
Stru
tural Aspe
ts of Closed Chara
teristi
s

on S

1

-invariant Hypersurfa
es

by

Frank W. Josellis

Wilhelm Klingenberg

Abstra
t

Let the standard symple
ti
 spa
e (R

2n

; !) be endowed with the S

1

-

stru
ture indu
ed by the representation of the 
ir
le group S

1

! Sp(n) whi
h

is given by t 7! exp (

2�

�

tJ). Supposing that � � R

2n

nf0g is a 
ompa
t


onne
ted S

1

-hypersurfa
e of 
onta
t type with H

1

dR

(�) = 0, we show that

� 
arries at least n distin
t symmetri
 
losed 
hara
teristi
s. Moreover, if

the total number of 
losed 
hara
teristi
s on � is �nite, then all of them

turn out to be symmetri
. We also dis
uss the spe
ial 
ase of star-shaped S

1

-

hypersurfa
es. In parti
ular, there is a bije
tion f 7! �

f

between the fun
tions

f : CP

n�1

! R and the star-shaped S

1

-hypersurfa
es in R

2n

whi
h allows

to redu
e the investigation of symmetri
 
losed 
hara
teristi
s on �

f

to the

study of the 
riti
al points of f .
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1. Introdu
tion and results

The standard symple
ti
 stru
ture on the Eu
lidean spa
e (R

2n

; h � ; � i) is given by

the 2-form !(� ; �) = hJ � ; � i where J denotes the 
omplex operator

J =

0

�

0 �id

R

n

id

R

n

0

1

A

2 Hom(R

n

� R

n

) :(1)

In 
oordinates 
orresponding to a symple
ti
 orthonormal basis fe

1

; : : : ; e

2n

g of R

2n

the symple
ti
 form is expressed by ! =

P

n

j=1

dx

j

^ dx

n+j

.

For every � > 0 there is a distinguished parametrization S

1

�

:= R=�Z of the


ir
le group S

1

�

=

O(2). A symple
ti
 representation of S

1

on R

2n

is then de�ned by

the homomorphism of Lie groups S

1

�

! Sp(n), t 7! exp

�

2�

�

tJ

�

. We shall write

(t; x) 7! 


t

x := exp

�

2�

�

tJ

�

x(2)

for the S

1

-a
tion S

1

�

�R

2n

! R

2n

obtained in this way. Let Orb x := f 


t

x j t 2 S

1

�

g

stand for the S

1

-orbit of x 2 R

2n

. We note that Fix (R

2n

) := f x j 


t

x = x 8 t 2 S

1

�

g


onsists exa
tly of the origin 0 2 R

2n

while on R

2n

nf0g the S

1

-a
tion 
 is free.

Moreover, we observe that 


�

t

! = ! sin
e S

1

a
ts by symple
ti
 transformations.

Let � � R

2n

nf0g be a 
ompa
t 
onne
ted smooth hypersurfa
e satisfying




t

� = � for all t 2 S

1

�

. For the sake of brevity, su
h � will hen
eforward simply

be 
alled an S

1

-hypersurfa
e. As an additional hypothesis we require the existen
e

of an S

1

-invariant 
onta
t stru
ture on � whi
h is 
ompatible with the symple
ti


stru
ture of the ambient spa
e R

2n

. More pre
isely, let !

�

denote the pull-ba
k of

the symple
ti
 form ! to � and assume that there exists a 1-form � on � su
h that

(i) 


�

t

� = � for every t 2 S

1

�

, i.e., � is S

1

-invariant,

(ii) d� = !

�

, and

(iii) � ^ !

n�1

�

is a volume form on �.

In view of the 
onditions (ii) and (iii) the hypersurfa
e � is of 
onta
t type in the

sense of A. Weinstein [17℄. Taking the S

1

-symmetry of � into a

ount, we shall 
all

� an S

1

-hypersurfa
e of 
onta
t type provided that all the 
onditions (i)-(iii) are

satis�ed.

A given hypersurfa
e � having the just stated properties may be viewed as a

regular level surfa
e of a suitable S

1

-invariant Hamiltonian fun
tion H : R

2n

! R.

In this note we study some of the orbit stru
ture of the 
orresponding Hamiltonian


ow on �. We are parti
ularly interested in the relation between the S

1

-stru
ture of

the phase spa
e R

2n

and the periodi
 Hamiltonian traje
tories on �. Formulating

the problem with emphasis on the geometri
 viewpoint, we ask for those 
losed


hara
teristi
s on � whi
h 
oin
ide with orbits of the S

1

-a
tion 
.

To make the statements pre
ise, let us brie
y re
apitulate some basi
 termi-

nology. Given a smooth hypersurfa
e � as above, its 
hara
teristi
 line bundle L

�

is the 1-dimensional subbundle of T� whi
h is de�ned by the kernel of !

�

:

L

�

:= ker !

�

=

[

x2�

fX2T

x

� j !(X; Y ) = 0 8 Y 2T

x

� g :(3)

1



A 
hara
teristi
 ve
tor �eld on � is a nowhere vanishing se
tion X : �! L

�

. The

(unparametrized) integral 
urves of a 
hara
teristi
 ve
tor �eld X are 
alled the


hara
teristi
s on �. In parti
ular, a 
losed 
hara
teristi
 on � 
an be des
ribed

as an embedding u : S

1

! � whose tangent map is an embedding u

�

: TS

1

! L

�

.

Two 
losed 
hara
teristi
s u; v : S

1

! � are said to be (geometri
ally) distin
t if

u(S

1

) \ v(S

1

) = ;. With respe
t to the S

1

-symmetry we now de�ne:

De�nition 1 A 
losed 
hara
teristi
 u : S

1

! � on an S

1

-hypersurfa
e � will be


alled symmetri
 if it admits a parametrization of the form u(t) = 


t

x.

We present a proof of the following multipli
ity result for symmetri
 
losed 
hara
-

teristi
s:

Theorem 1 Let � � R

2n

nf0g be a 
ompa
t 
onne
ted smooth S

1

-hypersurfa
e of


onta
t type having trivial �rst de Rham 
ohomology, H

1

dR

(�) = 0. Then

# f distin
t symmetri
 
losed 
hara
teristi
s on � g > n ;(4)

where n = Index

C

S

2n�1

is the 
ohomologi
al S

1

-index of the unit sphere S

2n�1

� R

2n

.

Hen
e, under the assumptions of the theorem, the minimal number of symmetri



losed 
hara
teristi
s on the S

1

-hypersurfa
e � in question is determined by the S

1

-

equivariant homotopy invariants of the sphere S

2n�1

. Sin
e the 
anoni
al proje
tion

x 7! Orb x de�nes exa
tly the Hopf �bration S

2n�1

! S

2n�1

=S

1

�

=

C P

n�1

, the

S

1

-homotopy invariants of S

2n�1

are given by the 
ohomology ring of C P

n�1

.

From our proof of Theorem 1 it will be seen that the assumption H

1

dR

(�) = 0


an be repla
ed as follows. Let � denote the 1-form on R

2n

de�ned by

� :=

1

2

n

X

j=1

x

j

dx

n+j

� x

n+j

dx

j

;(5)

and let �

�

be its pull-ba
k to �. We observe that 


�

t

�

�

= �

�

and d�

�

= !

�

.

Re
alling the 
onta
t 1-form � on �, our proof requires only that the 1-form ���

�

is exa
t. Thus the role of the distinguished 1-form � here is similar to that of the

Liouville form for analogous results in 
otangent bundles, 
f. [13℄.

A spe
ial situation o

urs if � = �

�

. In this 
ase the S

1

-hypersurfa
e � is

star-shaped, meaning that the map x 7! x=jxj de�nes a di�eomorphism �! S

2n�1

,


f. [17, Example 1℄. A star-shaped S

1

-hypersurfa
e � 
an be des
ribed by an R-

valued fun
tion on C P

n�1

whose 
riti
al points 
orrespond to the symmetri
 
losed


hara
teristi
s on �:

Theorem 2 Let S

2n�1

� R

2n

be the unit sphere and let C P

n�1

be identi�ed with the

orbit spa
e S

2n�1

=S

1

= fOrbx j x 2 S

2n�1

g. To a smooth fun
tion f : C P

n�1

!R

we assign a star-shaped S

1

-hypersurfa
e �

f

� R

2n

by setting

�

f

:= f e

f(Orbx)

x j x 2 S

2n�1

g :(6)

Then the distin
t symmetri
 
losed 
hara
teristi
s on �

f


orrespond uniquely to the

distin
t 
riti
al points of f .

