106, be the horizon ta.l, and m' n' l' 0' the 
vertical projection of the abacus, and cdd' 0' the horizontal, 
and c' d' e'f' the vertical projection of the pillar; 1VIR indi­
eating the direction of the rays. 

The lines of shade on the abacus~ vvhich cast the required 
shadows, are evidently the two edges (mo, m') and MN. 

The plane of rays through (mo, m') is perpendicular to V, 
and intersects the side face, horizontally projected in cc', in 
a right line perpendicular to V at 8', which is the shado\v on 
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this face. m'r' is the vertical trace of this plane. The ray 
MR, through M, pierces tIle front face of the pillar in R 
(Art. 40), the shado\v of lVI, and (er, Sf r') is the shadow of 
the part (pm, m') on this face. 

MN being parallel to this face, its shado\v on it will be 
parallel to itself, and pass through R; hence (rd, r' x') is 
the required shadow cast by its equal 1VIQ. 

250. PROBLEM 63. To construct the shadow of an upright 
cross upon the horizontal plane and upon itself. 

J..1et mnop, lj-'ig. 107, be the horizontal, and c'n'r'g'j' the 
vertical .projection of the cross. 

ee" is the shadow of the edge (c, ef d'), e" being the shadow 
of (cd'); c"n" is the shado\v of its equal (en, 4'n') (Art. 
243); n"h" of the edge (n, n'h'); h"o" of its equal (no, h'); 

o"y" of Coy, h'x'); Cxy, x') of a part of (cd, r'), on the face 
of the cross vertically projected in l'h'; y"r" is the shadow 
of the remaining part of (cd, r') on H. (ex, l'x') is the 
shado\v of (c, l'r') on the face vertically projected in l'h', 

this being the intersection of a vertical plane of rays 
through (e, l'r') \tvith this face. r"g" is the shadow of. 
its equal (de, r'g'); q"k" of (e, k'q'); k''p'' of (pe, k'g'); 

p"m" of (p, m 'gf); and m"t of a part of (pm, m'). 

All within the broken line thus deterlnined on H is dark­
ened, as also the part exyd, the horizontal projection of the 
shado\v cast by the upper part of the cross on the face verti­
cally projected in l' h' . 

251. PROBLEM 64. To construct the shade of a cylindri­
cal column, and of its cylindrical abacus, and the shadow of 
the abacus on the column. 

Let mlo, l1"'ig. 108, be the horizontal, and rn'o'h'n' the verti­
cal projection of the abacus, cde the horizontal, and eee'g' the 
vertical projection of the colun1n. 
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Pass two planes of rays tangent to the column. Since 
each contains a rectilinear elelnent, they "viII be perpendic­
ular to H; and ld and kj, parallel to the horizontal projec­
tion of the ray of light, will be their horizontal traces (Art. 
123) ; and (d, z'd') and (j, fIr') the elements of contact, which 
are indefinite lines, or elements of shade (Art. 238). 

In the same way the elelnents of shade (i, u'i'), etc., 011 

the abacus, are determined. 
The line oj shadow on the col~tmn will be cast by a portion 

of the lower circulnference of the abacus toward the source 
of light. To determine any point of it, pass a vertical plane 
of rays, as that whose llorizontal trace is yx. It intersects 
the column in a rectilinear element (x, x"x/), and the circum­
ference in a point Y. 1'hrough this point draw the ray YX. 
It intersects the element"in X, a point of the required shadow 
(Art. 241); and in the same "vay any nUlnber of points may 
be found. C is the shadow of Q, and D of I.J, and c'x'd'is 

tIle vertical, and cxd the horizontal projection of that part of 
the curve of shado,,, which can be seen. 

That part of the shade on the abacus and column, and of 
the shado,v on the column, which can be seen, is darkened in 
the dravving. 

252. PROBLEJ\1: 65. To construct the shade of a right cylin­
der with a circular base, and its shadow on the horizontal 
plane and on its interior surface. 

Let mlo, Fig. 109, be the base of the cylinder, and (c~ d' c') 
its axis. 

The t,vo planes of rays, vvhose horizontal traces are ll" and 
kk", determine the two elements of shade (l, n'l') and (k, r'k'). 

These elements cast the shadows ll" and kk" on H (Art. 
243). 

'The semicirculnference of the upper base L UK casts 
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its shadow on the interior of the cylinder, and the other 
semicircumference on the horizontal plane, witllout the 
cylinder. 

The shadow of the latter is the equal semicircU111fe-rence 
k"o"l" whose center is e" (Art. 246), and this, with the 
lines ll" and kk", liluits the shado\v of the cylinder on H. 

To determine the shadow on the interior surface, pass any 
vertical plane of rays, as that ,vhose horizontal trace is yx. 
I t intersects the cylinder in the element (x, x" x') and the 
semi circumference in the point Y. The ray of light YX 
intersects (x, x"x') in X, a point of the required shadow; 
and in the same way any number of points may be 
determined. 

The shadow upon any rectilinear element may be found 
by using an auxiliary plane vvhich shall contain this ele­
Inent. Thus l is the shadovv of U on the element (z, z"z'), 
s" of S, and t" of T. 

This shadow evidently begins at Land K, the upper ends 
of the elenlents of shade. 

l~he direction of the rays is so taken that a part of 
this semicircumference casts its shadow on H, ,vithin the 
cylinder. 1'?is part is horizontally projected in st, and 
its shadow is the equal arc s"t", the continuation of 
k" 0" l". 

Should this shadow not reach H, its lowest point will be 
obtained by using as,an auxiliary plane that one ,vhich con­
tains the axis; and the point in which the vertical projec­
tion of the curve of shadow is tangent to o'p', by using the 
plane ,vhich contains the elelnent (0, o'p'). 

rrhat part of the shade between the elements (l, n'l') and 
(0, o'p) only, can be seen when looking on V, and is dark­
ened in the .drawing. 
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253. PROBLEM 66. To construct the shade of an oblique 
cone and its shadow on the horizontal plane. 

Let the cone be given as in ~E'ig. 110, S being its vertex. 
If .two planes of rays be passed tangent to the cone, the. 

elelnents of contact will be the elements of shade (Arte 238). 
Since these planes n1ust pass through S (1\rt. 130), they 
must contain the ray of light SR. T.his pierces H at r, and 
rn and rp are the· horizontal traces of these tangent planes, 
and SN and SP are the elelnents of contact (Art. 130). 

These elenlents cast the shaclo,vs nr and pr, ,vhich limit 
the shadow of the cone on H. 

In looking upon H, the shade between the elen1ellts SP 
and SQ only is seen; and in looking upon V, that between 
SN and SO. 

254. PROBLEM 67. To construct the shade of an ellipsoid 
of revolution and its shadow on the horizontal plane. 

Let the ellipsoid be given as in :Fig. 111. 
The line of shade is the line of contact of a cylinder of 

rays tangent to the surface, and is an ellipse (Analytical 

Geometry, Art. 233); and since the meridian plane of rays, 
whose horizontal trace is os, is evidently a principal plane 
(Art. 206) of both the ellipsoid and cylinder, bisecting all 
chords of both surfaces perpendicular to it, its intersection 
with the plane of the ellipse will also bisect all chords of 
the ellipse perpendicular to it, and be an axis of the curve. 

This n1eridian plane cuts froln the ellipsoid a m~ridian 
curve, and from the cylinder t\VO rectilinear elell1ents, rays 
of light, tangent to this curve, at the vertices of the axis, 
the highest and lowest points of the curve of shade. 

To deterllline these points, revolve the meridian plane 
about (0, e'd') until it beco111es parallel to V. The meridian 
curve ,viII then be vertically projected into e' m' d' n'; CT 
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will be the revolved position of OS, the axis of the cylinder, 
and the two tangents at r and x', parallel to e't', will be the 
vertical projections, in revolved position, of the two elements 
cut from the cylinder, and R and X will be the revolved 
position of the two vertices. When the plane is revolved to 
its true position, these points will be at P and Y (Art. 107), 
and PY is the transverse axis of the required curve. 

The conjugate axis, being perpendicular to the meridian 
plane of rays, is parallel to H, and therefore 11orizontally 
projected into jf!, perpendicular to !IF (Art. 36), and: verti­
cally into j' g' . 

The projections of this curve are ellipses. Of the hori­
zontal projection, if! is evidently the longest diameter, and 
therefore the transverse axis, and yp the conjugate, and the 
ellipse fpglJ is the horizontal projection of the curve of shade. 

Since the tangents to the curve at the highest and lowest 
points, P and Y, are horizontal, their vertical projections 
must be r'p' and x' y', tangent to the vertical projection of 
the curve at p' and y'. These tangents being parallel to 
f'g', p'y' and f'g' l11ust be conjugate diameters of the ellipse 
which is the vertical projection of the curve; hence p'f' lJ' 0', 
on these diameters, is the required vertical proj ection. 

Points of this curve l11ay also be found otherwise, by inter­
secting the surface by any horizontal plane, as that of vvhich 
l'k' is the vertical trace. It cuts £1"0111 the surface a circum­
ference, and from the plane of the curve a line parallel to 
FG. These lines intersect in the required points. I{ and I.J 
are thus deterlnined. 

The points of tangency, u' and w', are the vertical pro­
jections of the points in which the curve of shade is inter­
sected by the meridian plane parallel to V. 

The 8hadow cast b,Y the curve of shade on I-I is an ellipse, 
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the intersection of the tangent cylinder with H. The con .. 
jugate axis of this ellipse, j"g", is the shadow of lfG parallel 
and equal to itself, and the selnitransverse axis, y" 8, the 
shadow· of CY,· since these shadows are perpendicular to 
each other, and y" 8 bisects all chords perpendicular to it. 

255. If the ellipsoid becomes a sphere, the construction of 
the curve of shade is silnplified, as it then beconles the cir­
cumference of a great circle perpendicular to CS (Art. 121), 
and jg is the projection of that diameter which is parallel 
to H, and py the projectioll of the one \vhich is perpendicular 
to it (Art. 197), and the vertical projection may be obtained 
in the sallIe way. 

256. If a plane of rays be passed tangent to any surface 
of revolution, the point of contact will be a point of the 
curve of shade (Art. 238). If through this point of contact 
a meridian plane be passed, it will be perpendicular to the 
tangent plane (Art. 115) and cut from it a line tangent to 
the nleridian curve at this point (Art. 108). The plane, 
which projects a ray of light on to this Ineridian plane, is 
also a plane of rays perpendicular to it, and t?erefore parallel 
to the tangent plane, and its intersection with the nleridian 
plane will be parallel to the tangent cut from the tangent 
plane. But this intersection is the projection of t.he ray. 

Hence} if a tangent be drawn.; to a7'~y 111JericZian curve 
of a surface of revolution parallel to the projection of a 
ray of light on tl1.;e 711.JeridiarlJ plane, its point of contact 
will be a point of the line of sl~ade, and thus any ·number 
of· points may be found on different nleridians, and the line 
of shade drawn. 

The points U and W in :Fig. 111 may thus be determined 
by dl'a"\ving tangents to the meridian curve ·which is parallel 
to V, parallel to 0' 8' • 
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257. PROBLEM 68. To find the brilliant point on any sur­
face of revolution. 

l.Jet the surface be an ellipsoid given as in :Fig. 111. 
Through aliy point of the axis, as C, dra"v the ray of light 
OS and the line (co, Of) to the point of sight in front of the 
vertical plane. Bisect their included angle, as in Art. 37, 
by the line CQ. To deterluine a plane perpendicular to this 
line and tangent to the surface (Art. 247), through it pass 
the meridian plane of which og is the horizontal trace. This 
plane cuts froln the surface a Ineridian curve, and from the 
required tangent plane a rigllt line tangent to this curve at 
the required point and perpendicular to CQ. 

Revolve this plane about Ca, o'd') until it becomes parallel 
to V. The 111eridian curve ,viII be vertically projected in 
e'n'd'm', and CQ in (J'g'" (Art. 29). Tangent to e'm'd' and 
perpendicular to c'g'" draw i'z"'; z'" is the vertical projec­
tion of the revolved position of the required point horizon­
tally projected at z", when the plane is revolved to its true 
position at z. Z is then the required brilliant point. 

