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ABSTRACT

We present a Lyusternik—Schnirelman approach for flows which generalizes the classical result
concerning the number of critical points for a differentiable function on a compact manifold. This
method can also be extended to special gradient-like flows on non-compact manifolds. Our main goal
is the application to the existence and multiplicity of critical points for certain strongly indefinite
functions of the form f: M X E— R, where M is a compact manifold and E is a Hilbert space. The
case M =T" of the n-dimensional torus arises in the study of periodic solutions of Hamiltonian
systems which are global perturbations of completely integrable systems. For a large class of
Hamiltonian systems on T*T"” we prove the existence of at least n + 1 forced oscillations in every
homotopy class of loops in T*T". Moreover, there exist at least n + 1 periodic solutions having an
arbitrarily prescribed rational rotation vector.

1. Lyusternik—Schnirelman theory for flows

The idea of generalizing Lyusternik—Schnirelman theory to topological flows
goes back to C. Conley and E. Zehnder. In [6, 8] this concept is developed and
successfully applied to various problems concerning the existence of periodic
solutions of Hamiltonian systems. Further applications of this method to related
problems can be found in the papers of A. Floer [10, 11], J.-C. Sikorav {33], and
C. Golé [17,18]. In the first part of this paper we describe a new approach to
Lyusternik—Schnirelman theory for flows, which differs from that of Conley and
Zehnder by the use of the geometrical Lyusternik—Schnirelman category instead
of the cohomological category. The second part contains an application to the
existence of periodic orbits for Hamiltonian systems on T" X R"”, assuming
hypotheses on the Hamiltonian which are not suited for the direct use of the
cohomological category.
We begin by recalling the following definitions and notation.

DerFiniTion 1. Let M be a topological space.

(i) For a non-empty subset A = M the Lyusternik—Schnirelman category of A
in M is defined by

caty(A) ;= inf{k e N| there exist closed subsets A,, ..., Ay,
A; contractible in M, suchthat Ac A, U... UA,}.

If no such integer k exists, we define cat,,(A):= . Moreover, cat,(J):=0. In
particular, we denote the category of M by cat(M) := cat,,(M).
(ii) The cuplength of M is defined by

cuplength(M) := sup{k € N| there exist cohomology classes w;, ..., wy,
w; € H%(M) with g; =1, such that w, U ... U w, # 0}.
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If no such classes exist, we define cuplength(M) := 0. We shall call the number
(M) := cuplength(M) + 1

the cohomological category of M.

Throughout this work M will be a Hausdorff space, and H*(M):= H*(M ; R)
denotes either the Alexander cohomology or the singular cohomology of M with
coefficients in some principal ideal domain R.

Between cat(M) and /(M) there holds the well-known relation cat(M) = I(M);
see, for example, [32]. For convenience, some more properties of cat are
collected in the appendix. It is crucial for our purposes that cat,, satisfies the
continuity property, that is, every non-empty A ¢ M possesses a neighbourhood
N in M such that cat,,(N) = caty(A). This is guaranteed if the space M is an
absolute neighbourhood retract; see for example, [9].

Recall that a topological space M is called an absolute neighbourhood retract
(ANR) if the following condition holds true: given any normal or metric space X,
a closed subset A — X and a continuous map f: A— M, then f can be extended to
a continuous function defined on some neighbourhood of A in X.

Occasionally we distinguish between an ANR(normal) and an ANR(metric),
according to whether X is a normal or a metric space in the above condition. For
example, every compact manifold is an ANR(normal), see [20], and every
metric manifold is an ANR(metric), see [9].

We also recall the definition of a Morse decomposition. Consider a compact
space M together with a continuous flow M X R— M. A Morse decomposition of
M with respect to this flow is a finite collection of disjoint compact invariant
subsets M,, ..., M;, which can be ordered, say (M,, ..., M,), such that the
following condition is satisfied: for every x e M\{M,U... UM,} there exist
indices 1 <i <j <k such that

o*(x)cM; and o (x)cM,
where w™*(x) denote the positive and the negative limit set of x respectively. Then

the ordering (M,, ..., M,) is called an admissible ordering of the Morse
decomposition.

THEOREM 1. Let M be a compact ANR. If there exists a continuous flow on M
which admits a Morse decomposition (M,, ..., M) of M, then

k
cat(M) <D, caty(M,).
j=1
In particular, if M is pathwise connected and if the flow is gradient-like, then there
exist at least cat(M) rest points.

Recall that a flow is said to be gradient-like if there exists a continuous function
f: M — R which is strictly decreasing along non-constant trajectories.

The result corresponding to Theorem 1 for the cohomological category is due
to C. Conley and E. Zehnder; see [6, Theorem 5]. They showed that

(M) =< ; (M),
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where /() is defined for Alexander cohomology with real coefficients. The use of
Alexander cohomology guarantees that /(-) possesses the continuity property,
similar to cat,, in Theorem 1. However, the space M is not required to be an
ANR. So the cohomological category can be applied for more general spaces,
while the geometrical category gives possibly stronger estimates in the case that
M is an ANR.

In particular, let M be a compact connected differentiable manifold without
boundary. We can assume that M is smooth, since every C"-manifold with r =1
can be equipped with a compatible C”-differentiable structure; see for example,
[21]. Moreover, M can be endowed with a Riemannian structure; see for
example, [26]. By a theorem of Lyusternik and Schnirelman, a C'-function
f: M— R has at least cat(M) critical points. This result is also a consequence of
Theorem 1. Note that if f possesses infinitely many critical values, then there exist
correspondingly infinitely many distinct critical points. So we only have to
consider the case that f has at most finitely many critical values, say ¢, <... <c,,.

By K;c M, for j=1, ..., m, we denote the critical set at the level ¢;. In view of
the Riemannian structure, the gradient vector field Vf is defined on M. Suppose
first that the vector field —Vf generates a flow. Then (K|, ..., K,,,) is an admissibly

ordered Morse decomposition of M with respect to the flow of —Vf, and
consequently f has at least cat(M) critical points by Theorem 1. However, a
gradient flow for a C'-function in general does not exist, and therefore we have to
make use of the following theorem.

THEOREM 2. Let M be a compact Riemannian manifold without boundary, and
let f € C'(M, R) have at most finitely many critical values ¢, < ... <c,,. Then there
exists a Lipschitz-continuous vector field V on M such that the following hold.

(i) The map f is strictly decreasing along non-constant orbits of the flow of —-V.

(i) For j=1,...,m, let K;:={x e M| f(x)=c;, Vf(x) =0} denote the critical
set of f at the level c;. Then there exists a Morse decomposition (M,, ..., M,,,) of M
with respect to the flow of —V such that

caty(M;) =caty(K;) forj=1,...,m.

Moreover, if 6 >0 is given, then V can be chosen such that for j=1, ..., m, the
Morse set M; is contained in the 6-neighbourhood Ns(K;) of K;.

Clearly, we then have cat(M) < Y.7., caty (M;) = X/, caty(K;), and hence the
critical set of f contains at least cat(M) points if M is connected.

The proof of Theorem 2 will use a suitable modification of the so-called pseudo
gradient vector fields introduced by R. Palais [28]. To be more precise we
introduce the following definition.

Derinimion 2. Let (M, (-, -),) be a Riemannian manifold, and let fe
C'(M,R). A Lipschitz-continuous vector field V on M will be called a
gradient-like vector field for f if V satisfies:

(1) V)l <2||Vf(x)ll, forallxeM,
@) (V(x), Vf(x)), >0 if V(x)#O0.



644 FRANK W. JOSELLIS

Moreover, if K denotes the critical set of f, then we say that the gradient-like
vector field V for f is a 8-pseudo gradient vector field for f if, in addition,

€) (V(x), VF(x)) = IVf (@)1 for x € M\Ns(K).

Here ||v||, = V{v, v), denotes the norm on T,M derived from the Riemannian
metric.

If V is a gradient-like vector field for f, then f is strictly decreasing along
non-constant orbits of the flow of —V, and the critical points of f are rest points
of this flow. Also note that a d-pseudo gradient vector field for f is a pseudo
gradient field in the sense of Palais on M\N,(K).

Under the hypotheses of Theorem 2 we shall construct for every given 6 >0 a
corresponding d-pseudo gradient vector field for f.

In contrast to the compact case, the set of rest points for a continuous flow on a
non-compact space might be empty. However, we point out the following result
for a non-compact space M, which is important for our application to Hamil-
tonian systems below.

ProposiTiON 1. Let M be an ANR together with a continuous flow M X R— M.
Suppose there exists a compact invariant subset S ¢ M which admits a Morse
decomposition (S,, ..., S;). Then

k
caty(S) < 2, caty(S)).
j=1

If M is pathwise connected and if the flow is gradient-like, then there exist at least
caty,(S) rest points in S.

Of course, this result does not give the existence of a single rest point unless
more information about caty(S) is available. In order to relate the quantity
caty,(S) to global topological invariants of the space M, some additional structure
has to be imposed. The subsequent application may serve as an example where
the compact invariant set S admits a special isolating neighbourhood.