Furthermore, for every star-shaped S

1

-hypersurfa
e � � R

2n

there exists a

unique fun
tion f : C P

n�1

! R su
h that � = �

f

.
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Star-shaped hypersurfa
es appear in a natural way as regular level surfa
es of homo-

geneous Hamiltonian fun
tions. Conversely, to a given star-shaped S

1

-hypersurfa
e

�

f

we may asso
iate a distinguished homogeneous Hamiltonian H

f

. Des
ribing the

symmetri
 
losed 
hara
teristi
s on �

f

by periodi
 integral 
urves of the Hamilto-

nian ve
tor �eld X

H

f

= J gradH

f

, we �nd a simple expression for their minimal

periods:

Corollary 1 Given a star-shaped S

1

-hypersurfa
e �

f

� R

2n

nf0g, we denote by

H

f

: R

2n

nf0g ! R the unique Hamiltonian whi
h is homogeneous of degree 2 and

satis�es �

f

= H

�1

f

(1). Suppose that Orb x 2 C P

n�1

is a 
riti
al point of f . Then

for every % > 0 the X

H

f

-orbit starting at % x has the minimal period

�(x) = � e

2f(Orb x)

:(7)

This holds true, in parti
ular, for the X

H

f

-orbit starting at e

f(Orbx)

x 2 �

f

.

Aside from the symmetri
 
losed 
hara
teristi
s, an S

1

-hypersurfa
e of 
onta
t type

as in Theorem 1 may 
arry additional non-symmetri
 
losed 
hara
teristi
s. These

are, however, 
ohomologi
ally invisible, and Theorem 1 does not yield any hint

on their existen
e or non-existen
e. Let us point out that the existen
e of one non-

symmetri
 
losed 
hara
teristi
 on � already guarantees the existen
e of un
ountably

many distin
t non-symmetri
 
losed 
hara
teristi
s:

Theorem 3 Let � � R

2n

be a 
ompa
t 
onne
ted S

1

-hypersurfa
e of 
onta
t type

that 
arries a non-symmetri
 
losed 
hara
teristi
 u : S

1

! �. Then the family of


losed 
hara
teristi
s f 


t

u : S

1

! � j t 2 S

1

�

g generated by u 
ontains un
ountably

many geometri
ally distin
t elements.

Consequently, if � is known to 
arry a �nite number of distin
t 
losed 
hara
-

teristi
s in all, then ea
h of its 
losed 
hara
teristi
s is symmetri
.

Example Let us illustrate the above situation by means of the harmoni
 os
illator

with n degrees of freedom, usually given by the system of Lagrangian equations

m

j

�q

j

= �k

j

q

j

for j = 1; : : : ; n. Introdu
ing the momenta p

j

= m

j

_q

j

, the total

energy of the system is des
ribed by the Hamiltonian fun
tion

~

H(p; q) =

n

X

j=1

1

2m

j

p

2

j

+

k

j

2

q

2

j

:(8)

For �xed 
 > 0 the level surfa
e

~

H

�1

(
) is an ellipsoid in the (p; q)-spa
e whi
h,

in general, fails to be an S

1

-hypersurfa
e. Denoting by !

j

=

q

k

j

=m

j

the eigenfre-

quen
ies, the system is transformed to its so-
alled normal form by the following

symple
ti
 
hange of 
oordinates:

x

j

=

p

j

p

m

j

!

j

and x

n+j

= q

j

q

k

j

=!

j

; j = 1; : : : ; n:(9)

Then the transformed Hamiltonian fun
tion

H(x) =

1

2

n

X

j=1

!

j

�

x

2

j

+ x

2

n+j

�

(10)

3



is invariant under the S

1

-a
tion 
 and, 
onsequently, the ellipsoid H

�1

(
) is a star-

shaped S

1

-hypersurfa
e. Now de�ne f : C P

n�1

! R by

f(Orb x) := ln

s




H(x)

for x 2 S

2n�1

;(11)

so that H

�1

(
) = �

f

. The Hamiltonian H

f

is then given by H

f

(x) := 


�1

H(x).

Setting !

0

j

:= !

j

=
, we obtain the representation

H

f

(x) =

1

2

n

X

j=1

!

0

j

�

x

2

j

+ x

2

n+j

�

:(12)

By the Lagrange multiplier rule we see that Orb x is a 
riti
al point of f if and

only if gradH

f

(x) = �x, in whi
h 
ase � is equal to some !

0

j

. In parti
ular, if the

!

0

j

are mutually distin
t then �

f


arries exa
tly n symmetri
 
losed 
hara
teristi
s,


orresponding to the so-
alled normal mode solutions. For the asso
iated minimal

periods, Corollary 1 re
overs the familiar expression

T

j

= 2�=!

0

j

:(13)

Note that in the presen
e of resonan
es, i.e., in 
ase !

i

=!

j

2 Z for some i 6= j, the

level surfa
e �

f


arries un
ountably many additional 
losed 
hara
teristi
s whi
h

are not symmetri
 unless !

i

= !

j

. 2

Let us �nally point out two phenomena whi
h 
an already be observed in the

above simple model where the hypersurfa
e �

f

is an ellipsoid:

Firstly, the appearan
e of non-symmetri
 
losed 
hara
teristi
s on �

f

is linked

to a resonan
e 
ondition whi
h 
an be formulated in terms of the minimal periods T

j

of the symmetri
 ones. The question arises whether the existen
e of non-symmetri


periodi
 X

H

f

-orbits on a star-shaped S

1

-hypersurfa
e 
an be ex
luded by 
ertain

non-resonan
e 
onditions. This motivates the following

Problem 1 Suppose that f : C P

n�1

! R is a smooth fun
tion having �nitely many


riti
al points x

1

; : : : ; x

`

su
h that the 
orresponding minimal periods �

j

:= �(x

j

)

a

ording to (7) satisfy �

i

=�

j

=2 Z for all i 6= j. Is it possible for the hypersurfa
e �

f

to 
arry any non-symmetri
 
losed 
hara
teristi
s?

Se
ondly, the S

1

-symmetry is evidently not preserved under symple
ti
 di�eo-

morphisms of R

2n

. Hen
e it is a natural question to ask for 
onditions whi
h guar-

antee an S

1

-symmetrization of hypersurfa
es by su
h symple
ti
 di�eomorphisms:

Problem 2 Suppose that � � R

2n

is a 
ompa
t 
onne
ted hypersurfa
e of 
onta
t

type with H

1

dR

(�) = 0. Does there exist a symple
ti
 di�eomorphism ' : R

2n

! R

2n

su
h that the hypersurfa
e '(�) is S

1

-invariant?

The property of a hypersurfa
e � to be of 
onta
t type persists under symple
ti


di�eomorphisms. In 
ase '(�) is S

1

-invariant, the 
onta
t 1-form on '(�) 
an also

be 
hosen S

1

-invariant by averaging the given 
onta
t form over the Lie group S

1

.

4



Consequently, the existen
e of su
h a symple
ti
 symmetrization ' already would

imply the solution of a more general multipli
ity problem for periodi
 Hamiltonian

orbits on hypersurfa
es in R

2n

. For the ba
kground, history, and earlier results


onne
ted with that we refer to [1, 6, 7, 11, 15℄.

An analogous problem 
an be posed for Liouville hypersurfa
es in 
otangent

bundles of free S

1

-manifolds. The 
orresponding S

1

-symmetri
 
ase has been studied

in [13℄. Clearly, the above assumption H

1

dR

(�) then has to be repla
ed in a suitable

manner. These problems are going to be treated in some forth
oming work.

2. Organization of the proofs

Most of the remainder of this work is 
on
erned with the proof of Theorem 1. Here

we present an outline of the strategy for this proof whi
h is subdivided into �ve

steps (se
tions 3-7). The proofs of Theorem 2 and Corollary 1 (se
tion 8) as well as

that of Theorem 3 (se
tion 9) are more elementary and independent of the pre
eding

paragraphs, although we shall use some of the notation introdu
ed in se
tion 3.

First of all, we observe that it suÆ
es to 
arry out the proof of Theorem 1

under the hypothesis that the set of distin
t symmetri
 
losed 
hara
teristi
s on the

S

1

-hypersurfa
e � in question is �nite, possibly empty. Of 
ourse, the existen
e of

a 
losed 
hara
teristi
 on � is guaranteed by C. Viterbo's result [16℄, but in the

situation in hand it is not a priori obvious whether there is a symmetri
 one.

The desired symmetri
 
losed 
hara
teristi
s will be found by a variational

approa
h that utilizes the representation of 
losed 
hara
teristi
s by periodi
 Hamil-

tonian orbits. The �rst ingredient of the proof 
onsists of 
hoosing an appropriate

period T > 0 and 
onstru
ting a suitable Hamiltonian H

T

: R

2n

! R su
h that

the symmetri
 
losed 
hara
teristi
s on � 
orrespond to 
ertain periodi
 X

H

T

-orbits

whose minimal period is T . Here X

H

T

= J gradH

T

: R

2n

! R

2n

stands for the

Hamiltonian ve
tor �eld asso
iated to H

T

.