258. PROBLEM 69. To construct the shade and shadow of 
an upright screw. 

Let ecj, Fig. 112, be the circular base of a right cylinder 
whose axis is oa', and let en~' e' be an isosceles triangle in the 
plane of the elelnent ee' and of the axis, its base coincident 
with the element. If this triangle be nloved about. the 
cylinder, its plane alvvays containing the axis, with a unifornl 
angular motion, and at the same time with a uniform 1110-

tion in the direction of the axis, so that after passing around 
once it ,viII occupy the position e'm" e", it will generate a vol­
ume called the thread of a 8cre~o. 

The cylinder is the cylinder of the screw. 
It is evident that the t,vo sides m' e and m' e' "viII each gen-
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erate a portion of a helicoid (Art. 92), the side m' e' generat­
ing tl1e upper Burface of the thread, and m' e the lo~()er 

surface. 

The point m' generates the outer helix of the 'thread, and 
the point e the inner helix. 

The curve of shade on the lower surface of the thread 1nay 
be constructecl by passing planes of rays tangent to this sur­
face and joining the points of contact by a line (Art. 238). 

To find the point of this curve on the inner helix pass a 
plane tangent to the low~r helicoid at F; gd is the horizon­
tal trace of this plane, the distance fd being equal to the rec­
tified arcjce (Art. 139). 

It is a property of the helicoid that all tangent planes to 
the surface, at points of the same helix, make the sallle angle 
with the axis or with the horizontal plane when taken per­
pendicular to this axis. Jj-'or each of these planes is deter­
mined by a tangent to t~le helix and the rectilinear element 
through the point of contact; and these lines at all points of 
the helix make the same angle with the axis (Arts. 69 and 
92) and with each other. 

Hence, if through the axis we pass a plane perpendicular 
to the tangent plane at Jj-', it will cut from this plane a right 
line, intersecting oe' at 0", horizontally projected in oi, and 
11laking with H the same angle as that made by a plane tan­
gent at any point of the helix, and with the rectilinear e1e­
lTIent passing through the point of contact an angle which is 
the same for all these planes; hence the angle iqf \vill be the 
same for all these planes. 

If this line be now revolved about 0(/, it will generate a 
cone whose rectilinear elements make the sanle angle with H 
as the tangent plane. If a plane of rays be passed tangent 
to this cone, it will be parallel to the plane of rays tangent to 
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the surface at a point on the inner helix. kl, tangent to the 
circle generated by oi, is the horizontal trace of this plane 
(Art. 131), and ol is the horizontal projection of the line cut 
from the parallel tangent plane of rays by a perpendicular 
plane through ocr. If, then, we Blake the angle lox equal to 
ioj, ox will be the horizontal.projection of the elenlent con­
taining the required point of contact, and X will be the point. 

In the salne way, the point Y on the outer helix Inay be 
obtained, by first passing a plane tangent to the lower sur­
face at :IVI. eq is its horizontal trace, mq being equal to the 
rectified selnicircunlference myn, and eop the constant angle. 
A tangent from t to the circle generated by op (so nearly 
coincident with eif that it is not dra\vn) is the horizontal 
trace of the parallel plane of rays, and oy, making with the 
right line joining 0 and the point of contact of this tangent, 
an angle equal to eop, the horizontal projection of the ele­
ment containing the point of contact, and Y the required 
point. 

Intermediate points of the curve of shade may be deter­
mined by constructing, as above, the points of contact of tan­
gent planes of rays en intermediate helices. Thus, pass a 
plane tangent to the lower helicoid at W, midway between F 
and N; ·wbz is the horizontal projection of the helix passing 
through this point; "fb" the horizontal projection of the 
intersection of the tangent plane with the horizontal plane 
through J', wb" being equal to the rectified arc wb. Since 
this intersection is parallel to the horizontal trace of the 
tangent plane, ou ,viII be the horizontal proj~ction of the 
line cut from the tangent plane by the perpendicular plane 
through oc', andfou the constant angle. us is the horizontal 
projection of the circle cut from the auxiliary cone by the 
horizontal plane through Jf m', and ts the horizontal projec-
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tion of the intersection of the tangent plane of rays. with the 
salne plane; oz ll1aking \vith the right line joining 0 and 8, 

an angle equal to fou, is then the horizontal projection of the 
element containing the point of contact, o"'v' (Art. 92) its 
vertical projection, and Z the required point. 

As the surface, of vv hich e' In'' n' '1" is the vertical projecti 011, 

is in all respects ic1en tical \vith that of \v hich em' n'J' is the 
projection, y" x" vvill be the vertical projection of the curve of 
shade on the first surface, its horizontal projection being yx. 

To construct the shCtdo~v cast by this curve of shade on the 
surface of the threacl below it, construct the shac1o\y of (xy, 

x" y") 011 the horizontal plane through n' e', under the sup­
position that the rays are unobstruct.ed. x'" y'" is the hori­
zontal projection of this shadovv (Art.. 244). Then assume 
any element, as (ao, a' 01)' on which it is supposed the shadow 
,viII fall, and construct its shadow on the same plane. h" r" 
is the horizontal projection of this shadow. Through the 
point in which these shado,ys intersect, horizontally projected 
at r", draw a ray of light, intersecting the elelnent in R, 
vvhich is the shadow of the curve on the element (Art. 244). 
The curve evidently begins at (x, x") and is vertically pro­
jected in x" r'. 

The shado~u cast by the helix (mn, rn/'n") on the sl~rface of 
the thread 7nay be constrl/~cted in the sanle ,yay by first con­
strncting its shado,v on the saIne horizontal plane as above, 
and the shadow of an assumed element COD, O2'8') on the same 
plane, and from their point of intersection horizontally pro­
jected at '8"" drawing a ray; (0, '8') vviII be a point of the 
required shadow. 

The curve of shadow on the surface, whose vertical pro­
jection is enf', vvill be equal to the curve vvhose vertical 
projection is x" r' '8', and nlay be dra\vn as in the figure. 
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259. The brilliar&t point on the upper surfa,ce of th~e thread 
711Jay be constrltcted by bisecting the angle forlned by a ray 
of light and a line drawn to the point of sight (Art. 247), 
and then passin g a plane perpendicular to the bisecting line 
and tangent t9 the surface (as in Art. 140), and finding its 
point of contact. 



PART IV 

I.JINEAR PERSPECTI'!E 

PRELIMINARY DEFINI'rIONS AND PRINCIPLES 

260. ] t has been observed (Art. 204) that the ortho­
graphic projections can never present to the eye of an 
observer a perfectly natural appearance, and hence this mode 
of representation is used only in drawings Inade for the 
development of the principles and the solution of problems 
in Descriptive Geometry, and for the purposes of mechanical 
or architectural constructions. 

Whenever an accurate picture of an object is desired, the 
scenographic Inethod IYlUst be used, and the position of the 
point of sight chosen as indicated in Art. 204. 

261. 1"'hat application of the principles of Descriptive 
Geometry which has for its object the accurate representation, 
upon a single plane, qf the details of the form and the principal 
lines of a body is called Linear Perspective. 

The art by which a proper coloring is given to all parts of 
the representation is called Aerial Perspective. This, prop­
erly, forIns no part of a Inathelnatical treatise, and is there­
fore left entirely to the taste and skill of the artist. 

262. The plane upon which the representation of the body 
is 111ade is called the plane of the picture~· and a point is 
represented upon it, as in all other cases (Art. 3), by draw-

176 
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ing through the point and the point of sight a right line. 
1'he point in which it pierces the plane of the picture is the 
perspective of the given point. 

These projecting lines are called visual rays, and when 
drawn to the points of any curve, form a visual cone (Art. 
77). 

Any plane passing through the point of sight is made up 
of visual rays, and is called a visual· plane. 

The plane of the picture is usually taken between the 
object to be represented and the point of sight, in order that 
the drawing nlay be of smaller dimensions than the object. 
It is also taken vertical, as in this position it will, in general, 
be parallel to many principal lines of the object. It may 
thus be used as the vertical plane of projection, and will be 
referred to as the plane V (Art. 24). 

The orthographic projection of the point of sight, on the 
plane of the picture, is called the principal point of the picture; 
and a horizontal line through this point and in the plane of 
the picture is the horizon of the p~·cture. 

PERSPECTIVES OF POINTS AND RIGHT I.JINES. VANISH­

ING POINTS OF RIGHT LINES 

263. Let M, Fig. 113, be any point in space, AB the hori­
zontal trace of the plane of the picture or ground line, and S 
the point of sight. 

The visual ray 8M, through M, pierces the plane of the 
picture V, in m1 (Art. 40), which is the perspective of the 
point M. 

264. The indefinite perspective of a rigl1t line, as MN, 
Fig. 114, may be dra,vn by finding the perspectives of any 
two of its points as in the preceding article, and joining 

DESCR. GEOM. -12 
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them by a right line; or by passing through the line a 
visual plane, and constructing its trace on the plane of the 
picture. 

The point n', in which this line pierces V, is one point of 
this trace (Art. 30). If through S a line SP be drawn par­
allel to MN, it will lie in the visual plane and pierce V at p' , 
a second point of the trace, and p'n' will be the perspective 
of the line. 

The point p' is called the vanishing point of the line MN c 

Hence to construct the perspective of any right line, Join its 
vanishing point with the point where the line pierces the plane 
qf the picture by a right line. 

265. The vanishing point of any right line is the point in 
which a line parallel to it through the point of sight pierces the 
plane of the picture. 

This point, as seen in the preceding article, is al ways on e 
point of the perspective of the line; and since the auxiliary 
line intersects the given line only at an infinite distance, this 
point is the perspective of that point of the given line which 
is at an infinite distance. 

'fhe principal point is evidently the vanishing point of all 
perpendiculars to the plane of the picture. 

266. Any hor'izontal right line Inaking an angle of 45° with 
the plane of the picture is a diagonalo 

A right line through S (Fig. 113), parallel to a diagonal, 
pierces V in the horizon, and at a distance from the princi­
pal point s' equal to the distance of S from the plane of the 
picture. Since t,vo such lines can be drawn, one on each 
side of the perpendicular ~s', there will be two vanishing 
points of diagonals, one for those which incline to the right, 
and another for those which incline to the left. 

These points are also called points of distance, since when 
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assumed or fixed, the distance of the point of sight fronl the 
plane of the picture is determined. 

267. If a plane be passed through the point of sight parallel 
to a given plane, it ,viII contain all right lines drawn through 
this point parallel to lines of the plane. I ts trace on the 
plane of the picture will therefore contain the vanishing 
points of all these lines, and of lines parallel to them. This 
trace is the vanishing line of the plane. 

The horizon is evidently the vanishing line of all horizon­
tal planes. 
- A system of parallel right lines will have a common vanish­

ing point, since the line through the point of sight parallel 
to one is parallel to all; hence their perspectives all intersect 
at this point (Art. 265). 

If the lines are also parallel to the lJlane of the picture, the 
auxiliary line ,viII be parallel to it, and their vanishing point 
at an infinite distance. Their perspectives will then be paral­
lel, and the perspective of each line parallel to itself, and it will 
be necessary to deternline only one point of its perspective. 

If a right line pass through the point of sight, it is a vis­
ual ray, and the point in which it pierces the plane of the 
picture is its perspective. 

268. If a point be on a line, its perspective will be on the 
perspective of the line. If then through any point two right 
lines be drawn, and if their perspectives be found as in Art. 264, 
tIle intersection of these perspectives will be the perspective 
of the given point. Hence, in practice, the perspective of a 
point is constructed by drawing the perspectives of a diagonal 
and perpendicular, which, in space, pass through the point, 
and finding the intersect~on of these perspectives, 

Thus let s' (ITig. 113) be the principal point, s'd1 the hori­
zon, d1 one point of distance, and ]VI any point in space. 
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MN is a diagonal through the point, its vertical projection 
n~'n being parallel to AB (Art. 14). It pierces V at n', 
vanishes at d1, and n'd1 is its perspective (Art. 264). The 
perpendicular through M pierces V at m', vanishes at 8', and 
m' 8' is its perspective. These perspectives intersect at m1" 

the perspective of M. 
If the point 1\11 should be in the horizontal plane, the diago­

nal and perpendicular would pierce V in AB. 
When the given point is near the horizontal plane through 

the point of sight, the perspectives of the diagonal and per­
pendicular through it are so nearly parallel that it is difficult 
to mark accurately their point of intersection. In this case, 
find the perspective of a vertical line through the given 
point; its intersection with the perspective of the diagonal 
or perpendicular will be the required point. Thus in Fig. 
113, find m2, the perspective of m, the foot of a vertical line 
through lVI, and draw m2m1 intersecting m' 8' in m1, the per­
spective of M. 