In the study of gradient-like flows on a not locally compact space M this
strategy cannot be applied. However, it is still possible to obtain results for
special gradient-like flows on not locally compact manifolds. For the sake of
simplicity, in the subsequent considerations we restrict ourselves to the case of
manifolds modelled over a separable Hilbert space.

Let M be a Hilbert manifold, and let f € C'(M, R) be a function which satisfies
the Palais—Smale compactness condition (PS). Recall that f is said to satisfy (PS)
if the following condition holds true: if (x,), is a sequence in M such that f(x,) is
bounded and Vf(x,)—0 as k—o, then (x,), possesses a convergent
subsequence.

If in addition the set of critical values of f is finite, then for every 6 >0 there
always exists a O-pseudo gradient vector field for f. Up to some obvious
modifications, this follows from the proof of Theorem 2.

Corresponding to Proposition 1 we have the following theorem.

THEOREM 3. Let M be a smooth Hilbert manifold without boundary, and
assume f € C'(M, R) satisfies (PS). Suppose that f has at most finitely many critical
values ¢, <...<c,, corresponding to the critical sets K,, ..., K,,. Let V be a
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O-pseudo gradient vector field for f, where & is chosen such that caty(K;)=
caty (Ns(K}))) for j=1, ..., m. Denoting by (x, t)>x - t the maximal local flow of
—V, we define the positively invariant set

S+:={xeM| inff(x-£)> —w}.

=0

Then
caty (S*) < D caty(K;).
j=1

Note that the definition of S* is acceptable, even if the flow of —V is not
globally defined on M X R. Clearly, a corresponding result holds true for the
negatively invariant set S consisting of those trajectories along which f remains
bounded from above under the backward flow.

The statement of Theorem 3 is related to a result due to G. Fournier and M.
Willem. In [15, 16] they introduced a relative Lyusternik—Schnirelman category
as follows. The relative category caty (A, B) of a non-empty subset Ac M in M
relative to B =« M is defined to be the least integer k such that there exist & + 1
closed subsets A,, A, ..., A, = M, satisfying:

(a) A CA()UAI u... UAk,

(b) Ay, ..., A, are contractible in M,

(c) BN A, is a strong deformation retract of A,.

Denoting by M* := {x € M| f(x) <a} the sub-level set of a € R, we formulate the
following consequence of Theorem 3.

THEOREM 4. Let f € C'(M, R) satisfy the assumptions of Theorem 3. Consider
—o<g<b=<4x, and assume that a, b are no critical values of f. Define
St:={xeS*| f(x-t)>a forall t =0}.
Then we have

caty (M®, M?) < caty, (ST N MP).

In particular, if M is connected then there exist at least cat,,(M®, M®) critical points
in M®\M“.

A corollary of Theorem 4 is the following general saddle point theorem,
involving a linking.

THEOREM 5. Let f € C'(M, R) satisfy the assumptions of Theorem 3. Assume
that Q = M is an embedded compact manifold with relative boundary 3Q, such
that 3Q < M*® for some regular value a € R, and moreover assume that 3Q is a
strong deformation retract of M°®. Suppose there exists a closed subset B < M such
that

(i) inf{f(x)| x €e B} >a,

(ii) B and 3Q link, that is, BN (Q - t)#J for all t = 0.

Then
caty(Q, 9Q) < caty(S7).
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In particular, if M is connected then there exist at least caty(Q, 3Q) critical points
of f on some level greater than a.

Of course, more general cases can be included by the use of a modified relative
category. For instance, instead of (c) it is possible to require the condition

(c') BN A, is a retract of A,,.

2. Periodic orbits for Hamiltonian systems on T" x R"

We consider a Hamiltonian equation which depends on time ¢,

4 :=JVH(z,t), zeR* teR,
where J is the skew-symmetric matrix
0 I
J =( ) F(R" x R"
) o) e LR xR

with [ being the identity on R"”. We shall assume that H depends periodically on
the time t with period 1. Writing z =(x, y) e R” X R", we shall moreover
assume that H is periodic with respect to x e R":

(6) Hx+j,y,)=H(x,y,t)=H(x,y,t+1) foralljez"

Therefore the Hamiltonian vector field can be considered as a periodically
time-dependent vector field on the phase space T" xXR”, where T"=R"/Z"
denotes the n-dimensional flat torus.
Given o €R” one can ask for solutions z(f) = (x(t), y(¢)) e R" x R" of (4)
which satisfy
lim x() =a.

ltj—oo L

In this case the solution z(¢) is said to have the rotation vector «. If in addition we
assume this solution to be periodic with integer period p, requiring

x(t+p)=x(t)+j and y(t+p)=y()
for some j € Z", it follows that ap =j and

) x(t)=at + E(t) with E(t +p) = &(2).

DeriNiTION 3. If j=(j), ..., j,) € Z", and if p € N such that j,, ..., j,, and p are
relatively prime, then we call a solution z(t) = (x(¢), y(t)) a j/p-solution if x(t) is
of the form (7) with a =j/p.

Observe that a j/p-solution considered in the universal cover R” X R” of the
phase space T” X R" is not periodic unless j=0. Its projection to T" X R" is
always periodic, and solutions having the same period but different rotation
vectors belong to different homotopy classes of loops in T" X R”. Recall that
a(T" X R")=m,(T") = Z". Therefore a j/p-solution belongs to the homotopy
class characterized by the integer vector j.

The assumption on j and p to be relatively prime implies that a j/p-solution has
p as its minimal period. In particular, a j/p-solution with p >1 is not the iterate
of a 1-solution.
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In order to prove the existence of j/p-solutions for all jeZ" and peN we
formulate some assumptions on the Hamiltonian H. We shall assume the vector
field (4) to be asymptotically linear with respect to y, requiring that

1 1
[yl [yl

as |y|— o uniformly in x and ¢, where A(¢) is a symmetric matrix, depending
continuously and periodically on ¢:

9) A() =A(t+1) e LR").

(8) 18,H(x, y, 1) = A()y|—0 and 18:H(x, y, )] >0

We state our main result, which generalizes Theorem 3 in [6]:

THEOREM 6. Assume H € C' satisfies (6) and (8), and assume that moreover

(10) detUﬂl A(?) dt] #0.

Then for every given j € Z" and p € N relatively prime we have
#{j/p-solutions} =n + 1.

In particular, there exist at least n + 1 periodic solutions with period 1 in every
homotopy class of loops on T" X R".

Here n + 1 stands for /(T") := cuplength(T") + 1. The non-resonance condition
(10) is crucial for the existence proof, and as a side remark we observe that it
cannot be omitted, as the following example shows. For H(x, y, t) =3(A(t)y, y)
the Hamiltonian equations are

x=A(t)y and y=0,

so that the solutions are of the form (x(¢), y(t)) = (x(¢), y(0)). If we have a
j-solution, that is, p = 1, then x(¢) = jt + §(¢) with &(¢ + 1) = &(¢), and integrating
the identity j + 5(¢) = A(t)y(0) from t =0 to =1 we arrive at

j= [ A1) dt y (0).

Consequently j has to be contained in the range of [} A(f) dt.

The existence statements so far can be viewed as generalizations of the
Poincaré-Birkhoff fixed point theorem. This theorem states that an area-
preserving homeomorphism of an annulus A = S' X [a, b] rotating the boundaries
S'x{a} and S'x{b} in opposite directions, possesses at least 2=
cuplength(S') + 1 fixed points in the interior. Moreover, it possesses infinitely
many periodic orbits; namely for every j and p relatively prime it has a periodic
orbit of period p. In our case there are no boundary conditions. Instead the
system is assumed to be asymptotically linear and the condition (10) plays the role
of the twist condition in the Poincaré-Birkhoff theorem.

We point out the relation of Theorem 6 to the corresponding result of C. Golé
for periodic orbits of monotone symplectomorphisms of T” X R"; see [17, 18]. In
contrast to our situation, where only asymptotic conditions are imposed, the
existence of a global generating function is assumed in [17]. Golé establishes the
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existence of j/p-solutions for periodically time-dependent Hamiltonians H € C?,
satisfying

H(x,y,1)=3(Ay,y) +{c,y) if|y|=a

for some constant a >0, where A € £(R") is a symmetric matrix with det A #0,
and where c e R" is a constant vector. In addition, H is assumed to satisfy the
interior condition

&H
detF(x, y,)#0 forall (x,y,)e T"xR" XR,
y

which generalizes the monotone twist condition.

By the use of Conley-Zehnder Morse theory, the number of periodic orbits
can be estimated by the sum of Betti numbers of T", provided the orbits are
non-degenerate. This is carried out for our case in [25] under suitably stronger
hypotheses on the Hamiltonian H, and the assumptions that H € C*> and the
norm of the Hessian of H has at most polynomial growth with respect to y.

Observe that Theorem 6 includes the case of the special Hamiltonian function

H(x,y, )=y +V(x, 1)

with V depending periodically on x and t. If VeC' then H satisfies the
assumptions of Theorem 1 with A =idg-. An example is the multiple pendulum;
see, for example, a paper by K. C. Chang, Y. Long and E. Zehnder [3].