Our goal is to derive a 
hara
terization of these parti
ular T -periodi
 X

H

T

-

orbits as the positive 
riti
al points of the a
tion integral A

H

T

: 
! R, 
onsidered

as a fun
tion on a suitable spa
e of loops 
 � C

1

(S

1

T

;R

2n

). We re
all that for a

smooth loop u : S

1

T

! R

2n

the Hamiltonian a
tion integral is given by

A

H

T

(u) =

Z

T

0

n

1

2

h�J _u ; u i � H

T

(u)

o

dt :(14)

Speaking of a positive 
riti
al point, we mean a 
riti
al point u 2 
 of the a
tion

integral su
h that A

H

T

(u) > 0. A 
ru
ial aspe
t in the variational formulation is

that any two geometri
ally distin
t positive 
riti
al points u and v (i.e., u(t) and

v(t) des
ribe geometri
ally distin
t T -periodi
X

H

T

-orbits in R

2n

) should 
orrespond

to geometri
ally distin
t 
losed 
hara
teristi
s on �. If this 
ondition is satis�ed,

the desired 
ounting of 
losed 
hara
teristi
s on � 
an be done by 
ounting the

geometri
ally distin
t positive 
riti
al points of A

H

T

on 
.

The requirements on A

H

T

have to be taken into a

ount for the designing of the

Hamiltonian H

T

. This task will be 
arried out in two steps: the lo
al 
onstru
tion

near � (se
tion 3) and the global extension to R

2n

(se
tion 4). For a summary of the

5



te
hni
al aspe
ts entering in the 
onstru
tion of H

T

see the 
omments 
on
luding

se
tion 4. Whereas the lo
al part is pra
ti
ally the same as for the 
orresponding


onstru
tion in 
otangent bundles [13℄, the extension is 
onsiderably simpler in the

present situation, and the 
hoi
e for the asymptoti
 behavior of H

T

as jxj ! 0 and

jxj ! 1 is essentially borrowed from Hofer-Zehnder [12℄.

The set up for the variational formulation will be 
ompleted in se
tion 5. In

parti
ular, we adapt the parametrization for the S

1

-a
tion to the previously �xed

T > 0 by setting 


t

= exp

�

2�

T

tJ

�

. Then the spa
e of symmetri
 loops of minimal

period T , de�ned by 


sym

:= f 


t

x j x 2 R

2n

g � C

1

(S

1

T

;R

2n

), is the natural


hoi
e for the loop spa
e 
. In view of the isomorphism 


sym

�

=

R

2n

the variational

problem for A

H

T

: 


sym

! R 
an be solved by estimating the number of positive


riti
al S

1

-orbits of some S

1

-invariant fun
tion F : R

2n

! R.

The remaining problem is treated by an S

1

-equivariant Lyusternik-S
hnirelman

approa
h for the �gradF -
ow on R

2n

, using the 
on
ept of isolated invariant sets.

As a general referen
e for the basi
 de�nitions and notations 
on
erning isolated

invariant sets we refer to C. Conley's and E. Zehnder's arti
le [3, Se
. 3℄.

By our 
onstru
tion of H

T

it turns out that the positive 
riti
al S

1

-orbits of

F 
onstitute a Morse de
omposition of a distinguished isolated invariant set M

+

,


alled the positive sub
omplex of the free Morse 
omplex of F . The relevant S

1

-

homotopy invariants of M

+

are analyzed in se
tion 6. Our arguments presented

here are somewhat simpli�ed and more geometri
 
ompared to the 
orresponding

passage in [13℄. Note, however, that the proofs given for 
otangent bundles 
an be

adapted to the present 
ase, and vi
e versa.

The proof of the theorem is �nally 
ompleted in se
tion 7 by applying the

S

1

-equivariant Lyusternik-S
hnirelman method to M

+

, whi
h yields the required

estimate for the number of the positive 
riti
al S

1

-orbits of F .

3. The Hamiltonian near the hypersurfa
e

Let � � R

2n

nf0g be a 
ompa
t 
onne
ted smooth S

1

-hypersurfa
e of 
onta
t type.

The hypothesis that � be of 
onta
t type is alternatively expressed as follows: there

exists a symple
ti
 dilation X, de�ned on some open neighborhood V of �, whi
h

is transverse to � (
f. [17, Lemma 2℄). We re
all that a ve
tor �eld X : V ! R

2n

is

said to be a symple
ti
 dilation if the Lie derivative of the symple
ti
 form ! along

X satis�es L

X

! = !.

The existen
e of a transverse symple
ti
 dilation follows essentially from the

fa
t that the 
onta
t form � 
an be extended to a 1-form ~� on some open neigh-

borhood V of � su
h that d~� = !. Sin
e � is an S

1

-set, every neighborhood of

� 
ontains an S

1

-invariant neighborhood, and we may therefore assume that the

neighborhood V in question is S

1

-invariant. Then, by averaging ~� over the group

S

1

, we obtain an S

1

-invariant 1-form � on V that again satis�es d� = ! and whose

pull-ba
k �

�

is equal to �. For the ve
tor �eld X

�

: V ! R

2n

, de�ned by the

identity

� = X

�

y ! ;(15)

6



we �nd L

X

�

! = X

�

y d! + d(X

�

y !) = d� = ! by Cartan's formula. Moreover,

sin
e � and ! are S

1

-invariant, it follows readily that X

�

is S

1

-equivariant.

To see that X

�

is transverse, we re
all that the 
ompa
t hypersurfa
e � has a


anoni
al positive orientation given by the outward normal ve
tor �eld N(x), x 2 �.

Then 0 6= JN(x) 2 T

x

�, and be
ause of !(X; JN) = hJX; JNi = hX;Ni = 0

for every X 2 T

x

� it follows that JN(x) indeed spans L

�

j

x

. Sin
e �

�

^ !

n�1

�

is a

(positive) volume form, we get 0 < �(JN) = !(X

�

; JN) = hX

�

; Ni and, therefore,

X

�

is transverse to �.

Be
ause the ve
tor �eldX

�

is S

1

-equivariant, so is its 
ow whi
h will be denoted

by (s; x) 7!  

s

(x), i.e., we have  

s

(


t

x) = 


t

 

s

(x). In view of the 
ompa
tness of

� there exists a 
onstant ŝ > 0 su
h that for every x 2 � the traje
tory s 7!  

s

(x)

is de�ned for all jsj < ŝ. Hen
e f�

s

:=  

s

(�) j jsj < ŝ g 
onstitutes a parametrized

family of S

1

-hypersurfa
es modelled on �. Subsequently let us assume that ŝ is


hosen suÆ
iently small su
h that, in addition, hN( 

s

(x)) ; X

�

( 

s

(x)) i > 0 for all

x 2 �, jsj < ŝ. Clearly, this latter assumption guarantees that ea
h �

s

is of 
onta
t

type. For later 
onvenien
e we also introdu
e the S

1

-invariant neighborhood U of �

by setting

U := f 

s

(x) j x 2 � ; jsj < ŝ g � V :(16)

Example For a star-shaped S

1

-hypersurfa
e � we may 
hoose V := R

2n

and � := �

with the 1-form � given by (5). The 
orresponding transverse symple
ti
 dilation

X

�

: R

2n

! R

2n

and its 
ow  

s

(x) then are easily seen to be determined by

X

�

(x) =

1

2

x and  

s

(x) = e

s=2

x 8 x 2 R

2n

; s 2 R :(17)

There are no restri
tions on the 
hoi
e of ŝ > 0 sin
e X

�

is transverse to ea
h of the

hypersurfa
es �

s

:= e

s=2

�.