269. Since the object to be represented is usually behind 
the plane of the picture (Art. 262), and is given by its ortho­
graphic projections, th~se projections when made as in Art. 4 
will occupy the same part of the drawing as the perspec­
tive, and cause confusion. To avoid this in SOlne degree, 
that portion of the horizontal plane \vhich is occupied by the 
horizontal projection of the object is revolveg. about AB 180°, 
until it comes in front of the plane of the picture. Thus, in 
Fig. 113, m comes to rh", and the horizontal projection of 
the diagonal MN to the position m."n, its vertical projection 
being in its primitive position, and the point n' be.ing found 
as before (Art. 27). It will be observed that the hori­
zontal projection of each diagonal, in this new position, 
lies in a direction contrary to that of its true position. 
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The vanishing point will be determined by its true direction 
(Art. 266). 

PERSPECTIVES OF CURVES 

270. '-l~he perspective of any curve may be found by join­
ing its points with the point of sight by visual rays, thus 
forIning a visual cone. The intersection of this cone by the 
plane of the picture will be the required perspective; or the 
perspectives of its points ll1ay be found as in Art. 268, and 
joined by a line. 

If'the curve be of single curvature (Art. 58), and its plane 
pass through the point of sight, its perspective will be a 
right line. 

271. If two lines are tangent i7~ space} their perspectives 
will be ta1ngent. l?or the visual cones, by 'which their per­
spectives are determined, will be tangent along the common 
rectilinear elenlent passing through the point of contact of 
the lines; hence their intersection by the plane of the 
picture will be tangent at' the perspective of this point 
of contact. 

272. If the circumference of a circle be parallel to the 
plane of the picture, its perspective "viII be the circumference 
of a circle whose center is the perspective of the given 
center; also, if it be so situated that the plane of the picture 
makes in its visual cone a subcontrary section (Art. 206). 

In all other cases, when behind the plane of the picture, 
and when its plane does not pass through the point of sight, 
its perspective will be an ellipse. 

It is evident that if the condition be not imposed that the 
circle shall be behind the plane of the picture, this plane 
may be so taken as to intersect the visual cone in any of the 
conic sections. 
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273. Let mlo, l1'ig. 115, be a circle in the horizontal p~ane, 
revolved as in Art. 269, and let s' be the principal point, the 
point of sight being taken in a plane through the center and 

perpendicular to AB, and let d l and d2 be the points of distance. 

01 is the perspective of 0, and ml of m (Art. 268), and 
0lml of the diameter om. rrhe perspectives of the two tan­
gents at 0 and m vvill be tangent to the perspective of the 
circle at 01 and m1 (Art. 271); and since the tangents are 
parallel to AB, their perspectives will be parallel to AB 
(Art. 267), or perpendicular to 0lm1 ; hence 0lm1 is an axis 

of the ellipse. Through its middle point el draw dl e1 ; it is 
the perspective ~f the diagonal fe, and e l is the perspective 
of e, and Uizi of the parallel chord UZ, u's' and zls' being the 
perspectives of the perpendiculars through u and z, and ulzl 

is the other axis of the ellipse. On these two axes the 
ellipse can be described as in Art. 59. 

The perspectives of the two perpendiculars ll' and kk' are 
tangent to the ellipse at II and k 1• 

If tIle point of sight be taken in any other position, t~1e 
perspective of the circle (l1-'ig. 116) may be deterulined by 
points, as in Art. 270, and the curve drawn through these 
points tangent to the perspectives of the tangents at 0, m, l, 
and k. The line 0Iml will be a conjugate dialneter to the 
line Ulz1, since the tangents at 01 and m 1 are parallel to AB 
and to u1z1, 

LINE OF ApPARENT CONTOUR 

274. If a body bounded by a curved surface be enveloped 
by a tangent visual cone, the line of contact of this cone will 
be the outer line of the body, as seen from the point of sight, 
and is the line of apparent contour of the body, 

The perspective of this line (Art. 270) is evidently the 
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bounding line of the picture or drawing, and is a principal 
line of the perspective. 

When the body is bounded by plane surfaces, the visual 
cone will be made up of visual planes; the line of apparent 
contour "viII not be a line of mathematical· contact, but will 
still be the outer line of the body.as seen, and will be made 
up of right lines. 

When the body is irregular, or composed of broken sur­
faces, the line of contour lnay be conlposed partly of strict 
lines of contact, either straight or curved, and partly of lines 
not of contact, but still the outer lines of the body as seen. 
In all cases their perspectives will form the boundary of the 
picture. 

To construct the perspective of any body, \ve must then 
determine the perspective of its apparent contour, and of 
such other principal lines as will aid in indicating its true 
form. 

275. If a line of the surface intersect the line of contact 
of the visual cone, the perspective of this line will be tan­
gent to the perspective of the line of contact. l1"or at the 
point of intersection draw a tangent to each of the two lines; 
these tangents lie in the tangent plane to the surface, and 
this plane is also a visual plane tangent to the cone. Its 
trace on the plane of the picture is the perspective of both 
tangents, and tangent to the perspectives of both lines at a 
common point. They are therefore tangent to each other. 

V ANISHING POINTS OF RAYS OF LIGHT AND OF PROJEC­

TIONS OF RAYS 

276. Since the rays of light are parallel they will have a 
cornmon vanishing point, which may always be determined 
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by drawing a visual ray of light, and. finding the point in 
which it pierces V (Art. 265). In the construction of a 
drawing or picture, the direction of the light is usually 
chosen by the draughtsnlan or artist. This is done by 
assuming the vanishing point of rays at once, as the direc­
tion of the light is thus completely deterlllined. Thus let rp 

lfig. 117, be the vanishing point of rays, S being the point of 
sight; sr "viII be the horizontal projection of the ray, and s'r] 
its vertical projection. 

277. The horizontal projections of rays of light being 
parallel and horizontal lines, must vanish in the horizon 
(Art. 267); and since a line through the point of sight 
parallel to the horizontal projection of a ray must be in the 
same vertical plane with a ray through the same point, it 
III ust pierce the plane of the picture in the vertical trace of 
this plane, that is, in the line r1r' at r'. Hence, having 
assumed the vanishing point of rays, through it draw a right 
line perpendicular to the horizon; it ,viII intersect it in the 
vanishing point of the horizontal proJ'eetions of rays. 

278. l'he orthographic projections of rays on all planes 
perpendicular to A B, as the plane tTt', are parallel. The 
line s's is the vanishing line of these planes (Art. 267), and 
lllUst therefore contain the vanishing point of these projec­
tions. This point must also be in the trace of a plane of 
rays through S, perpendicular to these side planes. T 1r 2, 

parallel.to AI~, is this trace; hence r2 is the vanishing point 
of the proJ'eetions of 1t ays on side planes. 

279. The orthographic pro/eetions of rays on the plane of 
the picture or on planes parallel to it, are parallel; and being 
in or parallel to the plane of the picture, vvill be parall el in 
perspective (Art. 267), and all parallel to r1s', the projection 
of the ray through S on V ~ 
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PERSPECTIVES OF THE SHADOWS OE~ POINTS AND RIGHT 

LINES ON PLANES 

280. Since the shadow of a point on a plane is the point in 
which a ray of light through the point pierces the plane 
(Art. 241), it must be the intersection of the ray with its 
orthographic projection on the plane. Hence, to construct 
the perspective of the shadow of a point on any plane, through 
the perspective of the point dra\v the perspecti ve of a ray, 
and through the perspective of the projection of the point 
,on the plane draw the perspective of the projection of the 
ray; the intersection of these two lines will be the perspec­
tive of the required shadow (Art. 268). 

If the shadow be on th-e horizontal plane, join the perspec­
tive of the point \vith the vanishing point of rays r1, Fig. 117, 
and the perspective of the horizontal projection of the point 
,vith the vanishing point of llorizontal projections r'; the 
intersection of these t\VO lines will be tIle perspective of 
the shado\v of the given point. 

If the sl'badow be on any side plane, join the perspective of 
• the projection of the point on this plane with the vanishing 

point of the projections of rays on side planes r2 ; the inter­
section of this line with the perspective of the ray will be 
the perspective of the shado\v. 

If the sl'badow be on any plane parallel to V,?, through the 
perspective of the projection of the point on this plane dra\v 
a line parallel to the projection of the rayon the plane of 
the picture s' }"1; its intersection with the perspective of the 
ray ,viII be the perspective of the shadow. 

If the shadow be on any vertical plane, draw through the 
perspective of the horizontal projection of the point a right 
line to the vanishing point of horizontal projections. It will 
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be the perspective of the horizontal trace of a vertical plane 
of rays through the point. At the point where it intersects 
the perspective of the horizontal trace of the given plane 
erect a vertical line; it will be the perspective of the inter­
section of the plane of rays with the given plane. The point 
where this intersects the perspective of the ray through the 
given point \vill be the perspective of the shadow. 

281. The perspective of the indefinite shadow cast by a 
right line on a plane may be constructed by finding the 
perspecti ve of the point in which the lin e pierces the plane, 
and joining it with the perspective of the shado\v cast by 
any other point of the right line; or by joining the per­
spectives of the shado\vs of any two points of the line by a 
right line. 

If the line be of definite length, join the perspectives of 
the shadows of its two extremities by a right line. 

PRACTICAL PROBLEMS 

282. PROBLEM 70. To construct the perspective of an 
r 

upright rectangular pillar, with its shade and shadow on 
the horizontal plane. 

Let lmno (Ifig. 118) be the lower base of the pillar in 
the horizontal plane, revolved as in Art. 269, and p' q' the 
vertical projection of the upper base, s' the principal point, 
d2 one of the points oj' distance, r1 the vanishing point of rays, 
and r' of horizontal projections of rays. These important 
points will be thus represented in all the following problems. 

Since ml and no are perpendicular to V, they vanish at s' 
(Art. 265), and m' 8' and n's' are their indefinite perspec­
tives; id2 is the perspective of the diagonal ni, and n1 of 
the point n (Art. 268). n1m1, parallel to AB, is the per-
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spective of mn (Art. 267); 0t of the point 0; n10t of the 

edge no (Art. 264); 0111 of ol; and mIlt of ml. 
The edges of the upper base, \vhich are horizontally pro­

jected in on and lm, pierce V at p' and q', and vanish at s'; 
hence p's' and q' 8' are their indefinite perspectives. 'fhe 
diagonal of the upper base, horizontally projected in ni, 
pierces V at i', i'd2 is its perspective, and PI the pel'specti ve 
of the vertex of the upper base horizontally projected in 
n, and VI of that horizontally projected at l. The vertical 
edges which pierce H in m, n, 0, and l, are parallel to V, and 

their perspectives parallel to themselves; hence, mlql' nIPI' 
0tUI~ llvt are their perspectives ternlinating in the points qt' 
PI' U 1, Vt' and QlPl u1vt is the perspective of the upper base. 

'rhe face of "\vhich n10 tU l Ft is the perspective is in the 
shade, and therefore is darkened in the drawing. 

The shadow on H, of the edge represented by nlPl' is 
n l P2 (Art. 281). The shadow of the edge represented by 
Flut is parallel to the line itself, and therefore perpendicular 
to V, and vanishes at 8'. It is limited at P2 and U 2 (Art. 
281). U 2V2' parallel to AB, is the perspective of the shado\v 
of the edge represented by UIV I , and llv2 of that represented 

by ltVt. 

That part of the drawing within the line nlP2v2xI is 
darkened, being the perspective of that part of the shadow 
on H which is seen. 

283. PROBLEM 71. To construct the perspective of a 
square pyramid with its pedestal, and the perspective of its 
shadow .. 

