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Abstract

For a large class of periodically time dependent Hamiltonian systems on the
cotangent bundle T*(T") = T" x R" of the n-dimensional flat torus T» =
R"/I" we prove some existence and multiplicity results for periodic solutions.
The Hamiltonian H(z,t) € C*°(T*(T") x R, R) is assumed to be asymptot-
ically quadratic in the fibers. Moreover, the considered Hamiltonian systems
are nonresonant at infinity. Note that there are no convexity conditions im-
posed. On the universal cover R* x R" of T*(T") thus we consider a time
dependent Hamiltonian H satisfying H(z+j,y,t) = H(z,y,t) = H(z,y,t+1)
for all j € Z*. Moreover, H is required to satisfy asymptotic conditions of
the following type: assume there exists a regular matrix A= A* € L(R") such
that 1 1

l_y'l'lazH(z’yvt) | -0 and mlavH(zry»t) —Ay|—0

as ly| — co uniformly in z and t. We show that under these hypotheses the
Hamiltonian system

£ = JVH(z,t) , z=(z,y) €eR"xR",

possesses at least n -+ 1 periodic solutions of period 1 in every homotopy
class of loops in T" x R". Each of these homotopy classes is characterized
by the rotation vector of any of its representants. If z(t) = z(t+1) is a
loop in T" x R* and if #(t) = (z(t),y(t)) denotes a lift of z to R™ x R",
then the integer vector j := z(t+1) — z(t) € Z™ is called the rotation vector
of z. We also consider the case of subharmonic solutions z having minimal
period p € N with p > 1. If then correspondingly j = z(t+p) — z(t), the
solution z has the rational rotation vector j/p € Q. Our result then states
the existence of at least n + 1 solutions having rotation vector j/p, provided
Jj and p are relatively prime. Moreover, if H is C? and if all the j/p-solutions
of the Hamiltonian equation are nondegenerate, then there exist at least 2"
of them.

The proofs are based on variational methods for indefinite functionals. In
order to establish the topological part of the existence proofs, Galerkin ap-
proximation is used to obtain a finite-dimensonal reduction. For the general
case of n+1 periodic solutions we present two different proofs. The first proof
is done by standard minimax techniques, involving a linking. The second,
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more geometric proof uses a Lyusternik-Schnirelman approach for flows, a
cohomological version of which is due to C. Cornley and E. Zehnder. The
geometric version presented here in particular recovers the classical result
of L.A. Lyusternik and L.G. Schnirelman concerning the number of critical
points for C-functions on compact manifolds.

The existence of at least 2" periodic solutions in the nondegenerate case is
obtained via the Conley-Zehnder Morse theory for flows.

As another result we show that the methods introduced to prove the above
stated results for Hamiltonian systems on T™ x R" can be applied to weaken
the regularity hypotheses of C. Conley’s and E. Zehnder’s proof of the Arnold-
conjecture for the 2n-dimensional torus.



Zusammenfassung

Fir eine grosse Klasse periodisch zeitabhingiger Hamiltonscher Systeme auf
dem Cotangentialbiindel 7*(T”) & T" x R" des n-dimensionalen flachen
Torus T" beweisen wir einige Existenz- und Multiplizititsresultate iber pe-
riodische Losungen. Die Hamiltonfunktion H(z,t) € C*°(T*(T") x R, R)
wird als asymptotisch quadratisch in den Fasern angenommen. Dariiber hin-
aus erfiillen die betrachteten Hamiltonschen Systeme eine Nichtresonanzbe-
dingung im Unendlichen. Jedoch werden keinerlei Konvexititsbedingungen
vorausgesetzt. Auf der universellen Uberlagerung R™ x R™ von T*(T") be-
trachten wir daher eine zeitabhingige Hamiltonfunktion, welche H (z+4,9,t)
= H(=z,y,t) = H(z,y,t+1) fiir alle j € Z" erfiillt. Ausserdem verlangen wir,
dass H asymptotische Bedingungen des folgenden Typs erfiillt: es existiere
eine regulare Matrix A= A* € L(R"), so dass

18 H(z,3,8)| >0 und S8,H(z,5,8) — dy| 0

Il Iyl
gleichmissig in z und ¢ fir |y| — co. Wir zeigen, dass unter diesen Voraus-
setzungen das Hamiltonsche System

t = JVH(z,t) , z=(z,y)€R*xR",

mindestens n+1 periodische Lésungen der Periode 1 in jeder Homotopieklasse
geschlossener Kurven in T™ x R™ besitzt. Jede dieser Homotopieklassen
wird durch den Rotationsvektor eines jeden ihrer Reprasentanten charak-
terisiert. Wenn 2(t) = 2(t+1) eine geschlossene Kurve in T* x R™ ist
und %(t) = (2(t),y(t)) eine Liftung von z nach R™ x R bezeichnet, dann
heisst der ganzzahlige Vektor j := z(¢t+1) — z(t) € Z* der Rotationsvekior
von z. Wir betrachten ebenso den Fall subharmonischer Lésungen z, die
eine minimale Periode p € N mit p > 1 haben. Wenn dann entsprechend
J = z(t+p)—=z(t) gilt, so besitzt die Losung z einen rationalen Rotationsvektor
J/p € Q". Unser Resultat gewihrleistet dann die Existenz von mindestens
n + 1 Losungen mit Rotationsvektor j/p, sofern j und p teilerfremd sind.
Dariiber hinaus, falls H € C? und falls alle j/p-Losungen der Hamiltonschen
Gleichung nichtdegeneriert sind, dann existieren mindestens 2" von ihnen.

Die Beweise basieren auf Variationsmethoden fiir indefinite Funktionale. Um
den topologischen Teil der Existenzbeweise durch zufiihren wird eine Galerkin
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Approximation zur Reduktion auf endliche Dimension verwendet. Fiir den
allgemeinen Fall von n + 1 periodischen Lisungen geben wir zwei unter-
schiedliche Beweise. Der erste Beweis wird mit fiblichen Minimax-Methoden
gefithrt, wobei ein Linking angewendet wird. Der zweite, mehr geometrische
Beweis benutzt eine Lyusternik-Schnirelman Methode fiir Fliisse, die in ihrer
cohomologischen Fassung von C. Conley und E. Zehnder stammt. Die geo-
metrische Fassung, die wir prasentieren, enthilt insbesondere das klassische
Resultat von L.A Lyusternik und L.G.Schnirelman iiber die Anzahl kritischer
Punkte von C!-Funktionen auf kompakten Mannigfaltigkeiten.

Die Existenz von mindestens 2" periodischen Lésungen im nichtdegenerierten
Fall wird iiber die Conley-Zehnder Morse Theorie fiir Fliisse erhalten.

Als weiteres Resultat zeigen wir, dass die Methoden, die zum Beweis der oben
genannten Ergebnisse fir Hamiltonsche Systeme auf T™ x R™ eingefithrt wer-
den, auch verwendet werden konnen um die Differenzierbarkeitsvoraussetz-
ungen des Beweises der Arnold-Vermutung fiir den 2n-dimensionalen Torus
von C. Conley and E. Zehnder abzuschwachen.



1 Introduction and results

(a) Description of the results

We consider a Hamiltonian equation which depends on time ¢

(1.y) 2 = JVH(z,t) , z€R™,teR,
where J is the skew-symmetric matrix

017 n o on
(1.2) J=<_Io)€£(R x R™)

with I being the identity on R™. We shall assume that H depends periodically
on the time ¢ with period 1, and setting z = (z,¥) € R™ x R™ we shall also
assume that H is periodic with respect to z € R" ;

(1.3) H(z+j,y,t) = H(z,y,¢) = H(z,y,t+1) foralljeZ™.

Therefore the Hamiltonian vector field can be considered as a periodically
time dependent vector field on the phase space T" x R", where T" = R" /"
denotes the n-dimensional torus.

The interest in Hamiltonian systems arises from the description of frictionless
dynamical systems in classical mechanics. The structure of Hamiltonian flows
is in general extremely complicated. For an illustration of this complexity
we refer to the thesis of C. Genecand [24], where the orbit structure of a low
dimensional Hamiltonian system is investigated which is close to an integrable
system.

In this connection it is natural to ask for the appearance of periodic phe-
nomena, and we are concerned with the existence and multiplicity of global
periodic solutions of special type.

Given a € R" one can ask for solutions z(t) = (z(t),y(t)) of (1.1) which
satisfy



(1.4) lim ﬂ =«

tleo ¢

In this case the solution z(t) is said to have the rotation vector . If in addi-
tion we assume this solution to be periodic with integer period p, requiring

z(t+p) = z(t)+j

y(t+p) = 3(t)
for some j € Z*, it follows that

(1.5)

(1.6) ap = j

and

(L.7) z(t) = at+£(t) with £(t+p) = £(2) .
Definition

Given § = (j1,...,Jn) € I™ and an integer p > 1 such that ji,..., jn,p are
relatively prime, then we call a solution 2(t) = (z(t),y(t)) a j/p-solution if
z(t) is of the form (1.7) with @ = j/p.

In order to prove the existence of j/p-solutions for all j € Z" and p € N we
formulate some assumptions on the Hamiltonian H. We shall assume the
vector field (1.1) to be asymptotically linear, requiring that

];—||a,,H(z,y,t)—A(t)y| ~ 0
(1.8) .
— |8 H(z,y,t)| — O
Iyll (z,v,0) |

as |y] — oo uniformly in z and ¢, where A(t) is a symmetric matrix, depend-
ing continuously and periodically on ¢ :

(19) A(t) = At+1) € L(RY).



We shall prove

Theorem 1
Assume H € C! satisfies (1.3) and (1.8), and assume that, moreover,

1
(1.10) det [/ A(t)dt] £0.

o
Then for every given j € I" and p € N relatively prime we have
(1.11) #{i/p—~solutions} > n+1.
Here n + 1 stands for the topological invariant cuplength(T")+1 of the torus
T". The nondegeneracy condition (1.10) is crucial for the existence proof,

and as a side remark we observe that it cannot be omitted, as the following
example shows :

For H(z,y,t) = 3( A(t)y, y) the Hamiltonian equations are

z

Altly
i=0
so that the solutions are of the form (z(t),y(t)) = (z(t), y(0)). If we have

a j-solution, i.e. p = 1, then 2(t) = jt + £(t) with £(t + 1) = £(¢), and
integrating the identity

i +E(t) = A@)3(0)
from ¢ = 0 to ¢t = 1 we arrive at
= [A(t)dt 4(0).

Consequently j has to be contained in the range of f} A(t)dt.

Setting p = 1 we conclude from Theorem 1 that there exist at least n + 1
periodic solutions (z(2),y(t)) in every prescribed homotopy class of loops in
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T x R*. These homotopy classes are characterized by j € Z™. We therefore
have

Theorem 2
Assume H € C! satisfies (1.3) , (1.8) and (1.10). Then the Hamiltonian
equation (1.1) possesses infinitely many 1-periodic solutions.

The existence statements so far can be viewed as generalizations of the
Poincaré-Birkhoff fixed point theorem. This theorem states that an area
preserving homeomorphism of an annulus

A=S"xI , I=[ab] CR,

rotating the boundaries $! x {a} and S! x {4} in opposite directions possesses
at least 2 = cuplength(S!) + 1 fixed points in the interior. Moreover, it pos-
sesses infinitely many periodic orbits, namely for every j/p relatively prime
it has a periodic orbit of period p. In our case there are no boundary con-
ditions. Instead the system is assumed to be asymptotically linear and the
condition (1.10) plays the role of the twist condition in the Poincaré-Birkhoff
theorem.

It should be pointed out that the existence statements above require only
conditions at infinity, and no interior conditions are assumed. This is in con-
trast to recent existence theorems of C. Golé for periodic orbits of monotone
symplectomorphisms of T® x R", where the existence of a global generating
function is assumed. In [25] C. Golé establishes the existence of j/p-solutions
for periodically time dependent Hamiltonians H € C? which satisfy

H(z,5,t) = 3{Ay,3)+{c,3) i bl 2o
for some constant @ > 0, where A € L(R") is a symmetric matrix with
det A # 0, and ¢ € R". In addition, H is assumed to satisfy the interior
condition

det %Izi(z,y,t) #0 forall (z,y5,t) € T"xR*xR.
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Stronger estimates for the number of periodic orbits are obtained under non-
degeneracy assumptions for the orbits. Recall that a Jj/p-solution is called
nondegenerate if it has no Floquet-multiplier equal to 1. Now let H € C?
and assume, in addition, that there exist constants a,b>0and1<r<
such that the Hessian 2 H satisfies

(1.12) [d*H(z,3,t)| < a+blyl

for all (z,y,t) € R* x R" x R.

Theorem 3

Assume H € C? satisfies the assumption of Theorem 1, namely (1.3),(1.8)
and (1.10), and assume moreover that (1.12) is satisfied. If all the j/p-orbits
are nondegenerate then

(1.13) #{i/p— solutions } > 27,

where the number on the right hand side is the sum of Betti numbers of T™.

As an application we consider the special Hamiltonian function

(114) Hz3,8) = 3 s+ V(z, )

with V' depending periodically on z and t. If V € C? then H satisfies
the assumptions of Theorem 1 with A = idgs. An example is the multiple
pendulum, see e.g. K.C. Chang, Y. Long and E. Zehnder [9].
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In case that j = 0 and V is independent of time ¢ the contractible periodic
orbits guaranteed by Theorem 1 are of oscillatory type, but may coincide
with the n 4 1 critical points of the periodic potential V(z).

If j € 7*\ {0} then the j/p-orbits given by Theorem 1 are of rotational type.
There are infinitely many of them.

We emphasize that Theorems 1-3 hold true also for Hamiltonian systems of
the more general form

(1.15) z = J[VH(z,t) + f(t)]

for a continuous map f(t) = (fi(t), f2(t)) € R® x R* which satisfies f(t) =
f(t+1) and

(1.16) /ol filt)dt = 0.

This follows from our proofs.
As a consequence of the Theorems 1 and 3 we point out the following exten-
sion of the global Birkhoff-Lewis theorem in [14] :

Theorem 4
Assume that H € C! satisfies the assumption (1.3), and let A(t) satisfy (1.9)
and (1.10). Moreover assume that there ezists R > 0 such that

(117 Hzut) = 2(A®, 9)+(6t),9) f bI2R

where b: R — R™ is a continuous periodic mapping with b(t) = b(t+1). We
introduce the following notation for the mean values:

(118)  [4]:= /O’A(t)at CL(RY) , [B:= /olb(t)dt €R".

(1) Then for every j € I™ satisfying

. R
(1.19) [i-0l < T

there exist at least n+1 periodic solutions having rotation vector j which are
contained in T X D, where Dg:={y € R"| |y| < R} is the disc of radius
R.
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(ii) Assume that H € C?, and that j € I™ satisfies (1.19). If all the periodic
solutions having rotation vector j are nondegenerate, then there ezist at least

2" of them.

For the Birkhoff-Lewis fixed point theorem we refer to J. Moser [43, 44].

In this connection we mention the work of W. Chen [11], where the case of
small perturbations of integrable Hamiltonian systems is considered. This is
quite in contrast to the above theorem which is global in nature.

For the proof of Theorem 4 consider the orbit z(t) = (2(t),y(t)) € R* x R*
of the Hamiltonian flow starting at (29, 30) with |yo| > R. Integrating the
Hamiltonian equation we obtain

yt) =% , =(t) = zo+/olA(s)da+/:b(a) ds.

Thus 2(t) corresponds to a periodic solution on T x R® with rotation vector
jif

i=o(1)=2(0) = [[A@dtvo+ [40)dt = [Al+p] ,

hence
. _ lvol R
=Bl = 14wl > gl > 2

Consequently for every j € I satisfying (1.19) the periodic orbits having
rotation vector j have to be contained in T x Dp, and there exist at least
n + 1 of them by Theorem 1.

Under the assumption of nondegeneracy of these solutions the number of
periodic orbits with rotation vector j is at least 2" by Theorem 3.

The following observation is related to the conjecture due to V.I. Arnold in
the special case of the 2n-dimensional torus T2".

Consider a Hamiltonian H : R*™ x R — R which is periodic in all of its
variables :

(1.20) H(z+j,t) = H(z,t) = H(z,t+1) forall j €Z?".

We assume that H € C?%. It is a well-known result due to C. Conley and
E. Zehnder, see [14], that the Hamiltonian equation (1.1) possesses at least
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2n+41 = cuplength(T?")+1 periodic solutions of period 1 on the torus T*".
If in addition all the periodic solutions are nondegenerate then there exist at
least 22" of them, where 22" stands for the sum of Betti numbers of T2,
All these solutions are found in the class of contractible loops on T?". Indeed,
we do not expect to find periodic orbits of rotational type in the case of an
exact Hamiltonian vector field, as it is shown by the example H = 0.

Recall that a vector field X on a symplectic manifold (M, w) is called an
exact Hamiltonian vector field, if the 1-form ixw is exact. More general, a
vector field X on M is said to be Hamiltonian if ¢;w = w, where ¢, denotes
the flow of X.

Consider the Hamiltonian vector field on T?"

(1.21) z = J[VH(z,t)+ f(t)] =: Xi(2)

where f(t41) = f(t) is a continuous periodic map f : R — R*". This vector
field X, is not exact Hamiltonian on T2 if f #£ 0, nevertheless any lift X,
to the covering space R*" is exact Hamiltonian. Considering the flow of X,
we note that it contains a translation by the mean value {f] = [y f(t)dt of
f, and consequently we cannot hope that the orbits in R*" will project to
closed trajectories of X; on T?" unless this mean value is an integer vector.
We restrict ourselves to contractible periodic orbits on T2".

Weakening the hypothesis on the differentiability of H, the result of C. Conley
and E. Zehnder can be generalized as follows :

Theorem 5
(i) Let H € C*(R* x R, R) satisfy (1.20), and assume that f € C(R, R*™")
is periodic, f(t+1) = f(t), with vanishing mean value :

(1.22) /ol fitydt = o .

Then there ezist at least cuplength(T?*)+1 = 2n+1 contractible periodic
solutions of the Hamiltonian equation (1.21) on T?".

(ii) If H € C? and if moreover all the periodic solutions of (1.21) are nonde-
generate, then there exist at least 22" of them.

The proof of Theorem 5 is basically done along the same lines as the proofs
of the Theorems 1 and 3. Actually, the situation is simpler since the Hamil-
tonian is assumed to be periodic in all of its variables. In Section 2 we shall
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say a few words concerning the simplifications of the analytic setup for the
variational principle involving a Hamiltonian H : T**xR — R.

(b) Related results

The study of asymptotically linear Hamiltonian systems goes back to H.
Amann and E. Zehnder [2, 3]. Already for the special case that j = 0, i.e.
for contractible periodic solutions, Theorem 1 extends the result by C. Conley
and E. Zehnder in [14] in several directions : It is not assumed that H € C?,
in particular the Hessian of H is not required to be bounded. In addition,
our asymptotic conditions are less restrictive, allowing in particular a time
dependent asymptotically linear Hamiltonian system.

For the case of contractible periodic solutions related results have been proved
by J.Q. Liu [38], A. Szulkin {57] and P.L. Felmer [20]. Hamiltonian systems
on T™ xR™ which are asymptotically linear in the fibres have been considered
in particular by A. Szulkin: he assumes the Hamiltonian to be of the form

1
H(z’yyt) = _(Ay’ !l)+G(=,yyt)
2

where G is a C-function such that VG is bounded, and 4 is a symmetric
matrix. However, 4 is allowed to have a nontrivial kernel, and in that case
G in addition is assumed to satisfy a Landesman-Lagzer condition on ker(A).
A Landesman-Lazer condition on H in all those of its variables where it is not
periodic, is also assumed by J.Q. Liu in [38]. His work is of special interest
to us in view of the methods used .

P. Felmer consideres in {20] a class of Hamiltonians which have superlinear
growth and, unlike to the case treated here, are asymptotically convex in the
fibers.

All these authors use so-called minimax-principles in their existence proofs.
Since we will present two different proofs of Theorem 1, one of which is
also based on minimax techniques, it should be pointed out that our setting
for the minimax has been influenced by the presentation given by Liu. In
this connection we also wish to mention the work of H. Hofer [34], where
basically the same strategy was applied to the problem of intersections for
Lagrangian embeddings of compact manifolds. We will discuss some of the
more technical aspects of the proof in (c) below.
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Related results concerning the existence of contractible periodic solutions also
have been obtained by K.C. Chang [8] and by G. Fournier and M. Willem [23).
In these works also asymptotically linear conditions on the Hamiltonian are
imposed, which are allowed to be periodically time dependent. The assump-
tions made by G. Fournier and M. Willem are similar to ours, while those
of K.C. Chang are slightly more restrictive. However, Chang’s assumptions
include also the case of resonances.