Having 
ompleted these preparations, we now introdu
e a parti
ular S

1

-invar-

iant Hamiltonian fun
tion H : U ! R. For this purpose let 0 < Æ < ŝ be �xed and

let the smooth fun
tion g : (�ŝ; ŝ)! R

+

0

be de�ned by

g(s) :=

8

>

<

>

:

exp

�

�Æ

2

Æ

2

�s

2

�

if 0 6 jsj < Æ

0 if Æ 6 jsj < ŝ :

(18)

De�ning h : (�ŝ; ŝ)! R

+

0

by

h(s) :=

Z

s

�ŝ

g(t) dt ;(19)

the desired Hamiltonian H : U ! R is obtained by setting

H( 

s

(x)) := h(s) for x 2 � ; jsj < ŝ :(20)

The gradient ve
tor �eld gradH : U ! R

2n

, de�ned a

ording to dH = h gradH; � i,

is S

1

-equivariant sin
e H is S

1

-invariant. The asso
iated Hamiltonian ve
tor �eld

X

H

: U ! R

2n

is de�ned by the identity

� dH = X

H

y ! ;(21)
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and satis�es X

H

(x) = J gradH(x). Consequently, X

H

is S

1

-equivariant. We shall

write the Hamiltonian equations as

_u = X

H

(u) :(22)

The following lemma states some properties of the non-
onstant periodi
 solutions

of the Hamiltonian system (22):

Lemma 1 For every jsj < Æ the restri
tion X

H

j

�

s

de�nes a 
hara
teristi
 ve
tor

�eld on �

s

=  

s

(�). If u

0

is a periodi
 solution of (22) on � having the minimal

period �

0

> 0, then there exists a 
orresponding periodi
 solution u

s

on �

s

whi
h is

given by

u

s

(t) = ( 

s

Æ u

0

)

�

t

�(s)

�

(23)

and has the minimal period �(s) = �(s)�

0

, where

�(s) = e

s

h

0

(0)

h

0

(s)

; jsj < Æ :(24)

Furthermore, every non-
onstant periodi
 solution of _u = X

H

(u) has a representa-

tion of the form (23).

Proof From dH(X

H

) = !(X

H

; X

H

) = 0 it follows that H remains 
onstant along

integral 
urves of X

H

so that X

H

( 

s

(x)) 2 T

 

s

(x)

�

s

for all jsj < ŝ. Moreover, from

!(X;X

H

) = dH(X) = h gradH;X i = 0 8 X 2 T

 

s

(x)

�

s

(25)

we see that X

H

( 

s

(x)) 2 L

�

s

j

 

s

(x)

. Hen
e X

H

j

�

s

is a 
hara
teristi
 ve
tor �eld if

X

H

( 

s

(x)) 6= 0 everywhere on �

s

. Observing that

�(X

H

)j

 

s

(x)

= dH(X

�

)j

 

s

(x)

= L

X

�

Hj

 

s

(x)

=

d

dt

�

�

�

�

t=0

 

�

t

H( 

s

(x))

=

d

dt

�

�

�

�

t=s

h(t) = h

0

(s) ;

(26)

we 
on
lude by the de�nition of h that X

H

( 

s

(x)) 6= 0 if and only if jsj < Æ. This

proves the �rst assertion of the lemma.

The gradient of H is orthogonal to the level surfa
es �

s

so that there is a

smooth fun
tion � : U ! R with gradH( 

s

(x)) = �( 

s

(x))N( 

s

(x)), where N

again denotes the outward normal ve
tor �eld on �

s

. Consequently, in view of (26),

we have

h

0

(s) = L

X

�

Hj

 

s

(x)

= h gradH;X

�

ij

 

s

(x)

= � hN;X

�

ij

 

s

(x)

:(27)

Re
alling that hN( 

s

(x)) ; X

�

( 

s

(x)) i > 0 for all  

s

(x) 2 U , the gradient of H 
an

be expressed by

gradH( 

s

(x)) =

h

0

(s)

hN( 

s

(x)) ; X

�

( 

s

(x)) i

N( 

s

(x)) :(28)
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Now let s 2 (�Æ; Æ) be �xed. The map  

s

is thus de�ned for all x

0

=  

s

0

(x) 2 U

that satisfy js+s

0

j < ŝ. Sin
e L

X

�

! = ! implies  

�

s

! = e

s

!, we obtain the following

identity for the Ja
obian D 

s

(x

0

):

D 

s

(x

0

)

T

J D 

s

(x

0

) = e

s

J :(29)

Consequently, the transformation  

s

behaves like a symple
ti
 transformation up to

the additional dilation fa
tor e

s

. Hen
e, if _u

0

(t) = X

H

(u

0

(t)) is a (periodi
) solution

on �, we infer

d

dt

( 

s

Æ u

0

)(t) = e

s

X

HÆ 

�s

(( 

s

Æ u

0

)(t))

= e

s

J grad(H Æ  

�s

)(( 

s

Æ u

0

)(t)) :

(30)

To reparametrize  

s

Æ u

0

as an integral 
urve of X

H

, we observe that similar to (28)

the gradient of H Æ  

�s

at  

s

(x) 2 �

s

is represented by

grad(H Æ  

�s

)( 

s

(x)) =

h

0

(0)

hN( 

s

(x)) ; X

�

( 

s

(x)) i

N( 

s

(x)) :(31)

Consequently, for all jsj < Æ and x 2 � we �nd

X

HÆ 

�s

( 

s

(x)) =

h

0

(0)

h

0

(s)

X

H

( 

s

(x)) :(32)

Combining (30) and (32), the reparametrization u

s

(t) := ( 

s

Æ u

0

)(t=�(s)) with

� : (�Æ; Æ) ! R

+

given by (24) indeed yields a (periodi
) integral 
urve of X

H

on �

s

. If u

0

is periodi
, the transformation of the minimal period a

ording to

�

0

7! �(s)�

0

follows in an obvious way.

Given a non-
onstant periodi
 integral 
urve u(t) of X

H

, then u lies entirely on

some level surfa
e �

s

of H for some jsj < Æ. Thus, by inter
hanging the role of � and

�

s

in the pre
eding arguments, u 
an be transformed into a periodi
 Hamiltonian

orbit u

0

on �. The inverse transformation then shows that u(t) = u

s

(t), and the

proof of the lemma is 
omplete. 2

The lemma shows that the 
losed 
hara
teristi
s on � 
an be des
ribed as the

periodi
 orbits of X

H

j

�

or, more generally, as the non-
onstant periodi
 solutions of

the Hamiltonian system _u = X

H

(u). In the sequel, we shall speak of Hamiltonian

orbits (traje
tories, integral 
urves) rather than solutions, meaning that a Hamilto-

nian orbit is an equivalen
e 
lass of solutions where u � v if u(t) = v(t+ t

0

) for some

t

0

2 R. Consequently, two periodi
 orbits of X

H

j

�

are 
onsidered to be distin
t if

and only if the 
orresponding 
losed 
hara
teristi
s are geometri
ally distin
t. More-

over, a periodi
 X

H

-orbit on � will be 
alled symmetri
 if the 
orresponding 
losed


hara
teristi
 is symmetri
.

We point out that the S

1

-symmetry of � and H has so far not been used,

and Lemma 1 remains valid if the S

1

-invarian
e is not assumed. Even for an S

1

-

hypersurfa
e � the statements refer to arbitrary periodi
 Hamiltonian orbits, not

9



just symmetri
 ones. Note, however, that the S

1

-equivarian
e of X

�

implies that a

symmetri
 X

H

-orbit u

0

on � is transformed into a symmetri
 X

H

-orbit u

s

on �

s

.

The next lemma serves as a preparation for the variational formulation of

Theorem 1:

Lemma 2 Let the S

1

-hypersurfa
e � satisfy the hypotheses of Theorem 1 and let

the Hamiltonian H : U ! R be given by (20). In addition, suppose that � 
arries

only a �nite number of symmetri
 periodi
 X

H

-orbits. Then there exists T

0

> 0 su
h

that every T > T

0

has the following property:

(�) If u

0

is a symmetri
 periodi
 X

H

-orbit on � then there exists a uniquely de-

termined s 2 (�Æ; Æ), depending on u

0

and T , su
h that the 
orresponding

X

H

-orbit u

s

on �

s

satis�es the two 
onditions

(a) The X

H

-orbit u

s

has the minimal period T .

(b) The Hamiltonian a
tion integral A

H

(u

s

) is positive, i.e.,

A

H

(u

s

) =

Z

T

0

1

2

h�J _u

s

; u

s

i dt �

Z

T

0

(HÆu

s

) dt > 0 :

Proof Leet us assume that there are ` > 0 symmetri
 periodi
 X

H

-orbits on �,

denoted by u

1

0

; : : : ; u

`

0

, and let �

0;i

> 0 be the minimal period of u

i

0

. For jsj < Æ

let the 
orresponding symmetri
 periodi
 X

H

-orbits u

i

s

on �

s

be de�ned a

ording

to Lemma 1. The minimal period of u

i

s

then is given by �

i

(s) = �(s)�

0;i

with

� : (�Æ; Æ)! R

+

de�ned in (24).

In view of the 
hoi
e (19) of h, the derivative �

0

(s) has exa
tly one zero at s

0

whi
h is the unique solution of the equation h

0

(s) = h

00

(s) in (�Æ; Æ). We note that

�

0

(s) < 0 for �Æ < s < s

0

and �

0

(s) > 0 for s

0

< s < Æ. Moreover, we observe that

�(s)! +1 as jsj ! Æ.