In the case that j =0 and V is independent of time ¢, the contractible periodic
orbits guaranteed by Theorem 1 are of oscillatory type, but may coincide with the
n+1 critical points of the periodic potential V(x). If jeZ"\{0} then the
j/p-orbits given by Theorem 1 are of rotational type. There are infinitely many of
them.

It follows immediately from our proofs that the assertion of Theorem 6 also
holds true for non-exact Hamiltonian systems of the form

(11) 2=J[VH(z, t) + f(1)]
for a continuous 1-periodic map f(t) = (fi(¢), /(t)) e R”" X R" which satisfies
[ofi(r) de=0.

As a consequence of Theorem 6 we point out the following extension of the
global Birkhoff-Lewis theorem in [6].

THEOREM 7. Assume that H € C' satisfies the assumption (6), and let A(t) satisfy
(9) and (10). Moreover assume that there exists R >0 such that

H(x,y, ) =3(A(t)y, y) + (b(t), y) if |y|=R,

where b: R—R" is a continuous periodic mapping with b(t)=b(t+1). We
introduce the following notation for the mean values:

[A]:=J:A(t) die SR, [b]:= fol b(z) dt € R".

Then for every j € Z" and p € N relatively prime, which satisfy
(12) lilp = [b]l <R/[A]7Y),
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there exist at least n + 1 periodic solutions of period p having rotation vector j/p
which are contained in T" X Dg, where Dg:={y e R"| |y| <R} is the disc of
radius R.

The proof of Theorem 7 is readily derived from Theorem 6: consider the orbit
z(t) = (x(t), y(1)) e R* x R" of the Hamiltonian flow starting at (x,, y;) with
|yol = R. Integrating the Hamiltonian equation we obtain

YO =yor x(t)=x0+ fO’A(s) ds + J:b(s) ds.

Thus z(¢) corresponds to a p-periodic solution on T" X R” with rotation vector j/p
if

j=x(p)~x©= " Aty diyo+ f:bm dt = p[Alyo+ p[b),

whence
| Yol R

=—

(A1~ 1A]7|

Consequently, for every j € Z" and p € N relatively prime which satisfy (12), the
periodic orbits having rotation vector j/p have to be contained in T" X Dg, and
there exist at least n + 1 of them by Theorem 6.

The proof of Theorem 6 is organized as follows. In §6 we describe the
variational formulation for the problem. For fixed p e N, the claimed j/p-
solutions are characterized as the critical points of the action functional ® of the
form

lji/p = [b]1 = 1[Alyol =

®O(u) =4(Tu, u) — du) + (v, w),

defined on a suitable Hilbert space of loops u: R/pZ— R*". Here T is a bounded
Fredholm operator of index 0, and dim ker(7T) = n. The non-linearity § and the
linear part (v, -) depend on the particular integer vector j.

The action functional is invariant under a free Z"-action on ker(T), such that
mod Z” we have ®: ker(T)* x T"—R.

In § 7 we introduce a Galerkin approximation by finite-dimensional subspaces
of ker(T)*, and the gradient of ® is shown to be A-proper with respect to this
projection scheme. This replaces the Lyapunov—Schmidt reduction in [6].

Section 8 contains a priori bounds for the critical points of the action functional
® and of the approximating functions ®,, respectively. In case that ®; generates
a gradient flow, this allows us to define an isolating block for the invariant set of
bounded trajectories. The existence of at least n + 1 critical points of & is proved
in § 9, assuming first that there exists a gradient flow for ®@,. At the end of § 9 we
show that for sufficiently large k there always exists a Lipschitz-continuous
gradient-like vector field for ®,, admitting an isolating block, which can take the
part of the gradient field in the preceding existence proof.

Related results for Hamiltonian systems on T” X R" concerning the existence of
contractible periodic solutions have also been obtained by K. C. Chang [2] and
by G. Fournier and M. Willem [16]. In particular, as in [6], a Lyapunov—Schmidt
reduction is used, which requires that the Hamiltonian H is in C? and the norm of
its Hessian is bounded. Also for the case of contractible periodic solutions, we
point out the results obtained by J. Q. Liu [27], by A. Szulkin [34], and by P. L.
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Felmer [13], where minimax methods for critical values have been used. See also
P. Rabinowitz [29] for the case of Lagrangian systems. We also mention the work
of W. Chen [4], who considers the case of small perturbations of completely
integrable Hamiltonian systems.

3. Proof of Theorem 1

Let M satisfy the hypothesis of Theorem 1, and assume that (M,, ..., M,) is an
admissible ordering of the Morse decomposition. We shall assume that M; #J
forj=1,..., k. For 1<i<j=<k we define

M;:={xeM| o*(x)Uo (x)c M;U... UM}

Note in particular that we have M; ;= M, for j=1, ..., k, and M, , = M. Assume
that k=2, and let 1</ <k be fixed. Then (M, ,, M,,,,) is also an admissibly
ordered Morse decomposition of M.

We claim that cat,, (M) <cat,, (M, ;) + caty,(M,,, ;). Observe that (M,, ..., M))
is a Morse decomposition of M, ; and (M,,, ..., M,) is a Morse decomposition of
M, «- Unless M, ; is not equal to one of the given Morse sets M;, we can define a
Morse decomposition (M; ;:, M., ;) of M;; for some i <i’ <j just as before, and
the above argument applied to M;; gives caty, (M, ;) <caty (M, ) + catpy(M;. ., ).
This procedure can be repeated until the required decomposition is reached, and
this finally proves that cat,, (M) < caty(M,) + ... + caty,(M,).

In order to prove the above claim it remains to consider the case of a Morse
decomposition (M,, M,) of M consisting of two components. By the continuity
property of cat,, we can find neighbourhoods N; of M;, with i =1, 2, such that
caty,(N;) = catp(M;). We denote the flow M X R— M by (x, t)+—x - t. Using the
flow we define

t(x):=inf{teR,| x-s€N,for all s =1t}.
Note that 0 < ¢(x) < 4+ for x € M\ N,. Moreover we set
T:=sup{t(x)| x € M\N,}.

It follows that 7 < 4+, since otherwise we could find a sequence x,, € M\ N, such
that ¢(x,)— +o monotonically as n— . In view of the compactness of M this
sequence contains a convergent subsequence x, —x € M\N,, and consequently
sup{t(x,)| j € N} <t(x) <, which gives a contradiction.

Therefore we conclude that M cN,-(—t)UN, for t=1. We set m;:=
caty(M;) = caty(N;), for i =1, 2. Consequently there exist subsets Bj, ..., B,,,
B?, ..., B, of M such that each Bj is closed and contractible in M, and N, =
BiU...UB,. For t = t it follows that

mMc()B'u() B2 (-1).
j=1 j=1

Since the flow is a family of homeomorphisms of M, each of the sets B} - (—t) is
closed and contractible in M. Thus M can be covered by m,+m, closed
contractible subsets, and hence cat(M) < m, + m,, which proves our claim.
Assume now that M is arcwise connected and that the flow is gradient-like. Let
f e C(M, R) be a function which is strictly decreasing along non-constant orbits.
Observe that for a gradient-like flow on a compact space the set of rest points
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consists precisely of the positive and the negative limit sets w*(x), o~ (x) for
x eM. A value c € f(M) is called critical if there exists x € M such that f(x - t) =¢
for all ¢t € R. Since f is gradient-like, it follows that x = x - ¢ for all ¢.

If f has infinitely many critical values then there also exist infinitely many rest
points of the flow. If there are only finitely many critical values ¢, <... <c¢, then
the critical sets M;:={x e M| f(x -t)=c;} constitute a Morse decomposition of
M. Consequently M;#, and hence caty(M;)=1. If caty(M;)=1 for j=
1, ..., k, we conclude that k = cat(M). If caty(M;) > 1 for at least one j, then M;
already contains infinitely many points since M is arcwise connected. This
completes the proof of Theorem 1.

The proof of Proposition 1 is based on precisely the same arguments, and is
therefore omitted.

4. Proof of Theorem 2

Let (M, (-, -),) be a compact Riemannian manifold. Suppose f € C'(M, R) has
only finitely many critical values ¢, <... <c,,, and denote by K the critical set at
the level ¢;. We shall abbreviate K := K, U... UK,,. In the following, Ns(K;) =
{x € M| dist(x, K;) < 8} denotes the closed -neighbourhood of K; in M.

Choose £ >0 such that ¢; + £ <c;,; —Efor j=1, ..., m — 1. Hence we can find
0 >0 satisfying |f(x) — ¢;| < & if x € Ns(K;). This assumption implies, in particu-
lar, that the sets Ns(K;) are mutually disjoint.

Moreover, by the continuity property of cat,, we can assume that é is chosen
such that caty (N5 (K;)) = caty(K;)) for j=1, ..., m. In view of the compactness of
M there exists a positive constant 8 € R, depending on 8, such that ||Vf(x)||, = B
for all x € M\Nj;,4(K).