Both of these works can be viewed as an extension of the results in [14].
As in [14] a Lyapunov-Schmidt reduction to finite dimension is used, which
in particular requires that H € C? and that the norm of the Hessian of
H is bounded. This approach allows to apply the Conley-Zehnder Morse
theory directly in case that all the periodic solutions are assumed to be
nondegenerate.

(c) Idea of the proof

The proof is based on a classical variational principle for which the critical
points are the required periodic solutions. Considering the case p = 1 and
J € 2" we look for solutions z(t) of the equation

i(t) = JVH(z,t)

of the form 2(t) = (jt+{(t),n()) =: e(t) + ((t) with ((t) = (£(2).n(2))
satisfying {(t) = ((¢+1), and e(t) = (jt,0). Therefore {(t) satisfies the
equation

(1.23) —J{ = VH(e+(, t) + J&.

This is the Euler equation of the action functional ® defined on the loop
space = {( : S' = R | ((0) = ¢(1) } as follows :

128 80 = [ {3760~ Hero )+ (=T8O} at.

Indeed, taking formally the first variation of & we obtain
d

B(C+eb) = /o'(-Jc'- VH(e+(,8) = J&, 8) dt .

e=|
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Hence we have to find critical points of the function ® : @ — R defined
on the infinite dimensional loopspace 2. However, the action functional
® is indefinite. It is bounded neither from above nor from below, so that
the classical techniques of the calculus of variations do not apply directly.
Moreover & is strongly indefinite, i.e. the restriction of & to any closed
linear subspace of finite codimension defines an indefinite function on this
subspace. For instance, Morse indices of critical points are always infinite,
and therefore the critical points of & are homotopically invisible.

This is in sharp contrast to a Hamiltonian being of the form

1
Hzut) = 3 +V(z1),

where the existence of critical points is readily established by looking for the
minimum of the following quite different variational problem :

Let L(z,#,t) denote the Lagrangian obtained from H(z,y,t) by Legendre
transformation with respect to the variables y and #. Then we consider

B(¢) = [ L(jt+é(t), j+€,t) dt

and find readily a minimum in the Sobolev space H**(S!,R") by taking a
minimizing sequence. In fact, this classical approach applies immediately if
H € C? since

0<m«< Ly < M

so that [ satisfies the Legendre condition. The convexity of the Hamilto-
nian with respect to y is, however, crucal for this approach. Even for a
Hamiltonian of the form

u_u
H(thzyyz,yz, t) = 71 - "21 + V(zlyzh t)

where z;, y; € R and V is a periodic function, this classical approach to the
problem already fails.

The breakthrough in the general case of the variational problem for & as in
(1.24) is due to P. Rabinowitz, who showed that this degenerate principle
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can be used very effectively for existence proofs if subtle minimax techniques
are used. We refer to P. Rabinowitz [52] and M. Struwe [56] for a detailed
presentation of this subject and various applications to differential equations.
A different approach in the search for critical points of indefinite functionals
has been established by C. Conley and E. Zehnder, see [14, 15]. Their ideas
are closely related to the dynamics of the gradient flow of ® on the loopspace
Q. In particular, this approach leads to stronger multiplicity results if the
functional & is a Morse function on .

We will present in this work two different proofs of Theorem 1, each of them
being related to one of the methods just mentioned.

Our first proof is based on minimax methods. The application of such meth-
ods to indefinite functionals requires the topological concept of linking in
order to guarantee that the values defined by the minimax are finite num-
bers. This is in contrast to the problem of finding critical points of bounded
functionals . For the case of functions on infinite dimensional spaces this
construction has been introduced by V. Benci and P. Rabinowitz in [5].
The second difficulty arises from the fact that the action functional is strongly
indefinite. This problem will be overcome by means of a Galerkin approxi-
mation.

Postponing the details of the variational setup to Section 2, we merely sketch
the basic idea of the proof. We shall consider the action functional ¢ defined
in (1.24) on the Sobolev space @ = W2?(S!,R*"). By (-, -) we denote the
inner product on £ . Thus  becomes a Hilbert space, and & € C'(Q,R)
can be represented by

@) B = 5(L6 ) - +(,€) , €9,

where ¢ € C}(£2, R) satisfies (£) = of [|£||?) as [|€]] — o0, v € Q is a constant
vector depending on the rotation vector j, and where I € £(R)is a selfadjoint
operator such that there exists an orthogonal splitting @ = Q* ©Q~ ®0° into
the positive, the negative and the zero spectral subspace of L respectively.
In particular, the subspaces * and Q- are both of infinite dimension, while
Q° = ker(L) has dimension n = 1/2 dim R*".

The assumption on the periodicity of the Hamiltonian H(z,y,t) in the vari-
able z € R™ implies the invariance of & under a free Z™-action on 2, and by
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passing to the quotient with respect to this group action, ® can be viewed
as a R-valued function defined on the trivial vector bundle 2t x Q- x T,
The restricted function ®|g+xy= is bounded from below, and conversely the
restriction of @ to the subbundle - x T™ is bounded from above. Moreover,
P(f") > —coas ¢ || 200, €0 x T
Consequently, for any disc D~ C Q™ of sufficiently large radius we have
B 8O < o #0),
and since, in addition, & satisfies the Palais-Smale compactness condition,
the existence of at least one critical point for ® can be expected to be estab-
lished similar as in the well-known saddlepoint theorem, see e.g. M. Struwe
[56], Theorem 8.4, provided the vector bundle 2 x T and the sphere bundle
0D~ x T" link, i.e. R{(D~ x T?)N(Q+ x T") # @ for all homeomorphisms &
of * x 2~ x T™ which leave 3D~ x T" pointwise fixed.
However, such a topological intersection result cannot be shown, since ho-
mology and cohomology of the sphere bundle 8D~ x T" have to be involved.
The homotopy-invariants of infinite-dimensional spheres are all trivial, and
in order to cope with this difficulty we introduce a Galerkin approximation
where 2~ is approximated by an increasing sequence of finite-dimensional
linear subspaces Q.
We set Q := QF x Q; for short. With D~ replaced by Dy := D~ n Q
for any homeomorphism k of Q4 x T leaving 8D; x T pointwise fixed, the
above intersection is nonempty. Indeed, we shall prove that the intersection
contains more topology, which is caused by the torus T". In Section 3 we
give a detailed proof of the following

Theorem 6
Let h € Homeo (Q x T") be a homeomorphism which leaves the set Dy x T*
pointwise fired. Then

(1.26) catgxr=(A(Dg x T*)N (2 x T*)) > cuplength(T™) +1
where catq, xy+(A) denotes the Lyusternik-Schnirelman category of the subset
Ain Qk x T™,

This intersection result generalizes the corresponding theorem of J.Q. Liu in
[38]. Also see the related result of H. Hofer [34], Proposition 4.
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The restriction of the function & to the subbundles £, x T" defines a sequence
of approximating functionals &,. For each of these functions the existence
of critical points can be shown by the means indicated above. Theorem 6
allows to prove a statement stronger than that of the ordinary saddlepoint
theorem. For this purpose we shall define an index map defined on the family
of subsets of Q* x Q7 x T". Such index maps have been introduced by V.
Benci [4] and H. Hofer [34] to combine the concept of linking and minimax
methods in order to obtain multiplicity of critical points for indefinite func-
tionals in topologically nontrivial situations. Thus having proved the desired
result for the approximating functions ®;, the claimed statement for the ac-
tion functional & under consideration follows by passing to the limit in the
approximation scheme.

The ideas of the proof given by H. Hofer in [34] are related to our approach,
although a Galerkin scheme is not used explicitely. Instead H. Hofer intro-
duces a so-called N-family of approximating functionals being defined on the
total space and having the same type of approximation properties.

In Section 9 we present an alternative proof of Theorem 1 which does not
use minimax methods. The idea of the proof is based on the Lyusternik-
Schnirelman theory for flows which is due to C. Conley and E. Zehnder, see
{14]. The application of this strategy under the more general hypotheses
considered here requires some modifications of the arguments given in [14].
The main difference between the Conley-Zehnder approach and our proof
consists in the use of Galerkin approximation instead of Lyapunov-Schmidt
reduction, and the use of the geometrical Lyusternik-Schnirelman category
instead of the cohomological category. The Galerkin approximation used here
is different from that in the first proof. If 2+ x 0~ x T denotes the vector
bundle over the torus T™ introduced above, we shall use an approximating
sequence Q X T" := Qf x 2 x T" where both Qf C Q* and Qf C Q- are
linear subspaces of finite dimension for every k € N.

In order to prove the topological part we have to replace Theorem 6 by a
intersection theorem which is suited for the situation considered here, and
which corresponds to Theorem 4 in [14]. Let therefore the approximating
functions ®; be defined by restriction of & to Qi x T". It will be shown
that there always exists a continuous gradient-like flow for ®; which admits
an jsolating block D x Dg x T* for the invariant set S®*) consisting of the
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critical points of &, together with their connecting orbits. Here Df C Qf
denotes a disc of some radius chosen sufficiently large. Assume, for the sake
of simplicity, that the gradient vector field V&, generates a unique flow on
Q x T". Then we may state our result as

Theorem 7
If S® denotes the mazimal invariant set of the flow of V&, which is con-
tained in the isolating block D} x D x T*, then

(1.27) cata,xve(S™) > cuplength(T") +1.

The existence proof for critical points for &, then is based on the observation
that in case that ® has at most finitely many critical levels ¢; < ... < ¢,
we always can find a corresponding Morse decomposition (s§"’, vee, BN of
the invariant set S®), provided k € N is sufficiently large.

Beyond its application to the existence of critical points for certain func-
tionals, the Lyusternik-Schnirelman theory for flows prompts the following
generalization of the classical Lyusternik-Schnirelman theorem :

Theorem 8
Assume M is a compact absolute neighborhood retract. If there ezists a con-
tinuous flow on M such that (My,..., My) is a Morse decomposition of M,
then .
(1.28) caty(M) < 3 catp(M;).

=1
In particular, if the continuous flow is gradient-like, then there ezist at least
catpr(M) rest points.

The corresponding result for the cohomological category, which holds true
even if the assumption on M to be an absolute neighborhood retract is
dropped, is due to C. Conley and E. Zehnder, see [14], Theorem 5.

In order to establish cuplength-estimates for the number of critical points, G.

Fournier and M. Willem have introduced the notion of relative Lyusternik-
Schnirelman category, see [22, 23]. A slightly modified definition of relative
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category has also been given by A. Szulkin in [57]. In particular, the relative
category allows to generalize the relation between category and cuplength to
the relative case, i.e. for pairs of spaces. However, as for the applications
we have in mind it does not seem to be of advantage to make use of this
general concept, because the problem can always be reduced to the case
where the pair of spaces consists of a manifold M and its boundary OM.
In that situation, however, the required arguments are easily obtained by
Lefschetz duality.

The Galerkin approximation scheme used in Section 9 is already introduced
in Section 8 for the proof of Theorem 3. As in the general case it replaces
the Lyapunov-Schmidt reduction to finite dimensions which was used by C.
Conley and E. Zehnder in [14]. The estimate for the number of critical
points by the sum of Betti numbers then is obtained by the use of Conley-
Zehnder Morse theory as presented in [15]. It will be shown that for a
sufficiently large cut-off-parameter in the Galerkin scheme the critical points
of the approximating functionals are in a one-to-one correspondence with
those of the unrestricted action functional, and that moreover they are all
nondegenerate.

Galerkin methods have already been used eatlier in order to establish a Morse
theory for asymptotically linear Hamiltonian systems, see Shujie Li, J.Q. Liu
{37) and Y. Long, E. Zehnder {39].

The variational methods considered require a certain compactness property
for the action functional & given in (1.24). It has become quite fashionable
to refer to any form of compactness condition as a variant of the well-known
Palais-Smale condition, whether it is Palais-Smale or not. For instance, in
all the cases we are going to consider this compactness condition for & will
turn out to be satisfied because its gradient is a proper mapping. The use
of an approximation scheme requires, however, an additional compactness
argument. This is closely related to the notion of A-proper mappings which
is due to F.E. Browder and W.V. Petryshyn. We refer to K. Deimling [17)
and W.V. Petryshyn [48] for a detailed survey. A-proper mappings play
an important role in the approximation of nondegenerate critical points in
Section 8.
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(d) The organization of this work

In Section 2 we present the variational principle on which the proofs of The-
orem 1 and Theorem 3 are based.

The Sections 3-5 contain the preparations for our first proof of Theorem 1.
In Section 3 we give a proof of a generalized version of the topological inter-
section result stated in Theorem 6. In combination with minimax-methods
this result is used in Section 4 to prove the existence of critical points for
a special class of indefinite C'-functionals f : M x E — R, where M is a
compact smooth manifold without boundary, and E is a Banach space. The
case of strongly indefinite functions is not contained herein. In Section 5
it is shown how the existence of critical points for an appropriate strongly
indefinite f : M x E — R can be obtained by an approximation argument.
This result is applied in Section 6 to the action functional of Section 2, which
proves Theorem 1.

In Section 7 we describe the special situation in case that all the periodic
solutions are assumed to be mon-degenerate. The proof of Theorem 3 is
carried out in Section 8 by the use of Morse theory for flows.

In Section 8 an alternative proof of Theorem 1 is presented. The proof
is based on an approach to Lyusternik-Schnirelman theory for flows, and
we first assume that there exists a gradient flow for the action functional.
In general, the gradient vector field has to be replaced by an appropriate
Lipschitz-continuous gradient.like vector field, which is constructed at the
end of Section 9.
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2 The variational formulation

Let §' = R/Z denote the circle. Consider the Hilbert space L*(S',R*")
together with the inner product

1
(2.1) (z,w)s :=/0 (2(t), w(t)) dt

where (-,-) is the Euclidean scalar product in R**. The corresponding L?*-
norm will be denoted by ||z = 1/( 2, 2)2-

If {e;]i = 1,...,2n} denotes the standard basis of R*", an orthonormal
basis of L%(S?,R?") is given by

(2.2) { uri(t) = exp(2xktJ)e; | k€L, i=1,...,2n}

where J is the skew-symmetric matrix defined in (1.2). Every z € L*(S*,R?")
has the Fourier coefficients

2n
(2.3) z;.:Z(u;,.-,z),e; eR™ , kel,

=1

and is represented by the Fourier expansion

5 5 (e, 2)a u®)

kEX i=1

3" exp(2nkt) 2z,

kez

=(t)

for almost every ¢ € S'. The L%-scalar product defined in (2.1) now can be
expressed by

(2, w) = 2 {2, we)

kex

Using the Fourier expansion we introduce the following Sobolev space
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(2.4) WS, R™) = {z € L}(S",R™)| ,.Z k] |z? < o0}

which is a Hilbert space with the inner product

(2.5) (z,w)= (20, w0) + 21rkz: 1K) {21, wi)
€t

and corresponding norm

llzll = y/(2,2).

In the following we will abbreviate W := W42(S?, R?"),

There is an orthogonal decomposition W = W+ @ W~ @ W? into closed
subspaces according to the subscript k > 0,k < 0,k = 0. By P*, P, P® we
denote the orthogonal projectors on W+, W-, W°.

Now define a differential operator

L : dom(L) C I*(S',R™) — L*(S',R?")

on the domain of definition

(2.6) dom(L) = {z € L*(S*,R?™) | I‘E [k[?)zx]? < o0}
€z
by
2.7) (Lz)(t) = _Jdit z(t) = Y 2k exp(2nktJ])z,
kez

for almost every t € §'.

Note that dom(L) coincides with the Sobolev space W*?(S?, R*") considered
as a linear subspace of L2(S*,R?").

We list some properties of L in

Lemma 2.1

(i) L is densely defined in L*(S',R**), and L is selfadjoint on dom(L).
(i) The kernel of L consists of the constant loops, hence dim ker(L) = 2n.
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(iii) The range of L consists of all those loops which have mean value zero,
i.e.
ran(L) = {z € L*(S,R*™) | z = 0} .
(iv) The spectrum of L is o(L) = opp(L) = 2xL. In particular each uy; is an
eigenvector of L corresponding to the eigenvalue 2xk.

Proof
(i) It is clear from the definition of dom(L) that L is densely defined.
Let z,w € dom(L). Then

(Lz,w); = E 2k {z, we} = (z, Lw),
kez

and consequently L is symmetric on dom(L).
We have to show that dom(L*) C dom(L). Let z € dom(L*). Then there
exists a constant C depending on z only, such that

[(z, Lw); | < Cllwl

for all w € dom(L). Using Fourier expansion we can write this inequality as

(2.8) S 2wk {zi, we)

kez
For N € It we define

<c (2 |wk|2)% .

kez

zn(t) == ) exp(2xktl) ;-zp, € dom(L).
kSN 4

With the choice w = zy the estimate (2.8) becomes

1

C 2

PR |zh|’s;(2 [k w') .
|kl<N |ki<N

Consequently
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c
> kP |z < P
RSN &

and the right hand side is independent of N. Therefore we conclude that
z € dom(L) and thus dom(L*) C dom(L), which shows that L* = L.
(i) By the definition of L we have
Lz=0 ifandonlyif |[Lz|}=) (2rk)*|zf*=0,
kez
and hence z € ker(L) if and only if 2z, = 0 for all k # 0, which precisely

means that z(t) = z; is a constant loop.

(iii) By the definition of L we have
1
(voi, Lz )y = Z 2rk </ exp(2rktJ)e; dt, z;,> =0.
kex o

On the other hand, if z € L*(S*, R*") with z = 0 then consider w € dom(L)

defined by
0 if k=0
Wy 1= 1
27

——Ez,. if k;éO.

Obviously w € dom(L) and Lw = 2.

(iv) From the definitions of u; and L it is clear that o,,(L) = 2xZ. Since the
#s; constitute an orthonormal basis of L2(S?, R?") it follows that oepne(L) = 0,
and the lemma is proved.

| |

The definitions of dom({L) and W yield dom(L) C W considered as a linear
subspace of L*(S?, R?"), and moreover dom(L) is dense in W with respect to
the norm on W. One verifies by direct computation that we have the identity
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(2.9) ((Pt=P)z,w)=(Lz,w); if z,wé€ dom(L)

The left hand side is the restriction of a bounded bilinear form on W to
dom(L). Hence the bilinear form on dom(L) defined by the differential op-
erator L can be extended to a bounded bilinear form on W.

Now recall the Hamiltonian H from the introduction and the definition of
e(t) = (jt,0) € R™xR" for some fixed rotation vector j. Define the functional
p: W —-Rby

(2.10) o(z) = [ " H(2(t)+ef(t),t) dt .

Recall from (1.8) that VH(z,y,t) is assumed to be asymptotically linear with
respect to y. This hypothesis implies at most linear growth for the gradient
of H. Precisely, there exist constants ¢; , ¢, such that

| VH(z,y,t)| < c1 + ez lyl

uniformly in z and ¢. Moreover VH is continuous. These assumptions are
sufficient to prove the following

Lemma 2.2 The functional p : W — R defined in (2.10) is in C}(W,R),
and moreover the derivative of ¢ is represented by

(@11)  dp()w= [ NVH(z+et)w)dt for zweW.

For a proof we refer to Rabinowitz [52], Prop. B37.
The corresponding gradient ¢’ : W — W defined by

(2.12) (#'(z),w)=dp(z)w forall we W

is a compact map. This fact is crucial for our purpose, and a proof is given
in the appendix; but see also P. Rabinowitz {52], Prop. B37. In order to
find a representation for the action functional introduced in (1.24) which is
suitable for the estimates in the subsequent paragraphs, the asymptotically
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quadratic part of the Hamiltonian has to be involved explicitely. Recall the
matrix A(t) from (1.9) , (1.10) and define a symmetric matrix

(2.13) Q) = ( ° A((’t) ) € M(2n x 2n,R).

Define a symmetric bounded linear operator @ € £(L*(S?,R*™")) by
(Q2)(2) = Q(2)=(t) -

There exists a unique symmetric operator K € £(W) defined by

(214)  (Kz,w)i= (s, wh = [ (Qu)(t), w(®) dt.

Lemma 2.3 K € L(W) is compact.

