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Considering a large class of periodically time dependent Hamiltonian systems on
the cotangent bundie 7*(T") of the n-dimensional torus T”, we prove the existence
of at least 2" forced oscillations in every homotopy class of loops, provided these
periodic solutions are non-degenerate. Moreover, given a€ Q" such that all the
periodic solutions having rotation vector a are non-degenerate, there exist at least
2" of them. We assume the Hamiltonian system to be asymptotically linear in the
fibres, and the norm of the Hessian is required to have at most polynomial
growth.  © 1994 Academic Press, Inc.

1. INTRODUCTION AND RESULTS

We consider a non-autonomous Hamiltonian system
z=JVH(z,1), zeR™, teR, (1)

where J is the skew-symmetric matrix

J=(_OI g>e$(R"xR") (2)

where [ denotes the identity on R". We shall assume that H depends peri-
odically on the time ¢ with period 1, and setting z=(x, y)e R"x R" we
shall also assume that H is periodic with respect to x e R™

Hx+jy,t)=H(x, p,t)=H(x, y,t + 1) for all jeZ" (3)

Thus (1) is a periodically time dependent Hamiltonian system on
the cotangent bundle 7*T"xT"xR" of the n-dimensinal flat torus
T"=R"/Z".

If the Hamiltonian H satisfies appropriate conditions asymptotically in
the fibres, then the flow of the vector field JVH on T"x R” will contain
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periodic orbits. We shall assume the Hamiltonian vector field to be
asymptotically linear, requiring that

1 1
ol 10, H(x, y, 1) — A(t) y| >0  and o 0 H(x,p, )| >0 (4)
as | y| —» oo uniformly in x and ¢, with a symmetric matrix A4(t) depending
continuously and periodically on ¢

A(t) = A(t+ 1) e Z(R"), (5)

and satisfying the following non-resonance condition
1
det (j A(t)dt)#O. (6)
0

Assuming H e C' satisfies (4) and (6), we have shown in [15] the existence
of at least n+ 1 = cuplength(T"”) + 1 forced oscillations, i.e., 1-periodic solu-
tions of (1), in every homotopy class of loops in T”x R”. In the present
paper we shall prove by the use of Morse theory that there exist at least
2" forced oscillations in a homotopy class of loops in case that the 1-peri-
odic orbits contained in this class are known to be non-degenerate. Clearly,
in order to define the non-degeneracy of periodic orbits it is necessary to
impose suitably stronger hypotheses on the Hamiltonian H.

Before giving a precise formulation of our main result we describe
explicitly the periodic solutions we are looking for:

If z(¢) = (x(2), y(1)) = R"x R" is a solution of (1) such that

lim ﬂQ:oz

[tj—» 0 I

for some a e R”, then the vector « is said to be the rotation vector of z. If
in addition we assume this solution to be periodic with integer period p,
requiring

x(t+p)=x(1)+j and  y(1+p)=y(1)
for some je Z”, it follows that @ p =/ and
x(t)=oat+ (1) with E(t+p)=£&(1). (7)
DeFinitioN 1. If j=(j,, ... J,)€Z", and if pe N such that j,, ..., j,, and

p are relatively prime, then we call a solution z(t)= (x(t), y(t)) of (1) a
J/p-solution if x(¢) is of the form (7) with a=j/p.

505/111/2-11
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Hence a j/p-solution considered in the universal cover R”x R” of the
phase space T”x R”" is not periodic unless j=0. However, its image under
the canonical projection is a parameterized loop R/pZ — T" x R". Recall
that 7, (T"xR")=~n,(T")=Z", and the homotopy class of a j/p-loop is
uniquely determined by the integer vector j, provided j and p are relatively
prime.

Consider a fixed a=j/pe Q" Given a j/p-solution z(1)e R” x R”, there
exists a decomposition of z,

z(t)=(5(t)+w)=:C(t)+eat, (8)
y(1)

where {(¢)={(t + p) is periodic, and where e, = (2,0} € R” x R” contains the
rotation vector a =j/p.

Since z(¢) is a j/p-solution of the Hamiltonian equation, {(¢) is a
p-periodic solution of the following Hamiltonian equation which is periodic
in ¢ with period p:

Ly=IVH(() +e,t, t)—e,.

If the Hamiltonian H{z,t) is twice continuously differentiable with
respect to z then the Floquet multipliers of the periodic solution { are
defined. Consequently we shall call a j/p-solution of the Hamiltonian equa-
tion (1) non-degenerate if its periodic part { according to the decomposi-
tion (8) is non-degenerate, i.c., { has no Floquet multipliers equal to 1.

Now we state our main result:

THEOREM 1. Assume that He C? is periodic in x and t, and satisfies the
asymptotic condition (4), such that H is non-resonant at infinity according
to (6).

We shall assume that the Hessian d*H of the Hamiltonian satisfies the
Sfollowing growth condition with respect to y: there exist constants a,, a, =0
and 1 <r< oo such that

|d?H(x, p, )l <a,+ay |yl 9)

uniformly in x and t.
If all j/p-solutions of the Hamiltonian equation (1} are non-degenerate then

# { j/p-solutions} > SB(T") =2".
Here SB(T") stands for the sum of Betti numbers of T".

Theorem 1 is related to a corresponding result due to Golé for
monotone symplectomorphisms on T"xR", cf. [11,12,13]. His work
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includes the case of periodically time dependent Hamiltonians H e C?
which satisfy

H(x,y,t)=3<{Ay,y> +<c,y> if |yl=za

for some constant a>0, where 4e Z(R") is a symmetric matrix with
det 4 #£0, and c e R". In addition, H is assumed to satisfy the interior condition
2

H
d (x,y,1)#0 forall (x, y,)eT"xR"xR,

et 57
which corresponds to the monotone twist condition in the case n=1.
Under the assumption that all the j/p-orbits are non-degenerate, Golé
proves that there exist at least 2" of them.