Now fix £ >0 such that £ <min{g, §86}. According to this choice of ¢ we find
some positive 8, = 8¢(£) < & such that |f(x) —c;| < £ if x € N; (K;).

For each x,e M, let B(x,, r,) = {x € M| dist(x, x,) <r,} denote the open
r,,-ball centred at x,,, where the radius r,  is sufficiently small such that B(x,, r,) is
contained in the domain of normal coordinates at x,. Then on B(x,, r,,) there
exists a canonical smooth vector field V, (x) € T,M satisfying V, (xo) = Vf(x,),
defined simply by the parallel translation of the Levi-Civita connection along
geodesic arcs. The following two conditions are needed to guarantee that the
vector field we are going to define is sufficiently close to the gradient field for our
purposes:

(i) there exists rl)) <r, such that
13Vl <2V ()L if x € B(xo, 13);
(i) if Vf(xo) #0 then there exists r’? <r, such that
(Vo) VF () > IV ()IIT  if x € B(xo, D),

and if Vf(x,) =0, we set r®:=r,

Now we define g,,:=min{38,, r\)), r®} for x,e M. The collection of open
balls {B(x, o,)| x € M} covers M, and in view of the compactness of M we can
choose a finite subcover { B(x;, 0,,)] i € I}. Let {4,] i € I} be a Lipschitz-continuous
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partition of the unity subordinated to this subcover, such that, in particular,
Y,(x) #0 for x € B(x;, o,,). Following R. Palais [28], we can do this by setting

@;(x) := inf{dist(x’, x)| x' ¢ B(x;, 0x,)}
and

Yi(x) = ‘Pi(x)/Z @;(x).

jel

Then we define the Lipschitz-continuous vector field V on M by

V(x):=32 9i(x)V,(x) e LM.

It follows immediately from our definitions that
IV <2||Vf(x)|l, forall x e M.

By (x, t)—x -t we denote the flow of —V. Note that f is strictly decreasing along
non-constant orbits. To see this, consider x € M such that V(x)+#0. Set
I,:={iel| x € B(x;, 0,), Vf(x;)# 0}. Then V(x)+#0 implies /. # <, and we find
that

d
— | flx-0)==2 pix)(Vf(x), 3V, (x)), <0.
dt |,-0 iel,
Hence V is a gradient-like vector field for f. In particular, V is a §8,-pseudo-
gradient vector field for f, since

(V(x), V() = IVf(0)IIZ if dist(x, K) > §6,.

Therefore the positive and the negative limits w*(x) for every x € M have to be
contained in N;, 4(K). Now we define for j =1, ..., m, the invariant subsets

M;:={xeM| 0" (x)Uw (x) c Ns,(K;)}.

In particular, K;cM;, and hence caty(K;)=<caty,(M;). Observe that x e M;
implies |f(x-t)—c|<e for all teR. Consequently, (M,,...,M,) is an
admissibly ordered Morse decomposition of M.

In order to show that caty,(M;)<caty,(K;), we claim that M;c N,;(K)).
Therefore consider x € M\ N;(K;) such that [f(x) — ¢;| < e. We are going to show
that f(x - t) <c; — € for some sufficiently large ¢ > 0, which proves that x ¢ M,.

Assume that the positive half-orbit of x enters Ny (K;) > Ny, 4(K;). Conse-
quently there exists 7> 0 such that

x-T€Nsp(K;)) and x-[0, T] N Nsu(K)=D.
Then we have

£c05)

=1 dist(x, x - 1) = 16.

1 T

ds
2Jy

X-5

T 1 JT
[ 197 s ds=3 [ WV s =
0 0
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Therefore we conclude that
o) =f00) — f (VF G 5), Vix - 5))ne ds
<f(x)- f IVFCe )12 ds

<f()- B f(:llvf(x )l ds

sCI"’f—iBé

In view of the above choice of &€ <3}B6, it follows that f(x - 7)<c; — &. This
proves the claim, and the proof of Theorem 2 is complete.

S. Proof of Theorem 3

We have already pointed out that under the assumptions of Theorem 3 a
é-pseudo gradient vector field V for f always exists. The flow of V is in general
not defined globally on M X R, and, in order to avoid the difficulties arising from
this fact, it is convenient to choose a suitable normalization of V as follows. Let
pu: R,— (0, 1] be a smooth function such that u(s) =1 if 0<s=<1, such that
su(s) is non-decreasing for all s =0, and such that su(s)=2 if s =2. Then we
define

Vu(x) == pn(IlV@)IL)V (x).

The orbits of the vector field V, are thus geometrically the same as the orbits of
V, but have a different parametrization. Since V,, is uniformly bounded, the
corresponding flow is defined on M X R.

(a) If ¢; is one of the critical values of f, then consider the interval
(c; — & c; + &), which can be assumed to obtain no critical values other than c;.
Since f satisfies (PS), the critical set K; is compact.

We proceed as in the proof of Theorem 2. Choose 6 >0 such that
caty(Ns(K;)) = caty(K;). Again by (PS), it follows that there exists f>0 such
that ||Vf(x)||. = B for all those x € M\ N;,(K;) which satisfy |f(x) — c;| <&. Now
fix £>0 such that e<min{g 488}. Then we choose 0< §,=< 6 such that
[f(x) —¢;| <& for all x € N5 (K;).

Now let V be a §0,-pseudo gradient vector field for f constructed as in the
proof of Theorem 3, and let V, be a normalization as described above.
Let (x,t)—x -t denote the flow of —V,. Consider x e M\N;s(K;) such that
|f(x) — cj| < €. As in the proof of Theorem 2 we conclude that the orbit of x cannot
enter Nj ,4(K ) in a positive direction without before having passed the level ¢; — ¢.
Hence for every such x there exists a unique time 7; = Osuch that f(x - 77) =¢; — .
Now observe that there exists a constant u, > 0 such that ||V, (x)|| = u, for all those
x € M\ N;,4(K;) which satisfy | f(x) — ¢;| < & Otherwise we could find a sequence x;
with ||V, (x))|l.,— 0, which implies that ||V (x;)||,,— 0 and hence ||Vf(x;)||,,— 0, in
contradiction to ||Vf(x;)||,, = B >0 for all i. Consequently,

e <7 =3 [ IVate -l 197G 9l ds <+ &= b
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Therefore we conclude that T} <4¢/u,f=: 1", and hence
([MA\Ns(K)]NSY) - tr e M™°N ST,
It follows that
caty (M N S™) <caty ([MTT\Ns(K;)] N S™) + caty, (N5 (K;))
<caty(M9°*NS*) + caty(K;).
(b) Assume now that the interval (a, b) does not contain a critical value of f.
Then we find that cat,,(S* N M®) = cat,,(S* N M?), as a trivial case of (a).

Suppose a <inf, s f(x) <sup,esf(x) <b. Combining the steps (a) and (b), we
obtain

caty(S*) = caty(M® N S*) <caty(M*NS*) + X caty,(K;)

j=1
j=1

The proof of the inequality in Theorem 4 follows immediately from the
definition of the relative category by the use of Wazewski’s principle, which
implies that M“ is a strong deformation retract of M®\S}. For a proof of
Wazewski’s principle we refer to Conley [5, p. 24ff].

The number of critical points in M?\ M“ can be estimated from below in a way
similar to the proof of Theorem 3. Under the assumption of there being at most
finitely many critical levels ¢, <... <c,, of f in the interval (a, b), we obtain

caty (S5 N MP) < Y, caty (K, N M®).
=1

J

For the proof of Theorem 5 we observe that the linking condition BN Q -t # &
implies that Q has a non-empty intersection with S, In view of the compactness
of Q we can find a neighbourhood N of QNS; in M such that caty(N)=
caty,(Q N SY), and such that N =« M®\ M“. Consequently, Q\N can be retracted to
M* by Wazewski’s principle, and M“ can be retracted to 50 by assumption. In
view of the definition of the relative category the assertion of Theorem 5 follows.

6. The variational setup for Theorem 6

By S'=R/Z we denote the circle. Consider the Hilbert space L*S', R*")
together with the inner product

(2, w)yi= j (2(0), w(t)) dt,

where (-, -) is the Euclidean scalar product in R*". The corresponding L*-norm
will be denoted by ||z||, = V(z, z),.
If {¢;] i=1, ..., 2n} denotes the standard basis of R*", an orthonormal basis of
L*S', R*") is given by
{wei(t) =expQraktl)e,| keZ,i=1,...,2n},

where J is the skew-symmetric matrix defined in (5). Every z € L*(S', R*") has
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the Fourier coefficients

2n

2k = 2 (Uii, 2),6; € R*, forkeZ,

i=1

and is represented by the Fourier expansion

d)=3 S (e 2otii(t) = S, exp(2ktd)z,

keZ i=1 keZ

for almost every t € S'. The L*-scalar product can be expressed by

(z, w),= 2 (zk, wie)-

keZ

Using the Fourier expansion we introduce the following Sobolev space:

wz¥(S!, Rz")={z e LX(S', R™)| 2 Ik| |zk|2<oo},

keZ

which is a Hilbert space with the inner product

(2, w) = (20, wo) +27 2 [kl (20, wi)
and corresponding norm ||z|| = V(z, z).