Proof

If 2 € W we have

1Kz|* = |(Qz K)ol < | Qzlfz || Kzl < || Q=l2 || K= |

and hence || Kz || < || @zl < |Q|| |l=[l.-

Let (z:) be a bounded sequence in W. Since the embedding W — L*(S?, R?")
is compact, there exists a subsequence of (z;) converging in L2(S!,R?"). Pass-
ing to a subsequence we can assume that (z;) converges in L?(S?,R?*). Hence

Kz ~Kal| <@ lze— 2zl =0 as k- oo.

Thus (K2,) is a Cauchy sequence in W, and since W is complete the lemma
follows.
]

Thus the operator P*— P~ K is a bounded symmetric linear operator on
W. As K is compact, it is a relatively compact perturbation of P*— P~, and
therefore the essential spectrum remains unchanged under the perturbation,
see Weidmann [58], Satz 9.9. Since o.,,(P*— P~) = {—1,+1} we conclude

28



(Pt — P~ — K) = {-1,+1}.
Consequently, if A € o(P*— P~— K)\ {—1,+1} then A is an isolated eigen-
value of finite multiplicity, and —1,+1 are the only possible accumulation
points of the spectrum o(P*— P~ — K).
Note that we have an identity analogous to (2.9) when the perturbation is
involved, i.e.
((P+—P‘—K)z,w):{{L—Q)z,w); if zEdom(L),wG w.

Since Q is a bounded symmetric perturbation of L we have by a well-known
theorem by Kato-Rellich that L — @ is selfadjoint on dom(L — Q) = dom(L).

We introduce the following notation
(2.15) T Pra P,

Lemma 2.4 If
det [fal Alt) dt] £0
then

ker(T) = {z € W | z(t) = (z(t),y(t)) e R" x R* withz = const. , y =01} .
Moreover, T is a Fredholm operator with index(T') = 0 and we have
ran(T) = ker(T)* .
Proof
Let z € ker(P*— P~— K). Then for any w € dom(L) :
(2,(L—Q)w)s =, (P*— P~= K)w) = ((P*= P = K)z,w) =0

and hence z € dom(L) and (L — @)z = 0.
But z € ker(L — Q) if and only if z(t) = (2(t), y(t)) satisfies
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0

(2.16) " At

e,
|

8§ <.
[

1
Consequently y = const. and z(t) = z(0) +/ A(s)dsy,0<s<1.
o
Since z is a loop, we find fort = 1

0=z(1)_z(o)=/°'A(t)dty.

From det [/1 A(t) dt] # 0 we obtain y = 0 and hence # = 0 so that ¢ =
const. °

Conversely, any z = (z,y) with z = const.,y = 0 is in ker(L — Q)) by (2.16)
and hence in ker(Pt— P-— K).

By definition we have ker(P*— P~) = W° and ran(P*— P-) = W+ W-.
Consequently coker(P*— P~) = W/ran(P*~ P~) = ran(P+ - P-)! = W°.
Since K is compact it follows that T = P*— P~ — K is also Fredholm with
index(T") = 0.

It follows from the definitions of P*, P~ and K that T is symmetric. There-
fore we have

(2.17) ran(T)* = ker(T) .

Since T is Fredholm, its range is closed and therefore we conclude
ran(T) = ran(T)** = ker(T)*,

and the lemma is proved.

In order to include the case of a not exact Hamiltonian vector field of the
form (1.15), where the additional forcing term f(t) satisfies the condition
(1.16) we need the following
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Lemma 2.5 Assume that the continuous periodic function f(t+1) = f(t) =
(f1(2), f2(t)) € R™ x R™ satisfies (1.16) :

/olfl(t)dt = 0.

Then f € ran(L — Q).

By direct computation we see that f = (L — Q)w with a continuously differ-
entiable loop w(t) = (£(¢),n(t)) € R* x R" defined by :

7(t)

o — /; f,(s) d.!
£t

§0)+ [[ {£:s) + Ay - AG) [ fir) dr} do
with

to=(0) = (417 ([ {4() [ fir) dr - 1)} )
where [A] := Jg A(t) dt € L(R™).
Consequently w € dom(L — Q), and for any z € W we have

(2.18) /:(f(t),:(t))dt:(f, z)a=((L-Qw,z),=(Tw, z).

Finally we have to consider the additional term in (1.24) containing the
rotation vector. Let j € Z" be fixed and e(t) = (5¢,0) € R* x R*. Then we
define

v;:=-Je=(0,j) eW.

Obviously we have the identity
1
(2.19) /n {v;,2) dt =(v;, z)2 = {vj,20) = (vj,z) for z€eW.

The contributions to the action functional obtained from the forcing term
f and from the rotation vector j both consist in additional linear terms.
Combining (2.18) and (2.19) we define a continuous linear function (v,-) :
W — R, where

(220)  (v,z):=(v;~Tw, z)=/°1(—Jé—f(t),z(t))dt.
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Now we define the action functional & on W by

(2.21) 8(z) = S((P*=P)z,2)-9l() + (v, 2)
(2.22) - %(Tz,z)—¢(2)+(v,z)

where

(2.23) T.=Pt_P_K

and

(2.24) §(2) := p(2) - %( Kz,z)= /01 {H(z+e,t) - %(Qz, z)} dt.

It follows from the properties of ¢ and K that ¢ € C'(W,R) and that
moreover ¢ : W — W is compact. Therefore & € C'(W,R) and

(2.25) d¥(z)w=(Tz,w)—-dp(z)w+(v,w) for weW.
For the corresponding gradient we have accordingly
(¥(2),w) = (Tz-¢(z)+v,w)
(2.26)
((Pr—P)z—¢'(2)+v,w) for weW.

The function & : W — R extends the the classical action functional defined
on W'2.loops by

(2.27) @(:):/ol{%(_u, 2) - Hisbe,) + (5~ £(2), =)} dt

for z € W3(S!,R%"),

The setup on the Sobolev space W%ﬂ(sl’ R?") permits a variational charac-
terization of the periodic solutions under consideration. We shall show that
the critical points of ® on W are precisely the classical periodic solutions we
are looking for.

Lemma 2.6 z € W is a critical point of & if and only if z € C'(S*,R*")
and z is a 1-periodic solution of

—J:=VH(z+et)+ f(t) —v; .
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Proof
Let z € W be a critical point of &, i.e. $'(z) = 0. Consequently (P*—P~)z =
¢(z) —v. For w € dom(L) we have

[(z, Lw)| = |(z,(P* =P )w)|=|((P* - P)z,w)|

[{e(2) —v, w)| <1(¢(2), w)|+ (v, w)]

‘/OI(VH(z +et), w) dt‘ + I/ol(v,- ~ f(t), w)dt

([ 198G+ e P ) ol + o= 11 ol

IA

C vl
with a constant C independent of w. Hence z € dom(L). So we have
(%(z),w)=0  ifand onlyif

(2.28)
/(—Ji—VH(z+e,t)+v,-—f,w)dt=0 forall we W
°

and therefore

(2.29) — J#(t) = VH(z(t)+e(t), t) + f(t) — v;
for almost every t € S!.

By the Sobolev embedding theorem, z € dom(L) implies the continuity of z,
so the right hand side of (2.29) is continuous, and this gives z € C*(S*,R™").
Conversely, if z is a classical solution of (2.29), i.e. z € C!(S!,R?), then
z € W3($!,R?*") = dom(L) C W. Hence by (2.28) we have (&'(z), w) =10
for all w € W, and thus $'(z) = 0.

=

The periodicity of the Hamiltonian H with respect to z implies the invariance
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of & and &' under a free action of the group Z™ on W which is defined as
follows:

Identify g = (g1,...,9a) € I" with (g1,...,8n,0,...,0) € R*®, which can be
considered as a constant loop, i.e. an element of W. Now define the group
action by

(2.30) g2 :=2z+g for zeW.

Then &(g - z) = $(z) and ¥'(g- z) = $'(2).
Passing to the quotient we obtain

(2.31) W/I"=ExT"
where
(2.32) E =ker(T)* .

By Lemma 2.4 we have

(2.33) E = W/ker(T) .

We will consider E equipped with the scalar product induced from the inner
product on W. In particular, because of the Z"-invariance we can consider
® as a an element of C*(E x T, R).

In the subsequent sections we shall make crucial use of the fact that there
exists a splitting

E=Et@E-

into closed orthogonal subspaces E*, E- according to the positive and neg-
ative eigenvalues of the operator T.

The variational setup described until now is suited for periodic solutions
having the period p = 1, i.e. they have the same periodicity as the Hamil-
tonian H. These solutions are usually called forced oscillations; they cor-
respond to the j-solutions of Theorem 1. In order to establish the exis-
tence of j/p-solutions with j € Z" and p € N relatively prime we define
&(t) := (p7'5¢,0) € R® x R", and instead of (2.27) we have to consider the
action functional
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8() = 3 [[{3(-752) - Hetent) + (T 10, 2) |

on the loop space @ = W'?*(R/pZ, R**). The variational formulation on
the Sobolev space Wi2(R/pZ, R™) then can be carried out analogous to
the case p = 1.

In the case of Theorem 5 the claimed periodic solutions are characterized as
the critical points of the functional

101, .
&) = | {5(4:, 2) = H(z,t) + (—f(2), z)} dt
defined on the loop space W'?(S!,R?"). The periodicity of the Hamiltonian

H in all its variables leads to a simpler situation. On the Sobolev space
W32(S!,R™) the representation of the action functional

8(z) = 3((P*~P7)z,2) = () + (v, 2),
where v is defined by
(v,5) = (~(P*= PJw,2) = [(=5(0),2@0)) db , z€W,

is already well suited for the existence proof, which can be done using the
same strategy as for the proof of Theorem 1.
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3 An intersection result

We consider the manifold E x M where E is a normed vector space, and
where M is an oriented compact manifold without boundary. Moreover, we
shall assume that E splits into two closed linear subspaces

E=X@Y and dmY <.
For a fixed R > 0 we define the embedded compact disc of radius Rin Y by
3.1 D={(zy)eX0®Y|2z=0,]|y]| <R}
and its boundary in Y by
(3-2) S=0D={(0,y)e XaY ||yl =R}.

Next we define a family of homeomorphisms

(3.3) H:={hcHomeo(Ex M) |h(z)=zi{ z€SxM}.

Our aim is to show that

(3.4) MDxM)N(X xM)#0 forall heH.
From the definition of § we obtain $ x M = §(D x M) and
(3.5) (DxM)N(XxM)=0.
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We say that S x M and X x M link with respect to H when (3.4) and (3.5)
hold true, see M. Struwe [56], Chapter 8.
Actually we will prove a stronger result, namely that

(3.6) catpyp( R(D x M) N (X x M)) > cuplength(M) + 1

forall h € H.

Here cat stands for the Lyusternik-Schnirelman category. Recall that for a
nonempty subset A C E x M the category catpyp(A) of Ain E x M is
defined to be the smallest positive integer k such that there exist k closed
subsets A; C Ex M, j=1,...,k, which satisfy

1. A;is contractiblein Ex M for j=1,...,k
2. ACAU...UA,

If such k does not exist we define catgyp(A) = 4oo. Moreover, we set
catpupm(0) := 0.
+ Also recall the definition of the cuplength of a topological space :
cuplength(M) is defined to be the largest integer k such that there exist k |
cohomology classes w; € H%(M), k; > 1,j = 1,...,k, with nonvanishing |
cup-product w; U ... U w,. Here H*(M) denotes the amgula.r cohomology of
M.
The number cuplength(M) + 1 can be considered as a kind of cohomological
category, see H. Hofer [34]. One has the well known relation catps(M) >
cuplength(M) + 1, see e.g. J.T. Schwartz [54].
In the appendix we recollect some of the properties of cat. However, we point
out the following result which we shall need below :

Lemma 3.1 Let W be a topological space, and assume V C W is a closed
retract of W, i.e. V is closed and there ezists a continuous mapr: W — V
such that r(v) = v forallve V.

Then for A C V we have

caty(A) = catw(A) .
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Proof
(2) Since V is closed, we have trivially

catw(A) < caty(4) .

(b) First assume A # 0 and catw(A) = k < co. Then there exist k subsets
B;CW, j=1,...,k,B;closed and contractible in W, such that 4 C B,u
-..UB;. Consider A; := B;nV C V. Then A;jis dosed and A C A4,U...UA4,
and we have to show that A; is contractible in V.

Ir;:[0,1) x B; — W is the contraction of B; in W, then

ror;: 0,1} x (B;NV) =V

is a contraction of 4; in V. Consequently

caty(4) < catw(A4) .

If catw(A) = oo the claim is trivial. If A = 0 then caty(A) = caty(A) = 0.
=

We are now ready to prove the main result of this section. It extends the
corresponding Intersection Theorem in J.Q. Liu [38]; the proof is different
from that of Liu.

Proposition 3.1 (Intersection Lemma) Let E be a normed linear space,
splitting into closed subspaces E = X @ Y with dimY < oo. Let D be the
closed disc of radius R in Y with boundary S = 8D as defined in (3.1), (3.2).
Let M be an oriented compact manifold without boundary. Then

(37 catmu(h(D x M)N (X x M)) >

cuplength(M) + 1
Jor every homeomorphism h of E x M which leaves the boundary S x M of
D x M pointwise fized.
Proof
Let h € H be fixed and define
I:=hDxM)N(XxM).
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Define m := cuplength(M) and assume that m > catgya(I). We set I :=
catExM(I).

(a) We first consider the case I > 0. Then in particular I # 0. Since I is
compact there exists, by the properties of cat, an open neighborhood V; of
Iin E x M such that catg, (V1) =L

Moreover, since I does not intersect Sx M, there exists an open neighborhood
Vs of I'in E x M such that ;N (S x M) =0.

Define V := V; N V. Then catgxy(V) = I > 0, and by definition of cat
there exist ! closed subsets A; C E x M for j = 1,...,1, such that each A;
is contractiblein E x M and V C A, U...U A;. Define

(3.8) A= ANKDxM) , j=1,..,1.

Then A} C h(D x M) is a compact subset of £ x M which is contractible in
E x M. Moreover,

(3.9) VNh(DxM) C AjU...U4;.

We claim that Aj is contractible in h(D x M).
Indeed, let 7 : Ex M — Dx M be a retraction of E x M onto D x M so that
#(z) = z for z € D x M. Since, by assumption, h € H is 2 homeomorphism,
the map

r:=hofoh™ ' :ExM — h(D x M)

is a retraction of E x M to h(D x M). As in the proof of Lemma 3.1 we
conclude

catupxan(A4;) = catpxm(4j)

and hence A} is contractible in k(D x M), which proves our claim.
Define the sets

(3.10) B :== kY4;) c DxM , j=1,...,1L.

The sets B; are compact and contractible in D x M.

Lemma 3.2 There exists a closed set B satisfying

(3.11) SxMCBcCDxM
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such that S x M is a retract of B, and such that moreover

(3.12) BUB,U...UB, = Dx M.

Proof
We set

U:=VnhDxM).
Observe that h(z) = z for z € § x M by assumption on k. Consequently
SxMChDxM)\UChDx M),
A

and we claim that § x M is a retract of (D x M)\ U. Indeed, with the
identification X = X @ {0} C X @Y,

SxMC(E\X)xM
is a deformation retract, given by the homotopy
P[0, x(E\X)x M- (E\X)x M
which is defined by

Y

P(t,z+y1p) = ( (1 -—t)(a:+y)+t”y” 11’)

forz=z+yeX®Y withy #0,and pe M.
By construction (D x M)\U C (E\ X)x M. Therefore, with the retraction
r: Ex M — (D x M) defined above, the composition

rop:h(DxM)\U—-SxM,

where p; = p(1,-), is the required retraction, as claimed.
Finally, the set B C D x M, defined by

(3.13) B := k(KD x M)\U ),

satisfies, in view of the hypotheses on A, the claimed properties of the lemma.
[
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Lemma 3.3

(i) The injections ¢ : (D x M,0) — (D x M, B;) for j = 1,...,1 induce
homomorphisms

& H(D x M, B;) — H*(D x M)

whick are onto for x > 1.
(ii) The injection map g : (D x M,S x M) — (D x M, B) induces homo-
morphisms in relative cohomology

¢": H(D x M, B) - H*(D x M,S x M)

which are onto.

Proof
(i) Let i : B; — D x M denote the inclusion map. Since Bj; is contractible
in D x M, the inclusion z is homotopic to a constant map

i~ig: B - Dx M, ig(z)=2 forallz€ B;,

and since homotopic maps induce the same homomorphism in cohomology
we have * = i : H*(D x M) - H*(B;).

We denote P = {z} and 7: B; — P. Let p: P — D x M be the inclusion.
We have a commutative diagram :

HD x M) HY(P)
\ +
H*(B;)

P consists of a single point. Hence H*(P) = 0 for * > 0 and thus 4v* = 0.
By the commutativity of the diagram i* = 0.
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Consider the exact cohomology sequence
-+« — H*Y(B;) 5 H*(D x M, B;) < H™(D x M) - H*(B;) —> ---

The statement of (i) now follows from i* = 0 and the exactness of the se-
quence.
(i1) Consider the commutative diagram

H*Y(B)
r 'y
H-1(S x M) H*-1(S x M)

*

n

8‘ * -
—— H*(D x M,B)—L~ H*(D x M, 5 x M)—L~ 1B, 5 x ) 2~

a v
H*(D x M) H*(B)

ﬂ r‘ il
H*(S x M) H*(S x M)

Observe that the horizontal line is the exact cohomology sequence of the
triple (D x M, B, S x M); §" is the connecting homomorphism. The vertical
lines are the exact cohomology sequences of the pairs (D x M, S x M) and
(B, S x M) respectively.

Let now r: B — S x M be the retraction of Lemma 3.2, and consider
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SxM-SB-SxM

where 1 is the inclusion map. Then r 0% = id and therefore i* o r* = id* = id.
Consequently r* is injective and ¢* is onto. From the exactness of the sequence
of (B,S x M) we conclude that the connecting homomorphism is #* = 0,
and hence ¥ is one-to-one.

We claim that f* = 0, so that, by exactness of the horizontal line, g* is
onto, as claimed. Indeed, if w € H*(D x M,S x M) we conclude from the
commutativity of the diagram and the exactness of the sequence of the triple
(D x M,S x M) that

(yof W) =(r"0foa)(w)=r(0)=0,

so f*(w) = 0, since v is injective.
This proves (ii) of the lemma.

Using Lemma 3.2 and Lemma 3.3 we finally arrive at a contradiction.
Since cuplength(M) = m, and since H*(M) & H*(D x M) by the Kiinneth
formula, there exist cohomology classes

Ujer’.(DXM), j=11~"1m1k5211
such that wy U... Uwy, # 0. In particular then for 0 <l < m :
wU...Uw #0

Let k :=k; + ... + ki. Then there is a homology class a € Hi(D x M) such
that

(3.14) <wU...Uw,a># 0,

where < -, . > denotes the duality pairing

H'(DxM)x H(DxM)—1.
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Denote by d = dim Y, and n = dim M, and let £ € H,a(D x M, S x M) be
the fundamental class. Thus by Lefschetz duality, there is an isomorphism
given by the cap-product

H" %D x M, x M) 2% H(D x M) .
Here we have used that S x M = 8(D x M) and that D x M is oriented, since

M is oriented. Consequently there exists a class wo € H"t9-*(D x M, S x M)
satisfying wo N € = o, and we conclude

<wU...Uw,a> = <wU...Uw, wpN§>

<wUwU...Uw, £€> .

We claim that wo Uw; U...Uw; = 0, hence contradicting (3.14).
Indeed, by (i) of Lemma 3.3 we can choose cohomology classes @; , j =
1,...,1 such that

(3.15) wj=2"(&) , @ €HY(DxM,B;).
Consequently, ifa : (D x M,0) — (D x M, B,U...UB;) denotes the injection
map, we have that

a*: HYD x M,B,U...UB)) — HYD x M)

contains w; U ... Uw; in its image.
Consider the diagram

Uo U...Ud
—_—

H™4-*(D x M, B) d H™4(D x M,BUB,U...UB)

UwiU...Uw
—_— e .

H™4-*(D x M, S x M) H™4(D x M, S x M)
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g* is surjective by (ii) of Lemma 3.3. Moteover BUB,U...UBi=Dx M
by Lemma 3.2, and hence H**4(D x M,BU B, U...UB;} =0.

Therefore wp Uwy U... Uw; factors through 0, and consequently vanishes, as
claimed.

(b) Now assume ! = 0. Hence k(D x M) N (X x M) = 0 and therefore
MDxM)C(E\X)x M.

Thus in the proof of Lemma 3.2 we can replace V by the empty set 0, and
consequently we have a retraction of B:= D x M to § x M.