As a 
onsequen
e, for every T > �(s

0

)�

0;i

= �

i

(s

0

) the equation T = �

i

(s) has

exa
tly two solutions s

+

i

2 (�Æ; s

0

) and s

�

i

2 (s

0

; Æ). These T -dependent solutions

satisfy s

+

i

! �Æ and s

�

i

! Æ monotoni
ally as T ! +1. We note that the

asso
iated X

H

-orbits u

i

s

�

i

lie on �

s

�

i

and have the minimal period T .

Now let us �x a period T > max f �

i

(s

0

) j i = 1; : : : ; ` g and let us 
onsider a

T -periodi
 smooth loop u : S

1

T

�

=

R=TZ ! U . Re
alling the 1-form � from (5), the

pull-ba
k of � by u 
an be written as

u

�

� =

1

2

n

X

j=1

fu

j

du

n+j

� u

n+j

du

j

g

=

1

2

n

X

j=1

fu

j

_u

n+j

� u

n+j

_u

j

g dt

=

1

2

h�J _u ; u i dt :

(33)

Similarly, the pull-ba
k of the 1-form � = X

�

y ! by u has the representation

u

�

� = !(X

�

(u); _u) dt = h�J _u ;X

�

(u)i dt :(34)
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We observe that the homotopy [ 0; 1 ℄� U ! U de�ned by (r;  

s

(x)) 7!  

(1�r)s

(x)

retra
ts U to � so that H

1

dR

(U)

�

=

H

1

dR

(�) = 0. Consequently, sin
e d� = d� = !,

the 1-form ��� on U is exa
t and we have � = �+dF for some fun
tion F : U ! R.

By integration over the 
ir
le S

1

T

we obtain

Z

S

1

T

u

�

� =

Z

S

1

T

u

�

� �

Z

S

1

T

d(u

�

F ) =

Z

T

0

h�J _u ;X

�

(u)i dt :(35)

Now suppose that u = u

s

where u

s

stands for any of the above symmetri
 T -periodi


X

H

-orbits u

i

s

�

i

, i = 1; : : : ; `. Then we have �J _u

s

= gradH(u

s

), and, in view of the

representation (28) of gradH, the right hand integral be
omes

Z

T

0

h gradH(u

s

); X

�

(u

s

)i dt =

Z

T

0

h

0

(s)

hN(u

s

) ; X

�

(u

s

) i

hN(u

s

); X

�

(u

s

)i dt :(36)

Thus from (33), (35), and (36) we dedu
e

Z

T

0

1

2

h�J _u

s

; u

s

i dt = T h

0

(s) :(37)

In 
ombination with

Z

T

0

H(u

s

(t)) dt = T h(s) ;(38)

this yields the identity

A

H

(u

s

) = T (h

0

(s)� h(s)) ;(39)

where u

s

= u

i

s

�

i

with s

�

i

being the solutions of T = �

i

(s) for i = 1; : : : ; `.

We 
laim that A

H

(u

i

s

+

i

) > 0 and A

H

(u

i

s

�

i

) < 0 for i = 1; : : : ; ` in 
ase the

pres
ribed period T is suÆ
iently large. For this purpose let us re
all that s

+

i

! �Æ

and s

�

i

! Æ as T ! +1.

With regard to the fa
t that h(Æ) < 0 and h

0

(Æ) = 0 we 
an �nd some "

1

> 0

su
h that h

0

(s)� h(s) < 0 if s 2 (Æ� "

1

; Æ). Moreover, 
hoosing 0 < "

2

< min fÆ; 1g,

we see that h

0

is stri
tly in
reasing on (�Æ;�Æ + "

2

). Hen
e, by the mean value

theorem, it follows for �Æ < s < �Æ + "

2

that

h(s) =

Z

s

�Æ

h

0

(r) dr = h

0

(�r)

Z

s

�Æ

dr < h

0

(s) "

2

< h

0

(s)(40)

with some �r 2 (�Æ; s). Consequently, for " := minf"

1

; "

2

g we have

h

0

(s)� h(s) > 0 if s 2 (�Æ;�Æ + ")

h

0

(s)� h(s) < 0 if s 2 (Æ � "; Æ) :

(41)

Now we 
an 
hoose T

0

> min f �

i

(s

0

) j i = 1; : : : ; ` g so large that for every T > T

0

the 
orresponding solutions s

�

i

satisfy s

+

i

2 (�Æ;�Æ+") and s

�

i

2 (Æ�"; Æ) for every

i = 1; : : : ; `, and the 
laim follows.

This proves the assertion of the lemma if the assumed number of symmetri


periodi
 X

H

-orbits on � is ` > 0. In the 
ase ` = 0 the 
ondition (�) is trivially

satis�ed for every 
hoi
e of T

0

> 0, and the proof is hereby 
omplete. 2
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4. The global extension of the Hamiltonian

Observing that the neighborhood U of � introdu
ed in (16) is relatively 
ompa
t,

we 
an �nd R

1

> 0 suÆ
iently large su
h that

U � f x 2 R

2n

j jxj 6 R

1

g :(42)

If T

0

is again the 
onstant from Lemma 2, then we 
an 
hoose T > T

0

and R

2

> R

1

so large that

3�

2T

R

2

1

< h(ŝ) <

3�

2T

R

2

2

;(43)

where h(ŝ) is the maximal value of the Hamiltonian H de�ned in (20). Now we pi
k

a smooth fun
tion h

T

: R

+

0

! R

+

that satis�es

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

h

T

(r) � h(ŝ) if r 6 R

1

h

T

(r) =

3�

2T

r

2

if r > R

2

h

T

(r) >

3�

2T

r

2

if R

1

< r < R

2

0 < h

0

T

(r) <

3�

T

r if R

1

< r < R

2

:

(44)

Moreover, we shall assume that h

T

is 
hosen in su
h a way that there exists only

one solution r


rit

2 (R

1

; R

2

) of the equation

h

0

T

(r) =

2�

T

r :(45)

Note that, by the Jordan-Brouwer separation theorem, R

2n

n� 
onsists of a bounded


onne
ted 
omponent U

0

and an unbounded 
onne
ted 
omponent U

1

. Now we

extend the Hamiltonian H : U ! R de�ned in (20) to a smooth fun
tion on R

2n

as

follows:

H

T

(x) :=

8

>

>

>

>

<

>

>

>

>

:

0 if x 2 U

0

H(x) if x 2 U

h

T

(jxj) if x 2 U

1

nU :

(46)

If x 2 U

1

nU we have: gradH

T

(x) =

h

0

T

(jxj)

jxj

x. Consequently, for the Hamiltonian

system _u = X

H

T

(u) on R

2n

we �nd two types of symmetri
 periodi
 X

H

T

-orbits that

have the minimal period T :

(i) The signi�
ant periodi
 X

H

T

-orbits u

s

in U whi
h have been des
ribed in the

previous se
tion.

(ii) The te
hni
al periodi
 X

H

T

-orbits generated by the above extension. These

are of the form u(t) = exp

�

2�

T

tJ

�

x where jxj = r


rit

solves the equation (45).

The 
hoi
e of the fun
tion h

T

implies that the 
orresponding Hamiltonian a
tion

A

H

T

(u) of a te
hni
al periodi
 X

H

T

-orbit is negative:

Lemma 3 Suppose that u is a symmetri
 periodi
 X

H

T

-orbit that has the minimal

period T and satis�es A

H

T

(u) > 0. Then u is a signi�
ant periodi
 X

H

T

-orbit.

12



Proof For a te
hni
al X

H

T

-orbit u(t) = exp

�

2�

T

tJ

�

x with jxj = r


rit

we obtain

1

T

A

H

T

(u) =

1

T

Z

T

0

f

1

2

h�J _u ; u i � H

T

(u)g dt

=

1

2

h

0

T

(jxj) jxj � h

T

(jxj)

<

3�

2T

r

2


rit

� h

T

(r


rit

) < 0

(47)

sin
e r


rit

2 (R

1

; R

2

), and the statement thus follows. 2

To summarize the 
ontents of the last two se
tions, we note that Lemma 1

allows to asso
iate to ea
h symmetri
 
losed 
hara
teristi
s on � a so-
alled `tower'

f u

s

j jsj < Æ g of symmetri
 periodi
 X

H

-orbits where u

s

lies on the hypersurfa
e

�

s

and has the minimal period �(s). If, in addition, the number of these towers

is assumed to be �nite, then Lemma 2 guarantees that for every suÆ
iently large

T > 0 ea
h of these towers 
ontains a unique X

H

-orbit u

s

that has the pres
ribed

minimal period T and satis�es A

H

(u

s

) > 0. Consequently, the 
ounting of the

geometri
ally distin
t 
losed 
hara
teristi
s on � 
an be done by 
ounting these

parti
ular T -periodi
 X

H

-orbits.