In the following we will abbreviate W := W(S!, R?"). There is an orthogonal
decomposition W=W*@® W~ @ W" into closed subspaces according to the
subscript k >0, k<0, k =0. By P*, P, P’ we denote the orthogonal projectors
on WY, W—, W°

Now define a differential operator L: dom(L) c L¥(S', R*")— L*(S', R**) on
the domain of definition

dom(L) = {z e LX(S', R*™)| 3 IkI? |zk|2<°°}
keZ
by
d
(Lz)(t):= =T —z(t) = D 27k exp(2mkt])z,
at keZ

for almost every te€S'. Note that dom(L) coincides with the Sobolev space
W'%(S', R?") considered as a linear subspace of L*(S', R*"). We list some
properties of L, which are easily verified.

Lemma 1. (i) The operator L is densely defined in L*(S', R*"), and L is
self-adjoint on dom(L).
(ii) The kernel of L consists of the constant loops, and hence dim ker(L) = 2n.
(iii) The range of L consists of all those loops which have mean value zero, that
is, '
ran(L) = {z € LXS', R*")| z,=0}.
(iv) The spectrum of L is o(L)= 0,,(L)=2nZ. In particular, each u,; is an

eigenvector of L corresponding to the eigenvalue 2nk.

Note that dom(L) is dense in W with respect to the norm on W. In fact, W is
the form-domain of the operator L, and it is readily verified by direct
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computation that we have the identity
(P*—P7)z, w)=(Lz, w), ifz, wedom(L).
From now on let j € Z" be a fixed rotation vector. We define
e(t):=(jt, 0) e R" X R".

Let H be the Hamiltonian as introduced above. Then we define the functional
¢p: W—R by

(13) @(z):= J: H(z(t) + e(t), t) dr.

From our assumptions (8) it is seen that VH(x, y, t) is asymptotically linear with
respect to y. This hypothesis implies at most linear growth for the gradient VH in
each fibre, that is, there exist constants c,, ¢c;>0 such that |VH(x,y, t)|<
¢, + ¢z |y| uniformly in x and ¢t. Moreover VH is continuous. These assumptions
are sufficient to prove the following lemma.

LemMMa 2. The functional @: W—R defined in (13) is in C'(W,R), and
moreover the derivative of ¢ is represented by

1
do(z)w =f (VH(z +e,t),w)dt forz,weW.
0

For a proof we refer to Rabinowitz [30, Proposition B 37]. The corresponding
gradient ¢': W— W, defined by

(¢'(z),w)=de(z)w forallweW,

is a compact map. This fact is crucial for our purpose; for a proof see Rabinowitz
[30, Proposition B 37].
Recall the matrix A(¢) from (9), (10) and define a symmetric matrix

0 0
Q(t):=(O A(t)>eM(2nx2n,lR).

Define a symmetric bounded linear operator Q € L(L%(S', R*")) by
(Q2)(1) := Q(1)z(1).

Then there exists a unique symmetric operator K € (W), defined by

(Kz, w):= (02w = [ (QW2(0), w(o) dt.

Using the compactness of the embedding W%(S', R")— L*(S', R?"), one shows
the following lemma.

LeMMA 3. The operator K € (W) is compact.

Hence the operator P* — P~ — K is a bounded symmetric linear operator on
W. As K is compact, it is a relatively compact perturbation of P* — P~ and
therefore the essential spectrum remains unchanged under the perturbation; see
Weidmann [35, Satz 9.9]. Therefore we have

Ocs(P*— P~ = K)= 0. (P* —P7)={-1, +1}.
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Consequently, if A € o(P* — P~ — K)\{—1, +1} then 1 is an isolated eigenvalue of
finite multiplicity, and —1, +1 are the only possible accumulation points of the
spectrum o(P* — P~ — K). Having the perturbation involved, we find the identity

((P* =P~ —K)z, w)=((L — Q)z, w), if z, we dom(L).

Since Q is a bounded symmetric_perturbation of L, a well-known theorem by
Kato and Rellich states that L — Q is self-adjoint on dom(L — Q) = dom(L).
In the following we shall write

T:=P"-P —K.
We shall make crucial use of the following property of T.
LemMA 4. We have

ker(T)={z e W| z(t) = (x(r), y(t)) e R" X R" with x = const., y = 0}.
Moreover, T is Fredholm with index(T) =0, and we have ran(T) =ker(T)*.

In order to include the case of a non-exact Hamiltonian vector field of the form
(11), we note that the vanishing mean value of f; implies that f € ran(L — Q),
which is seen by elementary calculations. In particular, we then have

1
(14 [ 4@, 20) dt= (1, 23,= (L = O)w, 202= (Tw, 2).
(]
Finally we have to consider the contribution inherited from the rotation vector.
Let j € Z" be fixed and e(¢) = (jt, 0) e R” X R". Then we define
v;:=—Jé=(0,j)eW.
Obviously, we have the identity

(15) L] (vj, z) dt = (v}, 2), = (v}, 20) = (v}, z) forzeW.

Combining the contributions from (14) and (15), we define a continuous linear
function (v, -): W—R by

(v, 2):=(v;— Tw, 2) = jl (=Jé—f(1), z(¢)) ar.

Now we define the action functional ® on W by

O(z) =3(Tz, z) — P(2) + (v, 2),
where

1
9C) = 9() - 4Kz, 2) = [ (HG +e,0)-3(0z,2)) d.
0
It follows from the properties of @ and K that $ € C'(W, R) and that moreover
®': W— W is compact. Therefore ® € C'(W, R) and
do(z)w =(Tz, w)—d@(z)w + (v, w) forweW.
For the corresponding gradient we have accordingly

(®'(2), w)=(Tz—@'(z2)+v,w) forweW.
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The function ®: W— R extends the classical action functional defined on
W' loops by

<I>(z)=£ (3(-Jz,z) —H(z+e, 1)+ (v, —f(r), z)} dt

for z e W"3(S', R*).

The setup on the Sobolev space W2*(S', R*") permits a variational charac-
terization of the required periodic solutions. Using standard regularity arguments,
one sees that the critical points of ® on W are precisely the classical periodic
solutions we are looking for:

Lemma S. The point z € W is a critical point of ® if and only if z € C'(S', R*)
and z is a 1-periodic solution of

-Ji=VH(z +e, t) +f(t) - v,

The periodicity of the Hamiltonian H with respect to x implies the invariance of
® and @’ under a free action of the group Z” on W which is defined as follows.
Identify g =(g,, ..., 8,) € Z" with (g,, ..., &, 0, ..., 0) e R*", which can be con-
sidered as a constant loop, that is, an element of W. Now define the group
action by

g-z:=z+g forzeW.

Then ®(g - z) = (z) and ®’'(g - z) = P'(z). Passing to the quotient we obtain
W/Z"=EXxT"

where E =ker(T)* = W/ker(T). We will consider E equipped with the scalar
product induced from the inner product on W. In particular, because of the
Z"-invariance, we can consider @ as an element of C'(E x T", R).

Subsequently we shall make crucial use of the fact that there exists a splitting

W=E*®@E ®FE’=:E®DE"

into closed orthogonal subspaces E*, E~, E’ according to the positive, the
negative, and the zero eigenspaces of the operator T.

The variational setup described up to now is suited for periodic solutions
having the period p =1, that is, they have the same periodicity as the
Hamiltonian H. These solutions are usually called forced oscillations; they
correspond to the j-solutions of Theorem 1. In order to establish the existence of
j/p-solutions with j € Z" and p € N relatively prime we define e,(t):= (p~'jt, 0) €
R” x R", and we have to consider the action functional

Q)p(z)::%J’p {3(=Ji,z)—H(z+e,, )+ (=Jé,—f(1), 2)} dt

on the loop space W'(R/pZ, R*"). The variational formulation on the Sobolev
space Wi*(R/pZ, R*") can then be carried out in a way analogous to the case

p=1

7. Finite-dimensional approximation and A-properness

We introduce a Galerkin approximation scheme to obtain a finite-dimensional
reduction. Recall the orthogonal splitting W = E* @ E~ @ E” according to the
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positive, negative, and zero eigenspaces of the operator T=P* -~ P~ — K. In E*
and in E~ we choose orthonormal bases consisting of eigenvectors of T
{uj| ieZ*}Y<cE* and {u)| i€eZ }cE".
Define the finite-dimensional subspaces E, of E=E* @ E~ by
E.:=span{u,] 0<l|i|<k}, fork=1,2,....