Now we apply Lemma 3.3 (ii), which states that

g :H(Dx M,B)— H*(D x M,S x M)

is onto. But since B = D x M, we conclude H*(D x M,S x M) = 0,
and therefore, by Lefschetz duality, the homology groups H.(D x M) are all
trivial. So we obtain a contradiction.
This finishes the proof of the proposition.

]

We end this section with some remarks on the role of the hypotheses we have
introduced.

Note that the continuity property of the Lyusternik-Schnirelman category
is crucial for the proof of Proposition 3.1. In order to have this property
satisfied it is sufficient for the considered topological space to be an absolute
neighborhood retract (ANR). For a proof see K. Deimling [17], Proposition
27.3.

Recall that a space X is called a (metric) ANR if given any metric space Y,
a closed A C Y and a continuous map f : A — X, then there always exists
a continuous extension of f to some neighborhood of A. H f always can be
extended to Y, then X is called an absolute retract (AR).

More general we may require Y to be a normal space in this definition. For
our purposes it suffices to consider the case of metric ANR’s only.

Observe that every compact manifold is an ANR; for a proof see e.g. M.
Greenberg, J. Harper [31], Theorem (26.17.4).

Every normed linear space also is an AR, which is easily obtained from
the Arens-Eells embedding theorem, see e.g. E. Michael [42], together with
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Dugundji’s extension theorem, see K. Deimling [17], Theorem 7.2.
Consequently the space E x M considered in Proposition 3.1 is an ANR.

The hypothesis of M to be oriented means that M is Z-orientable, and there-
fore M is orientable for every coefficient ring R. The assertion of Proposition
3.1 still holds true for non-orientable M if homology and cohomology are
taken with Z/2Z-coefficients.
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4 Minimax and critical points

It is well-known that a differentiable function f on a compact manifold M
has at least as many critical points as caty (M), the category of M.

In order to prove this, Lyusternik and Schnirelman introduced the following
minimax-principle. If I'; denotes the family of subsets of M defined by

T; = {ACM|caty(A) >3}
then the real numbers
g Jul ewpf(p) i J= 1,...,caty(M)
are critical values of the function f. The proof follows immediately from the

observation that f is a Lyapunov function for the negative gradient flow ¢*,
defined by

I

d t
E¢ (z)
¢°(z)

i.e. fis strictly decreasing along nonconstant orbits. Similarly one finds crit-
ical points for functions defined on noncompact and even not locally compact
manifolds, such as infinite dimensional Banach manifolds, provided the con-
sidered function is bounded from below and satisfies in addition appropriate
compactness conditions, see e.g. R. Palais [47], J.T. Schwartz [53].

In the case we are interested in, the function f is, however, neither bounded
from below nor from above, and the ideas just described do not apply directly.
Indeed, the existence of critical points is more subtle. It requires in particular
more information about the behaviour of the function.

We are interested in the case of a function f defined on a trivial bundle
ExM:

(4.1) f:ExM—-R,

-Vf(¢'(z)) , zeM,

I

z
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where E is a Banach space and M is a compact connected oriented C*-
manifold without boundary. We can assume M to be smooth, since a C1-
manifold always can be equipped with a compatible C*-differentiable struc-
ture, see M. Hirsch [32], Chapter 2, Theorem 2.9. In addition, on every
differentiable manifold there exists a Riemannian metric, see e.g. W. Klin-
genberg [36], Theorem 1.8.5. Since M is compact, the Riemannian metric is
complete.

Note that the norm on E and the Riemannian structure on M together
induce a smooth Finsler structure on E x M which is complete with respect
to the corresponding Finsler metric. We refer to K. Deimling {17], R. Palais
[47], M. Struwe [56) for more details.

We shall assume that E decomposes into closed linear subspaces

E=XeY , dmY <.
The compact disc of radius R > 0 in {0} @ Y will be denoted by

(42) D={(0y)eXoY||y|<R}
and its boundary in Y by

(4.3) §=0D={(0,y)eX0Y||y|=R}.

We introduce the family H of homeomorphisms of E x M by
(4.4) H={hecHomeo(E x M) |h(z)=zifz€SxM}.
For a subset A C E x M we define

(45) cat*(4) := ggjf‘ catgxm( A(A)N (X x M))

which is a nonnegative integer or +oco.

This construction has been used by J.Q. Liu [38); index maps like cat* have
been introduced by H. Hofer [34] and V. Benci [4].

We state some properties of cat* in

Lemma 4.1 If A\ BC Ex M and h € H, then
6] cat*(A) < catgyxm(A) .
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(i) If ACB then cat*(A) < cat*(B).

(1ii) cat*(A\ B) > cat*(A) — catgxm(B) .

(iv) cat*( h(4)) = cat*(4).

Proof

(i) C&t‘(A) < catExM( AN (X X M)) < catExM(A) .

(i) A C B implies R{A) N (X x M) C k(B) 0 (X x M), and therefore
cat*(4) < catgxm(h(B) N (X x M)) for every b € M, from which the
assertion follows.

(iii) From A = (4 \ B)U (AN B) we conclude k(A) = h(A\ B)U k(AN B)
for every h € H, and consequently

R(A) N (X x M))

[RM(A\ B)UR(ANB)IN(X x M)

= [R(A\B)N(X x M)JU[R(ANB)N(X x M)].
Hence it follows from the subadditivity of cat and the definition of cat* that
cat*(A) < cat*(A\ B) + cat*(AN B). Applying now (ii) and (i) we conclude
cat*(AN B) < cat*(B) < catgxm(B).
This proves (iii).

(iv) follows immediately from the definition of cat*.

For k =1,2,... we now define families I'; of subsets of E x M by

(4.6) T, = {ACExM|cat'(A) 2k}, k=1,2,...

Note that the T, form a decreasing sequence, since I, C T; if k > 5.
The statement of intersection, Proposition 3.1, now can be reformulated as

(4.7) cat*(D x M) > cuplength(M) + 1.
Define m := cuplength(#). Then
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(4.8) Iy#0 for k=1,...,m+1.

Assume now that the function f: E x M — R satisfies

ST < 1),
and, in addition, assume that the so-called Palais-Smale compactness condi-
tion holds for f. Then the real numbers ¢ defined by the following minimax-
principle
(4.9) c;.::;gl{ 1:25) flz) « k=1,...,m+1,
are critical values of f. The proof of this fact will be given in Proposition

4.1 below.
Recall the following

Definition 4.1 (Palais-Smale condition) A C'-function f: Ex M — R
is said to satisfy the condition (PS), if every sequence (z;) in E x M which
satisfies

f(z5)=¢ and df(z;) =0 as j— oo

for some c € R, contains a convergent subsequence.
The main result of this section is

Proposition 4.1 Let M be a compact connected oriented C™®-manifold with-
out boundary, and let E be a Banach space which decomposes into closed
linear subspaces E = X @ Y with dim Y < oo.

Let f € C'(E x M,R) satisfy the Palais-Smale condition (PS), and assume
there ezist constants a < b and R > 0 such that

(4.10) fz) > b ifzeXxM
(4.11) flz) < a ifzeSxM
where S ={z=(0,y) e XBY | |z =R} C {0} @Y is the sphere of

radius R in Y.
Then f has at least cuplength(M) + 1 critical points.
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Proof

The proof uses the standard minimax arguments described in detail for ex-
ample in R. Palais [47], P. Rabinowitz [52], M. Struwe [56].

Let m = cuplength(M) and let D be the compact disc

D={z=(0y)eX0Y|lzl<R}C{0}0Y.

Thus S = 8D is the boundary of D in Y. We recall from (4.6) :
In={ACExM|cat'(4)>k} , k=12,...

By the Proposition 3.1 we have D x M € Ti for k = 1,...,m + 1, so that
[, # 0 for these subscripts k. Cotresponding to these families of sets we
define
(4.12) ¢ := inf sup f(z) , k=1,....m+1.

A€ly zea
Since D x M is compact we have

(4.13) a < Esgpr(z) < 400 , k=1,...,m+1.
zi X

Moreover, cat*(A) > 1 implies catg,p(AN(X x M)) > 1, so that in partic-
ular AN(X x M) #40.
Consequently, in view of the assumptions of the proposition

(4.14) —oo <b< inf f(z) < ilelgf(z)-

This inequality still holds true if we take the infimum over A € T';. Therefore,
by definition of T :

(4.15) —0 <b<Leg < <...€ g1 < 0.
We show next that the c; are critical valuesof f for k=1,...,m +1.

Lemma 4.2 Assume
(4.16) €= Ck = Chy1 =...= Chyj
fork>1and k+ 37 <m+1. Denote by
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Ke={z€ExM| f(z)=canddf(z) =0}
the set of critical points at the level c. Then
(4.17) catpym(K.) 2 j+1.

Postponing the proof we first observe that the Proposition 4.1 follows from
the lemma. Indeed, if k = 1,...,m + 1 then catgxm(K.,) > 1 and hence
K., # 0. Consequently every c, is  critical value of f. As a side remark we
observe that if at least two of these critical levels are equal, say equal to c,
then catpyas > 2 and consequently, since M and therefore E x M is arcwise
connected, K, containes infinitely many points.

We shall use the following notation:

Definition For s € R define the sublevel sets

(4.18) A, ={z2eExM|f(z)<s}.

The proof of Lemma 4.2 is based on the following well-known Deformation
Theorem.

Proposition 4.2 (Deformation Theorem) Assume f € C'(E x M,R)
and let f satisfy the condition (PS). Ifc€ R, £ > 0, and U is any neighbor-
hood of K., then there ezist 0 < ¢ < & and g € C((0,1] x E x M, E x M)
such that

(1) #(0,z)=2z forall ze ExM.

(2) n(t,z)=2z forall 0<t<1 if f(z) ¢ [c—&,c+¢]

(3) n(t,-) is @ homeomorphism of E x Mforall 0 <t < 1.

(4) f(n(t,2)) £ f(z) forall0<t<landze Ex M.

(5) 7](19Ac+¢ \ U) - Ac-z .

(6) IfK.=0 thenn(l,Ay.) C A._. .
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The proof of the Deformation Theorem in the case of a Banach space is given
in [52]. The case of a Finsler manifold requires only minor modifications; we
refer to R. Palais [47], and M. Struwe [56] for the technical details.

Proof of Lemma 4.2 Assume now, by contradiction, that catg.a(K.) < j.
In view of the definititon of ¢ we can find for every ¢ > 0 a set A € T'xy;
such that A C A... Since f satisfies (PS), the set K. is compact, and
consequently there exists a neighborhood N of K, satisfying catgxm(N) =
catpxm(K.), and moreover N C A. Observe now that by our assumptions
(4.10) , (4.11) on f and by (4.15) we have

SxMCA, and ae<b<ec.

Provided that 0 < £ < b—a we conclude from the Deformation Theorem
that there exist & > 0 sufficiently small and a homeomorphism k = 5(1,-) of
E x M which leaves S x M pointwise fixed, and consequently belongs to H,
such that

h(A\N) C A._..

Moreover, by the properties of cat* we have

cat*(h(A\N)) = cat*(A\N)
> cat*(A) — catgxm(N)
2 (k+7)-7 = k.

Consequently k(A \ N) € T;, and we arrive at a contradiction since

(4.19) ce=¢ < sup f(z) Le—-e<ec.
€h(A\N)

This proves Lemma 4.2, and the proof of Proposition 4.1 is finished.
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5 Galerkin approximation for strongly in-
definite functionals

The existence theorem Proposition 4.1 requires for the decomposition E =
X @®Y that dimY < co. It is therefore not directly applicable to strongly
indefinite functionals f, which do not admit such a decomposition of E with
finite dimensional Y such that the assumptions of Proposition 4.1 are sat-
isfied. In order to cope with this difficulty we introduce a Galerkin type
approximation scheme as follows:

Definition 5.1 Assume the Banach space E decomposes into closed linear
subspaces E = X ® Y such that dimX = dimY = co. We assume more-
over that there ezists an increasing sequence (Y3) of finite dimensional linear
subspaces of Y, Yi C Yay1, with continuous projections I : Y — Y}, such
that

(5.1) Oy -y as k— oo

Jor everyyeY.

Then we define the linear subspaces

(5.2) E,=XoY CE
and the corresponding bounded linear projections
(5.3) Po:E - E, , Pz = Pz,y) = (z,My)

foreveryz=(z,y) € XY =E.
We shall call (Ey, P) an approzimation scheme for E.

Note that P, — idg pointwise, i.e. the projection scheme (E;, P;) is projec-
tionally complete. We do not require that the projectors P, are uniformly
bounded in the norm of £(E). The above definition of an approximation
scheme is very special adapted to our purposes.

Now let M be a compact connected smooth manifold without boundary as
in the preceding section, and let f : E x M — R be a C!-function. Define a

sequence f; of C'-functions
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(5.4) f),:E),XM—)R
by restriction of f to Ex x M:

(5.5) fu(z):=f(z) for z€Exx M.

In order to find critical points of f we require that f and each f; satisfies
the Palais-Smale condition (PS). However, this will not be sufficient, and we
introduce an additional compactness condition which is related to the notion
of A-properness. In the application of the of the results of the present section
to the action functional & we actually will show that its gradient ¥’ is proper
and A-proper with respect to the approximation scheme (Ey, P,). We also
emphasize that there is a relation between the N-families introduced by H.
Hofer [34] and the follwing compactness condition :

Definition 5.2 A C'-function f : ExM — R is said to satisfy the condition
(PS)y with respect to the approzimation scheme (Ew, Pe), if every sequence
(zx,;) with zi, € By, x M, satisfying
fui(z,) = ¢ and dfi(z;) 200 as 1o 00
for some ¢ € R, containes a convergent subsequence (z;) such that the limit
z:=limz, € E x M is a critical point of f at the level ¢ :
f(z)=c and df(z)=0.
After these preparations we now can state the following critical point theorem

for strongly indefinite functionals.

Proposition 5.1 Let M be a compact connected oriented smooth manifold
without boundary, and let E be a Banach space which decomposes into closed
linear subspaces E = X @Y. Let (Ey, P) be a approzimation scheme for E.
Let f € CY(E x M,R) satisfy the compactness conditions (PS) and (PS)
with respect to (Ey, Pi) and assume fi = f|g,xm satisfies (PS) for every k.

Assume there are constants a < 8 <+ and R > 0 such that

f(z) 2 B for zeXxM
f(z) < a for zeSxM
f(z) £ 4 for zeDxM,
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where D={z=(0,y) e X®Y | ||zl SR} C {0} @Y is the disc of radius
RinY, and

S=0D={z=(0,y)e XY |||z =R} C {0} ®Y is the boundary of
DinY.

Then f has at least cuplength(M)+1 critical points.

Proof
Denote by Dy, := D N Ey, and Si := SN E,. Then by the assumptions for
k=1,2,... we have

(5.6) fi(z) 2 a for zeXxM
(5.7) filz) £ B for zeS,xM

and each £, satisfies (PS). Hence f;, € C(Ej x M, R) satisfies the assumptions
of Proposition 4.1.

Replacing E by E; and f by fi, the notions M, cat}, I‘( ) are defined as in
Section 4. Set m = cuplength(M). Then we have

(5.8) I™ 20 if j=1,...,m+1

since cati(Dy x M) > m + 1 by the Intersection Lemma, and we obtain
critical values of f; by the minimax-principle for every fixed k

(5.9) cg!‘) = inf sup fi(z) , j=1,....m+1.
A€l (h) z€A

From the assumptions on f we deduce
(5.10) —o <M< g << 400,

Hence for a fixed j = 1,...,m + 1 the sequence (c( )),, has a convergent
subsequence. So eventua.lly choosing a subsequence we may assume

(5.11) cg) - ¢ as k—o oo,
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and these numbers c; satisfy
(5.12) —w < B <a<...<tpp1 £ 79 < +oo.

As a consequence of the condition (PS)y the ¢; for j = 1,...,m+1 are critical
values of f.

It remains to show that we do not lose the multiplicity in the limit.

Lemma 5.1 Assume
(5.13) € =€ =...= Cjyr
forj>landj+r<m+1. Let

K.={z€ ExM|f(z)=c and df(z)=0}
denote the set of critical points of f at the level c. Then
(5.14) catpxm(Ke) 2 r+1.

Proof
We claim that for every & > 0 there exist positive constants b > 0, € > 0
and ko € N depending on & such that

| dfe(ze) | 2% for k> ko, failzx) €[c—é,c4¢]
and z, & Ng(K.)n(E x M)
where Ny:(K,) is the &-neighborhood of K. in E x M.

(5.15)

We define A{*) := A, N (E, x M). Arguing by contradiction we now assume
that there is a §' > 0 for which such numbers do not exist. Consequently we
can find sequences by — 0, ¢, — 0 and z; € Aﬁ’j),, \(Ag:),,g U Ny ) such that
|| dfe(z:) || £ bx. By the (PS)y-condition we may assume that z, converges
to some z € E x M such that f(z) = c and df(z) =0.

On the other hand 2z & Ny for all k and consequently dist(z, K.) > &,
contradicting the definition of K.

Since f satisfies (PS) the set K, is compact, and by the properties of cat
there exists a §-neighborhood N; = N§(K,) of K, such that catg.am(Ns) =
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catgxar(K.). Asin the proof of the Deformation Theorem, see P. Rabinowitz
[52], p 82, we can choose § := §/8 in the proof of (5.15) above.

Given £ > 0 there exists a constant ¢ € (0, £), depending on b, § and £, and
there exists k), € M, for any k > ko such that

(5.16) FABN (NN (BexM))) ¢ 4D, .

Note that N; N (E x M) is a neighborhood of the set of critical points of f,
at a level ¢ € [c —¢,c+ €]. In particular ¢ is independent of k.

Since cg") — ¢; as k — oo for each 7 there exists an integer k; such that for
k Z k] :

(5.17) c—¢€ Sc_?‘) <...< cgi), < c+e.

Consequently for k > max{kq, k,} we conclude as in the proof of Lemma 4.2
that
(5.18) catEkxM( N;n(E),XM)) Zr+1.

We have a retraction £ x M — E, x M, given by P, x idy. It therefore
follows from Lemma 3.3 that

(5.19) catpen( NN (Ex xM))= catEtxM( Ngn (EkXM) ).
By the monotonicity of cat we have
ca.tExM(Kc) = CatExM(Ns) Z ca.tExM( N; N (E),XM)) 2 r+ 1 s

thus proving Lemma 5.1 and Proposition 5.1.
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6 A first proof of Theorem 1

We are ready to prove Theorem 1: we shall verify that the action functional
® : T"x E — Rintroduced in Section 2 satisfies the hypotheses of Proposition
5.1 of the previous section which then guarantees the claimed number of
critical points.

First we recall that on the Hilbert space W = W32(S!,R™) the functional
$ is defined by

1
¥(u) = 5( Tu,u)—¢(u) + (v, v)
where v = v; — T'w is defined in (2.20). v; contains the rotation vector j :
v; = (O,J)E R" x R®

with j € Z™ fixed. Recall the definition of ¢ given in (2.24) :

)= [ {B@+et) - 5(@u, 0}t

plu)= A e, 2 u, U
for u € W, with e(t) = (j¢,0) € R* x R".
Moreover H(z,t) = H(z,y,t), with z = (z,y) € R?", is periodicin z € R"

and periodic in ¢ € R. In addition H € C*(R* x R,R) is assumed to satisfy
the following asymptotic condition as |y] — oo :

1

mlauH(E,y,t)—A(t)yl -0
1
mlazl{(zy!ht)l = 0

uniformly in z and ¢.

Recall moreover the orthogonal splitting
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W=EtQE ®E°
where E° consists of the special constant loops
E® =ker(T) = {(z,0)|z€R" } .
Correspondingly the bounded and selfadjoint operator T splits; if
v=ut+u 4+

then
(6.1) Tu=Tw* + T u"

and there exists A > 0 such that

(6.2) (THet, u*)
(6.3) (T‘u" y )

v

Alft)?
=Alm|l*

IN

From the asymptotic conditions on H we conclude

Lemma 6.1 For every e > 0 there ezist constants ¢; = c1(¢) and ¢; = ¢5(e)
such that

1, .
H(z, ¥t) - 'Z‘(Qz) z)| £ e[y|’ +alyl+e

Jor every z = (z,y) and &.