These assumptions are somewhat different from ours since we do not require
any interior conditions. In particular, the existence of j/p-solutions can be
established assuming only H e C', cf. [15]. The hypothesis H e C? is needed
only in order to define the non-degeneracy. The non-resonance condition (6)
is, however, crucial and cannot be dropped. It plays the role of the twist of the
boundaries in the Poincaré—Birkhoff fixed point theorem, which states that
every measure preserving homeomorphism of an annulus S' x [a, b], rotating
the boundaries S' x {a} and S'x {b} in opposite directions, has at least 2
fixed points in the interior. The above results can be seen as generalizations of
this theorem to higher dimensions. Furthermore, a similar phenomenon arises
in search of periodic orbits of asymptotically linear Hamiltonian systems in
R?", where existence results have been established under suitable non-
resonance conditions, cf. [2, 6, 16, 197]. All these theorems may be understood
as certain generalizations of the symplectic fixed point results on compact
manifolds related to the Arnold conjecture, see [7, 9] for more details.

For the case of contractible loops in T”x R”", the first result of this
type is due to Conley and Zehnder [5, Theorem 3]. Although the
non-degenerate case has not been considered explicitly by Conley and
Zehnder, it is easily seen from their proofs that under the assumption of non-
degeneracy on all the contractible 1-periodic solutions there exist at least 2"
of them. Including the case of periodic solutions having a rotation vector
#0, their result can be generalized as follows:

THEOREM 2. Assume that He C? satisfies the condition (4), and let A(t)
satisfy (5) and (6). Moreover assume that there exists R >0 such that

H(x,y, )=3<A() p,y> +<b(1),y> if |yI=R

where b: R— R" is a continuous periodic mapping with b(t)=5b(t+1). We
denote the mean values by

[4]:= fol Aty dre Z(R7),  [b]:= fol b(1) dt e R™.
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Suppose je Z" and pe N are relatively prime and satisfy

R
Lilp — [b]} < —==77 - (10)
If all the j/p-solutions are non-degenerate then there exist at least 2" of them.
These orbits are contained in T"x Dy, where Dg:= {yeR"||y| <R} is

the disc of radius R.

Theorem 2 is easily derived from Theorem 1, observing that the
condition (10) implies that the j/p-solutions have to be contained in
T"x Dg, cf. [15].

Our assumptions on H include in particular the case of special
Hamiltonians to the form

H(x,y, )=31y*+ V(x, 1)

where V is periodic in x € R” and ¢ € R, and, moreover, Ve C?, with respect
to x. An example is the multiple pendulum, see Chang et al. [3]. Theorem 1
also holds true for not exact Hamiltonian systems of the form

2=J[ VH(z, 1)+ f(1)] (11)

with a continuous 1-periodic map f(¢)=(f; (1), /2(t))e R"x R" which
satisfies the mean value condition j(’, fi(t)ydt=0.

We briefly sketch the idea of the proof of Theorem 1. The claimed
periodic orbits are characterized by a variational principle. The next
section contains the setup for the variational formulation, which is the same
as in [15]. For fixed pe N, the claimed j/p-solutions are characterized as
the critical points of a functional @, being of the form

D(u)=1/2(Tu, u) — @(u) + (v, u),

defined on a suitable Hilbert space of loops u : R/pZ — R?*". Here T'is a boun-
ded Fredholm operator of index 0, and dim ker(7) = n. The nonlinearity ¢
and the linear part (v,-) depend on the particular integer vector j.

The action functional @ is invariant under a free Z”-action on ker(T),
such that mod Z" we have & :ker(T)* xT" - R.

In Section 3 it is shown that the assumption of non-degeneracy on the
Jj/p-solutions is equivalent to requiring that @ is a Morse function.

In Section 4 we introduce a Galerkin approximation by finite-dimen-
sional subspaces of ker (7)*, and the gradient of @ is shown to be
A-proper with respect to this projection scheme. For ke N sufficiently
large, the critical points of @ and the critical points of the approximating
functions @, are in 1-1 correspondence, and, moreover, all the critical
points of @, are also non-degenerate. For the definition of A-proper map-
pings we refer to [8].
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Finally, Section 5 contains the construction of an isolating block for the
invariant set of bounded trajectories under the gradient flow of @, , and the
proof of Theorem 1 the follows by the Conley-Zehnder Morse theory.

Related results concerning the existence of contractible periodic solutions
also have been obtained by Fournier and Willem [10]. As in [5], a
Lyapunov-Schmidt reduction to finite dimension is used, which in
particular requires that the norm of the Hessian of H be bounded.