Let mnol (Fig. 119) be the base of the pedestal revolved, , 
as in Art. 269, and mnn'm' its front face in the plane of the 
picture, pqtu the horizontal, and p'u' the vertical projection 
of the base of the pyramid, and C its vertex. 
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The face mnn'm', being in the plane of the picture, is its 
own perspecti vee 'fhe four edges of the pedestal, which are 
perpendicular to V, pierce it in m, n, n', and m', and vanish 
at s'. The two diagonals mo and (mo, rn' n') pierce Vat 
m and m', and vanish at d l . 'fhe diagonals nl and (nl, n'm') 
pierce V at nand n', and vanish at d2• Hence, 01 is the 
perspective of 0 (Art. 268); kl of (on'); II of l; and hl of 
elm'); and the perspective of the pedestal is drawn as in 
Art. 282. 

The two perpendiculars (ut, u') and (pq, p') pierce V at 
u' and pi; U' 8' and p' 8' are their perspectives intersecting 

m'dl and n'd2 in u l ' ql' Pl' and t l , and u1Plq1tl is the per­
specti ve of the base of the pyramid. 

The perpendicular through C pierces V at a', and a 
diagonal through the same point at h' and e's' and h'dl are 
their perspectives, and cl the perspective of C; and clul ' cIPl' 
c1Q1' and c1t l are the perspectives of the edges of the pyran1id. 

nn2 is the perspective of the shadow of nn' on H; n2k2 
of the shadow of the edge represented by n'kl (Art. 265). 
i l is the perspective of c, the horizontal projection of the 
vertex, ilr' of the horizontal projection of a ray through C, 
and c1r1 the perspective of the ray; hence, c2 is the per­
spective of the shadow of C on H (Art. 280). el is the 
perspective of the projection of C on the upper base of the 
pedestal, elr' of the projection of a rayon this plane, and 
Cg of the shadow cast by C on this plane, and plca the per­
spective of the shadovv cast by the edge CP on this plane 
(Art. 281). This shadow passes frOlTI the upper' base at 
a point of which Xl is the perspective; x1rl is the perspective 
of a ray through this point, intersecting n28' at x2, the per­
spective of the shadow cast by one point of the edge CP 
on H, and X 2c2 is the perspective of the shado\v. 
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t1ca is the perspective of the shadow cast by the edge CT 
on the upper base of the pedestal, '!II of the point at ,vhich 
it passes froln this base, Y2 of the shadow of this point all H, 
and Y2(J2 of the shadovv of the edge CT. 

The face represeuted by (JIPlql is in the shade, as also 
that represented by nn'k101, and both are darkened on the 
drawing. 

PlxlklYltl bounds the darkened part on the perspective of 
the upper base, and nn2 - - - (J2Y2 - - - II that on H. 

284. PH,OBLEl\JI 72. To construct the perspective of a 
cylindrical column with its square pedestal and abacus, and 
also the shade of the column and shadow of the abacus on 
the column. 

Let mngl, :Fig. 120, be the horizontal projection of both 
pedestal and abacus (Art. 269), mm'n'n the vertical projec­
tion of the pedestal, and e'l'g'j' that of the abacus, upqt 
being the horizontal projection of the column, m' n' the 
vertical projection of its lower, and e'f' of its upper, base, 
the plane of the picture being coincident with that of the 
front faces of the pedestal and abacus. 

Let the point of sight be taken as in Art. 273, in a plane 
through the centers of the upper and lower bases of the 
colulnn and perpendicular to AB. 

Construct the perspective of the pedestal as in Art. 282, 
mm'n'n being its o"\vn perspective, and m'li and n'gi the per­
spectives of those edges of the upper face of the pedestal 
which pierce V at m' and n'. 

In the same way construct the perspective of the abacus, 
e'l'g'j' being its o\vn perspective, and e's' and J's' the indefi­
nite perspectives of the edges of the lo"\ver face '\vhich pierce 
V at e' and J'. 

ultlQlPl is the perspective of the lower base of the column 
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determined as in Art. 273, ulql being its semiconjugate and 
tlP! its selnitransverse axis. In the saine way the perspec­
tive of the upper base is determined, its conjugate axis being 
the perspective of that diameter which pierces V at u", hori­
zontally projected in uq, and its transverse axis Zlvl the per­
spective of the chord corresponding to tp. 

tlzl and P1vl tangent to these ellipses (Art. 275), and 
perpendicular to AB, are the perspectives of the elenlents 
of contonr of the colulnn, and complete its perspective 
(Art. 274). 

The elements of shade on the column are deternlined by 
two tangent planes of rays (Art. 251), and since these 
planes are vertical, their intersections with the plane of 
the upper face of the pedestal will be parallel to the hori­
zontal projections of rays, and therefore vanish at r'. Since 
these intersections are also tangent to the lower circle of the 
COlU111il, their perspectives will be tangent to the ellipse 
tlulPl. Hence, if through r' two tangents be drawn to 
t1u1Pl' their points of contact will be points of the perspec­
tives of the elements of shade. al k2 is the perspective of 
the only' one which is seen. The plane of rays by which 
this is cl etermined intersects the lower edge e'f' of the aba­
cus in kl , througll which' draw klrr It intersects alk2 in k2' 
the perspective of the point of shadow cast by kl , and linlit­
ing the perspective of the element of shade. 

Draw r'tl ; it is the perspective of the intersection of a 
vertical plane of rays with the upper face of the pedestal. 
This plane intersects the coltunn in an element represented 
by tlzl, and the edge represented bye's' in a point of which 
'lJl is the perspective. Through 'lJl draw ylrl intersecting 
t1z1 in 'lJ2' the perspective of the shado,v cast on the col­
umn by the point Y, and in the same way the perspective 
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of the shado'w cast by any point of the same edge may be 
determined. 

Through m' draw m'r', and -through e' draw e'r1 intersect .. 
ing the perspective of the element cut from the column in e2, 

the p'erspective of the shadow cast bye' on the column, and 
in the same way the perspective of the shadow cast by any 
other point of the edge e'f' Inay be found, as w2 the perspec­
ti ve of the shadow cast by w". 

All of the lower face of the abacus is in the shade and is 
darkened in the drawing. The line Y2e2 - - - k2 is the per­
spective of the line of shadow on the column, and all above 
it is darkened, as all beyond a1k2• aIr' is the perspective of 
the shadow cast by the element of shade on the upper surface 
of the pedestal, and the part beyond it which is seen is there­
fore darkened. 

285. PROBLEM 73. To construct the perspective of an up­
right cylindrical ring, with its shade and shadow on its interior 
surface. 

Let mngl, Fig. 121, be the horizontal projection of the 
outer cylinder of the ring, and ezlh' its vertical projection; 
upgt the horizontal, and 0li1w1 the vertical projection of the 
inner cylinder, the plane of the picture being coincident with 
the plane of the front face of the ring. 

The two circles eZ1 h' and 0lilw i being in the plane of the 
picture are their own perspectives. 

To construct the perspectives of the back circles horizon­
tally projected in 19 and tq, draw the vertical radius (c, cf h') 
and the two vertical tangents at Q and G. hl cl , alql' and bIg l 

are the perspectives of these lines (Art. 268), and °1, ql' and 
gl are the perspectives of the points C, Q, and G. With °1, as 
a center, and cl g1 and clgl as radii, describe the arcs tIt" and 
v1g1; they will be the perspectives of arcs of the back circles. 
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3tYt and slxt are the perspectives of the elen1ents of con .. 
tour tangent to the circles eylxt and vlgl (Art. 275). 

The element of shade on the outer cylinder is determined 
by a tangent plane of rays. This plane being perpendicular 
to V, its vertical trace will be parallel to rls' (Art. 279), and 
tangent to YtZlh' at Zt' zlv i will be the perspective of this 
element. 

Points of the shadow cast by the circle 0lilwi on the in­
terior cylinder will be found by passing planes of rays per­
pendicular to the plane of the picture. Each plane will 
intersect the circle in a point which casts a shadow on the 
elen1ent whicl1 the plane cuts fronl the cylinder (Art. 252). 
0lil parallel to ris' is the vertical trace of such a plane, inter­
secting the circle in 0t' and the cylinder in an elen1ent of 
which itS' is the perspective. 0Irl is the perspective of a ray 
through 0t' and 02 is the perspective of the shadow. The 
perspective of the shado\v evidently begins at lcl • 

286. PROBLEM 74. To construct the perspective of an 
inverted frustum of a cone with its shade and shadow. 

Let C, ~"'ig. 122, be the vertex, kolm the horizontal (Art. 
269), and k'l' the vertical projection of the upper base, eh/lf 

the horizontal, and e' g' the vertical projection of the lower base, 
and k' e' the vertical projection of one of the extreme elements. 

The perspectives of the bases are determined as in Art. 
273, kto' yIml of the upper, and elhialft that of the lo\ver base. 

The perspective of the vertex is found as in Art. 268, CZ 
being the diagonal through it, piercing V at z'; and (co, c') 

the perpendicular piercing V at c', Z, d2~ and (/ s' are their 
perspectives intersecting at el . Through el draw the t\VO 
tangents CIWI and etYI; they are the perspectives of the ele­
ments of contour, and with the curves kIo'ylml and eIhlalfl 
limit the perspective of the frustum. 
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'l"he elements of shade on the cone are determined by two 
tangent planes of rays intersecting in a ray of light passing 
through the vertex (Art. 131), rici is the perspective of this 
ray, and uIr' the perspective of its horizontal projection, u l 

being the perspective of C; hence c2 is the perspective of the 
point in which this ray pierces H, and the tangents c2i l and 
(J2PI are the perspectives of the horizontal traces of the 
tangent planes, and iln1 and Plql of the elements of shade 
(Art. 253), the former only being seen. 

That part of the circumference of the upper base toward the 
source of light, and between the points of which n1 and ql 

are the perspectives, casts~ its shadow on the interior of the 
cone. Points of this shadow nlay be determined by inter-.. 
secting the cone by planes of rays through the vertex. 
Each plane intersects the circunlference in a point, and that 
part of the cone opposite the source of light in a rectilinear 
element. A ray of light through the point intersects the 
element in a point of the required slladow. 

c2a1 is the perspective of the horizontal trace of such a 
plane. The plane intersects the cone in two elelnents, rep­
resented by alJJl and bl(]l' and bi is the perspective of the 
point in which the plane intersects the circumference, blr1 

the perspective of a ray -through this point, and b2 the per. 
spective of the required point of shadow. 

The curve of shadow evidently begins at the points of 
which n1 and ql are the perspectives. 

The perspective of the lowest point of this shadow will be 
found by using the line c2U 1' as this is the perspective of the 
trace of that plane vvhich cuts out the elenlent farthest 
from the point casting the shadow. 

The perspective of the point of shadow on any element is 
found by using the line drawn through c2 and the lower 

DEseR. GEOM. -13 
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extrelnity of the perspective of the element. Thus the 
point of tangency, b2 (Art. 275), is found by using (]2al as 
the perspective of the trace of the auxiliary plane. 

qlk1o' is the perspective of that part of the shado,v on the 
interior which is seen, and is therefore darkened in the draw­
ing, as is the perspective of the shade nlila1Yl' 

i l n2 and Plq2 are the perspectives of the . shadows cast by 
the elements of shade on H, the points n2 and q2 being de­
termined by nlrl and qlrl' 

The plane determined by c2al intersects the circul11ference 
of the upper base, in a point of which Yl is the perspective, 
y1r1 is the perspective of a ray through this point, piercing 
H at a point of which Y2 is the perspective. This is a point 
of the perspective of the curve of shad'ow of the upper cir­
cumference on H; and in the same way any number of 
points may be determined. 

r lv2 drawn tangent to nly1ml will also be tangent to n2Y2Q2' 

since this tangent is the perspective of the elelnent of con­
tour of the cylinder of rays through the upper circuluference, 
by which its shadow is determined (Art. 275). 

The curve n2Y2q2 is also tangent to i l n2 and Plq2 at n2 and q2" 

287. PROBLEM 75. To construct the perspective of a niche 
with its shadow on its interior surface. 

Let the niche be formed by a semicylinder, the lower base 
of which is mlo, Fig. 123, and the upper base vertically pro­
jected in m' 0', and the quarter sphere vertically projected in 
the semicircle m'k'o', its lower selnicircle being coincident 
with the upper base of the cylinder, and the plane of the 
picture so taken as to contain the elements mm' and 00' and 
the front circle m'k'o'. 