Proof

Since H(z + j,y,t) = H(z,y,t) , j € Z%, for every =z € R™ we can choose
¢ = £(z) in the unit cube [0,1]* = {z = (1,...,z.) ER* |0< 2z <1},
such that {¢| < v/n, satisfying H(z,y,t) = H(é(z),y,t). Therefore, by the
Taylor formula :

H(z,t) - 302 2) = HO,1) + (VH(,8) - (@2)(0). 2

for some z=pzwith 0 < p < 1.
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Hence

H(z,3,) - 3(07,2) = HE:0,t) - 5(At), )
= HO,0+ (ZHERD, €) + (2 HER - AN )

where (,7) = p(¢,y) for some p with 0 < g2 < 1, and the lemma follows
immediately from the asymptotic conditions.
]

Lemma 6.2 & is bounded below on E* @ E°, i.e. there is a constant ¢ such
that
Bu) > c if u=ut4+d°.

Proof

Observe that W — L?(S,R?*) is a continuous embedding, and by the defini-
tion of the L*- and the Sobolev-norm given in Section 2 we have ||u||; < [jul|
for every u € W. In view of the properties (6.1) , (6.2) of T and Lemma 6.1
we find for v = ut + o°

2(u) 2 Ml - ()]~ (v, )]
1 1, .
> Mt - [ B +e,t) = 5(Qu, w)de - ol ]
s i ot T e T |
> (=gt -t -

Choosing € > 0 sufficiently small such that ¢ < A, the lemma follows.
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Lemma 6.3 & is bounded from above on E- @ E°. Moreover there ezists
R* > 0 such that for every R > R*

(6.4) ues:)?zcn ¥(u) < uEE“‘:’lg(Eo B(u)

where S is the sphere of radius R in E- :

S={weE ||v|=R}.

Proof
Assume u = 4~ +4° € E~ @ E°. Choosing 0 < € < /2 we find similarly as
in the proof of Lemma 6.2 the estimate :

A
B(v) < —S I + cslfuTl +

from which the first statement follows.
Clearly ®(u) — —o0 as ||u~|| — co uniformly on E°, and the second state-
ment follows, since, by Lemma 6.2, the function ® is bounded from below on
EtoE°.

[ ]

Summarizing we have proved

Lemma 6.4 There ezist constants a < 8 < 4 and R > 0 such that

®(u) B if ueEt®E°
®(u) a if ueSxE°
®(u) < 9 if ueDxE®

IN IV

where D={v € E~ |Jlu|<R}and S=8D C E-.

It remains to show that the function & satisfies the desired compactness
conditions. We shall first prove that & : E x T® — E x T" is a proper map,
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i.e. the preimage of a compact set is compact. It should be emphasized that,
of course, this compactness property does not hold true for $' considered as
a function on W = E @ E°. However, since E°/Z™ = T™ all we have to verify
is the following

Lemma 6.5 Every sequence u, € W = E @ E°® satisfying
(u)—v" as k- oo

Jor some u* € W containes a subsequence which is convergent in E x E° /™.

Proof
Assume the sequence

w = uf +uf +u) € EX@E @9 E°
satisfies

(6.5) @'(uwx) = Tur—@(w)+v —» v* in W as k—oo.

Since ®'(ux + g) = ®'(ux) for every g € Z" C E°, we can and do assume that
the sequence ul is contained in the n-dimensional unit cube [0,1]* C E°.

Hence in particular uf is bounded.

Assume now that the sequence uy is bounded in W. In view of the compact-
ness of ¢' : W — W we can choose a subsequence u;, such that @'(uy,) —
w € W along this subsequence. Consequently

Tw, = T(uf,+u;) > w"+w-v e W as i-oo.

Recall from Section 2 that T is Fredholm with indexT = 0 and ker(T) =
ran(T')* = E°. In particular the range of T is closed and it follows u*+w—v €
ran(T'). Moreover, T|g+gEe- is a linear isomorphism of E* @ E-. Thus we
have

uf +up, = TN (w+w—-v) € E*QE as i—>oo
and consequently uf — u* € E¥ and u; — u~ € E-.
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Since u) is bounded we can assume u) — u® € E° along a subsequence,
and so we finally have singled out a convergent subsequence of the bounded
sequence uUg.

To finish the proof of the lemma it therefore remains to show that every
sequence satisfying (6.5) is bounded in W. We argue by contradiction and
assume that there is a sequence u; € W which satisfies (6.5) and ||us| — cc.
We therefore may assume u; # 0 for all k and define

vy 1=
e P —
ffusl
From (6.5) we conclude that
(6.6) Ton— L 3/(un) >0 as k- oo.

flual

Since ||ve|| = 1 for all subscripts k and since T is a bounded operator, the
sequence wy € W defined by

1
wy = —— @' (uy
T ?
is bounded in W.
We claim that
(6.7) L ow) =0 as ko oo
. — % .
lfell

It then follows that v, — 0 in W from (6.6) together with the fact that

vp = |Jugl| " uf§ — 0, thus contradicting [ju.]| = 1.
In order to prove (6.7) recall

ﬂ(u_") 2 _ ( ‘;"("’*) w")
el el *
- ﬁ /OI(VH(u" + e)t) - Q‘uk y Wi )dt .
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The right hand side is less or equal
1 1
— [ |8.H : dt
i o 10 H G+ e8] st
1 1
6.8 2 -
©8) e [ 1B H + e,t) ~ AR wn(0)] dt
=141
where ui(t) = (zi(t), yo(t)) € R* x R™.

We estimate I,El). Let € > 0 be given. Then from the asymptotic estimates
of the Hamiltonian we obtain constants M = M(c) and C = C(¢) such that

| 8. H(zi(t) +e(t),me(t),t) | < elm(®)| if |w(t) =M

A

| 8- H(z(t) +e(t), ualt),t) | < C if [y(t) <M

Since by assumption ||ui| — co we can choose k* = k*(¢) such that for all
k> k&
C

> <
el >

and we define for k > k” the subsets of [0,1]

2
-
i

k= {te[01]]ln® 2M}
[011]\91#‘

L)
N
L]

!

Then

1
I,(‘l) = m R |3¢H(zk+6,yk,t)||wk(t)|dt

1
Traell Jona | 8 H(z + €, ¥k, t) | |w(t) | dt
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IA

e [l cC n
Targ J el ol e o [

lluk"z )
< |ev—r [l 2
( el ||"h||

()
< 2 "wk" = ”“k"
Similarly we obtain
( #'(u)
fleel

This proves the claim (6.7), and therefore the proof of the lemma is finished.
]

We now have to introduce the Galerkin type approximation scheme for the
present situation :

Recall that W = E* @ E- @ E°® and that Tu = Tut + Tu— € Et @ E- if
u = u*+u~. Take an orthonormal basis {;} of E~ consisting of eigenvectors
of the operator T and define

E; span {w; |i=1,...,k}

W, = EYOoE; ®E°
By P, we denote the corresponding orthogonal projectors
P), W - Wl, .

Then || Pef| = 1 and P,u — u as k — oo for every u € W. The corresponding
restricted functionals are defined by
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Qk : W,, —R

Bp(u)=B(u) if ueW,.
The gradient of &, is given by

1(v) = ¥ () =Tu— P@'(u)+v for ueW,.
Lemma 6.8 Every sequence u, € Wy, satisfying
8}, (1) — v

for some u* € W as i — oo contains a subsequence which is convergent in
E x E°[1".

Moreover if uy, € Wy, satisfies &} (u,) — v~ € W and up, = u € W oas
i — oo, then ®'(u) = u".

Proof
The proof of the first statement is almost literally the same as the proof of
Lemma 6.5.

Suppose that ux, € Wy, is a bounded in W and satisfies &} (ux,) — u*, ie.

(6.9) Tup, — P@'(up,) +v—vw" as i— 00

Since ¢’ is a compact map we may assume that ¢'(u,) > w € W. Then

A

| Pe'(uns) —w | < || Pu'(us;) — P [| + || Pew —w ||

IA

1Pl (k) = w |+ | P = w |

and the right hand side tends to zero as ¢ — co. As in the proof of Lemma
6.5 we now conclude that the bounded sequence u;; containes a convergent
subsequence.
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The boundedness of a sequence u;, which satisfies the hypothesis of the
lemma is obtained the same way as it was done in the proof of Lemma
6.5, we only have to replace [|ui|~'¢'(ux) by [lus, |- Pei'(us;)-

It remaines to prove the second statement of Lemma 6.6. Let w € W be
arbitrarily chosen. Assume uy, — u € W, uy, € Wy, & (un,) - v*. Then
we have

(#(w),w) = Jim ($(us), w)

lim {(#'(us), w - Pw) + ( P ®'(us;), Puw )}
Since
(& (un), 0= Pow)] < |8 | w— Pl =0 a5 i oo
and
Jim (P #(w), Puw) = Jim(8 (), w) = (v, v)
we consequently have
(#'(w),w)=(v",w) forall wew,

and therefore ®'(u) = u*, as claimed. This finishes the proof of Lemma 6.6.
=

Lemma 6.7 For every k the functional 8, : (E* @ E;) x E°/TI" is proper.

Proof
Fix a positive kg € Z. Then the proof of Lemma 6.7 is the same as the proof
of Lemma 6.5 with the sequence u, € W, and |lui||~'¢'(us) replaced by

[l = Py @' (u)-
u
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Proof of Theorem 1

From Section 2 we know the special solutions of the Hamiltonian equation
we are looking for are precisely the critical points of the action functional
& : W — R on the Hilbert space W = E+ @ E~ @ E°. We therefore can write
®(u) = ®(ut,u",u?), and in view of the periodicity of the Hamiltonian H
in the z-variable we know that ®(u*,u,u°) = ®(ut,u™,u® + g) for every
g € I". Therefore & is a function

P ExT" =R

with E = Et @ E- and T" = E°/Z". In view of the Lemmata 6.4, 6.5, 6.6,
and 6.7 this function satisfies all the assumptions of Proposition 5.2 with
the manifold M being the torus T™. Since cuplength(T") = n we conclude
that ® possesses at least n + 1 critical points, and the proof of Theorem 1 is
finished.
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7 The nondegenerate case

We have used a variant of Lyusternik-Schnirelman theory in the preceding
sections to prove existence and multiplicity of critical points of the action
functional ¢ . From the hypothesis in Theorem 2 we obtain a more detailed
information about the the critical points of & , which, by use of the general-
ized Morse theory developed by C. Conley and E. Zehnder, makes it possible
to estimate the number of critical points of & by the sum of the Betti num-
bers of T". Of course, this requires a reduction to finite dimension, and this
will be achieved using a Galerkin approximation.

We briefly recall the classical Morse theory. Consider a smooth compact
closed manifold M and a smooth function f : M — R such that all critical
points of f are nondegenerate. Such a function f is called a Motse function.
Recall that a critical point z of f is called nondegenerate if the Hessian form
d*f(z) is a nondegenerate bilinear form on the tangent space T.M. For a
nondegenerate critical point # the Morse index m(z) is defined to be the
dimension of the maximal linear subspace V of T, M such that d2f(z) is
negative definite on V. Hence m(z) is an integer 0 < m(z) < dim M. The
local structure of the gradient flow

24 =vio#

on M near a nondegenerate critical point z is completely determined by the
Morse index m(z), in particular one concludes that the nondegenerate critical
points of f are isolated. Consequently, since M is compact, a Morse function
f possesses only finitely many critical points.

Hf a,. denotes the number of critical points of f having Morse index m(z) = k,
and if by is the k-th Betti number of M, then the Morse inequalities give an
estimate

a>2b , k=0,...,dimM,

and consequently the total number of critical points of f has to be greater
or equal to the sum of the Betti numbers of M.
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Conversely, the homotopy type of a compact manifold M as a CW-complex
is completely determined by the Morse indices m(z) of the critical points
of a Morse function f : M — R, since passing a critical level from below
means one has to attach cells. To be precise, let A, = {z € M|f(z) <
s}, s € R, and let ¢ be a critical level for f. Let z,,...,2, be the critical
points of f at the level ¢ with Morse indices m(z;),...,m(z,). Then, for
€ > 0 sufficiently small, A.,. is homotopically equivalent to A._. with n cells
e™=)  em(*=) disjointly attached to its boundary. Here ¢* denotes the
k-dimensional standard cell. We refer to J. Milnor [45] for a detailed survey.
The classical Morse theory has been generalized by R. Palais and S. Smale for
functions f : M — R where M is a Hilbert manifold and f is bounded from
below, see e.g. R. Palais [46]). However, this approach is not appropriate to
prove the existence of critical points of strongly indefinite Morse functions.
Considering the example of the action functional & : T* x E — R, we point
out the following observations.

First, the Morse index of each critical point & is infinite. Therefore, passing
a critical level means one has to attach infinite dimensional cells, which are
homotopically invisible. This difficulty of infinite Morse indices is overcome
by means of a Galerkin approximation which reduces the problem to a finite
dimensional one, as will be seen below.

Secondly, the function & and also the functions ®; used in the finite dimen-
sional reduction are unbounded from below and above. Even if we assume
the functions under consideration to be at least C3, the Morse inequalities
proved by R. Palais [46], Theorem 7, are not sufficient to obtain the required
estimate for the total number of critical points of ®.

This difficulty will not arise in the Conley - Zehnder Morse theory for flows
as in [15]. The topological obstructions for the gradient flow of &, on E; x T*
are reflected in the structure of the invariant set S, which consists of the
critical points of &; together with their connecting orbits. It will be shown
that for k sufficiently large the critical points of ®, are all nondegenerate
and correspond uniquely to the critical points of $. The properties of the
gradient flow of $; then will be used to prove the existence of a very special
isolating block for Si, which allows to relate the Conley index of Sy to the
Betti numbers of T". Via the Morse equation, this relation finally yields the
desired estimate for the number of critical points.
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In the following we assume that the Hamiltonian H is in C2. This is quite in
contrast to the previous sections, where only H € C* was required. Moreover,
we still assume the asymptotic estimates, which we recall:

il 8B 8) - Ay] >0 and ol BB 3 8) | 0
uniformly in z and ¢ as |y| — oo.

We start with defining the condition of nondegeneracy for periodic solutions
of the Hamiltonian equation. For this purpose some basic facts on ordinary
differential equations are needed, which can be found e.g. in Amann [1].
Fix a rotation vector j € Z" and set

(7.1) v;= —-J% e(t) = (0,7) eR* xR"

where e(t) = (jt,0) € R* x R,

A 1-periodic solution # with rotation vector j of

(7.2) %a = J[VH@,t) + f(t)] for 4€T"xR",

where f(t) satisfies (1.15) , (1.16), is represented in the covering space R**
by @(t) = u(t) + e(t). Then u is a 1-periodic solution of

(73) ditu = IVH(ute,t) + T{f(t)=v;} , u(t)c R,

By a*(z) we denote the flow of the vector field in (7.3):

d ,
72

(7.4) J VH(a'(2)+e(t), t) + J{f(t)—vs}

a%(z)

z

for z € R*",

Since the Hamiltonian H(z,t) is twice differentiable with respect to z, the
flow a*(z) is differentiable with respect to z, and the derivative da*(z) satisfies
the linearized equation

I
8
~
2
I

- 5 J & H(a¥(z)+e(t),t) da*(z)

B
)
[-]
—_—
N
St
It

idgae
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along the solution a*(z). Here d denotes the derivative with respect to z.
Suppose now that a*(z) is a 1-periodic solution of (7.4), i.e. &!(z) = a®(2) =
z. Then the Hessian d>H(a*(z) + (t), t) is periodic in ¢ with period 1, which
follows from the periodicity

H(z+j,y,t+1) = H(=z,y,t)

of the Hamiltonian, and
(7.6) U(t) := da*(z)

is a fundamental system of the periodically ¢-dependent linear equation

J 2H(a*(z)+e(t),t) U(t)

d
=U(t
7.7) z'®
U(0) = idgm
The eigenvalues of U(1) are called the Floquet-multipliers of the 1-periodic
solution a*(z) of the Hamiltonian equation (7.3).

Definition 7.1 A I-periodic solution u(t) = o'(z) of the Hamiltonian equa-
tion (7.3) is called nondegenerate if it has no Floguet-multiplier equal to 1.

Lemma 7.1 The linearized equation

(7.8) %‘u = JdH(a(z)+e(t), t) u

has a nontrivial I-periodic solution if and only if 1 is a Floquet-multiplier of

of(z2).

Proof
If u(t) is a nontrivial 1-periodic solution, then there exists {, € R such that
u(to) = z # 0, and therefore u(t + to) = U(t)zo. Hence

U(1)zo = U(0)z0 = 2

and consequently 1 is an eigenvalue of U(1).
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Conversely, if 1 is an eigenvalue of U(1) and z # 0 is a corresponding
eigenvector, then U(t)z is a nontrivial 1-periodic solution of the linearized
equation.

]

Recall from Section 2 the action functional & on W = Wi2(S?, R*")

¥(u)

1 \
5(Tu,u)—¢(‘u)+(v,u)
1
= 5((P+—P‘)u,u)—¢(u)+(v, u).
We shall assume now that H € C? and

(7.9) | H(2,y,t)| < a1+ aalyl”

for some constants a;,a; € R and 1 < r < 0o, uniformly in z and £. Conse-
quently, ¢ : W — R defined by

1
(7.10) o(u) = /o H(ute,t) dt
is in C?, and moreover
(1) Pe)En) = [(SH@te DD, 7(0) de
foré,neW.

d*H(-) is a symmetric matrix, so that the Hessian form d®y(u) is symmetric.
Moreover, with u(t) = (z(t), y(t)) € R* x R,

A

(112) | @e(a)em] < [ [ @HE+eb)] el il de

(7.13)

IA

1 1
a [ 1€l dt +as [ 1ol €] de

We apply the generalized Hélder inequality witk p, = (r + 1)/r and p, =
Ps = 2r + 2, to estimate the second integral. Then p;* 4+ p3 + p3! =1, and
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A

L 1 n r/(r+1)
LFuriema < ([wrea) el ol

”y”:n [1€ll2r4+2 limllzr 42

where || - ||, denotes the L%-norm.
We have compact embeddings

(7.14) W = WH(S', R™) — LI(S',R™) , 1<g< .
In particular there exist constants ¢, such that for every { € W

(7.15) lélle < cliéll » 1S g<o0.

Finally applying the Cauchy-Schwarz inequality to estimate the first integral
on the right hand side of (7.13), we therefore conclude that there exists a
constant ¢ = ¢(u) depending only on u and the constants a; , a; and r given
in (7.9), such that

(7.16) [ Pe(u) ()| < ) liE]l lInll -

Therefore the Hessian form d*p(u) is a bounded symmetric bilinear form
on W, and by Riesz’ theorem there exists a uniquely determined symmetric
bounded linear operator ¢”(u) € L(W) defined by

(7.17) (¢"(w)€, n) = dp(u)(én) , EmeW.

Lemma 7.2 The linear operator ¢"(u) € L(W) defined in (7.17) is compact
foreveryue W.

Proof
By means of (7.16) and (7.17) we have for § € W

le"(@)l* = (@"(u), ¢"(u)) = [de(u) (e ()]
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IA

av fléllz 1" () llz + a2 llyllsn I€Nzrsn 110" (w) ll2rse
{a1 + a2 [I9ll7 42} Hll2rez | @7 (w)€ ll2rs2

C'(x) N€llzr+2 Il #"(w)€ ll2r42

where u(t) = (z(t),y(t)) € R* x R". Note that we have used ||¢||z < [|€]l2r42-
By use of (7.15) we have with C(u) := czr42 C'(u)

IA

(7.18) "l < Cw) l€llzrsa
forall { e W.
Since the embedding W — L**%(S?, R?") is compact, the lemma follows.

Recall the definition of ¢ from (2.24) :

(7.19) b = plw) - 5(Ku, u)

where K' € L(W)is compact. From the above considerations concerning ¢ we
deduce that ¢ € C*(W,R) and ¢"(u) = ¢"(v) - K. Moreover, 3"(v) € L(W)
is a compact linear operator for every u € W,

Consequently the action functional & is in C?(W, R), and its Hessian form is

given by
(7.20) d*®(u)(,n) = (T¢, 1) — &o(u)(é,n)

(Ir-¢" (W)€, n) .
For u € W we define the bounded linear operator $"(u) by

(7.21)

(7.22) 8"(u) == T—¢"(u) € L(W).

Definition 7.2 A critical pointu of ® is called nondegenerate if the Hessian
form d*®(u) is nondegenerate.
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Lemma 7.3 Suppose u € W is a nondegenerate critical point of ®. Then
®"(u) € L(W) is an isomorphism of W.