Fixing T so large that the 
ondition (43) is satis�ed, we have extended the

Hamiltonian H : U ! R to H

T

: R

2n

! R su
h that the additional symmetri


periodi
 X

H

T

-orbits of minimal period T outside U have a negative Hamiltonian

a
tion and do not a�e
t the above orbit 
ounting. Therefore, to prove Theorem 1

it suÆ
es to show:

Proposition 1 Let � � R

2n

be an S

1

-hypersurfa
e satisfying the hypotheses of

Theorem 1 su
h that, in addition, the number of symmetri
 
losed 
hara
teristi
s

on � is �nite. Suppose T > 0 is �xed in a

ordan
e with (43) so that the distin
t

symmetri
 periodi
 X

H

T

-orbits u of minimal period T and A

H

T

(u) > 0 
orrespond

uniquely to the distin
t symmetri
 
losed 
hara
teristi
s on �. Then the number of

these X

H

T

-orbits u is at least n.

5. The variational approa
h and the free Morse 
omplex

The 
hoi
e of the period T in the hypotheses of Proposition 1 provides a distin-

guished parametrization S

1

T

= R=Z of the 
ir
le group. To every x 2 R

2n

we may

now assign the parametrized S

1

-orbit u

x

: S

1

T

! R

2n

by setting u

x

(t) := 


t

x. The

S

1

-orbit u

x

des
ribes a symmetri
 T -periodi
 X

H

T

-orbit if it solves the equation

_u

x

= X

H

T

(u

x

) ; x 2 R

2n

;(48)

and T is the minimal period if x 6= 0. Hen
e, setting 


sym

:= f u

x

j x 2 R

2n

g, the

desired periodi
 X

H

T

-orbits of Proposition 1 
an be found as those 
riti
al points

u

x

of the restri
ted a
tion integral A

H

T

j




sym

: 


sym

! R for whi
h

A

H

T

(u

x

) =

Z

T

0

n

1

2

h�J _u

x

; u

x

i � H

T

(u

x

)

o

dt(49)
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attains a positive value. However, the bije
tion R

2n

! 


sym

, x 7! u

x

, suggests to

study the 
orresponding variational problem on R

2n

:

Lemma 4 The Hamiltonian a
tion integral A

H

T

j




sym

: 


sym

! R gives rise to a

smooth S

1

-invariant fun
tion F : R

2n

! R by setting

F(x) :=

1

T

A

H

T

(u

x

) :(50)

In parti
ular, x 2 R

2n

is a 
riti
al point of F if and only if u

x

2 


sym

solves the

Hamiltonian equation _u

x

= X

H

T

(u

x

).

Proof Evaluating A

H

T

(u

x

), we get the expression F(x) =

�

T

jxj

2

� H

T

(x). Then,


learly, gradF(x) = 0 is equivalent to

2�

T




t

x = gradH

T

(


t

x). On the other hand,

�J _u

x

(t) =

2�

T

u

x

(t) =

2�

T




t

x, and the statement follows. 2

The assertion of Proposition 1 
an now be restated as follows:

Proposition 2 Suppose that the hypotheses of Proposition 1 are satis�ed. Then

there exist ` > n 
riti
al points x

1

; : : : ; x

`

of F su
h that

(i) Orb x

i

\ Orb x

j

= ; if i 6= j.

(ii) F(x

i

) > 0 for i = 1; : : : ; `.

The proof will be based on S

1

-equivariant Lyusternik-S
hnirelman theory for 
ows,

involving C. Conley's 
on
ept of isolated invariant sets. The 
ow in question is the

�gradF -
ow on R

2n

, i.e., the map R

2n

� R ! R

2n

, (x; �) 7! x�� , solving the initial

value problem

8

<

:

d

d�

(x��) = �gradF(x��)

x�0 = x 8 x 2 R

2n

:

(51)

Note that the traje
tory � 7! x �� of ea
h x 2 R

2n

is indeed de�ned for all � 2 R

be
ause gradF is linearly bounded. The S

1

-equivarian
e of gradF implies that

(


t

x)�� = 


t

(x��) for all (x; �) 2 R

2n

� R.

Given r

2

> r

1

> 0, we de�ne the 
ompa
t S

1

-set Q

r

1

;r

2

� R

2n

nf0g by setting

Q

r

1

;r

2

:= f x 2 R

2n

j r

1

6 jxj 6 r

2

g ;(52)

whi
h has the boundary

�Q

r

1

;r

2

= S

2n�1

r

1

[ S

2n�1

r

2

;(53)

where S

2n�1

r

denotes the Eu
lidean (2n�1)-sphere of radius r.

Lemma 5 There exists a 
hoi
e of r

2

> % > r

1

> 0 su
h that:

(i) Q := Q

r

1

;r

2

is an isolating blo
k for the �gradF-
ow, 
ontaining all 
riti
al

points of F ex
ept for the origin 0 2 R

2n

and having the exit set Q

�

= �Q

r

1

;r

2

.

(ii) F(x) =

�

T

%

2

if x 2 S

2n�1

%

. In parti
ular, max

x2R

2n

F(x) > 0 is attained in Q.

14



The isolated invariant set M � intQ will be 
alled the free Morse 
omplex of F .

Proof Let B

r

(0) denote the 
losed 2n-ball of radius r 
entered at the origin. From

the de�nition (16) of U we infer B

%

(0) \ U = ; if % > 0 is 
hosen small enough.

Then H

T

j

B

%

(0)

= 0 and, 
onsequently, Fj

B

%

(0)

=

�

T

%

2

.

Let us now �x r

1

< % and r

2

> R

2

with the 
onstant R

2

introdu
ed in (43).

Observing that F(x) =

�

T

jxj

2

if jxj 6 % and F(x) =

�

T

jxj

2

�

3�

2T

jxj

2

= �

�

2T

jxj

2

if

jxj > R

2

, we infer that F attains its global maximum inside Q on a positive level

and, moreover,

� gradF(x) =

8

>

<

>

:

�

2�

T

x if x 2 S

2n�1

r

1

�

T

x if x 2 S

2n�1

r

2

:

(54)

Hen
e Q is an isolating blo
k for the �gradF -
ow that has the exit set Q

�

= �Q

(
f. [2, p. 5℄). In addition, we see that gradF(x) = 0 and x 2 R

2n

nQ imply x = 0,

whi
h 
ompletes the proof. 2

An admissibly ordered Morse de
omposition of M is a tupel (M

1

; : : : ;M

k

) of


ompa
t non empty subsets ofM su
h that for every x 2Mn(M

1

[ : : :[M

k

) there

exist unique indi
es i < j with x�� ! M

i

as � ! +1 and x�� ! M

j

as � ! �1.

Let us 
onsider the subsets

M

+

:= f x 2M j F(x��) > 0 8� 2 R g(55)

and

M

�

:= f x 2M j F(x��) < 0 8� 2 R g ;(56)

whi
h we 
all the positive and the negative sub
omplex ofM, respe
tively. Note that

M

+


ontains the 
riti
al points x of F that 
orrespond to the signi�
ant periodi


X

H

T

-orbits u

x

with A

H

T

(u

x

) > 0, whereas M

�


ontains their negative 
ounterparts

together with the sphere S

2n�1

r


rit

whi
h gives rise to the te
hni
al periodi
 X

H

T

-orbits.

As a 
onsequen
e of Lemma 5 we have M

+

6= ;, and it follows readily that

(M

�

;M

+

) is indeed an admissibly ordered Morse de
omposition of M. Setting

Q

0

:= f x 2 Q j F(x) 6 0 g, we de�ne a �ltration of index pairs N

0

� N

1

� N

2

asso
iated to (M

�

;M

+

) by

N

0

:= Q

�

; N

1

:= Q

�

[Q

0

; N

2

:= Q :(57)

The 
ompa
t S

1

-pair (N

2

; N

1

) is an index pair for M

+

, i.e.,

(a) N := N

2

nN

1

= f x 2 Q j F(x) > 0 g is an isolating neighborhood for M

+

having the exit set N

�

= �N = S

2n�1

r

1

[ f x 2 Q j F(x) = 0 g.

(b) N

1

is positively invariant relative to N

2

.

(
) If x2N

2

and x�[ 0;1) 6� N

2

then there exists � > 0 su
h that x�[ 0; � ℄ � N

2

and x�� 2N

1

.
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The proof of Poposition 2 requires an estimate for the number ` of distin
t 
riti
al

S

1

-orbits Orb x

i

, i = 1; : : : ; `, 
ontained in M

+

. So far we only know that ` < +1

by our assumptions on the hypersurfa
e �, and that ` > 1 be
ause F attains its

global maximum along some Orb x

i

�M

+

. To derive the 
laimed inequality ` > n

we have to investigate the S

1

-equivariant topology of M

+

whi
h will be 
arried out

in the subsequent se
tion.