These elements and front circle, being in the plane of the 
picture, will be their own perspectives. 
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An arc of an ellipse, ml1o, is the perspective of the lower 
base of the cylindrical part, and m'n10' that of the upper 
base, these being constructed as in Art. 273, 11 being the 
perspective of 1, and n1 of the corresponding point of the 
upper base. These lines forn} t~e perspective of the niche. 

The lines which cast shado,vs on the interior of the niche 
are the element mm' and the arc m'k'e'. 

The shadow cast by mm' is deterlnined by passing through 
it a vertical plane of rays; mr' is the perspective of its trace 
(Art. 277). This plane cuts froln the cylinder an element 
represented by 12m2, the intersection of which by m'r1 in m2 
is the perspective of the shadow cast by m' on the elenlent; 
and 12m2 is the perspective of the shadow cast by m'f', a part 
of mm', on the interior of the cylinder; mf2 is the perspective 
of the shadow cast by mf' on H. 

Points of the shadow cast by the front circunlference, 
m' k' e', on the cylindrical part of the niche tnay be determined 
by intersecting the cylinder by vertical planes of rays. 
Each plane intersects the cylinder in a rectilinear element 
and the arc in a point. A ray of light through this point 
intersects the element in a point of the curve of shadow. 
r'g is the perspective of the horizontal trace of such a plane. 
It intersects m'k'e' in g', and the cylinder in an elenlent 
represented by i1g2, and g2 is the perspective of the shadow 
cast by g' on the element. 

'-fhe shadow cast by a part of the front circumference 
on the spher·ical part of the niche is an equal arc of a great 
circle. For this shadow is determined by a cylinder of rays 
through the front circumference, and the part of each ele­
ment of the cylinder between the point casting the shadow 
and its shadow is a chord of the sphere, and all these chords 
will be bisected by a plane through c' perpendicular to them. 
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These half chords filay be regarded, one set as the ordinates 
of the arc casting the shadow, and the other as the ordinates 
of the shadow, and since the corresponding ordinates of the 
two arcs are equal, and in all respects alike situated, the two 
arcs will be equal. Their planes evidently intersect in the 
radius Of e' perpendicular to tIle axis of the cylinder of 
rays, or to the ray of light, and also perpendicular to the 
projection s' r 1 of the ray of light on the plane of the picture 
(Art. 276). 

Points of this shadow nlay be constructed by intersecting 
the quarter sphere by planes parallel to the plane of the 
picture. Each plane will cut from the quarter sphere a 
senlicircunlference. The front senlicircumference will cast 
upon this plane a shadow parallel and equal to itself (Art. 
246), and the intersection of this with the senlicircunlference 
cut from the sphere will be a point of the required shado,v 
(Art. 244). 

Draw Y1Zl parallel to m' 0'; it nlay be taken as the perspec­
tive of the intersection of an auxiliary plane with the upper 
base of the cylinder, and the semicirculllference 'lflX2Z1 is 
the perspective of the selnicircumference cut from the 
sphere. 

The center of the front circle casts a shadow upon this 
plane whose perspective is e2 (Art. 280), err being the per­
spective of the projection of 0' on this plane, and 0" e2 parallel 
to s'rl the perspective of the projection of the ray through 0' 

on this plane. 02m3 parallel to e'm' is the perspective of the 
shadow cast by the radius o'm' on this plane (Art. 267), and 
m3x2 the perspective of the arc of shadow intersecting y1x2zl 

in x2, a point of the perspective of the shado,v. 
Otherwise thus: Draw k' k" parallel to s' r 1; it may be 

taken as the vertical trace of a plane of rays perpendicular 
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to V. This plane cuts from the quarter sphere a semi. 
circumference. A ray of light through k' will intersect this 
senlicirculnference in a point of the curve of shado\v. Re­
volve the plane about k'k" until it coincides with V. k'x"k" 
,viII be the revolved position of the sell1tcircumference. 
Revolve the ray of light through the point of sight about 
s' r 1 until it coincides with V; s" r 1 will be its revolved 
position, s' 8" being equal to s'dl (Art. 266). Through k' 

draw k'x" parallel to s"rl ; it ,viII be the revolved position of 
the ;ray through k', and x" will be the revolved position of a 
point of the shadow. Through x' draw x's'; it is the per­
spective of the perpendicular x' x" intersecting k'rl in x2, the 
perspective of the shadow cast by k'. 

The perspective of this curve of shadow evidently begins 
at e' ~ the point of tangency of a line parallel to s' '1"1" 

The point at which the curve of shadow passes from the 

spherical to the cylindrical part is evidently the point in 
which the intersection of the plan'e of the curve of shadow 
with the plane of the upper base meets the circulnference of 
the upper base. To determine the perspective of this point, 
through x2 draw x2u l parallel to c' e'; it is the perspective of 
a line of the plane of the curve of shadow as also of the plane 
of the circle of which mSx2 is the perspective. u l is the per­
spective of the point where this line pierces the plane of the 
upper base, and c'ul the perspective of the intersection of the 
plane of the circle of shadow with the plane of the upper 
base, and Pl the perspective of the required point. 

288. PROBLEM 76. To construct the perspective of a 
sphere with its shade and shadow on the horizontal. plane. 

Let the plane of the picture be taken perpendicular to the 
right line, joining the point of sight "vith the center of the 
sphere, and tangent to the sphere; then, Fig. 124, (J will be 
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the horizontal and 8' the vertical projection of the center, ca 
being equal to the radius and b' c" c'" the vertical projection 
of the sphere. 

The perspective of the sphere will be determined by a visual 
cone tangent -00 it, and the circle in "\vhich this cone is inter­
sected by the plane of the picture will be the outer line of 
the perspective (Art. 274). 

To construct this, pass a plane through Sand C perpen­
dicular to AB. It intersects the sphere in a great circle, and 
the cone in rectilinear elements tangent to this circle and 
piercing V in points of the required circumference. aml.is 
the vertical trace of this auxiliary plane. Revolve the plane 
about amI as an axis until it coincides with V; S in revolved 
position will be at d l , and C at c", and m's' described with 
the center c" and radius c"s' will be the revolved position of 
an arc of the circle cut from the sphere, and m'dl that of one 
of the tangents. In tru~ position this tangent pierces V at 
ml , and the circle mlulvl described with s' as a center and 
s'ml as a radius will be the perspective of the sphere. 

The curve of shade on the sphere, the line of contact of a 
tangent cylinder of rays, is the circul11ference of a great 
circle whose plane is perpendicular to the axis (Art. 121), 
or to the ray of light. 

The plane of rays through the point of sight whose verti­
cal trace is s' r 1 is perpendicular to the plane of the circle of 
shade, and is evidently a principal plane (Art. 206) of the 
visual cone by which the perspective of this curve is deter­
mined, and since the plane of the picture is perpendicular to 
this plane, its intersection with the cone will be an ellipse, 
all the chords of which perpendicular to s'rl are bisected by 
it. This line will then be an indefinite axis of the ellipse. 
(Analytical Geometry, Art. 85.) This principal plane inter-
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sects the circle of shade in a diameter whose perspective will 
be this axis. 

To deterlnine it, revolve the plane about s'r1 until it coin 
cides with V. S is found at s", s' s" being equal to s'd1• 

The center of the circle cut from the sphere will be at a"', 
n'l'p' "viII be the revolved position of the circle, and n'p' per­
pendicular to s"r1 will be the revolved position of the diam­
eter. Two visual rays from its extremities pierce V at n1 

and P1' and n1P1 is its perspective and the required axis. 
01' the middle point of this axis, is the center of the ellipse 

and llk1 perpendicular to n1P1' the position of the other axis, 
and 0' the revolved position of ~he point of which 01 is the 
perspective. If through l1k1 and S a plane be .passed, it will 
intersect the circle of shade in a chord passing through the 
point of which 0' is the revolved position, perpendicular to 
the plane of rays of which s'r1 is the trace and equal to l'k'. 
The perspective of this chord will be the other axis. 

To determine it, revolve this plane about k1l1 until it coin­
cides with V. S will be found at s"', 0ls'" being equal to 
0ls"; 0' ,vill be at 0", 010" being equal to 010', and k"l" per­
pendicular to s'r1 will be the revolved position of the chord, 
the perspective of which is k1l1' the other axis. 

The ellipse described upon these two axes is the perspec­
tive of the curve of shade. It is tangent to m1u1v1 at u1 and 
v1, since these are the perspectives of two points which are 
determined by two visual planes of rays tangent to the 
sphere, whose traces are r1u1 and r1v1 t These are the per­
spectives of the points in which the curve of shade crosses 
the apparent contour of the sphere (Art. 275). 

The aurve of shadow on the horizontal plane is cast by the 
curve of shade. a2 is the perspective of the shadow cast by 
the center, c1 being the perspective of its horizontal projec-
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tion, and clr' the perspective of the horizontal projection of 
a ray through the center (Art. 280). 

The perspective of the shado\v of each diameter of the 
curve of shade must pass through c2• If, then, we find the 
perspective of the point in which a diameter pierces the hori­
zontal pla:p.e and join it with c2, we shall have the indefinite 
perspecti ve of the shadow of this diameter, and the perspec­
tives of two rays through its extremities will intersect the 
perspective of this shadow in points of the perspective of the 
curve of shado\v. 

All diameters of the circle of shade pierce the horizontal 
plane in the horizontal trace of the plane of this circle. 
This trace being a horizontal line must vanish in the horizon 
of the picture 8' dt (Art. 267), and being in the plane of the 
circle of shade must also vanish in the vanishing line of this 
plane; and hence the intersection of these two lines will be 
a point of the perspective of the horizontal trace. 

To construct the vanishing line of the plane of shade, 
through 8" draw 8"X' perpendicular to s"rl ; it is the revolved 
position of a line passing through S in the plane of rays whose 
vertical trace is r 18' and parallel to the plane of shade . It 
pierces V at x', one point of the vertical trace of a plane 
through S parallel to the circle of shade. Through x' draw 
x' ql perpendicular to x'rl (Art. 43); it is the vertical trace, 
or required vanishing line. This intersects 8' ql at qr 

To determine another point of the perspective of the hori­
zontal trace, find the perspective of the point in which that 
diameter of the circle of shade, which is parallel to the plane 
of the picture, pierces H. The horizontal projection of this 
diameter is parallel to AB; hence, el i 1 is its perspective. 
s' 8" perpendicular to r18' is the perspective of the diameter 
itself, for these two lines are the orthographic projections of 
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the diameter and ray of light through the center, since the 
visual plane through each of them contains the projecting 
perpendicular 88' (Art. 36). i l is then the perspective of 
the point in which this diameter pierces H, and q1i 1 the 
perspecti ve of the horizontal trace. 

Join i1 with °2 ; i102 is the perspective of the shadow cast 
by the diameter represented by 91ft. Join fJl and fl with r1 

by right lines. These are the perspectives of rays through 
the extremities of the diameter, and 92 andf2 are the perspec­
tives of points of the curve of shadow. 

Produce utel to !Jl; !Jl is the perspective of the point in 
which the corresponding diameter pierces H, and !Jl02 the 
perspective of its shadow, and e2 and u2 the perspectives of 
the shadows cast by its extremities. In the saIne "vay other 
points of the curve are constructed. 

The curve must be drawn tangent to r1u1 and rl v1 at U2 

and v2, since these are the perspectives of the points in which 
the curve of shadow crosses the elenlents of apparent contour 
of the cylinder of rays, by which the curve of shadow is 
determined. 

289. PROBLEM 77. To construct the perspective of a 
groined arch with its shadows. 

To form the groined arch here considered, two equal right 
semicylinders, with semicircular bases, are so placed that 
their axes shall be at right angles and bisect each other and 
the diameters of the semicircular bases in the same hori­
zontal plane. Thus, ~--'ig. 125, let nolu be the horizontal, and 
ok'l the vertical, projection of one semicylinder, and fghi the 
horizontal, and pp' q' q the vertical, projection of the second 
cylinder, pp' and qq' being the vertical projections of the 
two .semicircular bases. 

These two cylinders intersect in two equal ellipses hori-
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zontally projected in the diagonals ab and ce. These ellipses 
are the groins. '1'he arch is now formed by taking out from 
each cylinder that part of the other which lies within it. 
Thus, all that part of the cylinder whose elements are parallel 
to V, horizontally projected in akc and bke, is removed, as 
also that part of the other cylinder projected in ake and bkc. 