By P, we denote the corresponding orthogonal projectors P,: E @ E’— E, ® E°.
Note that the projection scheme (E,@® E°, P,) is projectionally complete,
that is, Pbu—>u as k—>» for every ue E® E'. We define the functionals
®,: E, D E’> R by restriction:

&, (u)=P(u) forueE,DE".
The gradient of @, is given by
O, (u)=P®'(u)=Tu—-P.@'(u)+v forueE, ®E"
The action functional ® turns out to be sufficiently well suited for approximation
with respect to the projection scheme (E, @ E°, P,). The next lemma shows that
the gradient @' considered on E X T" is an A-proper map in the sense of F.
Browder and V. L. Petryshin; see for example, [9].
LemMa 6. Every bounded sequence u,, € E,, ® E® which satisfies

& (u)—>u* asi—o

for some u* € E @ E°, contains a subsequence which is convergent in E X (E*/Z").
Moreover, if u, € E, ® E° satisfies @, (u,)—>u* € E®E" and u,,>ueE®E",
then ®'(u)=u*.

Proof. Let u, eE, ®E’ be a bounded sequence in E@E® satisfying
b, (u,)— u*, that is,
Tuy, — P,@'(uy,) +v—>u* asi—x
Since @' is a compact map, we may assume that @'(u,)—>w € E @ E. Then
I1Pe® (i) = wll S NPl @' (i) = wil + (| Pow — w|
and the right-hand side tends to zero as i— . Consequently,
Tu, =T(ui +ug)—>u*+w—-—veE®@E’ asi—w.

Recall that T is Fredholm with index(T)=0 and ker(T)=ran(T)* =E". In
particular, the range of T is closed and it follows that u*+w —v eran(T).
Moreover, T|z+ge- is a linear isomorphism of E* @ E~. Thus we have

ug+ug—>T ' (u*+w—-v)eEX®E™ asi—,

and consequently u; —»u* € E¥ and u,,—u~ € E~. In view of the Z"-invariance
of ®, we can assume that u e E is bounded, hence u}—u’e E® along a
subsequence, and so we have finally singled out a convergent subsequence of the
bounded sequence uy,.
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It remains to prove the second statement of Lemma 6. Let w € E @ E° be
arbitrarily chosen. Assume that u, —>ue€ E® E°, u, € E,, ® E°, & () u* as
i— . Then we have

(®'(w), w) =lim {(®'(ur,), w — Pw) + (P, @' (1), Pr,w)}
= lim (P (ur,), wi,) = (u*, w).
Therefore ®'(u) = u*, as claimed. This finishes the proof of Lemma 6.

We shall write ®,, and E, meaning either ®' or ®, and E or E| respectively.
By the same arguments as those used in the proof of Lemma 6 we obtain the
following lemma.

Lemma 7. Every bounded sequence u; € E,® E° which satisfies
by(u)—>u* asi—oow

for some u* € E® E{,), contains a subsequence which converges in E 4, X (E°/Z").

As a side remark we point out that the assertions of the above Lemmata 6 and
7 still hold true if the hypothesis of boundedness on the considered sequences is
omitted. This means that & satisfies a strong form of A-properness, and in
particular the gradients ®g,): E) X T"— E, © E° are proper mappings.

However, the subsequent a priori estimates for critical points will give us the
desired boundedness.

8. A priori estimates for critical points and isolating neighbourhoods
In the following let ®, and E(, denote either ® or ®, and E or E,
respectively.
LemMa 8. (i) There exists R > 0 such that the critical points of ® are contained
in
B=D*"xD™ xT"
where D* = {u* € E*| ||u®*|| <R}.
(ii) The critical points of ®, are contained in
By,=Di XDy xT"

where DE = D* N E,.
(iii) If b >0 is given, then in addition R >0 can be chosen such that

1Pl = b
for all u € (E )X T")\B ).
Proof. Recall that the restriction of the operator T to E* @ E™ is a linear

automorphism. Hence there exists A>0 such that (Tu*, u™)= A ||u*||* for all
u* € E,, and such that (Tu~, u”) < —A|lu”||* for u™ € E,
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We consider u=u*+u"+u’€ E} @ Eg)® E’ such that |lu~||<|u*| +r
with a fixed constant r = 0. For these u we have

(Pry(u), u)=2 [Je™*])? —fo (VH(u +e, t)— O()u, ut) dt + (v, u')

1
= llu+llz—f IVH(u + e, 1) = Q(O)u| [u™| dt = ||v]| |lu™||
0
= A lu|? = {er(e) + & llu™ +u I} Ha ) = flull fu™)]
= AN = e{2 Nl + e flut il = co(e) llut I = lloll llu™]|
= (A—2¢) lu™|I* = cae, r) llu|l,
where we have used the asymptotic condition
[0:H(x, y, ) +19,H(x, y, 1) = A()y| < c,(g) + & | y|.
We choose 0 < € <3A. Then for u* #0 we find that

(16) 1D, ()l = (A —2¢€) lu™|l —cx(e, r) if flu™|| <|lu™] +r
By a similar estimate it follows, in the case where u~ # 0, that
(17) 1Pl = (A —2¢€) [lu™l| —ca(e, r) if |Ju™|| < |lu"|| +r

Now choose some large R >0 such that the right-hand sides of the inequalities
(16) and (17) are positive for |[u*|[= R and ||u~|| = R respectively.

Consider now the case that the gradient ®’ is Lipschitz-continuous. Then it
follows that &, is also Lipschitz for every k, and we can consider the
corresponding negative gradient flow (u, £)—u -ton E,) X T":

d ,
(1) =~ @ -1,

Note that this flow is globally defined for all t € R, since ||®’'|| is linearly bounded
in the fibres. For this situation we conclude from Lemma 8 that the following
lemma holds.

LemMa 9. Let S® c E ;) x T" denote the invariant set consisting of the critical
points of ®, together with their connecting orbits under the flow of —®,. If
R >0 in Lemma 8 is chosen sufficiently large, then

Moreover, the compact set B, is an isolating neighbourhood for the compact
invariant set S*, having the entrance set

(18) By :=3D; x D; xT",
and the corresponding exit set
(19) By :=D; x3D; xT".

Proof. Let ¢ =0 be fixed. Choosing 0 < £ < 34, we conclude from the proof of
Lemma 8 that, for sufficiently large R >0,

(20)  (Pyy(u), u*)>c whereu=u*+u"+u°,
satisfying ||u”|| <|lu*|| + r and |ju*||=R.
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By a similar argument we find that
(1)  (—Py(u),u”)>c whereu=u"+u"+u’,
satisfying |Ju™|| < |lu~|| +r and ||u”|| = R.

This shows that the set {ueEy) XT"| [[u”]|=R, |lu*||<|lu"||} is positively
invariant under the flow of —®,,. If S® #J, the orbit of u € S’ cannot leave
By through B, in a positive direction, since its positive limit has to be a critical
point of @, being contained in B,,.

Similarly, we find that {ue Ey) X T"| |[u™||=R, {|u"]|<|lu*||} is negatively
invariant under the flow of —®,, and therefore it follows that S < B,,. In
particular, if ||u™||=R and |[u”|] <R, then the inequality (20) shows that the
vector ®;(u) points into the exterior of B,. If ||u~||=R and ||u™|| <R, then the
vector —®;,(u) points into the exterior of B, by (21).

So far it would have been sufficient to choose the numbers ¢ =r =0 in the
proofs of Lemmata 8 and 9. However, for a gradient-like vector field V, for ®,
we shall require that the flow of —V, admits an isolating block B, with entrance
set (18) and exit set (19). For this reason we shall use the slightly stronger
estimates established above. This construction will be carried out at the end of
the next paragraph.

9. Proof of Theorem 6

We now come to the existence proof of critical points of the action functional
®. The proof will be carried out for the case that the gradient ®' generates a
flow.

Proposition 2. Let ® € C'(E x T, R) be the action functional defined by

D(u) = 3(Tu, u) = P(u) + (v, u).

Assume that the gradient ®' generates a unique flow on E X T". Then ® has at
least n + 1 critical points. In particular, if ® has only finitely many critical values
a<...<Cp, and if

Ki:={ue EXT"| ®u)=c;, ®'(u)=0}, forj=1,...,m,

denotes the critical set at the level c;, then

3

catg1-(K;) = cuplength(T") + 1.
=1

J

Proof. (i) If the action functional @ has infinitely many critical values then
there exist infinitely many critical points, and we have already finished.

(if) Suppose there exist finitely many critical levels of ® denoted by ¢, <... <
¢,.- Since the mapping ®': E x T"— E X E’ is proper by Lemmata 7 and 8, the
critical set of @ is compact. Consequently each of the components K; is compact.
By the continuity property of cat there exists > 0 such that

(22) catex1(Ns(K))) = catex(K;),
where N;(K;) denotes the closed 8-neighbourhood of K;.
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Fix €>0 such that ¢;+&£<c;,,— € for j=1,..., m—1. According to this
choice of &€ we can assume that, in addition, é is chosen such that, for
j=1,...,m,

(23) ¢ —E<®P(u)<ci+& ifueN;(K)).

In particular, for this choice of é the sets Ns(K;) are mutually disjoint.
As an immediate consequence of the Lemmata 6 and 8 we conclude that the
following lemma holds.

Lemma 10. Let K:= K, U... U K,, denote the critical set of ®. If 6 >0 is given,
then there exist k,(8) € N and B > 0 depending on 8, such that

1P )| =B for k= k(6) and u, € W\ Ny4(K).