6. S

1

-index maps related to the positive sub
omplex M

+

The observation that the sphere S

2n�1

%

introdu
ed in Lemma 5 is 
ontained in the

isolating blo
k N of M

+

turns out to be 
ru
ial. This fa
t 
auses a topologi
al

linking whi
h allows to estimate the S

1

-
ategory of M

+

in N by the 
ohomologi
al

S

1

-index of S

2n�1

%

. We merely re
all some relevant fa
ts on the involved S

1

-index

maps and refer to [8, 9, 10℄ for further details.

Given a 
ompa
t S

1

-pair (X;A), we denote by H

�

S

1

(X;A) the S

1

-equivariant

Alexander-Spanier 
ohomology with real 
oeÆ
ients, 
f. e.g. [9℄. Sin
e the S

1

-a
tion

under 
onsideration is free, the equivariant 
ohomology is isomorphi
 to the ordinary


ohomology of (X=S

1

; A=S

1

), i.e., we have H

�

S

1

(X;A)

�

=

H

�

(X=S

1

; A=S

1

). Likewise,

we shall denote by H

S

1

�

(X;A) := H

�

(X=S

1

; A=S

1

) singular S

1

-homology of (X;A)

with real 
oeÆ
ients.

The 
ohomologi
al S

1

-index is de�ned in terms of universal 
hara
teristi



lasses. The universal prin
ipal S

1

-bundle ES

1

p

! BS

1

is obtained as the indu
-

tive limit of the Hopf �bration

S

3

� S

5

� : : : � S

2n�1

� : : :

?

?

?

y

?

?

?

y

?

?

?

y

S

2

� C P

2

� : : : � C P

n�1

� : : : ;

i.e., ES

1

= S

1

and BS

1

= C P

1

. The base spa
e C P

1

then is 
alled the 
lassifying

spa
e for S

1

. The 
ohomology ring H

�

(C P

1

;Z) is the polynomial ring generated

by the �rst Chern 
lass 


1

2 H

2

(C P

1

;Z), 
f. [14, Thm. 14.5℄. Introdu
ing real


oeÆ
ients, let 
 2 H

2

(C P

1

) denote the 
ohomology 
lass 
orresponding to 


1

.

Now let X be a para
ompa
t free S

1

-spa
e and let f : X=S

1

! C P

1

denote a


lassifying map for the prin
ipal S

1

-bundle X

p

! X=S

1

. The 
orresponding indu
ed

map f

�

: H

�

(C P

1

) ! H

�

(X=S

1

) is a ring homomorphism, and the 
ohomologi
al

S

1

-index of X 6= ; is de�ned by

Index

C

X := 1 + sup f k 2 N

0

j f

�

(


k

) 6= 0 g :(58)

Moreover, we set Index

C

; := 0.

If X = S

2n�1

� R

2n

is the Eu
lidean (2n � 1)-sphere (of any radius % > 0),

then the S

1

-a
tion 
 gives rise to the Hopf map S

2n�1

p

! C P

n�1

. The 
orrespond-

ing 
lassifying map f is the in
lusion C P

n�1

! C P

1

, and the 
ohomology ring

H

�

(C P

n�1

) is the trun
ated polynomial ring, terminating in dimension 2(n�1),
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whi
h is generated by f

�

(
) 2 H

2

(C P

n�1

), 
f. [14, Thm. 14.4℄. Hen
e we infer

Index

C

S

2n�1

= n :(59)

Given a free S

1

-pair (X;A), then A is 
alled S

1

-
ategori
al in X if A 
an be deformed

S

1

-equivariantly through X into a single S

1

-orbit. The S

1

-
ategory of a non empty

S

1

-set A�X in X is de�ned by

S

1

-
at

X

(A) := inf f k 2 N j there exist 
losed S

1

-
ategori
al subsets

A

1

; : : : ; A

k

� X with A � A

1

[ : : : [ A

k

g ;

(60)

whereas S

1

-
at

X

(;) := 0. Furthermore, we write S

1

-
at(X) := S

1

-
at

X

(X).

Sin
e the S

1

-a
tion on (X;A) is supposed to be free, the S

1

-
ategory is related

to the ordinary Lyusternik-S
hnirelman 
ategory (see e.g. [4, Ch. 27.3℄) by

S

1

-
at

X

(A) = 
at

X=S

1

(A=S

1

) :(61)

The above de�nition of S

1

-
at

X

(A) di�ers from E. Fadell's [8℄ in that we require the


overing sets A

1

; : : : ; A

k

to be 
losed. However, being 
on
erned with free S

1

-pairs

(X;A) where X=S

1

is an absolute neighborhood retra
t (ANR) and the subset A=S

1

is 
losed, this di�eren
e does not a�e
t the statements below.

In terms of the S

1

-
ategory and the 
ohomologi
al S

1

-index, the desired esti-

mate 
an now be expressed as follows:

Proposition 3 LetM

+

be the positive sub
omplex de�ned in (55), and let N denote

the isolating neighborhhood obtained from the �ltration of index pairs (57). Then

S

1

-
at

N

(M

+

) > Index

C

S

2n�1

:(62)

Proof First we note that N is a smooth manifold with boundary �N equipped with

a proper free Lie group a
tion of the 
ir
le group S

1

. Hen
e the orbit spa
e N=S

1

has

the unique stru
ture of a smooth manifold with boundary �(N=S

1

) = (�N)=S

1

su
h

that the proje
tion N ! N=S

1

is a submersion, 
f. [5, Prop. 5.2℄. In parti
ular,

N=S

1

is an ANR so that S

1

-
at

N

has the 
ontinuity property.

Let us re
all that S

2n�1

%

� intN where % > 0 is the 
onstant introdu
ed in

Lemma 5. The inequality (62) will now be derived in three steps:

Claim 1:

S

1

-
at

N

(M

+

) > S

1

-
at

N

(S

2n�1

%

) :(63)

Proof: Let U

"

denote the open "-neighborhood of M

+

. Clearly, U

"

is S

1

-invariant

and, for small ", we have U

"

� N . Moreover, by the 
ontinuity property of S

1

-
at

N

we may assume that " > 0 is 
hosen su
h that S

1

-
at

N

(U

"

) = S

1

-
at

N

(M

+

).

Sin
e M

+

is 
ompa
t and non empty, we �nd 0 < k := S

1

-
at

N

(M

+

) < +1.

Consequently, there exist k 
losed S

1

-
ategori
al subsets A

1

; : : : ; A

k

� N su
h that

U

"

� A := A

1

[ : : : [ A

k

. For every x 2 N nA there exists a unique �(x) > 0 su
h

that x��(x) 2 �N , i.e., the integral 
urve � 7! x�� of the �gradF -
ow exits N at

time �(x). The 
ompa
tness of N nA then implies

�

�

:= sup f �(x) j x 2 N nA g < +1 :(64)
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If � > �

�

is �xed, it follows that N � A

1

�� [ : : : A

k

�� . Setting B

�

:= (A

�

��)\ S

2n�1

%

for � = 1; : : : ; k; we thus have found k 
losed S

1

-
ategori
al subsets of N su
h that

S

2n�1

%

� B

1

[ : : :[B

k

. As a 
onsequen
e, S

1

-
at

N

(S

2n�1

%

) 6 k, whi
h proves 
laim 1.

Claim 2:

S

1

-
at

N

(S

2n�1

%

) = S

1

-
at(S

2n�1

%

) :(65)

Proof: Clearly, S

1

-
at

N

(S

2n�1

%

) 6 S

1

-
at(S

2n�1

%

), and it remains to show the opposite

inequality. For this purpose we observe that the homotopy �g : Q � [ 0; 1 ℄ ! Q,

de�ned by �g(x; s) := (1�s)x+

s%

jxj

x, deforms Q equivariantly into S

2n�1

%

. Hen
e the

S

1

-map g := �g(�; 1)j

N

: N ! S

2n�1

%

is an S

1

-retra
tion of N to S

2n�1

%

.

Now suppose that k = S

1

-
at

N

(S

2n�1

%

) and let A

1

; : : : ; A

k

be 
losed S

1

-
ategor-

i
al subsets of N with S

2n�1

%

� A

1

[ : : : [ A

k

. Moreover, let h

�

: A

�

� [ 0; 1 ℄ ! N

denote the 
orresponding S

1

-homotopy that deforms A

�

into a single S

1

-orbit. We

observe that B

�

:= A

�

\ S

2n�1

%

is S

1

-invariant and 
losed in S

2n�1

%

for � = 1; : : : ; k.