2. THE VARIATIONAL FORMULATION

By S! = R/Z we denote the circle. Consider the Hilbert space L*(S!, R*")
together with the inner product

@whi= [ w0

where (-,-)> is the Euclidean scalar product in R*". The corresponding

L%*norm will be denoted by |z||,=/(z, 2),.
If {e;|i=1,..,2n} denotes the standard basis of R?*", an orthonormal

basis of L*(S', R™) is given by
{ue, (1) =exp(2nktl)e; | keZ, i=1, .., 2n}
where J is the skew-symmetric matrix defined in (2). Every ze L*(S', R*")

has the Fourier coefficients

(sy;, 2), €,€ R, keZ,
1

Zy =

[Naeks

1

and is represented by the Fourier expansion

2n
2(t)= Y Y, (U, 2)2 uis(1) = ), exp(2nkt)) z,

keZi=1 ked

for almost every teS'. Using the Fourier expansion we introduce the
following Sobolev space

W1/2. Z(SI, RZ") = {ZGLZ(SI, RZ")

Ykl Izk|2<°0}

keZ

which is a Hilbert space with the inner product

(z,w)=Czo, wod + 21 Y |kl 2y, wi)

keZ

and corresponding norm {z|| = ./(z, z).
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In the following we will abbreviate W := W'2%(S! R?"). There is an
orthogonal decompostion W=W*@® W @® W° into closed subspaces
according to the subscript k>0, k <0, k=0. By P*, P~, P° we denote the
orthogonal projectors on W+, W—, W°

Now we define a differential operator L:dom(L)c L*(S!, R*")—
L*(S!, R*) on the domain of definition

dom(L)= {z e L*(S!, R*™)

5 |k12|zk|2<oo}

keZ

by

(Lz)(t) := ~Ji z(t)= ) 2mk exp(2nkt]) z,
dt keZ
for almost every t € S'. Note that dom(L) coincides with the Sobolev space
W'2(S! R?") considered as a linear subspace of L*(S', R*"). Moreover, L
is self-adjoint, and ker(L) consists precisely of the constant loops.

The spectrum of L is o(L)=0,,(L)=2nZ. In particular, each u,; is an
eigenvector of L corresponding to the eigenvalue 2nk. The Sobolev space
W is the form-domain of the operator L, and by direct computation it is
seen that

(P —P 7 )z,w)=(Lz, W), if z, wedom(L).
Let je Z" be a fixed integer vector. We define
e(t):=e;(t) :=(j1,0)e R"x R".

Consider the non linear functional ¢: W —R containing the
Hamiltonian H:

o(z) = L: H(z(t) +e(1), 1) dt. (12)

From our assumptions (4) it follows that VH(x, y, t) is asymptotically
linear with respect to y. This hypothesis implies at most linear growth for
the gradient VH in each fibre; i.e, there exist constants ¢, ¢, >0 such that
IVH(x, y, )] € ¢; + ¢, | ¥| uniformly in x and . We have

LemMma 1. (i) The functional ¢ : W — R defined in (12) is continuously
differentiable, and the derivate of ¢ is represented by

al(p(z)é:J‘o1 (VH(z+e,1), &) dt for z,leW. (13)
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(ii) The condition (9) on the Hessian of H implies that ¢ € C*(W, R),
and the Hessian d*@(u) of ¢ is represented by

1
d2¢(2)(€,ﬂ)=fo (d’H(z+e, ) (), n()>dr  for & neW. (14)

For a proof of ¢ e C' we refer to Rabinowitz [18, Prop. B 37]. The
proof of ¢ € C? is similar, also cf. [18, Prop. B 34].
The corresponding gradient ¢’ : W — W, defined by

(¢'(2), w)=do(z)w forall weW,

is a compact map, see Rabinowitz [18, Prop. B 37]. The proof of the
compactness of ¢’ is similar to the proof of the subsequent Lemma 8. For
the compactness properties of d?¢ see Lemmata 4 and 8 below.

Recall the matrix A(z) from (5), (6) and define a symmetric matrix

0 0

o) :=<0 Am)eM(anZn, R).

Define a symmetric bounded linear operator 0 € £(L*(S', R")) by
(Q2)(1) == Q(1) z(1).

Then there exists a unique symmetric operator Ke ¥ (W), defined by

(K w)i= (0 why = | <@ 20, wlt))

From the compactness of the embedding W '**(S', R*") —» L*(S', R*) it
follows that Ke ¥ (W) is compact.

Hence the operator P* — P~ —K is a bounded symmetric linear
operator on W. Since X is a relatively compact perturbation of P* — P,
the essential spectrum remains unchanged. Therefore

aess(P+ _P__K)zaess(P+_P_)= {_1, +1}
Moreover we have the identity
((P*=P —=K)z,w)=((L-0Q)z,w), if z wedom(L).

Since 0 is a bounded symmetric operator it follows that L —Q is self-
adjoint on dom(L — ) =dom(L).
In the following we shall denote

T:=P*—P —K



368 FRANK W. JOSELLIS

Since P* — P~ is a Fredholm operator with index O, it follows by the
compactness of K that 7 is also Fredholm with index(7) = 0. In particular,
ran(7T) =ker(T)", and in view of the non-resonance condition (6) we have

ker(T)={ze W] z(t)=(x(t), y(1)) e R" x R" with x=const., y=0}.

In order to include the case of a not exact Hamiltonian vector field of the
form {11), we note that the vanishing mean value of f, implies that
feran(L — Q), which is seen by elementary calculations. In particular, we
then have

[ anydi=(f= (L= 0w 2= (w2 (19)

Finally we have to consider the contribution inherited from the rotation
vector. Let je Z” be fixed and e(¢) = (jt, 0) e R” x R". Then we define

b= —Jé=(0, j)e W. (16)

Obviously we have the identity
1
[ pzydi=(v,2,=Cvp 200 =(0,2)  for zeW.  (17)
0

Combining the contributions from (15) and (17), we define a continuous
linear function (v, -): W — R by

(v, 2) i= (v;— Tw, z) = f‘ (—Jé—f(1), z(t)> dt.