Proof
We have proved in Lemma 2.4 that T € £L(W) is a Fredholm operator with
index(7T') = 0 and dim ker(T) = n. Since ¢"(u)is compact, "(u) is Fredholm
with index(T) = 0. Consequently ran(®"(x)) is closed and dim ker($"(u)) =
dim coker(®"(u)).
If d*®(u) is nondegenerate, then $"(u) € L(W) is one-to-one, and conse-
quently dimker($"(u)) = 0. Hence $"(u) is onto, and by the open-mapping
principle 3"(u) has a bounded inverse on W.

=

The next lemma shows that the Definitions 7.1 and 7.2 of nondegeneracy are
equivalent.

Lemma 7.4 A I-periodic solution u of the Hamiltonian equation (7.3) is
nondegenerate if and only if u is a nondegenerate critical point of the action
functional 3.

Proof

We have already proved in Section 2 that the 1-periodic solutions of (7.3)
are in one-to-one correspondence with the critical points of ®.

Let u be a nondegenerate periodic solution of the Hamiltonian equation, and
let

(7.23) &2®(u)(¢,n) =0 forall neWw.

In particular then (7.23) holds for n € dom(L) = W'*(§?,R?*"), and we have

[(&, [P*=P7]n)|
(&, [P*=P™=¢"(u)[n) | + [ (£, ¢"(v) )|

1
|88(w) (1) |+ | [ (£ B@+e )€, n) e

1(¢, In )z |

IN

il
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IN

1
[ 12 B+, 0) ¢l Inl dt

IA

[ o+ alsl'} il 1ol s

IA

1
as gl Mol + as [ loT 1€l Il de

The remaining integral can be estimated using the generalized Hélder in-
equality:

1/4 1/4 1/2
Lwriema < ([wea)” ([iea) ([ )
AN
Consequently
(128 1(& Il < {a €l + ea sl e} lals

and therefore we conclude £ € dom(L*) = dom(L). Then we have for every
neWw:

=}
[

= F8W)(Em) = (T-$" (¢, 1)
([P+—P—_ ‘P"(")]f; )7’)
(26, ) - [ (H+e,€, 1) db

Al(—Jé—d’H(u+e,t)£, n)dt.

We conclude that § is a 1-periodic solution of the linearized Hamiltonian
equation

(7.25) € = Jd®H(u+te,t)¢

and, since u is a nondegenerate solution of (7.3), we have £ = 0 by Lemma
7.2.
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Thus we have shown: if the 1-periodic solution u of (7.3) has no Floquet-
multiplier equal to 1, then u is a nondegenerate critical point of &.
Conversely, if 1 is Floquet-multiplier of u, then, by Lemma 7.2, there exists
a nontrivial solution of the linearized Hamilton equation. In particular then
¢ € C(S',R?*™) C W, and consequently

(128)  [(~JE- PH@te,¢, n)dt = (8@, ) = O

for all £ € W. Hence £ # 0 and ¢ € ker "(u). Then, by Lemma 7.5, u has
to be degenerate. This finishes the proof of the lemma.
]

Recall the orthogonal decomposition of W introduced in Section 2
W=Et®@E ®E°.
Also recall that & is invariant under the Z"-action defined in (2.30), and
passing to the quotient , we can consider the action functional as a map
$:E*xE xE'/I">R
Lemma 7.5
(i) The nondegenerate critical points of ® are isolated.

(ii) If all critical points of & : E x E°/I™ — R are nondegenerate then there
ezist only finitely many of them.

Proof
(i) Let u be a nondegenerate critical point of #. Then &”"(u) is an isomor-
phism of W by Lemma 7.3, and the claim follows from

(7.21) F(utf) = 2"(w)€+ ol I£])
(ii) We have proved in Lemma 6.5 that ' : E x E°/I" — E x E°[Z" is
proper, where E = E* & E~. Consequently the set of critical points of & is
compact. If all the critical points of ¥ are nondegenerate, this set consists of
isolated points and therefore has to be finite.

[ ]
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8 Morse theory and proof of Theorem 3

Recall the action functional & : W = W1?*(S!,R™) — R, defined by

(8.1) 8(u) = 5 (Tu, u) ~ P(u) + (v, u)

where v = v; — Tw defined in (2.20), with v; = —Jé(t) = (0,5) € R* x R*
depending on the fixed rotation vector j € Z", and where

P) = plu) -3 (Ku,u)

/O‘H(u+e,t)d —%./;‘(Qu,u)dt.

We assume now that H(z,y,t)is a C>-function, periodic in z and ¢, satisfying
the asymptotic condition as |y| — oo :

1
ml 8,H(z,y,t) - A(tly| — 0
(8.2) 1
mlazH(zvyvt)l - 0
uniformly in z and t. Moreover we shall assume that the Hessian of H
satisfies

(83) |d’H(z, y’t) | < a + a?lylr

uniformly in = and ¢ with some constants a;,a, > 0 and r € [1,00). This
condition on the Hessian implies that ¢ € C?(W,R), see e.g. P. Rabinowitz
[52]). Moreover, a representation of the Hessian form of ¢ at u € W is given
by

(8.4) (¢ 1) = [(PBte,)¢,n) .

We shall make crucial use of the fact that ©” is a compact map.
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Lemma 8.1 o" : W — L(W) is compact.

Proof

Let u,, be a bounded sequence in W. Then u,, has a weakly convergent
subsequence, and thus we may assume u,,, — u € W weakly. Let { €¢ W
with [|¢]| < 1. We have

[ (¢"(um)—#"(w)) €, €)I

l/ol(cfH(u,,._.+e,t)§, ¢) dt

IA

1
/ &2 H (tm, +e,t) — 2 H(ute,t)] J€[? dt .
[}

We write w(t) = (z(t),y(t)) € R* x R*, w € W. Choose a > 1. Then the
assumption on the norm of the Hessian gives

(8.5) | d2H(w(t)+e(t),t)| < a1+ aaly(e)|™ -

As in [52], Prop. B1, we conclude that the map w — d*H(w +¢,-) is in
C(Le"(S*,R*™), L*(S*, L(R*")) ). Consequently,

/ol | 2 H (s, +e,8) — d*H(ute,t)| ¢]? dt
ta 2a (a-1)/a
< (/:|d’H(u,,.,-+e,t) — d*H(ute,t){* dt) (/;1 e dt)

= || &*H(um, +e,7) - d*H(ute,) |pa(s oy [€llze, -
By the continuous embedding W — L=1(S!, R™) we conclude

| " (wm;)=#" () 1l sup (" (um;)—9"(w) ) €, €) |

IN

as " dzH(u,,.‘+e, °) - dzH(u-lv-e, ) ”Ln(sl,c(n?u))

with some constant a3 depending on . Note we have used that ¢"(w) is a
symmetric operator.
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Since 4, — u in W we have u,, — u in L*"(S!,R?") by the compactness of
the embedding W — L*"(S!,R?"). By the above continuity the right hand
side tends to zero as ¢ — oo, which proves the lemma.

|

We now introduce the Galerkin approximation scheme:

Recall we have an orthogonal splitting W = E+ @ E- @ E® corresponding to
the positive, negative and zero eigenspaces of the operator T = P*—P——K.
In B+ and E- we choose orthonormal bases consisting of eigenvectors of T:

(8-6) {wliel*} c E*
(8.7) {w|ieZ"} c E-.

Define the finite dimensional linear subspaces Ej of E = E* @ E- by
(8.8) E,:=span{w;|0<[i|<k}, k=1,2,...
and denote by

(8.9) P.:EQE > E, 0 F°

the corresponding orthogonal projections. We also occasionally shall use the
notation

(8.10) W=E®E° R W],=E1,$E°.

Note that we have || P]| = 1, and the projection scheme (W;, P,) is projec-
tionally complete, i.e. Pout — u as k — oo for everyu € W.
Define the restricted functionals

(811) <I>,.:W,,—>R y k=1,2,...
by
(8.12) ®i(u) ;= B(u) if veW,.

We note that the statement of Lemma 6.6 holds true for the projection scheme
just defined; the proof here is literally the same.
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The subsequent lemmata will show that the situation considered here is well
suited for Galerkin approximation. In fact, we shall prove that for sufficiently
large k there is a one-to-one correspondence between the critical points of
&, and those of @, provided all the critical points of & are nondegenerate.
It then turns out that the critical points of &, are also nondegenerate.

We recall the definition of an A-proper map.

Definition 8.1 A map F : W — W is called A-proper with respect to the
approzimation scheme (Wi, P,) if P, F is continuous and, if given any infinite
subscheme (Wi, Pr,) and a bounded subsequence z € Wy, satisfying

P F(z) »weW as i-00,

then there ezists an element z € W and a convergent subsequence z;, such
that z;; — z asl — oo and F(z) = w.

Lemma 8.2 Let T = PY—P-—K, and let F : W — W be a compact map.
Then T—F is A-proper with respect to (W;, P.).

Proof

Let (uy,) be a bounded sequence in W such that u,; € Wy, and
(8.13) Po(Tup, — Fu,))) 2w €W as i o0,
By definition of W, the operators P, and T commute. Hence
(8.14) Tup, — P F(ug,) >4 as 1 00.

Since F is compact and (ux,) is bounded, the sequence F(uy;) contains a
convergent subsequence. We assume F(u;) — w € W. Consequently

| P Fu) —w| < || PuF(ur) = Pow| + || Pow — w|

IA

| Flug,) —w(|l+ || Pyw —w|| =0 as i—o0.

We therefore conclude T'ui; — u* + w as ¢ — oo.
Recall the orthogonal decomposition
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W=E*®E ®oE®
corresponding to
Uy = U, 4 Uy +up, .

Then uf, is a bounded sequence in E° = ker(T). Since dim E° = n < oo, we
may assume u), — u® € E°. Thus consider

Tup, = T(uf +up) > v+ w.

Since T is Fredholm, ran(T) is closed, and consequently u* + w € ran(T).
Moreover, T|g+gg- is continuously invertible, and therefore

wl tug - T +w).
Thus we have found a convergent subsequence
u =l fug tup, > T tw)+u° = u.
Of course we have

(8.15) Tu-Flu)=v"+w- ilix:lo Flu)=u",

and the proof of the lemma is finished.

We apply this result to the action functional &.

Lemma 8.3

(1) For everyu € W the operator "(u) € L(W) is A-proper with respect to
(Wi, Po).
(i) @ : W — W is A-proper with respect to (W}, P,).
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Proof
(i) The statement is obtained from Lemmata 8.2 and 7.2 with F = ¢"(u).
(ii) The statement follows with F = ¢/ — v.

Lemma 8.4 If up € W is a nondegenerate critical point of ®, then there
ezist € > 0 and kg € Zt such that for every k 2> ko the function &, possesses
exactly one critical point u; € B(ug,e) N W,.

Moreover, this critical point u;, of ¥y is nondegenerate.

Proof
(a) Recall from Lemma 7.3 that "(uo) € £L(W) is an isomorphism, and we
have forall { € W

. 1
(8.16) 12" (uo)€ll 2 gy el -
Since &” : W — L(W) is continuous, there exists £, > 0 such that
[
8.17 LA L
€0 [P = 2

if u € B(uo, &1). Consequently for these u we have an estimate

1 1
8.18 ()| 2 7 Ml 2 7= liéll -
( ) " ( ) " " @”(u)'l ” " " 2 “ Qu(uo)_l " " "

(b) We claim there exist ¢ > 0 and k; € Z* such that for § € Wi, k > k;
and u € B(uo,¢,) the estimate

(8.19) | Pe@(w)€ Il 2 cliél

holds true.

Assuming, in contradiction, that such numbers ¢ and k, do not exist, we can
find sequences uy, in B(uo, 1) and &; € Wi, , [|€x]] = 1, such that

(8.20) P ®"(up;)én, =0 as i—oo.
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Recall 3"(wi,) = T— ¢"(us,;), and ¢"(uy,) = ¢"(us;) — K. By Lemma 8.1 the
map ¢" is compact, and therefore ¢" : W — L(W) is compact. Since (uy,)
is a bounded sequence we can choose a subsequence, again denoted by (us;),
such that ¢"(us,) converges to B € L(W)in L(W). The set of compact linear
operators on W is closed in £(W), and hence B is compact. Consequently

(8.21) ®"(up;) > T—-B =: S €L(W) as i—>oo.
Note that
I PuSENl < N Prs®"(un) s | + [l PcS € — Prc®" () i ||
< I PB" ()l + 1S — () [ 0 as i oo

By Lemma 8.2 the operator S = T'— B is A-proper. Hence ({3,;) contains
a convergent subsequence. Thus we may assume £, — ¢ € W, and from
léx:l] = 1 we conclude [|¢]| = 1. By the A-properness, ¢ satisfies S¢ = 0.
Consequently :

12" (un) €| = || ®"(u)§ — SE|| < | " (un) = S|| - 0 as i—o00.
On the other hand, (8.18) yields

" 1 _ 1
"Q ("h)f" 2 2”@”(1&0)“” "6” = 2” Qu(uo)-l " >

0.

Thus we arrived at a contradiction, and the claim is proved.
(c) In particular we have with ¢, k; as in (b)

(8.22) | P& o) €l 2 clle] i k2.

Hence P.®"(uo)lw, € £(W,) is an isomorphism of W;. Moreover, we have

(8.29) #(u) = ¥"(u0) (u — uo) + of | — o] ) -

Consequently we can choose 0 < &; < ¢, such that &(u) # 0 whenever
u € B(uo,¢;) \ {uo}. By (ii) of Lemma 8.3 we can find k; > k; such that
P®'(u) # 0 if u € 8B(up,e2) and k > k,.
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The Brouwer mapping degree is therefore defined and, by the homotopy given
by
Pu"(uo) (u —uo) +to(flu—wlf) , 0<t<1

we find

deg (P.®', B(uo, €2) N Wi, 0) = deg (P®"(uo) (- — o), B(u0,€2) N Wi, 0) .
Note that P.$"(uo) is an isomorphism for all & > k,. Hence the equation

(8.24) Pid"(uo)u = Po®"(uo)uo

has exactly one solution v = #; € Wi,k > k. By the convergence
P®"(uo)ug — ®“(uo)uo as k — oo and by the A-properness of ®"(up)
it follows that #, — ug as k — oo. Consequently there exists k3 > k; such
that %, € B(ug,e2) N Wy for k > k3. Computing the Brouwer degree we
obtain

deg ( P@"(uo) (- ~u0), B(ug,€2) N Wi, 0)
deg ( Po®"(uo), Bluo,e2) N Wi), Pp®" (o) uo)
sign (det [ Pi®"(uo) ]) = +1

i

and therefore
(8.25) deg ( P.®', B(up,e2) N Wi, 0) = £1.

Consequently there exists a critical point u, € B{ug, £2)NW of &y, if k > ks.

(d) We finally claim that there exists k; > k; such that there is only one
single critical point uy, of ¥} in B(ug,¢;) N W,.

By contradiction we assume there exist ug,u; € B(uo,&2) N Wi, ur # uf,
such that P,®'(u) = P.®'(ui) = 0 for infinitely many k > k;. The identity

(826)  ¥(w) = ¥'(w)+¥"(ua) (wr — i) + o [l — wil])
implies

(8.27) 0 = Pd"(ws) (uh — ) +o(flug — ) -
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Since @' is A-proper and since uy, uj € B(uo, ;) there exist subsequences
uk,;, %, which converge to ug as i — oo. Hence [|uj~u|| — 0, and combining
(8.19) and (8.27) leads to

< ol ~ wll)

(828) ¢«
Ik, — sl

Up;
P :' )

as £ — 0o, in contradiction to ¢ > 0, and the claim is proved.

We define ky := k; , € := ¢, in the statement of the lemma, and note that
the equation (8.19) shows that the critical points uj of &, are nondegenerate.
This finishes the proof of the lemma.

]

Under the hypothesis that all critical points of & : E x T" — R are non-
degenerate, we have shown in Lemma 7.5 that the set of critical points of
® contains at most finitely many elements. By Theorem 1 the number of
critical points is at least n 4+ 1. Now let u!,...,u™ denote the critical points
of . In view of Lemma 8.4 we can find € > 0 and kg € Z* such that

L B, e)NB(w,e)=0 if i#£j 1<i,j<m,

2. There exists at least one critical point u}, of & in each B(w’, e)N(EXT™)
if k > k. Moreover, the uj are are nondegenerate and ui — u’ as
k — oo, since u' is the only critical point of & contained in B(«',¢).

Assume we already know that there exists a bounded set B C E x T™ such
that the critical points of @, on E; x T™ are entirely contained in B. Then
for k sufficiently large there are no critical points of &, contained in (B \
(B(u',e) U...U B(w™€)) )N (Ex x T"). Assuming we can find an infinite
sequence u; E BN(E,xT"), ®(u) =0, ux & B(ul,e)U...UB(u™¢), we
conclude by the A-properness of € that this sequence must have a convergent
subsequence whose limit is a critical point of & , different from the «’, and
thus we have a contradiction.

Consequently there exists ko such that for k > kq the critical points of & are
in a one-to-one correspondence with the critical points of ®, and therefore a
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lower bound for the number of critical points of &, is also a lower bound for
the critical set of &.

To carry out this strategy we first prove the required a priori estimate for the
critical points of & on E x T and &, on Ej x T". From now on let &) and
E() denote either & or &, and E or E; respectively. Consider the negative
gradient flow u-s, s € R, of the vector field —Q{k) on B x T*, ie.

d
o (u-3) = —@(,‘)(u-s) .
Lemma 8.5

(i) There exists R > O such that the restpoints of the flow of —&' are con-
tained in
B=D*xD xT"
where D* = {v* € E* | |u¥|| < R}.
(ii) The restpoints of the flow —®; are all contained in
Bi=D} x Dp x T"

where D = D* N E,.

Proof
The proof of (i) and (ii) can be done simultaneously using the notational
convention that the symbol Ay means either A or 4.

Recall from (6.1) that there exists A > 0 such that (Tu*, ut) > Aljjut|?
for all ut € E(t), and moreover (Tu~, u™) > —A[[u| for u~ € Eg,. We
consider u = utu+u® € Ej) @ Ejy © E° such that [|u|| < |[u*]| +r with
a fixed constant r > 0. For these u we have

(&), ut) = (Tut,u*)—(¢),s*)+(v, v*)

v

Mt = [(VH +,6) Qe)u, w ) de+ (v, ")

v

1 N
Al - /o IVH(u + e,t) — Q(t)ul [u*| dt — [[o]| fl* |
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2 At = {a(e) + ellu*+uHlutl - o) a*]
2 At = e{2[lu* | + rHlut | = ex(e) ] — foll
2 (A= 2)[ut) - exfe,r) [lut]]

where we have used the asymptotic condition
|8 H(z,y,t)| + |0, H(z,3,t) - A(t)y| < ea(e) +ely] .

We choose 0 < € < A/2. Consequently there exists R > 0 such that with this
choice of € :

(—%)(u),u*) < 0 where u=utrtu +u®
(8.29)
satisfying [lu[| < [lu*f|+r and (et >R.

By a similar argument we can find R > 0 such that

(—®y(u),u") > 0 where u=uttu+u®
(8.30)
satisfying [Jut| < fu] +r and -l 2 B.

Note that R can be chosen the same constant in (8.29) and (8.30), and
moreover R is independent of k. Thus we have proved that all the possible
restpoints of the flow of —&(,, on E(,,) ® E; & E® have to be contained in
Dfy x Dy x E°.

We pomt out the fact that it is sufficient for our purposes in this section to
choose r = 0. However, the case » > 0 turns out to be important in the
applications considered in Section 9.

Observe that the above estimates are uniform in 4® € E°. Passing now to
the quotient Ex) x T" we see the following :

I [lu*| = R and [lu~f| < R the inequality (8.29) shows that the vector
®{4)(u) points into the exterior of By, and, vice versa, if ||u~]] = R and
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[lut]l < R the vector —&(;)(u) points into the exterior of B by (8.30).
Consequently, the set

(8.31) Bf, := 8D{yx Dy x T"
is the entrance set of By for the flow of —QE,‘), and
(8.32) B(—k) = D(’,) X aD(’,‘) xT"

is the corresponding exit set.

E;

Note that B, is an isolating block in the sense of Conley and Zehnder, see
(14, 15).

We are ready now to apply the Conley-Zehnder Morse theory to the flow of
—&; on E, x T™ near the isolating block found in Lemma 8.5. Here we make
use of the fact that E; x T™ is a finite dimensional manifold.

Definition 8.2 The Morse indez m{z) of a nondegenerate critical point
u € Ey x T" of &, is the number of the negative eigenvalues of the Hessian
matriz P,®"(u).