Subsequently we shall always assume that § is chosen such that the ‘conditions
(22) and (23) are satisfied.

If k = k,(8) then the critical points of ®, are contained in a }8-neighbourhood
of the critical set K of ®. In particular, for every critical point u of ®, there exists
exactly one critical value ¢; of ® such that |[®,(u) — ¢ <& For k=k,(8) and
j=1, ..., m, we define the following subsets of E, X T":

j-

Sk‘={u€Ek><T"

limu-7te€ Nb(K,-)},

Tt

where u - T denotes the flow of —®; on E, X T", that is,
d
—(u-1)=—-D;(u- 7).
() = =i )

Thus S¥ consists precisely of the critical points of ®, contained in N5(K;) together
with the connecting orbits of these critical points.

LemMa 11. Suppose that 6 >0 is chosen such that (22) and (23) hold. There
exists ko€ N, depending on 6, such that for all k = k, we have

(24) Skc Ny(K;), forj=1,...,m.

Proof. By the choice of & 6, we have catg,q+(Ns(K;)) = catg.+(K;), and
|®(u) — ;| < & for u € Ns(K;).

Let >0 and k,(6) be the O-depending constants from Lemma 10. Now
choose &>0 such that £ <min{g, 486}. According to this choice of ¢ we can
find 0<dp<6 such that |®(u)—c|<e if k=k(dy) and ue N (K)).
Corresponding to this §, there exists by Lemma 10 an integer k,(J,) such that for
k = k,(8,) the critical points of ®, have to be contained in Ny (K). We define
ko := max{k(6), ki(60)}.

Consider now a point u € E, X T"\N;(K;) which satisfies |®,(u) —¢;|<e. In a
way similar to the proof of Theorem 2, we conclude that the orbit of this point u
cannot enter Ns,»(K;) © N5 ,4(K;) in a positive direction without having passed the
level ¢; — €, which shows that u ¢ S¥. Hence the assertion of the lemma follows.
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Recall the isolating block B, defined in Lemma 9:
B, =D XDy XT'cEfXEzxT"

where Df = (u* € E| ||u*||<R) for some R >0 independent of k.
We denote by S* the maximal invariant set of the flow of —®, which is
contained in the isolating block B,:

S*:={u€eE,xT"| u-te B, for all TeR).

In particular, the invariant set $* is compact, and as a corollary of Lemma 11 we
obtain another lemma.

Lemma 12. For k = k, the invariant sets S,’-‘ constitute a Morse decomposition of
S*. Moreover, (S}, ..., St) is an admissible ordering of the Morse decomposition.

Now Proposition 1 comes in. For the present situation it reads as follows.

LemMA 13. For k = k, we have

(25) catg, x(S¥) < D catg, . p(SH).
j=1

Summarizing the steps of the proof of Proposition 2 which we have completed
so far, we obtain the following.

COROLLARY 1. For k =k, we have

m
catg, 7o(S) < D catgqa(M,).
i=1

J

Proof. Note that Sfc E, x T" and E, x T" is a retract of E x T" for every
k € Z*. Consequently

(26) CatEkxTn(Sl,’() = CatEx]rn(Sll'().
By the monotonicity of cat, (24) yields
27) catex7+(SF) < catg (N5 (K;)).

Using the relations (22), (25), (26) and (27), we have for k =k,

m m (27) m
> catpu (M) B Y catp, (N5 (K;)) = X catg,q(S¥)
j=1 j=1

j=1

@) R P
= z CatEkx'n'n(Sl') = CatEkx]rn(S )
j=1

It therefore remains to relate the category of S* to the cuplength of T":

PrOPOSITION 3. For k € N let S* « E x T" denote the maximal invariant set of the
flow of —®, which is contained in the isolating block B, = Dy X D X T", where
D= {u* e E| |lu*|| <R} for some R >0 according to Lemma 8. Then

catg, 1(S*) = cuplength(T") + 1.
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Proof. We assume, by contradiction, that catg, . -(S*) < cuplength(T") = n. In
the following we shall abbreviate / := catg, . y(S).

By definition of the isolating block B,, the compact invariant set S* is
contained in the interior int B,. Also note that B, is a retract of E, X T”?, and
hence it follows that

CatBk(Sk) = CatEkX“’n(Sk) =1

Using the continuity property of cat, we can find an open neighbourhood N of
S* in B, such that

catg (N) =catg (S¥) and N cint B,.
(a) First we consider the case / =1, which in particular implies that $* # . By
definition of cat there exist / closed subsets A] B, such that A] is contractible in

B,and N=A]U... UA;. We note that A/ N S*#Q and A N B; =D.
Now consider the maximal positively invariant subset contained in B,:

S*:={ueB| u-te B, for all t =0}.

We shall use the [ covering sets A; and the flow to construct a covering of S* by /
closed contractible sets having empty intersection with the exit set of B,. Recall
the entrance set B; and the exit set B, of the isolating block B,, given by

B} = 3D} x Dy x T" c 3B,,

By =Dy x9D; X T" c 3B,.
Observe that B, = By U B . For u € S* we define the real number t*(u) by

t*(u):=inf{treR| u-seN for all s =7}.
We set
tt:=sup{t*(u)| ueS*}.
The compactness of S* c B, yields t* <, and we conclude that
St cN- (—r+)=jLiJ1 Al (~7Y).
Now A/-(—t")c E, X T" is a closed subset which is contractible in E, X T".
Note that A N Sk+@, and Aj - (=t*)N By =J. Now we define
A=A -(-t)NB, forj=1,..,1
Then A; c B, is closed and contractible in By, and
S*cAU...UA=N-(-1")NB,.

Clearly, A,OS"#=®, and A;N By = for all j=1, ..., 1. All of B, that is not

covered by the A; can be retracted to the exit set B, as follows.

LeEMMA 14. There exists a closed set A satisfying B, = A < By, such that B} is a
strong deformation retract of A, and such that AUA,U...UA, = B,.

Proof. Let N*:=N-(—1"%) be the open neighbourhood of S* in E, x T"
determined above. Then for every u € B,\N™ there exists a unique ¢*(«) =0 such
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that u - t*(u) € B;. Since B,\N" is compact, t*:=sup{t*(u)| ue€ B,\N*} <o,
Consider
By :={x-t| xe By, t=0}.

Observe that Bf is closed in E, X T”, and By N B, = B; by the proof of Lemma
9. Now we define the closed subset of By:

A= (B (—t%)N B,

By construction, AUA,U... UA, = B,.

It follows from Wazewski’s principle (cf. Conley (5, p. 24]) that B is a strong
deformation retract of A. The homotopy r: A X [0, 1]—> A which retracts A to
By is defined as follows. For u € A, let t¥(u) =0 be the exit time of u as defined
above. Then define r(u, s):=u - st*(u).

In the following H* and H, will denote singular cohomology and homology
with integer coefficients respectively.

Lemma 15. (i) The injections i: (By, D)= (Bi, A;) for j=1,...,1 induce
homomorphisms
" H*(By, Aj)— H*(By)

which are surjective for * = 1.
(i) The injection g: (By, B;y)— (By, A) induces isomorphisms in relative
cohomology

g*: H*(Bi, A)— H*(By, By).

Proof. (i) Let t: A;— B, denote the inclusion map. Since A, is contractible in
B, the inclusion ¢ is homotopic to a constant map

=1y Aj=> B, (u)=u, forallueA,

and hence we have 1* = 15: H*(By)— H*(A)).
We denote by y the map from A; to {u,}. Let p: {u,} — B, be the inclusion.
We have a commutative diagram:

HB) L H((ua))
R IY*
H*(4)

Since H*({uy}) =0 for * >0, we find that y* = 0, and by the commutativity of the
diagram, ¢* = 0. Consider the exact cohomology sequence

*

6* ; *
. H*"(A))~— H*(B,, A;))—— H*(B,)— H*(A)—>.....

Now (i) follows from ¢* = 0 and the exactness of the sequence.
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(i) Consider the commutative diagram

| |

id*

H*_l(Bk) — H*_l(Bk)
it lj;
B i* R
H*"'(A) —— H*"'(By)
5* la*
o* 8" I A _, 6*
£ H*(Bi, A) = H*(B,, BY) — H*(A, B\) —
L* L*
id*
H*(B,) —— H*(B\)
i Js
H*(A) ——— H*(BY)

Observe that the long horizontal line is the exact cohomology sequence of the
triple (By, A, By). The vertical lines are the exact cohomology sequences of the
pairs (B,, A) and (B,, By) respectively. Note that B; is a strong deformation
retract of A, and hence the inclusion i: By — A induces an isomorphism
i*: H*(A)— H*(By). Since i* and id* are isomorphisms, it follows by the Five
Lemma that g* is an isomorphism, as claimed.

After these preparations we are ready to establish the argument which
contradicts the assumption that / <n.

Observe that {0} X D, X T" is a strong deformation retract of B,, and
{0} x {0} x T" is a strong deformation retract of B,. Consequently, we have
isomorphisms which commute with the cup-product

H*(B,)=H*(D; xT")=H*(T")
and
H*(By, By)=H*(D; xT", aD; xT").