The arch thus formed is placed upon four pillars stand­
ing in the four corners of a square, whose horizontal pro­
jections are the four squares mnai, uchv, etc. The elements 
ih andfg being coincident with the inner upper edges of the 
pillars which are horizontally projected in ia-ch and fe-bg, 

and the elements no and ul coincident with the inner upper 
edges which are projected in na-eo and uc-bl. 

In this position of the arch the front circumference, or 
front base of the cylinder whose elements are perpendicular 
to V, springs from the upper extrenlities of the two edges of 
the front pillars which are horizontally projected at nand u, 
and is described on a diameter equal and parallel to nu. 
The back circumference, or other base of the same cylinder, 
springs from the upper extremities of the edges horizontally 
projected at 0 and l. 

The side circumferences, or bases of the other cylinder, 
spring, the one from the upper ends of the two edges hori­
zontally projected in i and f, and the other from those pro­
jected in hand g, and their diameters are parallel and equal 
to if and hg. 

rrhe groins spring from the upper ends of the four inner 
edges of the pillars, the one from those projected in a and b, 
and the other fronl those projected in c and e, and ab and ce 
are respectively equal and parallel to the transverse axes 
of the groins, the common conjugate axis being equal and 
parallel to the radius k'k". 
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The planes of the outer faces of the pillars are produced 
upwards, inclosing the mass of Inasonry supported by the arch. 

To construct the perspective of the arch thus placed, let us 
take, Ifig. 126, the plane of the picture coincident with the 
plane of the front faces of the front pillars, mm'n'n and 
uu'v'v being these front faces and their own perspectives, 
and le't the principal point be at 8' in a plane perpendicular 
to V and midway between the pillars. 

The perspectives of the front pillars are constructed pre­
cisely as in Art. 282; a l and i l being the perspectives of the 
upper ends of the two back edges of the first, and 01 and 
hI those of the second pillar; md1, the perspective of the 
diagonal corresponding to mq in Fig. 125, intersects us', the 
perspective of the perpendicular corresponding to ul in b2, 

which is the perspective of the lower end of the edge of the 
back pillar corresponding to b; b2g2, parallel to A B, is the 
perspective of the' edge corresponding to 'bg1, and 0212 that 
corresponding to bl. Through b2, g2' and l2 draw b2b1, g2g1' 

and l2l1 until they meet u's' and v's' in b1, gl' and ll' and 
dra,v b1g1 and bIll' thus completing the perspectives of the 
two faces of the back pillars which can be seen. 

In the same way the perspective of the other back pillar 
may be constructed, e2 being the perspective of the point 
corresponding to e. 

On n'u' as a diameter describe the semicircle n'k'u'; it is 
the front semicircle of the arch in the plane of the picture 
and its own perspective. The other base of the same 
cy linder being parallel to the plane of the picture will be in 
perspective a semicircle, and since it springs froln the points 
of \vhich 01 and II are the perspectives, 0111 will be the 
diameter and the semicircle on this its perspective. 

To obtain points of the perspectives of the groins and side 
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circles, intersect the arch. by horizontal planes. Each plane 
,viII cut frolIl the cylinders rectiliriear elements, the inter­
section of which will be points of the groins, and from the 
side faces of the arch, right lines which will intersect the 
elements parallel to the plane of the picture in points of 
the side circles. 

Let m"v" be the trace of such a plane. It il\tersects the 
cylinder whose axis is perpendicular to V in two elements 
which pierce V at w' and z', vanish at s', and are represented 
by w's' and z' s'. The same plane intersects the side faces of 
the arch in lines represented by 'In'' s' and v" s' • The two 
diagonals through m" and v" intersect the elelnents in points 
of the groins (see Fig. 125). m"d1 and v"d2 are the per­
specti yes of these diagonals intersecting w' 8' in w" and w", 
and z's' in z" and z"', points of the perspectives of the 
groins. w"z" and w"'z'" are the perspectives of the elements 
cut from the cylinder whose axis is parallel to V. These 
are intersected by m" s' and v" s' in points PI and ql of the 
perspectives of the side circles. 

The perspectives of the groins thus deternlined are drawn, 
one from al to bl~ the other from 01 to e1, and the perspectives 
of the side circles, one fron1 i l toil' and the other from hl to (Jr 

Since all four of these curves cross the element of contour 
of the cylinder whose axis is parallel to the plane of the 
picture, their perspectives will be tangent to the perspective 
of this element. To determine it, through S pass a plane 
perpendicular to the axis of the cylinder; r28' is its trace. 
It cuts fron1 the cylinder a circle and from the visual plane 
tangent to the cylinder a right line tangent to the circle. 
Revolve this plane about r28' until it coincides with V. The 
center of the circle "viII be at m', and S at dl • l"he semicircle 
described with m' as a center and k"n' as a radius is the 
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revolved position of the circle cut from the cylinder, and 
the tangent to it frorn d1, the revolved position of the line cut 
from the tangent plane. This pierces V at x', a point of the 
perspective of the elell1ent of contour. The line through x' 
parallel to AB is the tangent to all the curves. 

nr' and i2r' are the" perspectives of the indefinite shadows 
cast on H by the vertical edges of the left-hand pillar (Art. 
282). The point in which nr' intersects b2lJ2 is the perspec­
tive of a point of the shado,v of nn' on the front face of the 
back pillar. This line being parallel to this face, its shadow 
will be par~llel to itself as also the perspective of the shado,v, 
which is terminated at n2, the perspective of the shadow cast 
by n' (Art. 280). 

lfrom this point the shadow is cast on this face by the 
front circle, and is the arc of a circle as is its perspective 
(Art. 272). The shadovv of the radius n'k" is parallel to 
itself, as also the perspective of this shadow passing through 
n2 and terminated at k2• The arc described ,vith k2 as a 
center and k2n2 as a radius is then the perspective of the shadou) 

of the"front circle on the face. 

e2r' is the perspective of the shadow cast on H by the edge 
represented by e2e1, a sinall part of which only lies in the 
limits of the drawing. 

Points of the shadoul cast by the front circle on the cylinder, 

of which it is the base, are deternlined by intersecting the 
cylinder by planes of rays perpendicular to the plane of the 
picture. rrhe traces of these planes are parallel to s' 1"1 (Art. 
279), and each plane cuts the front circumference in a point 
casting the shadow and the cylinder in a rectilinear element, 
which is intersected by the ray through the point in its 
shadovv. 

Let 'lJ' 'lJ" be the trace of such a plane. I t intersects the 
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cy linder in an element represented by y" s', and the circumfer­
ence in the point y', and Y2 is the perspective of the shadow. 
'fhe perspective of the shadow begins at the point in which 
a trace parallel to y" y' is tangent to the circle. 

Points of the shadow cast by the side circle on the left, on 
the cylinder of which it is a base, may be found by intersect­
ing the cylinder by planes of rays perpendicular to the si~e 
faces of the arch. 'Each plane intersects the circumference 
in a point casting the shadow and the cylinder in a rectilinear 
element which is intersected by the ray through the point in 
a point of the shadow. 

The intersections of these planes with the outer side face 
of the arch vanish at r2 (Art. 278). Let r2t1 be the perspec­
tive of one of these intersections. The plane intersects the 
side circumference in a point of ,vhich tl is the perspective 
and the cylinder in an element represented by Plql' and t2 is 
the perspective of the point of shadow. The perspective of 
the curve evidently begins at the point of tangency of ,a line 
through r2 tangent to ilPlj~. 

290. Although in general the perspectives of objects are 
nlade as in the preceding articles on a plane, it is not unusual 
to make them upon 'c·urved surfaces. 

Extended panoramic views are thus luade upon a right 
cylinder ,vith a circular base, the point of sight being in the 
axis, and the observer thus entirely surrounded by pictures 
of objects. Objects are also sometilnes represented on the 
interior of a spherical dome. 

In all cases the perspectives of points are constructed by 
drawing through the points visual rays, and finding the 
poiuts in which these pierce the surface on ,vhich the repre­
sentation is luade. The constructions involve only the prin­
ciples contained in Art. 263, 264, and 268. 



PART V 

ISOMETRIC PROJECTIONS 

PRELI~lINARY DEFINITIONS AND PRINCIPLES 

291. Let three right lines be drawn intersecting in a com­
mon point and perpendicular to each other, two of thenl being 
horizontal and the third vertical; as the three rectangular 
coordinate axes in space (Analytical Geometry, Art. 42), or 
the three adjacent edges of a cube; then let a fourth right 
line be drawn through the saule- point, ll1aking equal angles 
with the first three, as the diagonal of a cube. If a plane be 
now passed perpendicular to this fourth line, and the rigl1t 
lines and other objects be orthographically projected upon 
it, the projections are called Isometric. 

The three right lines first drawn are the coijrdinate axes~· 
and the planes of these axes, taken two and two, are the 
coilrdinate planes. The comnlon point is the origin_ 

The fourth right line is the Isometric axis. 
If A designate the origin, the coordinate axes are desig­

nated, as in Analytical Geometry, as the axes AX, AY, and 
AZ, the latter being vertical; and the coordinates planes, as 
the plane XY, XZ, and YZ, the first being horizontal and 
the other two vertical. 

292. Since the coordinate axes make equal angles vvith 
each other and with the plane of projection, it is evident 

207 
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that their projections will luake equal angles with each 
other, two and two; that is, angles of 120°. Hence (~"'ig. 
128), if any three right lines, as Ax, Ay, and Az, be drawn 
through a point as A, making with each other angles of 120°, 
these may be taken as the p1~oJeetions of the eoiirdinate axes, 
and are the directriees of the drawing. 

It is further evident that, if any equal distances be taken 
on the coordinate axes, or on lines parallel to either of 
theIn, their projections will be equal to each other, since 
each projection wilr be equal to the distance itself into the 
cosine of the angle of inclination of the axes with the plane 
of projection (Art. 197). 

The angle which the diagonal of a cube makes with either 
adjacent edge is known to be 54° 44'; therefore the angle 
vvhich either edge, or either of the coordinate axes, makes 
vvith the plane of projection will be the complement of this 
angl~, viz. 35° 16'. 

293. If a scale of equal parts (Fig. 127) be constructed, 
the unit of the scale being the projeetion of any definite part 
of either coordinate axis, as one inch, one foot, etc., that is, 
one ineh multiplied by the natural eosine of 35° 16' = .81647 
of an inch; we may, from this scale, determine the true 
length of the isometric projection of any given portion of 
either of the coordinate axes, or of lines parallel to them, 
by tnking from the scale the saIne number of units as the 
number of inches, or feet, etc., in the given distance. Oon­

versely, the true length of any corresponding line in space 
may be found by applying its projection to the isometric 
scale, and taking the same number of inches, or feet, etc., 
as the n~mber of parts covered on the scale. 

294. Since in most of the frame\vork connected with 
machinery and in the various kinds of buildings the prin-
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cipal lines to be represented occupy a position similar to 
that of the coordinate axes, viz. perpendicular to each 
other, one system being vertical, and two others horIzontal, 
the iso1l1etric projection is used to great advantage in their 
representation. 

A still greater advantage arises from the fact that in a 
drawing thus made, all lines parallel to the directrices are 
constructed on the same scale (Art. 292). 

ISOMETRIC PROJECTIONS OF POINTS AND LINES 

295. If a point be given, as in Analytical Geometry, by 
its coordinates, or its three distances froln the coordinate 
planes (Art. 40), its isonletric projection may be easily con­
structed. 'rhus (lfig. 128)~ let Ax, Ay, and Az be the 
directrices, A being the projection of the origin. On Ax 
layoff Ap, equal to the same number of units, taken from 
the isometrio scale, as there are units in the distance of the 
point from the coordinate plane YZ. Through p draw pm' 
parallel to Ay, and make it equal to the number of units in 
the distance of the point from the plane XZ. Through m' 
draw m'm parallel to Az, and make it equal to the third 
given distance, and m will be the required projection. 

296. The projection of any right line parallel to either of 
the coordinate axes rnay be constructed by finding, as· ai>ove, 
the projection of one of its points, and drawing through this 
a line parallel to the proper directrix. 

If the line is parallel to neither of the axes, the projections 
of two of its points may be found as above and joined by a 
right line. 

The projections of curves luay be constructed by finding a 
sufficient number of the projections of their points. 