Now we define the action functional @ on W by

¢(Z)=%((P+ —'PA)Z’Z)"QD(Z)‘I’(U) Z)
3(Tz,2)— ¢(2) + (v, 2) (18)

where

é(z) = o(z) — § (Kz, z)=j0l {H(z+e,t)— %(Qz, zy}de

Obviously ¢ € C*(W, R). Since ¢’ and K are compact it follows that
¢’ : W— W is compact. The derivate of @ e C*(W, R) is given by

do(z)yw=(Tz, w)—d@(z) w+ (v, w) for we W,
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and the corresponding gradient is defined by
(D'(2),w)=(Tz—P'(z)+ v, w) for weW.
For the Hessian form of & we find

d*@(u)(&, n)=(T& n)—d*p(u)(&, n).

The function @ : W — R extends the classical action functional defined on
W' 2-loops by

¢(z)=j0' (3¢~J5,z> —H(z+e 1)+ {o,—f(t), 2>} dt

for ze W-2(S', R¥).

The setup on the Sobolev space W'>%(S', R*") permits a variational
characterization of the required periodic solutions. Using standard
regularity arguments, it follows that the critical points of @ on W are
precisely the classical periodic solutions we are looking for:

LEMMA 2. ze W is a critical point of @ if and only if ze C'(S', R*) and
z is a 1-periodic solution of

—Jz=VH(z+e, 1)+ f(1)—v,.

The periodicity of the Hamiltonian H with respect to x implies the
invariance of @ and @’ under a free action of the group Z” on W which
is defined as follows:

Identify g=(g,, .., g,)€Z" with (g,, .., &,,0, .., 0)e R*, which can be
considered as a constant loop, i.e., an element of W. Now define the group
action by

g-z:=z+g for zeW.

Then @(g-z)=®P(z) and P'(g-z)=@’(z). Passing to the quotient we
obtain

W/Z"=ExT"

where E=ker(T)! = W/ker(T). We will consider E equipped with the
scalar product induced from the inner product on W. In particular, because
of the Z"-invariance we can consider @ as an element of C*(Ex T", R).
Subsequently we shall make crucial use of the fact that there exists a
splitting
W=E*®E QE° = EQE°
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into closed orthogonal subspaces E*, E~, E° according to the positive, the
negative, and the zero eigenspaces of the operator T.

The variational setup described so far is suited for forced oscillations, i.e.,
the j-solutions of Theorem 1. In order to establish the existence of
J/p-solutions with jeZ" and peN relatively prime we define e,(s):=
(p~Jj1,0)e R"x R", and we have to consider the action functional

b,(z) :=lr {l {=Jz,z)—H(z+e, )+ {—Jé,—f(1), z)} dt
plo (2

on the loop space W'2(R/pZ, R*"). The variational formulation on the
Sobolev space W'*?*(R/pZ, R*") then can be carried out analogous to the
case p=1.

3. NON-DEGENERATE LOOPS AND NON-DEGENERATE CRITICAL POINTS

Considering now the case p=1, we state precisely the definition of
non-degeneray for periodic solutions of the Hamiltonian equation. The
basic facts on ordinary differential equations can be found, e.g., in [1].

Fix a rotation vector jeZ" and set v,= (0, j)e R" x R", according to
(16). Consider a 1-periodic solution #(t}e T" x R” of

d

Eﬁ:J[VH(ﬁ,t)+f(t)] for @(t)e T"xR", (19)

having rotation vector j. Lifting & to the universal cover R” x R", we can
write (1) =u(t) + e(z) where u is a 1-periodic solution of

%u=JVH(u+e, n+J{f(t)—v;}, u(r) e R™. (20)

We denote by a‘(z) the flow of the vector field in (20):

d t — t -
< @(2) =T VH@'(z) +e(t), )+ I {f(1) —v;} 21)

a’(z) =1z

Since the Hamiltonian H e C?, the flow a(z) is differentiable with respect
to z, and the derivative da'(z) € £ (R>") satisfies the linearized equation

%da'(z)=]d2H(a‘(z)+e(t), 1) do'(z) o2)

da®(z) = id gan
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along the solution a'(z). Here d denotes the derivative with respect to :z.
Consider the above 1-periodic solution u(t) of (20). Setting z :=u(0) we
have u(t)=a'(z), and the Hessian d*H(a'(z) +e(1), t) is periodic with 1,
which follows from the periodicity condition (3) on the Hamiltonian H.

Then the matrix U(¢) :=da’(z) € £(R*) is a fundamental system of the
periodically r-dependent linear equation (22). The eigenvalues of U(1)
are called the Floquet multipliers of the 1-periodic solution a(z) of the
Hamiltonian equation (20).

DEerFINITION 2. A I-periodic solution u(7)=a'(z) of the Hamiltonian
equation (20) is called non-degenerate if it has no Floquet multiplier equal
to 1.

We recall the following well known fact from Floquet theory:

LeMMA 3. The linearized equation
d 2 t
o= H(Z) +e(n), 1) ¢ (23)

has a nontrivial I-periodic solution if and only if 1 is a Floguet multiplier of
a'(z).

In view of Lemma 2, the 1-periodic solutions of the Hamiltonian equa-
tion having rotation vector j are in one-to-one correspondence with the
critical points of the action functional @ defined in (18). We show that
non-degenerate periodic solutions correspond to non-degenerate critical
points of the action functional.