Since cuplength(T") = cuplength(D; X T"), there exist cohomology classes
w; € H%(D; xT"), forj=1,...,n,q;=1,

such that w, U ... U w, #0. In particular, if / <n, we consider the first / factors of
this cup-product only. Of course the cup-product w,U...Uw,#0. Let g:=
g, + ... + g, Consequently there exists a homology class o € H,(D; X T") such
that

(28) (0,U...Uw, o) #0,
where (-, -) denotes the duality pairing
H*(D7 X T") X H,(Df X T")—>Z.
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Recall that dim E; = k. Let § € H, . ,(Dx X T", 8D, x T") denote the fundamen-
tal class. By Lefschetz duality there is an isomorphism given by the cap-product

N
H"**=9(D; x T", 8Df x T")—§>Hq(D; x T7).

Hence there exists woe H"**"9Dj X T", 3Dy X T") such that o = w,N &, and
we have
(0yU...Uaw, a)=(0,U...Uw, w,NE)
=(woUw,U...Uaw, &).

We claim that w,U w, U ... U w, = 0. Consider the commutative diagram

Hn+k—q(Bk’ A) g_) Hn+k—q(Bk’ B?) (LN H"*"“"(D; xT", dD; x T7)

® ;% ® ! ®
H%(B,, A)) ———— H*(B,) 4 H(Dg x T")

® ® X

® B ® - ®
H%B,, A)) ——— H%(By) — HYD; xT")

Ju I Ju

H"**(B,, B) —— H"**(B,, BY) —2—— H™*(Dg x T", 3D; x T")

Here i*: H*(Bi, A;)— H*(B,) denotes the surjective homomorphism from
Lemma 15(i), and g*: H*(B,, A)— H*(B,, B}) is the isomorphism from Lemma
15(ii). Let r: [0, 1] X B,— B, denote the deformation retract from B, to
D; xT", and let r* and p* be the isomorphisms
r*: H*(D; x T")—> H*(B,),
p*: H¥(Dg xT", dD; x T")— H*(By, By),
induced by r(1,:): By— Dy XT". For j=1,...,I, we can find cohomology
classes @; € HY(B,, A;) such that
;= (r*" e *)(@;) € H(D; X T").
Similarly we define
@y:=(g* °p*)(wo) € H"* 9B, A).
Consequently we have
DU D U...UdeH™ (B, AUAU... UA,) = H"**(B,, B,) = {0},

and therefore the cup-product vanishes. By the commutativity of the above
diagram then also w,U w, U ... U @, =0, which contradicts (28).

(b) We still have to consider the case /=0. Then $* = and consequently
S* =, which by Wazewski’s principle implies that B; is a strong deformation
retract of B,. Consequently we can choose A = B, in the above proof, and
therefore we have

H*(By, Bi) =H*(B., By)=H*(Di x T, 9D, x T"),

which is obviously a contradiction. This completes the proof of Proposition 3.
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(iii)) Assuming finally that ® has no critical values at all, we conclude by the
A-properness of ® with respect to the Galerkin approximation scheme that there
has to be a k,€ Z* such that for k = k, the functions ®, have no critical points.
This, however, contradicts Proposition 3, and the proof of Proposition 2 is
complete.

Finally we consider the case that the action functional ®: E X T"— R is not
Lipschitz-continuous. Then we have to ensure that for k sufficiently large there
exists an appropriate gradient-like vector field V, for ®,. Observe that in contrast
to the situation considered in Theorem 2, the function ®, is not known to have at
most finitely many critical values. However, the assumption on ¢ to have only
the critical values ¢, <... <c,,, together with the approximation properties is
sufficient.

Recall the choice of & and & in (22) and (23); that is, we have |®(u) —¢;| < £ if
ueNs(K;), and catg,q+(K;) = cate,(Ns(K;)) for j=1,...,m. Also recall
constants 8 and k,(6) determined in Lemma 10. As in the proof of Lemma 11, fix
e <min{E, §B6}, and choose &, such that |®, —¢;|<e for k=k,(6,) and
u€Ns(K;) for all j. It can be supposed that k,(d,)=k(8). Finally we
abbreviate k,:=k,(8,). In particular, if k =k, the critical points of ®, are
contained in N 4(K).

Now we define a 28,-pseudo gradient vector field for &, for a fixed k =k,
according to the following conditions.

(i) For uge E, x T" there exists r{)) such that

3@l <2 [|Pr()Il if u € B(ug, rl).
(ii) If ®4(uo) # O then there exists r'2 such that
(GPilua), D) > 1Pu()II” if u € Bluy, 7).
We denote u = (u*+u",u’) e (Ef ® Ex)x T"
(iii) If (Ps(uo), ug) # 0 then there exists r,; > 0 such that
|GDi(uo), u™) = (Piu), ™) <3 [(Di(u), u™)|

if u € B(uy, ry).
(iv) If (®(uo), uy) # 0 then there exists r,, >0 such that

|G Pk(uo), u™) = (Piu), u™)| <3 [(Pilw), u7)|

if u € B(uo, ro).

Here B(uy, r) c E, X T" denotes the open r-ball in E; X T" around u,. We
define g,,:=min{3dy, r, r®, rk, ra} for all uge E, xT". The 38,-pseudo
gradient vector field V; can be defined similarly to that in the proof of Theorem 2.
By the paracompactness of E, X T", we can choose a locally finite subcover
{B(u;, 0,)| i€el}c{B(u, 0,)| ueE,xT"}. In view of the conditions (iii) and
(iv), the flow of —V, admits the desired isolating block. We claim that the
following conditions hold true. There exists R’ > 0 such that

(29) (—Vi(u), u*) <0
if lu*|| >R’ and |lu™|| > lu"||, and
(30) (—Vi(u), u7)>0

if ||u”||=R' and |ju”|| = ||lu"].
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We shall prove (29). Choose r :=38,. Fix an arbitrary constant ¢ >0, and let
R>0 be such that (20) holds for this choice of ¢ and r. Now consider
u=w*+u",u’)e(E} ®E;)xT" satisfying |ju*||=R + §6, and |Ju~| < |ju*|.
Let {y,] i eI} be a Lipschitz-continuous partition of the unity subordinated to
the above subcover. Then

Vi(w) = 2 9i(w)GDi(w)),
iel,
where 1,:={iel| ue B(u, ¢,)} is a finite subset. Consequently ||u — u;]| <36,
by the definition of g,. Hence it follows that ||u}||= R and ||u; || < ||u;|| + %6,
and consequently, by (20),
(Pi(wy), uf)>c>0 foriel,
From the above condition (iii) we now conclude that
1GPi(w,), u™) = (Piu), u™)] < 31 (Pr(w), u™)|

for all i € I,. Summarizing we finally have

(= Vi), u™) < —(@ilw), u™) + 2 i(u) GPi(w;) — Piu), u™)|

iel,

< —(Pr(w), u™) + 2 ¢i(w)i |(Pilw), u™)|

iel,

= —}(®iw), u™) =< —c <0,

Hence (29) is proved with R’ = R + 48,. The inequality (30) is proved similarly,
which finishes the proof of Theorem 6.

Appendix

Let M be a Hausdorff space. We collect some properties of cat,,:
(i) caty(A) =1 if and only if the closure A is contractible in M;
(ii) caty(A)=caty(A);
(iii) if A is closed in M then cat,(A) =k if and only if A is the union of k
closed sets each contractible in M;
(iv) cat is monotone, that is, if A « B c M then cat,,(A) < cat,(B);
(v) cat is subadditive, that is cat,, (A U B) <cat,,(A) + cat,,(B);
(vi) if A is closed and h,: A— M, for 0=t =<1, is a homotopy such that k, is
the inclusion map of A into M, then cat,,(h,(A)) = cat,,(A);
(vit) if h,: M— M, for 0<t<1, is a homotopy of M such that h,=1id,,, then
caty(h,(A)) = caty,(A) for every A c M;
(viii) if h: M— M is a homeomorphism of M, then cat,,(h(A)) = cat,,(A) for
every Ac M;
(ix) let M be arcwise connected; then caty,(A)=1if A #JJ is a finite set;
(x) let M be an absolute neighbourhood retract (ANR); if A+ then
caty(A) = caty(N) for some neighbourhood N of A in M;
(xi) let M be a metric ANR; if K #(J is compact then there exists 6 >0 such

that cat,(K) = caty(N5(K)), where N;(K) denotes the 8-neighbourhood
of Kin M;
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(xii) let A =M c M’; then caty(A) = caty, . (A); if M is a retract of M’ then
caty (A) = caty,.(A);

(xiil) let @+ A c M be closed, and suppose caty(A) <; if N is a neighbour-
hood of A in M such that caty(N) =caty(A)=k, and if A,U... UA, >
N is a covering of N by closed contractible subsets of M, then
ANAF#D.

Most of the proofs of these properties can be found in work of R. S. Palais [28]
and K. Deimling [9].
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