Proposition 8.1 (Morse theory for &,) Assume k € Z* is sufficiently
large. Then all critical points of ®;, on E; x T™ are nondegenerate and there
are only finitely many of them. Denote by m(z) the Morse indez of a critical
point u, then

(8.33) S ) = p(r, T+ (1 +2) Q(2)
{usl#(ui)=0}
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where p(t, T") is the Poincaré polynomial of the n-dimensional torus T™, a
is @ positive integer depending on k, and Q(t) is a polynomial having non-
negative integer coefficients.

Proof

We merely describe the main ideas and refer to [14, 15] for the details.

Let Sy denote the maximal invariant set of the gradient flow for ®; which
is contained in the isolating set Df x Dy x T™ having D} x 8D; x T" as
exit set. The set S is compact and consists of finitely many critical points
together with all their connecting orbits. It has a Conley index which is the
homotopy type of a pointed compact space, denoted by k(S:). From the
above isolating block and the exit set one computes readily for the Poincaré
polynomial of k(S)) that

(8‘34) p(t, h(sk)) = P(t) Tn) p(t,S") = p(t, T") t

for some integer a. Denote the Conley index of a critical point u by h(u).
Then, since the critical points constitute a Morse decomposition of Si, we
have the following Morse equation relating the global index of S, with the
local invariants of the critical points by

N

(8.35) 2 p(t,h(w)) = p(t,h(SW)) + (1 +2) Q(t)

i=1
with a polynomial Q having nonnegative integer coefficients. Observe now
that if a critical point is nondegenerate, then its Conley index is a pointed
sphere of dimension equal to the Morse index m(u) of u, so that

(8.36) Pt h(w)) = plt, S = gnio)

and hence the proposition is proved.
L]

From the Morse equation it is now easy to derive a lower bound for the
number of critical points . Observe that the Poincaré polynomial is given by
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(8:37) §,T) = 3 (’:) £

=0

Setting t = 1 we obtain

(8.38) p(1,T") = 2°

which is equal to the sum of Betti numbers of T". Consequently, setting
t = 1 in the Morse equation, we obtain the

Corollary 8.1
(8.39) # { critical points of &, } > 2".

This proves Theorem 2.
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9 Lyusternik-Schnirelman theory for flows
and a second proof of Theorem 1

In the previous section we have exploited the structure of the gradient flow
of the action functional @ to construct an isolating block for the invariant
set S which consists of the critical points of ® together with their connect-
ing orbits. By use of the A-properness of the gradient &' with respect to
the Galerkin approximation scheme we have introduced a reduction to finite
dimension in order to establish the topological arguments which finally led
to the claimed multiplicity statement for the number of critical points of &.
Basically the setting which was introduced in Section 8 can still be used even
if the assumption of nondegeneracy is dropped. Replacing the Morse equa-
tion by some appropriate cuplength-estimate, we shall prove the existence of
at least cuplength(T") + 1 critical points. This will provide an alternative
proof of Theorem 1 which does not involve minimax-methods. In contrast to
our former proof of Theorem 1 the dynamical properties of the gradient flow
will be used explicitly.

For the sake of simplicity we shall assume in the sequel that the gradient
vector field of  generates a unique flow on E x T™. This is obviously the
case if the Hamiltonian H satisfies the hypotheses stated in Section 8. Note
that under the more general assumptions of Theorem 1 a unique gradient flow
may not exist. However, it is possible to replace the gradient vector field in
the proof below by some appropriate Lipschitz-continuous almost gradient
vector field, see Proposition 9.3.

For the notation used in the following we refer to Section 8.
We state precisely the main result of this section

Proposition 9.1 Let ® € C'(E x T",R) be the action functional defined by
1
B() = 2(Tu, u) - #() + (v,u).

Assume that the gradient ' generates a unique flow on E x T*. Then & has
at least n + 1 critical points.
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In particular, if ® has only finitely many critical values ¢, < ... < ¢, and if

(91) M;:= {ue ExT" | ®(u)=¢;, ¥w)=0} , j=1,...,m
denotes the critical set at the level ¢;, then

(8.2) 3" catpxyn(M;) > cuplength(T") +1.

i=1

Proof

(i) We first assume there exist finitely many critical levels of & denoted by
€1 € ... < &p. In this case the existence of at least n+1 = cuplength{T")+1
critical points of & follows from the estimate (9.2). Note that by our assump-
tion each of the critical sets M; at the level ¢; is nonempty and consequently
catpyyn(M;) > 1. If there exists a subscript j such that catpxy»(M;) > 2
then M; has infinitely many elements since E x T™ is arcwise connected. If
such subscript j does not exist we conclude that m > n + 1, and the claim
follows.

In Lemma 6.5 we have proved that the mapping ' : E x T — E x T" is
proper, and consequently the critical set of ® is compact. As a consequence
each of the components M;, j = 1,...,m, defined in (9.1), is compact. By
the continuity property of cat there exists § > 0 such that

(9.3) catpxye(Ns;) = catpxrn(Mj)
whereforj=1,...,m
N;; = N;(M,) = { ueExT" | dist(u,M,-) < 5}

denotes the é-neighborhood of M; in E x T".

Observe that if the number m of critical values of ® is greater than 1 we can
choose £> O such that ¢; + €< ¢y —Eforj=1,...,m - L

If 0 < € < & is given, then by the continuity of & there exists § = §(¢) > 0
such that for j=1,...,m:

(9.4) cj—e < B(u) < cj+e if wu€N;;.
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The choice of £ implies that for 0 < ¢ < € and § = §(¢) :

(9.5) NjgNNjj=0 if i#j.

Recall from Section 8 the Galerkin approximation scheme, and also recall the
definition of the restricted functionals ;. In the subsequent Lemma 9.1 we
present an a priori-estimate concerning the approximation of critical points
of the action functional $. Considering ¢ resp. &, on the covering space
W = E @ E° resp. W;, = E} © E® we have the following

Lemma 9.1 Let
K;,={ueW)|®u)=c; and '(u)=0}
and let § > 0. Define

(9.6) N := Ng/o(K,)U...UNsp(K.,,) CW.
Then there exist b > 0 and ky(8) € Z* depending on § such that

([Bx(w))| 2 for k> ki(6) and v g NOW;.

Proof
Assuming such constants b and k() do not exist we can find a sequence
uy, € Wi, \ N such that &} (u;,) — 0 as { — oo. Note that Lemma 6.6
holds true for the approximation scheme considered here, and therefore us,
contains a convergent subsequence in E x T* & E x E°/ZI™. By use of the
Z™-invariance of ®;, we may assume that this subsequence is also convergent
in E x E°, and again by Lemma 6.6 we conclude that the limit u € W is a
critical point of #. On the other hand u;, ¢ N implies dist(u, K;) > §/2 for
j=1,...,m, and therefore u is not contained in the critical set of &, which
gives a contradiction.

=

From Lemma 9.1 we conclude immediately
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Corollary 9.1 Suppose that § > 0 is chosen such that (9.3) and (9.4) hold
with some ¢ < &, and let ky(8) be the integer determined in Lemma 9.1. If
k > k;(8) and if u is a critical point of 8 : B, x T* = R, then

v € (NjuU...UNsm) N (B x T") .
In this case there ezists j € {1,...,m} such that u € Nj;, and consequently

(9.7) Bu(u) € (¢j—¢e,ci+¢).

For k > k,(8) and j = 1,...,m we define the following subsets of E; x T™ :
(9.8) Sy‘) = { v € E, xT"| Illim u-T € Ng; } )
wlimd
where u-7 denotes the flow of —®} on E; x T, i.e.
d
E_—(u-'r) = -9 (u-7).

Thus Sy‘) consists precisely of the critical points of ®; which are contained
in Nj; together with the connecting orbits of these critical points. Quite in
contrast to the nondegenerate case it is not sufficient in the present situation
to consider the critical points only. We have to take into account an estimate
concerning the behavior of the invariant sets S,(k) ask— oo:

Lemma 9.2 There eziste > 0, § > 0 sufficiently small, and ko € Z depend-
ing on 8, such that

(9.9) S‘gk) C N5J' , J=14...,m,

for allk > ky.

Proof

We will consider the functionals &, on the covering space Wy = E; x E°
of E, x T™. Our notation will not distinguish between the flow of —&;, on
E; x T™ and its lift on W;.
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We choose & > 0 so small that ¢; + £ < ¢j41 — & Let § > 0 be chosen such
that (9.3) and (9.4) are satisfied, i.e. we have catgyys(N;;) = catpyrs(M;)
and ®(u) € (¢; — &,¢; + &) for u € N;.

Let b > 0 and k,(8) denote the constants depending on & which are given by
Lemma 9.1.

In the following we choose a fixed ¢ satisfying

4

Corresponding to this ¢ we can find 0 < § < § such that (9.4) holds with
€, 8. Let ky(&) be the integer assigned to 8, as in Lemma 9.1.
We define ko = max{kt(b'), k1(60)}

(9.10) 0 <& <min {E,b—s-} .

Fix k > ko and consider u € W, such that
@h(u) < ¢ci+e and u¢g Ng(Kc’.) .

We claim that the orbit {u-7|r € R} of u under the flow of —&} will
not approach a critical point of ®; on a level greater or equal ¢; — ¢ in
foreward direction. Note that for k > ko any critical point up of & satisfying
¢j — & < ®i(up) < Pu(u) has to be contained in Ny /a(K.;) C Nyu(K.;).
Consequently we only have to consider the case where the orbit of v enters
the set Ny;(Ke;).

In this case we can find 7, > 15 > 0 such that

(9.11) ute § Ne(K;)NW,
(912) u-n € N;/z(ch) al Wk
(9.13) ur § NnW, for ro<r<n

where N is defined in (9.6).
Then we have

nd ) §
(9.14) /m I o)l ds > dist(um,uem) 2 5.
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Therefore we conclude

Bi(um) = Bu(u-mo)+ /: %@,(u-,) ds

= Bu(um)+ L (8L (u-s), %(u-s) )ds

= @ufuro) = [ | (o) | ds

&)
< cte=b [ [ &(us)llds
n
5
< Cj+€—?
< ¢ —€.

The claim now follows since ®; is a Lyapunov function for the flow of —&j,.

Thus we have proved that u is not contained in the stable manifold of some
critical point of ®; in Nj,/4(K,;). In particular u does not belong to any
connecting orbit of such critical points. Finally passing from Wi to the
quotient Ej x T™ completes the proof of the lemma.

]

Recall Lemma 8.5 from the previous section. There we have proved the
existence of an isolating block

(9.15) B, = D} xDy xT" C Ef xE; xT"
where D = { u* € Ef | ||u%|| < R} for some R > 0 independent of k.

We denote by S*) the maximal invariant set of the flow of —&} which is
contained in the isolating block B :

(9.18) 5®:={ueE,xT"|ureB,; forall TeR}

Note that S(*} is compact and invariant under the flow of —&}. As an easy
consequence of Lemma 9.2 we have
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Corollary 9.2 For k > ko there is an ordered Morse decomposition of S(*)
given by (Sik), .o, S,

For sufficiently large k the Lyusternik-Schrirelman category of S is related
to the category of the components Sy‘) of the Morse decomposition :

Lemma 9.3 For k > ko we have

(9.17) catg,ra(SM) < 3 catgur=(S) .

i=1

Proof
(a) Note that the assumption Sgk) =0forall j=1,...,m implies §*) = @,
and then (9.17) holds trivially.

(b) Dealing with the case S®*) # 0 we can assume that S}k) #0forj=

1,...,m. Observe that the nonempty Sgk) constitute an admissibly or-
dered Morse decomposition of S*} and therefore only the contribution of
the nonempty components has to be taken into consideration. Up to renum-
bering of these components the proof remains unchanged.

If m = 1 then obviously S*) = SY‘) and we are already done.
Let m > 1. Using the continuity property of cat we can choose § > 0 such
that

C&tE.xrﬂ(N6(5§k))) = CatEnxT‘(S?))

where N5(S§-k)) denotes the closed §-neighborhood of Sy‘) in B, x T*. We
define forj=1,...,m:

(9.18) Ps = catg, 1= (Ns(5{"))

Since the sets Sy') are compact, we have p; < co.

Moreover we consider all ordered pairs (S,(k), S}k) ) where1 < i< j < m.
Given any such pair we define the invariant set of connecting orbits from
S to 50

3 i
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(9.19) Si;:= { ue S® | fﬁtf“u-r € 5™ and Jim ure Sf-k) } .

Let 1 < i < m be fixed, and let U},...,UP C E; x T" be a collection of
closed subsets such that

U; is contractible in B, x T*
Ns(s®) c Uru...uUF
Then for every i < j < m there exists 7;; € R* such that fort > 7, ;

(9.20) S\ Ns(5{) U Ui-(-t).

r=1

In order to prove this claim we choose j > i and define for u € S;;
(9.21) T(u) = inf{ T€R|us€ Ns(S™) for all s> 7 } .
Note that 7(u) < oo for all © € S; ;. We consider

(9.22) TN = sup{ 7(u) | v € Si;\ N;(SJ(")) } .

By definition of 7;; there exists a sequence w € S;; \ N;(Sy‘)) such that
7(w) — 7 as I — oo. Since S;; \ N;(S§k)) is relatively compact, u; contains
a convergent subsequence whose limit @ is contained in the closure of S;; \
N5(S§k)). Hence dist(z, Sgk)) > §and 7(%) = 1 ; < +00, and (9.20) is proved.

We define

max{r;li<j<m} if 1<i<m-1

0 if i=m

(9.23) 7= {
From (9.20) we now conclude that fort > 7; and every j =i+ 1,...,m

(0:24) s < (0 oo )umis?).

r=1
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Let U},..., U} C Ey x T™ denote a collection of closed contractible subsets
such that N;(S,(-k)) is contained in the union of the U;. Then (9.22) holds
true with N;(S,(-k)) replaced by U}U...U Uf’ . Moreover, since S; ; is invariant
under the flow of —®}, we conclude that

(9.25) Si; C (0 U.Y"-(—t—a)) u (D U,"-(—-*))

=1 j=1
forallsc Rand t > 7.
We define the subset U C Ej, x T" by

U .= (0 U;t.(_rl_,,‘_fm)) U (G U;’-(—r,—...—-r,,.)) u...

ry=1 2=1

Pm

Ul U U (=)
Pm=1

where U{* C E, x T™ is contractible in E, x T and N;(S.w) c Ulu...uUF,

We claim that

(9.26) s® cu.

For this purpose we note that we have a decomposition of S®) into disjoint
invariant subsets

(9.27) 5% = (D s,("’) u( U s J) )

i=1 1<i<i<m

By the invariance of S,g") under the gradient flow we have for all t € R

(9.28) s® ¢ 0 Ur-(-t).

ri=1

Choosing t = 1; + ... + 1,, we conclude S,p’) CUforeveryi=1,...,m.

Let 1 < i < j < m be given. With the choice t = % + ... 4+ 7;_; and
$=17;+...+ Ty the inclusion S;; C U follows from (9.25), and the claim is
proved.

Note that the flow of —®; on E; x T" is a 1-parameter family of homeomor-
phisms of Ej x T*. Consequently each of the sets U]*.7 introduced above is
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closed and contractible for any 7 € R. Thus we have constructed a covering
of the set S®) by p, + ... + p closed and contractible subsets of B, x T".
Therefore by the definition of cat

catg,x1=(S™) < p1+ ...+ Pm

and the lemma is proved.

Summarizing the results obtained until now we have the following

Corollary 9.3 Suppose & : E x T* — R has only finitely many critical
values ¢; < ... < ¢, corresponding to the critical sets M,,..., M,,. Then
for k > ko we have

m

(9.29) Z catgyre(M;) 2 catE.xp(S(")) .

=1

Proof
Note that S,(-h) C ExxT™and E, x T"is aretract of Ex T" for every k € Z*.
Consequently by Lemma 3.1 we have

(930) ca.tE."»(SJ(.h)) = catEx,n(Sy')) .
Moreover by the monotonicity of cat we get from (9.9)
(9.31) catpxr~(8{Y) < catpurs(Nss) -
Using (9.3), (9.17), (9.30) and (9.31) we have for k > ko

m . m (9.31) ™
Ecatgx"(Mj) (9=3) antgxrn(Ng.j) Z ant5x1n(sg-k))

i=1 i=t i=t
m (9.17)
O 3 catgn(SH) 2 catgxra(S®).
i=1

The remaining step in the proof of the estimate (9.2) consists in relating the
category of the isolated invariant set S to the cuplength of the torus T".
This result corresponds to the Intersection Lemma in Section 3.
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Proposition 9.2 For any k € It let S®) C E x T" denote the mazimal
invariant set of the flow of —®;, which is contained in the isolating block B,
determined in Lemma 8.5 :

By=Df xDyxT" C E} xEf xT"

where Df = {u* € Ef | ||ut]| < R} for some R > 0 sufficiently large.
Then

(9.32) catg,x7o(S®) > cuplength(T™) +1.

Proof

We assume, by contradiction, that catg,xra(S®) < cuplength(T*) = n. In
the following we shall abbreviate [ := catg, x=(S®)).

Observe that by definition of the isolating block B, the compact invariant
set S*) is contained in the interior intB;. Moreover note that B, is a retract
of E; x T*, and therefore by Lemma 3.1

(9.33) catp, (S™) = catgya(S®) = 1.
Using the continuity property of cat we can find an open neighborhood U of

S*} in B, such that

catp, (U) = catp,(S¥)
(9.34) _
and U CintB; .

(a) First we consider the case [ > 1, which in particular implies S*) £ @,
By definition of cat there exist I < n closed subsets A} C By, j = 1,...,1
such that

Al is contractible in By
UcCAuU...Uu4

We can assume that 4} C intBy, since otherwise A} can be replaced by
Ain U. We point out that Ain S®) £ @forall  =1,...,1. Using the flow
u-t of —®) we define the following compact sets

St = {u€By|uteBy forall t>0}

S™ = {uve€By|uteB forall t<0}
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In particular we have S®) = S*nS-,
The entrance set Bf and the exit set By of the isolating block B, are given
by

Bt = 8D} xD; xT* C 8B,
By = D} x8Dy xT* C 8B,

Observe that 8B, = B} U B;.

By means of the flow we can use the sets A} to construct a covering of 5*
by 1 contractible closed subsets A; which do not intersect the exit set B;:
For u € St we define the real number 7+(u) by

(9.35) r"’(u)::inf{‘rERlu-seﬁfotaH sZr}.
We set
(9.36) = sup{ r¥(u) |ue St } .

Using the compactness of S* C B, we find that 7+ < oo, and we conclude

(9.37) st cU.(-m%) C L‘J A (—11).

i=1

Note that Aj-(—7*) C Ex x T" is a closed subset which is contractible in
Ei x T, and that A}-(—7*)N By = 0. Now we define

(9.38) Aj = A (-mH)NB, for j=1,...,1.
Then A; C B, is closed and contractible in By, and
St C A U...UA4,.

Note that 4; N S®) £ @ and consequently A; # 0 for all j, which follows
from the fact that 45N S® £ 0.

Considering now B, \ S* we have the following

Lemma 9.4 (Wazewski’s principle) The entrance set B} is a strong de-
formation retract of B, \ S~, and the ezit set B, is a strong deformation
retract of B, \ S*.
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Proof
Define the continuous function ¢+ : By \ S* — R by

tt(u) =sup{t >0 |u.[0,§C B } .
Then t*(u) = 0 if and only if u € B;. The deformation retraction
F:(Bx\S*)x[0,1] = B\ §*
which retracts By \ S* to By is given by F(u,s) := u-{st*(u)}. This proves
that By is a deformation retract of By \ S*. The second part of the lemma

is proved similarly.
| ]

As a consequence of this lemma we have
Corollary 9.4 There ezists a closed set A satisfying
By Cc AC B,

such that By is a retract of A, and such that moreover

AUAU...UA = B;.
Proof
Let U be the open neighborhood of S} chosen in (9.34). Then we define
(9.39) A:=B\ (U(-) .
Observe that A C By is closed. Since S* C By \ A it follows immediately

from Wazewski’s principle that B; is a strong deformation retract of A.
a

In the following H* and H, will denote singular cohomology and homology
respectively. Corresponding to Lemma 3.3 we have
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Lemma 9.5

(i) The injections v : (By,0) — (B, 4;) for j = 1,...,1 induce homomor-
phisms
o H'(B),,Aj) e d H‘(B].)
which are onto for x > 1.
(ii) The injection g : (By, By) — (Bu, A) induces isomorphisms in relative
cohomology
g : H‘(Bk, A) - H'(Bk,B;) .