From Lemma 1 recall the Hessian form d’@(u), which is a bounded
quadratic form on W. To see this, we use the growth condition (9) to
estimate

@) < [ 1d°H(u+ e, 01 €] Inl (24)

1 1
<ai [ 1l inlde+a [ 1017 1E) Inl d, (25)
4] 0
where u(t)=(x(t), y(¢)). To estimate the second integral we apply the

generalized Holder inequality with p, = (r + 1)/r and p, =p,=2r+2. Then
pi'+ps ' +pst=1,and

1 1
J, 117 1€ d:s(jo 1y|'+'dt)'/<'+” [Py T

= | ylr ey 1€z 42 Il 2 42
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where ||, denotes the norm on LYS’,R*). We have compact
embeddings (cf. [17], or Appendix (b) of [14])
W=w'"%(S!, R*)— LYS', R™), I<g<oo. (26)
In particular there exist constants ¢, such that for every e W
Il <c lligl,  1<sg<oo. (27)

Finally, using the Cauchy-Schwarz inequality to estimate the first integral
in (25), we conclude that there exists a constant ¢ = ¢(«) depending only on
u and the constants a,, a,, and r given by (9), such that

ld*@(u)(& n)l < c(w) (€]l . (28)

By Riesz’ theorem there exists a uniquely determined symmetric bounded
linear operator ¢"(u)e £ (W), defined by

("W, n):=d’eu)&n), EneW. (29)

Subsequently we shall make crucial use of the compactness properties of
¢". The first observation is

LEMMA 4. The linear operator ¢"(u)e L (W) defined in (29) is compact
for every ue W.
Proof. For £ e W we have

lo”(w)&)12 = ld*@(u)(&, @"(w)¢)]
<a 1€l o (@)l +ax Iyl7 . el 2 @ (@) S22
S<{ay+ay Y1750} 1l va o (@)l 4
=1 C' (W) 1€l 5 42 @ (@) ENar 42

where u(1) = (x(t), y(t)) e R" x R". Note that we have used [, < ||€]l2 4 -
By use of (27) we have with C(u) :=c,,,,C'(u)

le" ()¢l < C(u) IEll2rs,  forall e W. (30)

Since the embedding W — L *?(S!,R*") is compact, the lemma
follows. §

Recall from Section 2 the nonlinear functional ¢(u)=¢(u)— 3(Ku, u)e
C*(W). For every ue W the linear operator ¢"(u) := ¢"(u)— Ke L (W) is
compact in view of Lemma 4. For ue W we define the bounded linear
operator @” by

P"(u):=T—¢"(u)e L(W),
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which obviously satisfies the identity

d*d(u)(&, n) = (" (u)E, n).

DEFINITION 3. A critical point u of @ is called non-degenerate if the
Hessian form d?@®(u) is non-degenerate.

Equivalently, a critical point # of & is non-degenerate if ker @"(u)=0.
From

D'(u+&)=D"(u) +o(|E])
we conclude

LEMMA S. The non-degenerate critical points of & are isolated.

In fact, we have the following lemma which will be needed for the
Galerkin approximation of non-degenerate critical points in the next
section:

LEMMA 6. If ue W is a non-degenerate critical point of @ then ®@"(u)e
L(W) is an isomorphism of W.

Proof. Recall that Te (W) is Fredholm with index(T)=0 and
dim ker(T)=n. Since ¢"(u) is compact, @"(u) is Fredholm with
index(®”(u)) =0. Consequently ran(®"(«)) is closed and dim ker(®”(u)) =
dim coker(®"(u)).

If d?®(u) is non-degenerate then ker(®”(u))=0. Hence @”(u) is onto
and has a bounded inverse by the open mapping principle. |

After these preparations we can show the claimed equivalence between
Definitions 2 and 3 of non-degeneracy:

LeMMA 7. A4 I-periodic solution of the equation (20) is non-degenerate if
and only if u is a non-degenerate critical point of the action functional P.

Proof. Let u be a non-degenerate periodic solution of the Hamiltonian
equation, and let

d*®(u)(&E n)=0  forall neW. (31)
In particular then (31) holds for n e dom(L)= W"*(S’, R*"), and we have

1S, L), | =1(&, [P* — P~ In)|
SIE[PT =P~ —@ () In)l +1(S, " () )l

— PRGN I + ||| <+ ) d
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! 2
<[ 1P HGu e 01121 In) de
1
<[ tar+ay 1y} 181 Inl d
]

<ay el bz +ay [ 1y17 121 Inl d.

The remaining integral can be estimated using the generalized Holder
inequality:

1 1 1/4 1 1/4 1 172
r 4r 4 2
Loviermas(f e ([iava) ([ mea)
= lIyh% NEha tinll,.
Consequently
&, L) | < {a, €+ aaliylly, N} Inla, (32)

and therefore we conclude £ e dom(L*)=dom(L). Then we have for every
neW:

0=d’®(u)(&n)=([T—¢"(u)1¢&n)
=([P* =P —@"(w)]¢ . n)
1
=(L& ma— | (d*H(ue, )6 n) di
l .
=f (—JE—d*Hu+e, 1), 1) dt.
Q
We conclude that £ is a 1-periodic solution of the linearized Hamiltonian
equation
E=Jd*H(u+e, 1) (33)

and, since u is a non-degenerate solution of (20), we have £ =0 by Lemma 3.

Conversely, if 1 is a Floquet multiplier of w, then, by Lemma 3,
there exists a nontrivial solution ¢e C'(S!, R*)c W of the linearized
Hamiltonian equation, and consequently

[ (=~ dHut e, 06 > di=(@7w)E m) =0 (34)
0

for all ne W. Hence £ #0 and & e ker @”(u). Then, by Lemma 7.5, « has to
be degenerate. This finishes the proof of the lemma. §
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4. APPROXIMATION OF NON-DEGENERATE CRITICAL POINTS

Before we introduce the Galerkin approximation, we consider the
following lemma which is of subsequent importance.
LemMMa 8. The mapping ¢" : W — L (W) is compact.