DESCR. GEOM. -14 
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297. If the CirCU111ference of a circle be in, or parallel to, 
either coordinate plane, its projection may be constructed 
thus: At the extremities of the two dianleters, which are 
parallel to the coordinate axes, draw tangents, thus circum­
scribing the circle by a square. The projections of each set 
of tangents will be parallel to the projection of the parallel 
diameter and tangent to the projection of the circle (Art. 
65); hence the projections of these two equal dialneters 
vvill be equal conjugate dialneters of the ellipse which is 
the projection of the circle, and since these projections are 
parallel to the directrices they will lnake with each other an 
angle of 120°. Upon these the ellipse nlay be described, 
taking care to make it tangent to the projections of the 
four tangents. 

PRACTICAL PROBLEMS 

298. PROBLEM 78. To construct the isometric projection of 
a cube. 

Let the origin be taken at one of the upper corners of the 
cube, the base being horizontal, and let Ax, Ay, and Az, ~"'ig. 
129, be the directrices. 

}j"'rom A on the directrices layoff the distances Ax, Ay, 
and Az, each equal to the saIne number of units, taken from 
the isometric scale, as there are units of length in the edge 
of the cube. These will be the projections of the three 
edges of the cube which intersect at A. rrhrough x, y, and 
z draw xe, X{J, ye, ya, za, and zg parallel to the directrices 
completing the three eq~al rhombuses Axey, etc. These will 
be the' projections of the three faces of the cube which are 
seen, and the representation will be complete. 

299. The ellipses constructed upon the equal lines kl, qs, 
st, uv, etc., Ifig. 129, are evidently the projections of three 
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circles inscribed in the squares which form the faces of the 
cube, and these lines are the equal conjugate diameters of 
the ellipses (Art. 297), lk being dravvn through the 11liddle 
point of Ax, and 8q through the middle point of Az and 
parallel respectively to Az and Ax, m being the projection of 
the center of the circle. 

300. PROBLEM 79. To construct the isometric projection of 
an upright rectangular beam with its shade and shadow on the 
horizontal plane. 

Let the origin A and the directrices, :Fig. 130, be taken as 
in the preceding problenl. 

On Ax layoff the distance Ax equal to the breadth of the 
beam in units taken from the isonletric scale; on Ay, its 
thickness, and on Az, its length, and c0111plete the three 
parallelograms Axez, Aybz, and Axey. These will be the 
projections of the three faces of the beam which are seen. 

Let a' be assumed as the isometric projection of the point 
in which a ray of light through A pierces H ; then Aa' ,viII be 
the isollletric projection of the ray, and za/ the projection of 
the shadow of the edge AZ (Art. 248). Through a' draw a'y' 
parallel and equal to Ay. It is the projection of the shadow 
of the edge A Y. y' e', eq nal and paral.lel to ye, is the projec­
tion of the shado\v cast by YE, and de' that of the edge DE. 

The face represented by Azby is in the shade. 
301. PROBLEM 80. To construct the isometric projection of 

the framework of a simple horizontal platform resting on four 
rectangular supports. 

Let A, Fig. 131, be the upper corner of one of the hori­
zontal beams, the directrices being as in the preceding 
problems. 

Lay off Ax, Ab, and Az equal respectively to the number 
of units in the length, breadth, and thickness of the horizon-
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tal beam, and complete the three parallelograms Aq, Ax', 
.Ab', thus forIning the representation of the beanl. Layoff zc 
equal to the distance of the first support from the end of the 
beam, cd equal to its thickness, cc' parallel to Az equal to its 
height, and c' e' parallel to Ay its breadth, and cOIllplete the 
parallelogranls dc' and ce'. Layoff zj equal to the distance 
of the second support from the end of the beam, and com­
plete its projection in the same way. 

Layoff ba equal to the horizontal distance between the 
two beams, and construct the projection of the second beam 
and its supports precisely as the first ,vas constructed. 

From a to n layoff the distance froln the end of the beam 
to the first cross-piece. Make nn' equal to its breadth, and 
np parallel to Az equal to its thickness, and dra vv lines 
through n, n', and p parallel to Ay. Layoff ar equal to 
the distance of the second cross-piece from the end of the 
beam, and construct its projection in the same way as the 
first. 

The visible parts of the faces of the framework in the 
shade are darkened in the dra\ving. 

302. PROBLEM 81. To construct the isometric projection 
of a house ~ith a projecting roof. 

Let A, Fig. 132, be the upper end of the intersection of 
the front and side faces of the house, Ax, Ay, and Az the 
directrices. 

On A.x layoff the length, on Ay the breadth of the house, 
and on Az the height of the side walls, and cOlnplete the 
two parallelograms Ap and Ap'; they are the projections of 
the side and front faces of the house. 

At b, the Iniddle point of Ay, draw br parallel to Az, and 
make it equal to the height of the ridge of the roof above 
A Y, and join r A and ry; these lines will be the projections 
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of the intersections of the face ZY with the roof. lfrom r 
layoff rr' equal to the distance that the roof projects beyond 
the walls of the house, and draw r' 8 and r' 8' parallel respec­
tively to rA and rYe On Ay layoff Ad and ye each equal 
to rr', and draw dd' and ee' parallel to Az, intersecting Ar 
and ry produced in d' and e'. These ,viII be points of the 
projections of the eaves. Dravl r'r" parallel to Ax, and 
make it equal to the length of the ridge, and cOlnplete the 
parallelograms r't and r't',. These will be the projections 
of the two inclined faces of the roof. 

From b layoff be and bj, each equal to the distance of the 
side faces of the chimney froIn the ridge, and draw eg and 
f9' parallel to Az, intersecting Ar and ry in 9 and g', and 
draw gk and g' h' parallel to r'r". They ,viII be the projec­
tions of the intersections of the planes of the side faces of 
the chimney with the roof. Make gh equal to the distance 
of the front face of the chimney from the front face of the 
house, and dra\v hi and ih' parallel to Ar and ry; they will 
be the projections of the intersection of the front face of 
the chimney with the roof. Make hk equal to the thick­
ness .of the chimney, and hl equal to its height, and com­
plete its projection as in the figure. 

From z layoff zu equal to the distance of the door from 
the edge Az, uu' equal to its width, and uw equal to its 
height, and complete the parallelogran1 u'w. Make zq equal 
to the distance of the windows above t.he base, qn and qo 
their distances fron1 the edge, Az, nn', and 00' their width, 
and nm equal to their height, and complete the parallelo­
grams. 

303. A knowledge of the preceding simple principles and 
constructions will enable the draughtsman to make isometric 
drawings of the most cOlnplicated pieces of machinery, and 
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most extended collections of buildings, vvalls, etc.; drawings 
which not only present to the eye of the observer a very 
good representation of the objects projected, but are of 
great use to the machinist and builder. 
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in Mathematics, Cornell University. Cloth, 8vo, 320 
pages . . . .. .. $2.00 

ELEMENTARY GEOMETRY-PLANE 
By James McMahon, Assistant Professor of Mathematics 
in Cornell University_ I-Ialf leather, 12mo, 358 pages, $0.90 

ELEMENTARY ALGEBRA 
By J. H. Tanner, Ph. D., Assistant Professor of Mathematics, 
Cornell University. Half leather, 8vo, 374 pages. . $1.00 

ELEMENTARY GEOMETRY-SOLID 
By ] ames McMahon. (In preparation.) 

ALGEBRA FOR COLLEGES 
By]. H. Tanner. (In preparation.) 

The advanced books of this series treat their subjects in a 
way that is simple and practical, yet thoroughly rigorous and 
atttactive to both teacher and student. They meet the needs 
of students pursuing courses in engineering and architecture in 
any college or university. The elementary books are designed to 
im plant the spirit of the other books into secondary schools, and 
will make the work in mathematics, from the very start, contin­
uous and harmonious. 

AMERICAN BOOK COMPANY 
(75] 



Text-Books on Surveying 

RAYMOND'S PLANE SURVEYING 

By WILLIAM G. RAYMOND, C.E., Member American Society 

of Civil Engineers; Professor of Geodesy, Road Engineer­

ing, and Topographical Drawing in Rensselaer Polytechnic 

Institute . $3.00 

This work has been prepared as a manual for the 
study and practice of surveying. The long experience of 
the author as a teacher in a leading technical school and 
as a practicing engineer has enabled him to make the 
subject clear and comprehensible for the student and 
young practItioner. It is in every respect a book of 
modern methods, logical in its arrangement, concise in its 
statements, and definite in its directions. In addition to 
the matter usual to a full treatment of Land, Topograph­
ical, Hydrographical, and Mine Surveying, particular 
attention is given to system in office work, to labor-saving 
devices, the planimeter, slide rule, diagrams, etc., to co­
ordinate methods, and to clearing up the practical diffi­
culties encountered by the young surveyor. An appendix 
gives a large number of original problems and illustrative 
examples. 

Other Text-Books on Surveying 

DAVIES'S ELEMENTS OF SURVEYING (Van Amringe) 

ROBI NSON'S SU RVEYING AN D NAVIGATION (Root) 

SCHUYLER'S SURVEYING AND NAVIGATION. 

• $1.75 

1.60 

1.20 

Copies will be sent, prepaid, to any address on receipt oj' the price. 

American Book Company 

• Cincinnati • Chicago 



HIGHER MATHEMATICS 

Church's Elements of Descriptive Geometry (2 vols.) $2.50 
By ALBERT E. CHURCH, LL.D., Professor of Mathematics, 
United States Military Academy. Tvvo volumes-Text: 
Cloth, 8vo, 214 pp. Plates: 4to, 28 plates. 

McMahon and Snyder's Differential Calculus $2.00 
By JAMES McMAHON, A.~r.1., Assistant Professor of Mathe­
matics, Cornell University, an<;l VIRGIL SNYDER, Ph.D., 
Instructor in Mathematics, Cornell University. Cloth, 8vo, 
351 pp. 

Murray's Integral Calculus $2.00 
By DANIEL ALEXANDER MURRAY, Ph.D., Instructor in 
Mathematics, Cornell University; formerly Scholar and 
Fellow of Johns Hopkins University. Cloth, 8vo, 302 pp. 

Snyder and Hutchinson's Differential and Integral Calculus $2.00 
By VIRGIL SNYDER, Ph.D., and JOHN IRWIN HUTCHINSON, 
Ph.D., of Cornell University. Cloth, 8vo, 320 pp. 

Tanner and Allen's Analytic Geometry . $2.00 
By J. H. TANNER, Ph. D., Assistant Professor of Mathe­
matics, Cornell University, and JOSEPH ALLEN, A.M., 
formerly Instructor in Mathematics, Cornell University; 
Instructor in the College of the City of New York. Cloth, 
8vo, 410 pp. 

Raymond's Plane Surveying $3.00 
With tables. By WILLIAM G. RAYMOND, C.E., Professor 
of Geodesy, Road Engineering and Topographical Drawing, 
Rensselaer Polytechnic Institute. Cloth, 8vo, 486 pp., 
with plates. 

Richards's Elementary Navigation and Nautical Astron-
omy. . . ~ . . . . . .. ... $0.75 

By EUGENE L. RICHARDS, M.A., Professor of Mathematics, 
Yale University. Cloth, 12mo, 173 pp., with illustrations 
and diagrams. 

Smith's Elementary Calculus $1 .25 
By PERCEY F. SMITH, Ph.D., Professor of Mathematics, 
Sheffield Scientific School of Yale University. Cloth, 
12mo, 89 pp. 

For complete illustrated descriptiq;e catalogue of Mathematical 
Publications, write to the publishers 

AMERICAN BOOK COMPANY 
NEW YORK CINCINNATI CHICAGO 

BOSTON 
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ATLANTA DALLAS SAN FRANCISCO 



Scientific Memoir Series 
EDITED BY JOSEPH S. AMES, Ph.D. 