The proof of (i) is the same as the proof of the corresponding claim in Lemma
3.3. The statement (ii) follows immediately from the observation that B is
a deformation retract of A.

After these preparations we are ready to establish the argument which con-
tradicts the assumption ! < n.

Observe that {0} x Dy x T" is a strong deformation retract of By, and
similarly {0} x {0} x T" is a strong deformation retract of B;. Consequently
we have isomorphisms which commute with the cup-product

H*(B,) X H*(Dy x Ty = HY(T™)
and
H*(By,By) 2 H*(Dy x T, 8D; x T™).
Since cuplength(T™) = cuplength(D; x T") there exist cohomology classes
w; € Hi(Dg xT") , j=1,...,n, ¢ 21,

such that wyU. . .Uw, # 0. In particular, if | < n we consider the first ! factors
of this cup-product only. Of course the cup-product wy U... Uw; # 0. Let
q:= q1+...+q. Consequently there exists a homology class a € Hy(D; xT")
such that

(9.40) <wU...Uw,a># 0

where < -, - > denotes the duality pairing
H Dy xTY) x H(Dg xT") — Z.
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Recall that dim Ef = k. Let ¢ € H,.u(Dp x T",8D; x T") denote the
fundamental class. By Lefschetz duality there is an isomorphism given by
the cap-product

H™*=%(D; x T*,8D; x T*) =5 H(D; x T7).
Hence there exists wg € H™*~9(D; x T*,8D; x T") such that & = wo N ¢,
and we have

<@wyU..Uw,a> = <wU...Uw, wpN§ >

(9.41)
<wUwU...Uw, €> .

il

We claim that woUw,...Uwy = 0.
Consider the commutative diagram

1

H™*-3(By, 4) —— H™**-5(B,, B;) £ — H™*-4(D x T, D5 x T
k k

® ® . ®
H%(Bi, 4) — H%(B,) — Ho(Dp x T")

® ® ®

® ® ®

=3

H%(By, 4) —— H%(B,) SIS He(Dy xT")

1

H™*(B,, B,) — H™**B,,B;) —£— H™*(D; xT", 8Dy xT")

Here «* : H*(By, A;) — H*(Bs) denotes the surjective homomorphism from
Lemma 9.6 (i), and g* : H*(By, A) — H*(B, By) is the isomorphism from
Lemma 9.6 (ii). Let r : [0,1] x B, — B, denote the deformation retraction
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from By to D; x T™, and let 7* and p* be the isomorphisms
r*: H*(Dy x T*) — H*(Bx)
p* : H*(Dy xT~,8D; xT™) — H*(Bew, By)

induced by r(1,-) : B, —» Dy x T™.
For j =1,...,] we can find cohomology classes @; € H%(Bj, A;) such that

(9.42) wj = (r o ) @;) € H¥(Dy x T").
Similarly we define
(9.43) @ = (g""" 0 p*)(wo) € H™* By, A).
Consequently we have
@U@ U...Ud € H*(By,AUA U...UA) = H™**(By, B.) = {0}

and therefore the cup-product vanishes. By the commutativity of the above
diagram then also wg Uw; U...Uw; = 0 contradicting (9.40).

(b) We still have to consider the case I = 0. Then S*) = 0 and consequently
S* = @, which by Wazewski's principle implies that B, is a strong deforma-
tion retract of B,. Consequently we can choose A = Bj in the above proof,
and therefore we have

H*(By, B) = H*(By, By) 2 H*(Dg x T",8D, x T7)

which obviously is a contradiction.
This finishes the proof of Proposition 9.2.

We have shown that (9.2) holds, and the first case of Proposition 9.1 is
proved.

(ii) If the action functional ® possesses infinitely many critical values then

there exist correspondingly infinitely many critical points, and we are already
done.
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(i) Assuming that @ has no critical values at all, we conclude by the A-
properness of & with respect to the Galerkin approximation scheme that
there has to be a kg € Z% such that for k > ko the functions &; have no
critical points. This, however, contradicts Proposition 9.2, and the proof is
complete.

|

To complete this section we consider the case where the action functional
® : B, x T" — R is only assumed to be continuously differentiable. We shall
construct a Lipschitz-continuous vector field Vi : B, x T® — Ej x T* close
to the gradient vector field ®}, such that in the proof of Proposition 9.1 the
negative gradient flow can be replaced by the flow of —V;. The construc-
tion of V; is similar to well-known constructions of pseudo-gradient vector
fields, which originally have been introduced by R. Palais [47] in connection
with minimax methods. However, the intended application considered here
requires a somewhat more sophisticated determination of what is meant by
saying V; is close to the gradient vector field :

First note that in order to have the flow of —®), replaced by that of —V;, the
vector field V; has to be defined on all of Ej x T"; the set of critical points
is not an exceptional set. Secondly, it is essential to guarantee that the flow
of —V; admits a very special isolating block B, = D} x Dy x T™.

We shall carry out the construction of V; in the covering space W; = Ef @
E; ®E°. In detail, the vector field V; : W, — W, has to satisfy the following

assumptions :
() Vi : Wi — W, is Lipschitz-continuous.

(i) For any u € W, we have

(9-44) Ve(w)[| < 2] & ()l
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(iii) Let n denote the flow of —V}, i.e.

{ 20w = M)

7°(s) = .

Then $; is a Lyapunov function for the flow 7, i.e.

(9.45) &,(1'(n)) < 0.

al
dtleo

(iv) By K = { w € W | #(u) = 0 } we denote the critical set of . Let
§ > 0 be a given parameter and let Nj;4(K) denote the §/4-neighborhood of
K. Let ki(8) be the integer determined in Lemma 9.1. Then for k > ki(6)
there are no critical points of @, contained in W; \ Nj/(K), and

(946)  (%i(w), Va(w)) 2 I B(W)I® if ue€ Wi\ Nasa(K).

(v) Let u = ut+u~+u® € Ef @ E; @ E°. There exists R' > 0 such that
(9.47) (~Wilw),v*) <0

if fjut|| > R’ and |Jut]] > |Ju||, and

(9.48) (-Va(w), ") > 0

if || 2 R and [Ju”]| 2 |lu*]|-

(vi) Vi is Z"-invariant and thus projects to a vector field on E; x T" under
the canonical mapping W;, — E; x T™.

Note that V; is a pseudo-gradient vector field on W;, \ Nas/s(K) by the condi-
tions (9.44) and (9.46). The choice of the neighborhoods in (iv) is done with
respect to the application in Lemma 9.2. We note that the flow 5* exists for
all ¢ € R, which follows from (9.44) and the fact that ®}, is linearly bounded.
The conditions (9.47) and (9.48) are sufficient to show that n admits the
desired isolating block.
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Proposition 9.3 There ezists a I™-invariant Lipschitz-continuous vector
field Vi : Wi, — W, satisfying the conditions (9.44)-(9.48).

Proof
The proof will use a partition of the unity. We begin with defining the sets
needed for the covering.

Consider for ug € Wj, the vector ;61(1;0}. Then there exists an open neigh-
borhood UL, of ug such that

3., '
(0.09 1384l < 218w i weul
If @ (uo) # 0 then there exists an open neighborhood U2, of u, such that
3 '
(050  (Hw), Hw) > [HWP if vel?

Let ug = ug+ug+uf € Ef @ E; @ E°. If (®}(uo), uf ) # 0 then there exists
an open neighborhood U} of ug such that

@51) | (Gow), v*) - (&), w*) | < 3 |(#iw), v

for u = uttuu® € U}, 1 (B4(uo), uy ) # 0 then we have correspondingly
an open neighborhood U, of u, such that

(9.52) |( 84(ss), u) = (8ifn), 4 )| |(#4w), v )|

for w € Ug. We briefly write U] meaning one of the neighborhoods vt
or Uy or U N Ug. Note that all the neighborhoods Ui can be chosen
n. equ.wanant ie. 1f g € E° 2 R"™ denotes an integer vector, then we will
assume that U:eﬂ = U“‘o +g.

Finally we consider the open balls of radius §/8 centered at uo which will be

denoted by B(uo,4/8). We now define open neighborhoods of u, by
UL NU2 NUZ N B(uo,8/8) if (®4(uo), us)#0

(9.53) Uy:={ ULNUZNB(uo,8/8) if Bl(uo)#0
B(uo, 5/8) if ®(uo) = 0
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The collection of open sets { U,, | uo € Wi } constitutes an open covering
of Wj,. Since W, is paracompact this open covering contains a locally finite
refinement, which will be denoted by & = {U; | 1 € I'}, where U; := U,,.
This refinement can be chosen Z™-equivariant, i.e.

U, €U ifandonlyif Uy, €U

for every integer vector g € E°.

Let ¥ = {4; | i+ € I } be a Lipschitz-continuous partition of the unity
subordinated to the locally finite open covering U{. In view nof the Z"-
equivariant choice of the sets U; the functions ¢; € ¥ can be chosen Z"-
invariant. Then we define the vector field V; by

(9.54) W = T i) (38() -

i€
The verification of the properties (9.44) and (9.45) is standard. Considering
(9.46) we note that the critical points of & are all contained in Nys(K)
which by the definition of the open sets U; implies that there are no rest
points of the flow n* of —Vi in Wi \ Nag/s(K).
We emphasize that (9.51) and (9.52) are only needed to show that the con-
ditions (9.47) and (9.48) are satisfied. Let ¢ > 0 be an arbitrarily chosen
constant. The first estimate in the proof of Lemma 8.5 allows to obtain a
stronger statement than (8.29), (8.30), namely that there exists R > 0 such
that for a given constant r > 0 :

(Bh(w),ut) >c i [ut[ZR
(9.55)
where u=uttu+u® with [lu~| < [ut| +r.

In addition we have with the same constant R > 0:

—(®(u),u") > ¢ i [u|2R
(9.56)
where u=uttu +u® with |ut| <|u | +r.

We shall prove (9.47). Let § be the constant used in (9.53), and choose
r := §/4. Fix an arbitrary constant ¢ > 0, and let R > 0 such that (9.55)
holds for this choice of ¢ and r.
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Now consider u = uttu+u® € E} @ E; @ E® which satisfies |ut{ > R+46/8
and [Ju~|| < [lut||- Then

W) = T tw) (320 )

i€l

where I, C I is a finite subset. Consequently u € U; for i € I, and therefore
[fw — u; || < 8/8 by the definition of the neighborhoods U;. Hence it follows
that [luf|l > R and |lu || < {lu}]| + §/4, and consequently by (9.55) :

(9.57) (Fh(w), 2} )>c>0 for i€l,.

From (9.51) we now conclude
058)  |GEm), ) - (#), )| <T@, v*)]
for all i € I,. Summarizing we finally have

(—Va(w),w*) < —(Bi(u), v*)+|(Vi(v) - Bi(w), v*)|

< (B, v+ T o) | Goiw) - 8iw), )]

t€l

IA

—(#i(u), u*) + 2¢.(u)-|(<r(u) ut)|

3 , + c
(4—1) (¥r(uv), v) < -1 < 0.
Hence (9.47) is proved with R’ = R + §/8. The condition (9.48) is proved

similarly, which finishes the proof of Proposition 9.3.
=

Finally we want to point out the abstract content of Lemma 9.3. For this
purpose we consider the following situation :

Let M be a compact space and consider a continuous flow defined on M.
Assume there exists a Morse decomposition {M, ..., M} of M with respect
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to this flow. Recall that a Morse decomposition of M is a finite collection of
disjoint compact invariant subsets which can be ordered, say (M, ..., M),
such that the following condition is satisfied :

Foranyz € M\ (M, U...UM,) there exist indices 1 < i < j < k such that

wH(z)C M; and w(z)C M;

where w®(z) denote the positive and negative limit set of z respectively.
Then the ordering (M, .. ., My) is called an admissible ordering of the Morse
decomposition.

Lyusternik-Schnirelman theory for this situation has been established by C.
Conley and E. Zehnder. In [14], Theorem 35, they give a proof of the estimate

(9.59) (M) < Xk: I(M;)

i=1

where I(A):= cuplength(A)+1 denotes the cohomological category of the set
A, defined in the Alexander cohomology. Suppose now in addition that M is
an absolute neighborhood retract. Then the construction used in the proof
of Lemma 9.3 provides the corresponding inequality with the cohomological
category replaced by the geometrical Lyusternik-Schnirelman category :

(9.60) caty(M) < i catu(M;) .

Jj=1

Note that the continuity property of the category is crucial. In case of the
cohomological category it is guaranteed by the use of Alexander cohomology,
and for the Lyusternik-Schnirelman category the assumption on M to be an
ANR is sufficient.

In particular the estimate (9.60) allows to recover the original result of L.A.
Lyusternik and L.G. Schnirelman, which states that the number of critical
points of a C!-function f : M — R on a compact closed differentiable man-
ifold M is at least catp(M). Recall that the manifold M can be endowed
with a Riemannian structure, and the continuous flow can be defined as the
flow of a gradient-like vector field which satisfies the conditions (i)-{iv) stated
before Proposition 9.3.
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Appendix

(a) Proof of the second part of Lemma 2.2

We denote W = W32(S!, R?) for short. Recall from Section 2 the nonlinear
part p € CY(W,R) of the action functional which depends on the Hamiltonian
H:

1
(A1) ow) = [But)+e(tht)dt , wew,

where e(t) = (jt,0) € R* x R" with a fixed rotation vector j.
Its gradient ' : W — W is represented by

1
(A2)  (¢'(v),w)= /o (VH(ute,t),w)dt for uweW.
We claim that ¢’ is a compact map W — W.

First we note that if z € W is a loop z(t) = (2(2),y(t)) € R* x R" then the
asymptotic conditions (1.8) on 8, H and 8,H imply that

I VH((t)+e(t),t)| < a1+ a2 Jy(2)|

with some constants a, and ;. It then follows that the map z - VH(2+4e,-)
is in C(LP(S*, R?"), L*(§!,R™)) for every p > 1, see e.g. Proposition Bl in
(52]. In particular VH(z+ ¢-) € L*(S?,R*") for every z € L*(S!,R*").

Consider a weakly convergent sequence u; — u in W. We have to show that
#'(ur) = ¢'(u) in the norm of W. Let w; be any sequence in W. Then

() = @), )| = | [ (VH@ute,t) - VHute, ), wa(t)) &

IN

Ji | VH(uide,t) — VH(ute, )| |walt)] dt .

Applying the Cauchy-Schwarz inequality we obtain
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/ Y| VH(uste,t) — VEH(ute, )| fus(t)] dt
(1]
1 1/2
< ( [ IVE@te,t) - VHu+et) I"'dt) lfwlls

S VH(uite, ) — VH(ute, ) ||z Jlwall -

Since the embedding W — L?*(S!,R®") is compact, up — u weakly in W
implies up — u in L?(S',R?"). Choosing w; := ¢'(u) — ¢'(u) we conclude
by the above continuity that

0 < l¢'(w) = ¢l < [ VH(uxte,-) - VH(ute, )|z — 0

as k — oo, which proves our claim.

(b) Compact embeddings of W3?(S',R™)
We have repeatedly used the following

Theorem A.1 The embedding W%'z(sl,RZ") — L3(S',R™) is compact for
1<g¢<oo.

Proof
Recall the notation from Section 2, (2.1)-(2.5). We consider three different
cases :

(1) The case g =2
It follows from the definition of the Sobolev-norm and Plancherel’s formula
that

(A.3) Izl = X lal® < lzol® +27 3 Ikl |zf* = |l2f®
k€ez kez

for z € Wi2(S!,R™). This shows that the embedding I : W3%(S},R*) —
L*(S!,R®") is continuous. In order to prove the compactness of I we show
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the existence of a sequence I, € lI(WF"(S1 R?), L*(S!,R?™™)) of operators
of finite rank satisfying I — I in L(W3(S!,R™), L%(S?,R?")) as m — oo.
For z € W3*(S!,R*) with Fourier coefficients (z,)xez, we define

(A.4) (Im2)(t) == Y exp(2nktd)z , m=1,2,...
lel<m
If z = (z4)aez € W3(S!,R?™), we have
NI =Ln)zl = 32 lal* < o 3 2wk sl < oIz,
ki>m |k|>m

and consequently ||I — I,|| — 0 as m — co. This proves the compactness of
I, and the proof for ¢ = 2 is finished.

(ii) The case 1 < g < 2
Recall that L*(S',R*") embeds continuously into L?(S*,R**) for 1 < q < 2;

the estimate . Va . e
(f o a) ™ < ([ or «)

for z € L*(S',R?") is an easy consequence of Holder’s inequality. Combining
this continuous embedding with the result from (i) we conclude that the
considered embedding

(A.5) Wwi3(s!, R™) - L*(S',R™) — LY(S!,R™)
is compact for 1 < ¢ < 2.
(i) The case 2 < g < o0

We introduce the following notation: if z = (zi)icz € W33(S!, R*) then we
define z(3) € L2(S', R?") by its Fourier coefficients as follows

(), = { Frikla 3 k#0

(A6)

By this definition we have [|z]| = |[z3)]|; for all z € WH?(S!,R?™). We
restrict ourselves for a moment to the special case zp = 0. Then we apply
Corollary (9.22) in Zygmund [61], p. 142, which, adapted to our situation,
can be formulated as
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Lemma A.6 Assume z = (z)eez € WH(S!,R™) satisfies z0 = 0, and
suppose that 1 < r < q < 0o with 1/r —1/q = 1/2. Then :3) € L"(S!,R™")
implies z € L9(S',R*"), and moreover there ezists a constant A, , depending
ont and q, such that

(A7) lzlle < Argllz®]l,

where || - ||, denotes the LP-norm.

If 2 < ¢ < oo is given, we choose r = 2¢/(¢g+2) < 2. Then (A.T) and (A.5)
yield

lzlly € Argllz®lly < Argll2P]2 = Argllzl
for every z € Wi 2(S!,R?™) with z, = 0.
If zo € R?" is arbitrary, we write ( = z — zo € W1#(§', R?"). Then it follows
that
(A.8) lzlle < lzol+[IClle < l20l + ArglCll < Argll=ll

with some appropriate constant A, ;. Thus we have shown that the embed-
ding is continuous for 2 < ¢ < co. To prove the compactness we observe that
for every z € WH?(S!,R™) we have

(A.9) lzlle < N=2lIS227® 121",

which follows from the Cauchy-Schwarz inequality. Then by the continuity
of the embedding Wi2(S*, R*™*) — L?-3(§*, R*") and by the compactness of
WH2(S', R™) — L*(S*,R*") the assertion of the theorem follows.

=

(c) Some properties of the Lyusternik-Schnirelman category
We first recall the following S

Definition A.1 Let M be a topological space and A C M. If A # 0, the
Lyusternik-Schnirelman category caty(A) of A in M is defined to be the least
positive integer k such that there ezist closed subsets B; C M ,j =1,...,k
being contractible in M, which satisfy AC B, U...U B,.

If no such integer ezists, we define caty(A) := oco.

Moreover we set catp(0) := 0.

L
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Recall that a subset B C M is called pontractiblelin MJif the inclusion map
B — M is homotopic to a constant map.

We list some properties of cat :

(i) catpr(A) =1 if and only if the closure A is contractible in M. v

(ii) catpr(A) = catp(A) . <7

(iii) If A is closed in M then mtu{@ if and only if A is the union of k
closed sets each contractible in M. > )
(iv) cat is monotone, i.e. if A C B C M then catpy(A) < caty(B). 2/

(v) cat is subadditive, i.e. caty(AU B) < caty(A) + catp(B). -

(vi) If Ais closed and h; : A — M, 0 < t < 1, is a homotopy such that ko is
the inclusion map of A into M, then catys(hy(A)) > caty(A).

(vii) f by : M — M, 0 <t < 1is a homotopy of M such that hg_idy

then catp(hi(A)) > catp(A) for every A C M. ﬁtﬁ‘{%féd in ﬂ?fﬂ]ﬁ
(viii) If h : M — M is a homeomorphism of M, then caty(h(4)) = cntM(A)
for every A C M.

(ix) Let M be arcwise connected. Then caty(A) =1if A # 0 is a finite set.

(x) Let M be an absolute neighborhood retract (ANR). If A # 0 then
catys(A) = catp(U) for some neighborhood U of A in M.

(xi) Let M be a metric ANR. If K # 0 is compact then there exists § > 0 such
that catp(K) = caty(Us(K)), where Us(K) denotes the §-neighborhood of
K in M.

For the proofs we refer to R. S. Palais [47] and K. Deimling [17].

Ceety, (Hf) = et (F7)
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