Proof. Let u,, be a bounded sequence in W. Then u,, has a weakly
convergent subsequence, and thus we may assume u,, —ue W weakly. Let
£e W with ||| € 1. We have

10" () = " &, 0 <[ |2t + €, 1) = d*Hu+ €, 0] 217 .

We write w(z)=(x(2), y(1))eR"xR", we W. Choose a>1. Then the
assumption on the norm of the Hessian gives

|d*H(w(1) +e(2), 1) < a; +ay | p(1)| " (35)

As in [18, Prop. B1], we conclude that the map W d?H(w +e,-) is in
C(L¥(S!, R?), L*(S!, #(R?*))). Consequently,

1
[ 14 H (@ + 6, 0) = dHu+ e, 1)] 1217

¢ 1 l/ja 1 (e — 1)/a

s(J’ d*H(u,, +e, 1) —d*H(u +e, t)|°‘dt) (j |5|2°‘/‘“~“dz>
0 0

= HdzH(uml +e,-)— dzH(u +e,-)|l LY(S!, L(R¥)) (4] %a/(a— 1)

By the continuous embedding W — L*=~1(S' R*") we conclude

" () — @ ()l = sup [(@"(ur,)—@" ()&, &)

Il <1
<a, |d*H(u,, +e,-)—d*H(u+e,")|| 1xsi._ommy)

with some constant a; depending on «. Note we have used that ¢”(w) is a
symmetric operator.

Since u, —u weakly in W, we have u, —u in L¥(S', R*") by the
compactness of the embedding W — L*(S!, R?"). By the above continuity
the right hand side tends to zero as i — oo, which proves the lemma. |

We introduce a Galerkin approximation scheme to obtain a finite-
dimensional approximation. Recall the orthogonal splitting W=E* @
E~ @ E° according to the positive, the negative, and the zero eigenspaces
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of the operator T=P* — P~ — K. In E* and in E~ we choose ortho-
normal bases consisting of eigenvectors of T:
{u;|ieZ*}cE* and {u;|ieZ"}cE™.
Define the finite dimensional subspaces £, of E=E+* @ E~ by
E, :=span{u,;| 0< |i| <k}, k=1,2,...

By P, we denote the corresponding orthogonal projectors P, : E® E® —
E,® E° The projection scheme (E, ® E®, P,) is projectionally complete;
ie, Piu—u as k— oo for every ue E@® E°. We define the functionals
@, : E,®E®— R by restriction:

&, (u):=Pu) for ueE, ®E"
The gradient of @, is given by
& (u)=P,®'(u)y=Tu—-Pp'(u)+v  for ueE,®E"
We shall also abbreviate W, := E, @ E°. The next proposition will give us

the approximation properties we need:

ProposITION 1. (i) Let T=P*— P~ —K, and let F: W—->W be a
compact map. Then T — F is A-proper with respect to (W, P, ); i.e., every
bounded sequence w, € W, which satisfies Tu,,— P, F(u, ) — u* for some
u*e W as i— oo contains a convergent subsequence u, —ue W, and the
limit u satisfies Tu— F(u) = u*.

(ii) The map T— F: W — W is proper on bounded subsets of W.

Proof. Let (u,,) be a bounded sequence in W such that u, e W, , and
Pkl(Tuk’_F(uk,.)) = Tukl_ Ple(uk'.) b d u* € W

as i— oc. Since F is compact and (u,,) is bounded, the sequence F(u,,)
contains a convergent subsequence. We can assume F(u,)—>weW.
Consequently

I Pe, Flue, ) = wll S U P Fuy, ) — Prwll + |1 P — w|
KN F(up,)—wl + | P,w~w| -0 as i— oo,

We therefore conclude Tu, — u*+4w as i— . Recall the orthogonal
decomposition u,, = u; +u, +u € E*Y@E~ @ E°=W. Then uy, is a
bounded sequence in £°=ker(T). Since dim E° =rn < co, we may assume
uy, —u’e E°. Thus consider

Tuy, = T(uy +ug )= u*+w.
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Since T is Fredholm, ran(7) is closed, and consequently, u*+
weran(T). Moreover, T|g+q - is continuously invertible, and therefore
ug +u, —» T '(u*+w). Thus we have found a convergent subsequence
ug=ug +u, +up— T (u*+w)+u’=:u Of course we have

Tu— F(u)= (u* +w)— lim F(u,)=u*.

(ii) The proof of the properness of T— F on bounded subsets is
almost the same; simply delete the projections to the spaces W, in the
above proof. |

As a consequence we obtain the following

CoOROLLARY 1. (i) For every ue W the operator ®"(u)e L(W) is
A-proper with respect to (W, P.).
(i) @' : W— W is A-proper with respect to (W, P,).
Proof. (i) Set F=¢"(u)e L(W).
(ii) Set F(u)=¢'(u)—v. 1

We are now prepared to approximate the non-degenerate critical points
of &:

LEMMA 9. If uye W is a non-degenerate critical point of @, then there
exist £>0 and koe N such that for every k =k, the function @, possesses
exactly one critical point u, € B(u,, €) " W,. Moreover, this critical point u,
of @, is non-degenerate.