Johns Hopkins University 

The Free Expansion of Gases. Memoirs by Gay-Lussac, Joule, 
and Joule and Thomson. Edited by Dr. J. S. AMES . . . $0.75 

Prismatic and Diffraction Spectra. Memoirs by Joseph von 
Fraunhofer. Edited by Dr. J. S. AMES .60 

Rontgen Rays. Memoirs by R5ntgen, Stokes, and J. J. Thomson. 
Edited by Dr. GEORGE F. BARKER .60 

The Modern Theory of Solution. Memoirs by Pfeffer,Van't Hoff, 
Arrhenius, and Raoult. Edited by Dr. H. C. JONES . 1.00 

The Laws of Gases. Memoirs by Boyle and Amagat. Edited by 
Dr. CARL BARUS. .75 

The Second Law of Thermodynamics. Memoirs by Carnot, 
Clausius, and Thomson. Edited by Dr. W. F. MAGIE .90 

The Fundamental Laws of Electrolytic Conduction. Memoirs by 
Faraday, Hittorf, and Kohlrausch. Edited by Dr. H. M. 
GOODWIN .75 

The Effects of a Magnetic Field on Radiation. Memoirs by 
Faraday, Kerr, and Zeeman. Edited by Dr. E. P. LEWIS. .75 

The Laws of Gravitation. Memoirs by Newton, Bouguer, and 
Cavendish. Edited by Dr. A. S. MACKENZIE 1 00 

The Wave Theory of Light. Memoirs by Huygens, Young, and 
Fresnel. Edited by Dr. HENRY CREW 1.00 

The Discovery of Induced Electric Currents. Vol. I. Memoirs 
by Joseph Henry. Edited by Dr. J. S. AMES .75 

The Discovery of I nduced Electric Currents. Vol. II. Memoirs 
by Michael Faraday. Edited by Dr. J. S. AMES. .75 

Stereochemistry. Memoirs by Pasteur, Le Bel, and Van't Hoff, 
together with selections from later memoirs by Wislicenus 
and others. Edited by Dr. G. M. RICHARDSON . 1.00 

The Expansion of Gases. Memoirs by Gay-Lussac and Regnault, 
Edited by Prof. W. W. RANDALL 1.00 

Radiation and Absorption. Memoirs by Prevost, Balfour Stewart, 
Kirchhoff, and Kirchhoff and Bunsen. Edited by Dr. 
DEWITT B. BRACE 1.00 

Copies sent, prepaid, to any address on receipt oj the jJrice~ 

American Book Company 

New York 
(l8a) 

• Cincinnati • Chicago 



GENERAL ZOOLOGY 
PRACTICAL, SYSTEMATIC, AND COMPARATIVE 

A Revision and Rearrangement of 

ORTON'S COMPARATIVE ZOOLOGY 

By CHARLES WRIGHT DODGE, M. S. 
Professor of Biology in the University of Rochester 

PRICE, $1.80 

T HIS book is designed for high schools and for 
undergraduate work in colleges. It retains all the 
features which made Orton's Comparative Zoology 

so popular among teachers and .students, and at the 
same time includes many advantages and innovations 
which adapt it to the best modern methods of labora­
tory and field instruction. 

The established facts and principles of zoology are 
presented clearly and in a manner somewhat different 
from that of other manuals. The order of parts has 
been reversed, and the whole introduced by a new part 
consisting of a course in practical zoology. This is 
composed of suggestions and directions for the labora­
tory and field study of a carefully selected series of 
animals which may be regarded as representative exam­
ples of the groups to which they severally belong. 

The exercises are, intended to suggest the more 
important topics for study ,rather than to give an inflexi­
ble outline to be followed in detail. The teacher is 
thus left free to adapt and modify the laboratory 
course to suit the particular needs of his classes and his 
equipment. A number of new features have been incor­
porated in the book. Many of the chapters contain 
subject-matter which can be illustrated by practical 
work, for which directions are includ~d in the appendix. 

AMERICAN BOOK COMPANY 
NEW YORK 
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CINCINNATI CHICAGO 



A Descriptive Catalogue 
of High School and 

Text-Books College 

W E issue a complete descriptive catalogue of .our 
text-books for secondary schools and higher institu­

tions, illustrated with authors~ portraits. For the con­
venience of teachers, separate sections are published, 
devoted to the newest and best books in the following 
branches of study: 

ENGLISH 
MATH.EMATICS 

HISTORY AND ·POLITICAL SCIENCE 
SCIENCE 

MODERN LANGUAGES 
ANCIENT LANGUAGES 

PHILOSOPHY AND EDUCATION 

If you are interested in any of these branches, we 
shall be very glad to send you on request the catalogue 
sections which you may wish to see. Address the nearest 
office of the Company. 

AMERICAN BOOK COMPANY 
Publishers of School and College Text-Books 

NEW YORK 

ATLANTA 

CINCINNATI 

DALLAS 

CHICAGO 

SAN FRANCISCO 



Latin Dictionaries 

HARPER'S LATIN DICTIONARY 

Founded on the translation of "Freund's Latin-German Lexicon." 
Edited by E. A. ANDREWS, LL.D. Revised, Enlarged, and in great 
part Rewritten by CHARLTON T. LEWIS, Ph.D., and CHARLES 
SHORT, LL.D. 
Royal Octavo, 2030 pages Sheep, $6.50; Full Russia, $10.00 

The translation of Dr. Freund's great Latin-German Lexicon, 
edited by the late Dr. E. A. Andrews, and published in 1850, has been 
from that time in extensive and satisfactory use throughout England and 
America. Meanwhile great advanc:!s have been made in the science on 
which lexicography depends. The present work embodies the latest 
advances in philological study and research, and is in every respect the 
most complete and satisfactory Latin Dictionary published. 

LEWIS'S LATIN DICTIONARY FOR SCHOOLS 

By CHARLTON T. LEWIS, Ph.D. 
Large Octavo, 1200 pages Cloth, $450; Half Leather, $5.00 

This dictionary is not an abridgment, but an entirely new and inde-
pendent work, designed to include all of the student's needs, after 
acquiring the elements of grammar, for the interpretation of the Latin 
authors commonly read in schoo~. 

LEWIS'S ELEMENTARY LATIN DICTIONARY 

By CHARLTON T. LEWIS, Ph.D. 
Crown Octavo, 952 pages. Half Leather. $2.00 

This work is sufficiently full to meet the needs of students in 
secondary or preparatory schools, and also in the first and second years' 
work in colleges. 

SMITH'S ENGLISH.LATIN DICTIONARY 

A Complete and Critical English-Latin Dictionary. By WILLIAM 
SMITH, LL.D., and THEOPHILUS D. HALL, M.A., Fellow of Uni­
versity College, London. With a Dictionary of Proper Names. 
Royal Octavo, 765 pages. Sheep $4.00 

Copies sent, prepaid, to any address on receipt of the price. 

New York 
(278) 

American Book Company 

• Cincinnati • Chicago 



Greek Dictionaries 

LIDDELL AND SCOTT'S GREEK-ENGLISH LEXICON 
Revised and Enlarged. Compiled by HENRY GEORGE LIDDELLf 

D.D., and ROBERT SCOTT, D.D., assisted by HENRY DRISLER, 
LL.D. Large Quarto, 1794 pages. Sheep $10.00 
The present edition of this great work has been thoroughly revised, 

and large additions made to it. The editors have been favored with the 
co-operation of many scholars and several important articles have been 
entirely rewritten. 

LIDDELL AND SCOTT'S GREEK·ENGLISH LEXICON-tntermvd\dte 
Revised Edition. Large Octavo, 910 pages. 

Cloth, $3.50; Half Leather. $4.00 
This Abridgment is an entirely new work, designed to meet the 

ordinary requirements of instructors. It differs from the smaller 
abridged edition in that it is made from the last edition of the large 
Lexicon, and contains a large amount of new matter. 

LIDDELL AN D SCOTT'S GREEK.ENGLISH LEXICON-Abridged 
Revised Edition. Crown Octavo, 832 pages. Half Leather $1 (25 
This Abridgment is intended chiefly for use by students in Secondary 

and College Preparatory Schools. 

THAYER'S GREEK.ENGLISH LEXICON OF THE NEW TESTAMENt· 
Being Grimm's Wilke's Clavis Novi Testamenti. Translated, 
Revised, and Enlarged by JOSE;,PH HENRY THAYER, D.D., LL.D. 
Royal Quarto, 727 pages • Cloth, $5.00; Half ~eather, $6.50 
This great work embodies and represents the results of the latest 

researches in modern philology and biblical exegesis. It traces histori. 
cally the signification and use of all words used in the New Testament, 
and carefully explains the difference between classical and sacred ·usage. 

YONGE'~ ENGLISH.GREEK LEXICON 
By C. D. YONGE. Edited by HENRY DRISLER, LL.D. 
Royal Octavo, 903 pages. Sheep • $4.50 

AUTENRIETH'S HOMERIC DICTIONARY 
Translated and Edited by ROBERT P. KEEP, Ph.D. New Edition. 
Revised by ISAAC FLAGG, Ph.D. 
12mo, 312 pages. Illustrated. Cloth $1.10 

Copies sent, prepaid, to any address on receipt of the- pric,. 

American Book Company 
New York • Cincinnati • Chicago 



Classical ·Dictionaries 

HARPER'S DICTIONARY OF CLASSICAL LITERATURE AND 
ANTIQUITIES 

Edited by H. T. PECK, Ph.D., Professor of the Latin Language 
and Literatur~ in Columbia University. 
Royal Octavo, 1716 pages. Illustrated. 

One Vol. Cloth • $6.00 Two Vols. Cloth • $7.00 
One Vol. Half Leather. 8.00 Two Vols. Half Leather • 10.00 

An encyclopaedia, giving the student, in a concise and intelligible 
form, the essential facts of classical antiquity. It also indicates the 
sources whence a fuller and more critical knowledge of these subjects 
can best be obtained. The articles, which are arranged alphabetically, 
include subjects in biography, mythology, geography, history, literature, 
antiquities, language, and bibliography. The illustrations are, for the 
most part, reproductions of ancient objects. The editor in preparing 
the book has received the co-operation and active assistance of the most 
eminent American and foreign scholars. 

SMITH'S DICTIONARY OF GREEK AND ROMAN ANTIQUITIES 

Edited by WILLIAM SMITH, Ph.D. Revised by CHARLES 
ANTHON, LL.D. Octavo, 1133 pages. Illustrated. Sheep $4.25 

Carefully revised, giving the results of the latest researches in the 
history, philology, and antiquities of the ancients. In the work of 
revision, the American editor has had the assistance of the most dis­
tinguished scholars and scientists. 

STUDENTS' CLASSICAL DICTIONARY 

A Dictionary of Biography, Mythology, and Geography. Abridged. 
By WILLIAM SMITH, D.C.L., LL.D. 
12mo, 438 pages. Cloth • $1.25 

Designed for those schools and students who are excluded from the 
use of the larger Classical Dictionary, both by its size and its price. All 
names have been inserted which one would be likely to meet with at the 
beginning of classical study. 

Copies sent, prepaid, to any address on receipt oj' the price. 

New York 
!lId 

American Book Company 
Cincinnati • Chicago 



Standard Text-Books in Physics 

ROWLAND AND AMES'S ELEMENTS OF PHYSICS 

By HENRY A .. ROWLAND, Ph.D., LL.D., and JOSEPH 

S. AMES, Ph. D., Professors of Physics in Johns 
Hopkins University. 
Cloth, 12mo, 27E) pages Price, $1.00 

This is designed to meet the requirements of high 
schools and normal schools, and is simple but logical and 
direct, being divided into two parts-the first treating of 
the theory of the subject, and the se·eond containing 
suggestions to teachers. 

AMES'S THEORY OF PHYSICS 

By JOSEPH S. AMES, Ph.D. 
Cloth, 8vo, 531 pages. Price, $1.60 

In this text-book, for advanced classes, the aim has 
been to furnish a concise and logical statement of the 
fundamental experimen ts on which the science of Physics 
is based, and to correlate these experiments with modern 
theories and methods. 

AMES AND BLISS'S MANUAL OF EXPERIMENTS IN PHYSICS 

By JOSEPH S. AMES, Ph.D., Professor of Physics, and 
WILLIAM J. A. BLISS, Ph. D., Associate in Physics) in 
Johns Hopkins University. 
Cloth, 8vo, 560 pages. Price, $1.80 

A course of laboratory instruction for advanced classes, 
embodying the most improved methods of demonstration 
from a modern standpoint, with numerous questions and 
suggestions as to the value and bearing of the experiments. 

Copies sent, prepaid, to any address on receipt of price by the Publishers: 

New York 
(1:57) 

American Book Company 

• Cincinnati • ChicliO 
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