Proof. (a) Recall from Lemma 5 that @"(uy)e ¥ (W) is an isomor-
phism, and we have for all e W

1P (uo) 1l > Il (36)

10" (o)~

Since @" : W — £ (W) is continuous, there exists &, > 0 such that

19" (uo) "l 1
o) 12 7
157G0) 1] > 2 37)
if ue B(uy, &, ). Consequently for these u we have an estimate
1
b = = . 38
1968l > =y 161 2 50 14 (38)

505/111/2-12
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(b) We claim there exist ¢>0 and k;e€Z* such that for £e W,
k =k, and ue B(u,, &, ) the estimate

J Pr®@"(u)]) = c iE) (39)

holds true. Assuming, in contradiction, that such numbers ¢ and &, do not
exist, we can find sequences u,, in B(uy, ¢,) and £ e Wy, [, 1l =1, such
that

P ®"(u, )&, -0 as [ — o0. (40)

Recall @"(uy,)=T—¢"(uy,), and ¢"(u,,)=¢"(uy,)— K. By Lemma 8 the
map ¢” is compact, and therefore ¢” : W — Z (W) is compact. Since (u,,)
is a bounded sequence we can choose a subsequence, again denoted by
(4, ), such that ¢”(u,,) converges to Fe #(W). The set of compact linear
operators on W is closed in (W), and hence F is compact. Consequently

D" (u, ) > T—-F=:Se L(W) as i— oo, (41)
Note that
[P SEN <N Pr,®" (i) Sae | + 1 Piey SEie, — Py @7 (w4 ) &, |
SN @ (e Yer I +IS— @ (e )| >0 as i— 0.

By Corollary 1 the operator §=T — F is A-proper. Hence (£,,) contains a
convergent subsequence. Thus we may assume ¢, —&e W, and from
€l =1 we conclude |£|| =1. By the A-properness, ¢ satisfies S&=0.
Consequently

D7 (i, ) SN = | D" (uy, ) € — SEI S NP (wy, )~ S| =0 as i— 0.

On the other hand, (38} yields

D" (uy, ) Ell = 1€l =

1
210" (ug) Y| 20D (ug) >0

Thus we arrive at a contradiction, and the claim is proved.
{c) In particular we have with ¢, k, as in (b)

I1Pe®"(ug)Cl Zc IEI i kzk,. (42)

Hence P, ®"(up)l € L(W,) is an isomorphism of W,. Moreover, we
have

D' (u) = P"(uo J(u — o) + o(lu — uo|). (43)
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Consequently we can choose 0<¢,<eg, such that &'(u)#0 whenever
u€ Blug, €;)\{uo }. By (ii) of Corollary 1 we can find k, >k, such that
P, ®'(u)#0 if ue dB(uy, &,) and k> k,.

The Brouwer mapping degree is therefore defined and by the homotopy
given by

P @ (ug N u—uo)+ to(lu—uell), 0<t<1
we find
deg(P D', B(ug, &2) N W), 0) =deg(P D" (uo )(- — up), Blug, £2) N W, 0).
Note that P, ®”(u,) is an isomorphism for all k> k,. Hence the equation
P ®"(up)u= P P"(uy)u, (44)

has exactly one solution i#,e W, for all k=k,. Since P, D"(ug)u,—
D" (uy)u, as k — oo it follows by the A-properness of @"(u,) that &, — u,
as k — oo. Consequently there exists k£, >k, such that &, e B(u,, e, )~ W,
for k = k,. Computing the Brouwer degree we obtain

deg(P D" (uo)(- —ug), Bug, &2) N Wy, 0)
=deg(PP"(uo), Blug, &2} W), P @ (uo) thg)
=sign(det[P,¢"(u0)])= £ 1

and therefore
deg(P, @', B(ug, ;)N W), 0)= £ 1. (45)

Consequently there exists a critical point u, € B(ug, e,) W, of &, if
kzks.
(d) We finally claim that there exists k, > k, such that there is only
one single critical point u, of @, in B(ug, £,) N Wy.
By contradiction we assume there exist u,, uy € B(ug, &;) N Wi, uy # ug,
such that P, &' (u; ) = P, ®'(u, ) =0 for infinitely many k > k5. The identity

D' (ui) = D' (uy ) + O (u, J(ui — uy ) + olllug — ui || (46)

implies
0=P, D" (u; Wi —uye ) + o[ ui — u ) (47)
Since @’ is A-proper and since u,, u; € B(u,, ¢,) there exist subsequences

u,, u, which converge to u, as i-—>co. Hence |u},—ugl—0, and
combining (39) and (47) leads to

o l|ak, — g, |1)

Uy, —
X fludk, — g,

flug, —

-0 (48)

c< | P, ®"(u,)

ik
Uy, {

as [ — o0, in contradiction to ¢ >0, and the claim is proved.
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We define k,:=k,, &€:=¢, in the statement of the lemma, and note
that the equation (39) shows that the critical points u, of @, are
non-degenerate. This finishes the proof of the lemma. |

5. PROOF OF THEOREM 1

Passing to the quotient W/Z", we consider @ : Ex T" — R. Our hypo-
theses on the Hamiltonian A guarantee the existence of at least n + 1 critical
points of @ according to Theorem 6 in [15]. Assuming that all the
critical points of @ are non-degenerate, we recall from Lemma 5 that the
critical set of @ consists of isolated points. In Lemma 10 we give a priori
estimates for the critical points of @ and &,, which show that the critical
set is bounded independent of k. From Proposition 1 (ii) we find that ¢’
is proper, and hence the number of critical points of @ has to be finite. Let
u', .., u™, denote the finitely many critical points of @. For each of these
points ' we can find by Lemma 9 some ¢ >0 and ke N such that for
¢:=min{e'} and k, :=max{k}} we have

1. B, e)n B, e)=01ili#j,1<ij<m.

2. There exists exactly one critical point u) of @, in each
Bu',e)n(E,xT") if k=k,. Moreover, the ) are non-degenerate, and
u, —»u' as k— oo, since u' is the only critical point of @ contained in
B(u', ¢).

Assume we already have the a priori bounds; it follows by the A-proper-
ness of &’ that k, can be chosen so large that for k >k, all the critical
points of @, have to be contained in the union of the ¢-balls around the
#'. Hence for k sufficiently large the critical points of @ are in 1-1 corre-
spondence to the critical points of @,, and consequently a lower bound for
the number of critical points of @, is also a lower bound for the number
of critical points of &.

To carry out this strategy we first prove the required a priori estimate for
the critical points of @ on Ex T" and &, on E, x T"

From now on let @, and E, denote either @ or &, and E or E,,
respectively, Consider the negative gradient flow u-s, se R, of the vector
field — @, on E,,xT" ie,

d
C—Z,E(u~s)=—¢;k)(u-s).

LeMMA 10. There exists R>0 such that the restpoints of the flow of
— @y, are contained in

— + — n
Buy=D{jyx Dy, xT
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where D& = {u* € EZ,| |u*| <R} denotes the closed disc of radius R
in EZ,.

Proof. Recall that the restriction of the operator T to EY@E™ is a
linear isomorphism. Hence there exists A>0 such that (Tu,u")>
Alu*|? for all u*eE}, and such that (Tu",u")< —Au"|? for
u- € Egy.

We consider u=u* +u~ +u’e (Ej,® Ey,) x (E%/Z") such that |lu~ || <
lle*|. For these © we have

l ~
(B (), w2 ANt (12— [ (VHu+e, )~ 00w u* Y d+ (0, u™)
)]
24 ut P~ {ei(e)+ellut +u™ 1} lu™ll = lolt fu*|
2 (A=2¢) Ju™ > —cole, r) lu™ |,
where we have used the asymptotic condition
10 H(x, y, )| +10,H(x, y, 1) — A(t)y| <c (&) + ¢ | yl.

We choose 0 <¢ < /2. Consequently there exists R >0 such that with this
choice of &:

(=D, (u), ut)<0 where u=u"4+u" +u°
(k)

. (49)
satisfying lu~ | <[u*| and  Ju*|>R
By a similar argument we can find R >0 such that
(=D (u),u")>0  where u=u*+u" +u°
“ (50)

satisfying lu™| < |lu"| and l= || =R

Thus the restpoints of the flow of —¢{, have to be contained in
D, xDg, x<E°% |

If fu* | =R and [ju— || < R, then the inequality (49) shows that the vector
@ (1) points into the exterior of By, and conversely if |u~ | =R and
lu*|l <R, then the vector — &j,,(u) points into the exterior of B, by (50).
Thus it follows that the set B, is an isolating block in the sense of Conley,
cf. [4, Ch.1.3]. In particular,

B :=éD} xD; xT"
is the entrance set of B, for the flow of —&;, and

B, =D, xadD; xT"
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is the corresponding exit set. Indeed, it follows from (49) and (50) that the
compact invariant set S, which is contained in the isolating block B,
consists precisely of the critical points of @, together with their connecting
orbits, see also Lemma 9 in [15].

We are ready now to apply the Conley-Zehnder Morse theory to the
flow of —®, on E, x T". Here we make use of the fact that E, xT" is a
finite-dimensional manifold.

DerINITION 4. The Morse index m(u) of a non-degenerate critical point
ue E, x T" of @, is defined to the number of the negative eigenvalues of the
Hessian matrix P, ®"(u).

ProPoSITION 2 (Morse theory for @, ). If ke N is sufficiently large then
all critical points of @, on E, x T" are non-degenerate and there exist only
finitely many of them. Denote by m(u) the Morse index of a critical point u,
then

Y m=p, TN+ (140 Q)
{4/ (u')=0}
where p(t, T") is the Poincaré polynomial of the n-dimensional torus T", N
is a positive integer depending on k, and Q(t) is a polynomial having
non-negative integer coefficients.

Proof. We merely describe the main ideas and refer to [5, 6] for the
details. Let S, denote the maximal invariant set of the gradient flow for @,
which is contained in the isolating set D} x D/ xT" having D] x
0D, xT" as exit set. The set S, is compact and consists of finitely many
critical points together with all their connecting orbits. It has a Conley
index which is the homotopy type of a pointed compact space, denoted by
A(S,). From the above isolating block and the exit set one computes
readily for the Poincaré polynomial of A(S,) that

p(t, h(S,)) =Y, 1* dim HY(B,, B, )=p(t, T") p(¢, S™)=p(s, T") 1"
q

for some integer N. Here H* denotes the Cech cohomology with real
coefficients, and S" is the N-dimensional sphere with one distinguished
point. Denote the Conley index of a critical point » by A(u). Then, since the
critical points constitute a Morse decomposition of S,, we have the
following Morse equation, relating the global index of S, with the local
invariants of the critical points by

2. Pt b)) =p(t, h(S)) + (1 +1) O(1)

i=1
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with a polynomial Q having non-negative integer coefficients. Observe now
that if a critical point is non-degenerate, then its Conley index is a pointed
sphere of dimension equal to the Morse index m(u) of u, so that

p(t, h(u')) = p(1, 7)) = 1)

and hence the proposition is proved. |

From the Morse equation it is now easy to derive a lower bound for the
number of critical points. Observe that the Poincaré polynomial is given by

7o /n\
, T = )
ARED) (J>t

j=0

Setting =1 we obtain

p(1, T =2"

which is equal to the sum of Betti numbers of T". Consequently, setting
t=1 in the Morse equation, we obtain the

COROLLARY 2.
# {critical points of @, } > 2"

This proves Theorem 1.
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