Furthermore, by the S

1

-homotopy g Æ h

�

j

B

�

: B

�

� [ 0; 1 ℄! S

2n�1

%

we see that B

�

is

S

1

-
ategori
al in S

2n�1

%

. Hen
e we get S

1

-
at(S

2n�1

%

) 6 k, and 
laim 2 follows.

Claim 3:

S

1

-
at(S

2n�1

) > Index

C

S

2n�1

:(66)

Proof: Arguing by 
ontradi
tion, we assume that k := S

1

-
at(S

2n�1

) < Index

C

S

2n�1

.

As a 
onsequen
e, there are k 
losed S

1

-
ategori
al subsets A

�

� S

2n�1

su
h that

A

1

[ : : : [ A

k

= S

2n�1

. Without loss of generality we may assume that fA

�

; A

�

0

g is

an ex
isive 
ouple for all �; �

0

, i.e., A

�

[A

�

0

= intA

�

[ intA

�

0

in the relative topology

of A

�

[ A

�

0

.

Denote by i

�

: A

�

! S

2n�1

the in
lusion. Then i

�

is S

1

-homotopi
 to a map

i

0

�

: A

�

! S

2n�1

su
h that i

0

�

(A

�

) = Orb x

�

is a single S

1

-orbit. Hen
e we have an

S

1

-map �

�

: A

�

! Orbx

�

and an in
lusion �

�

: Orbx

�

! S

2n�1

su
h that i

0

�

= �

�

Æ�

�

.

These maps indu
e the following 
ommutative diagram in S

1

-
ohomology:

H

�

S

1

(N) H

�

S

1

(Orbx

�

)

H

�

S

1

(A

�

)

-

?

Q

Q

Q

Q

Q

Qs

�

�

�

�

�

�

i

�

�

Consequently, i

�

�

= 0 for � > 1. Let us now 
onsider the exa
t S

1

-
ohomology

sequen
e of the pair (S

2n�1

; A

�

):

�! H

��1

S

1

(A

�

)

Æ

�

�! H

�

S

1

(S

2n�1

; A

�

)

j

�

�

�! H

�

S

1

(S

2n�1

)

i

�

�

�! H

�

S

1

(A

�

) �!(67)

where j

�

: (S

2n�1

; ;)!(S

2n�1

; A

�

) is the in
lusion. By the exa
tness of the sequen
e,

i

�

�

= 0 implies that j

�

�

is epimorphi
.

Using the isomorphsmH

�

S

1

(S

2n�1

)

�

=

H

�

(S

2n�1

=S

1

)

�

=

H

�

(C P

n�1

), let us denote

by � 2 H

2

S

1

(S

2n�1

) the generator 
orresponding to the 
lass f

�

(
) 2 H

2

(C P

n�1

). For

� = 1; : : : ; k we thus 
an �nd �

�

2 H

2

S

1

(S

2n�1

; A

�

) with j

�

�

(�

�

) = �.
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Observing that A

1

[: : :[A

k

= S

2n�1

and denoting by j : (S

2n�1

; ;)!(S

2n�1

; A)

the in
lusion, we obtain the following 
ommutative diagram

H

2

S

1

(S

2n�1

; A

1

) 
 � � � 
 H

2

S

1

(S

2n�1

; A

k

)

^

��! H

2k

S

1

(S

2n�1

;S

2n�1

)

?

?

?

?

y

j

�

1

?

?

?

?

y

j

�

k

?

?

?

?

y

j

�

H

2

S

1

(S

2n�1

) 
 � � � 
 H

2

S

1

(S

2n�1

)

^

��! H

2k

S

1

(S

2n�1

)

(68)

so that j

�

= 0. Thus, we �nd �

k

= j

�

(�

1

^ : : : ^ �

k

) = 0 in 
ontradi
tion to the


hoi
e of � whi
h implies �

k

6= 0 for k = 0; : : : ; n�1. Thus the proof of 
laim 3 is


omplete.

As a side remark, we point out that indeed S

1

-
at(S

2n�1

) = Index

C

S

2n�1

= n,


f. [10, Cor. 7.8℄. The estimate (62) now follows from (63), (65), and (66). The

proof of the proposition is with this 
omplete. 2

7. Lyusternik-S
hnirelman theory for M

+

and the proof of Theorem 1

By our assumptions, M

+


ontains only a �nite number of 
riti
al S

1

-orbits. Let

the 
orresponding 
riti
al values 


j

be ordered a

ording to 0 < 


1

< : : : < 


k

. For

j = 1; : : : ; k we de�ne the Morse sets M

j

by

M

j

:= f x 2M

+

j gradF(x) = 0 and F(x) = 


i

g :(69)

Then (M

1

; : : : ;M

k

) is an admissibly ordered Morse de
omposition of the positive

sub
omplex M

+

. Consequently, we obtain

Proposition 4 Let (M

1

; : : : ;M

k

) denote the Morse de
omposition of M

+

indu
ed

by the ordering of the positive 
riti
al values 


1

<: : :<


k

of F . Then

S

1

-
at

N

(M

+

) 6

k

X

j=1

S

1

-
at

N

(M

j

) :(70)

In parti
ular, the number of the distin
t 
riti
al S

1

-orbits of F in M

+

is greater or

equal to S

1

-
at

N

(M

+

).

Proof Let us �rst 
onsider an admissibly ordered Morse de
omposition (M

1

;M

2

)

of M

+


onsisting of only two Morse sets. If S

1

-
at

N

(M

j

) = `

j

, j = 1; 2, then there

exist `

1

+`

2


losed S

1

-
ategori
al subsets A

j;i

� N with M

j

� int (A

j;1

[ : : : [A

j;`

j

).

In view of the 
ompa
tness of M

+

there exists �

0

2 [ 0;+1) su
h that for � > �

0

we have

M

+

�

`

1

[

i=1

A

1;i

[

`

2

[

i=1

((A

2;i

��) \N) :(71)

ThusM

+


an be 
overed by `

1

+`

2


losed S

1

-
ategori
al subsets of N and, therefore,

S

1

-
at

N

(M

+

) 6 S

1

-
at

N

(M

1

) + S

1

-
at

N

(M

2

).
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Be
ause the Morse setsM

1

andM

2

are again isolated invariant sets, the same

argument 
an now be applied to Morse de
ompositions of M

1

and M

2

. Continuing

this pro
ess, the desired Morse de
omposition (M

1

; : : : ;M

k

) of M

+

is rea
hed after

a �nite number of repetitions. This proves the inequality (70).

Suppose that S

1

-
at

N

(M

j

) = ` and that A

1

; : : : ; A

`

� N are 
losed S

1

-
ategor-

i
al subsets 
overing M

j

. Then M

j


ontains at least ` 
riti
al S

1

-orbits Orb x

i

� A

i

,

i = 1; : : : ; `, whi
h belong to mutually distin
t path 
omponents of the orbit spa
e

N=S

1

. This follows immediately from the observation that a �nite set of S

1

-orbits

whi
h belongs to the same path 
omponent of N=S

1

must have the S

1

-
ategory 1.

The assertion of the proposition is thereby proven. 2

Proposition 4 
ombined with Proposition 3 shows that M

+


ontains at least

n distin
t S

1

-orbits Orbx

i

su
h that gradF(x

i

) = 0, whi
h proves Proposition 2.

Consequently, the proof of Theorem 1 is 
omplete. 2

8. The proofs of Theorem 2 and Corollary 1

Let f : C P

n�1

! R be a smooth fun
tion and let

�

f : S

2n�1

! R denote a lift of f ,

a

ording to

�

f(x) := f(Orbx). The asso
iated S

1

-hypersurfa
e �

f

is then given by

�

f

= f e

�

f(x)

x j x 2 S

2n�1

g � R

2n

;(72)

where S

2n�1

stands for the Eu
lidean unit sphere in R

2n

. Then �

f

is star-shaped

sin
e every radius f�x j � > 0; x 2 S

2n�1

g interse
ts �

f

transversally. The

transversality is seen as follows: if x 2 S

2n�1

and b

1

; : : : ; b

2n�1

2 T

x

S

2n�1

is a

basis, then a 
orresponding basis of T

e

�

f(x)

x

�

f

is obtained via tangent map of the

transformation S

2n�1

! �

f

, i.e., by the map

b

i

7! e

�

f(x)

�

b

i

+ h grad

�

f(x); b

i

i x

�

:(73)

Thus the 
ow (x; s) 7! e

s=s

x of the symple
ti
 dilation X

�

(x) =

1

2

x 
an be used to

introdu
e the smooth Hamiltonian fun
tion H

f

: R

2n

nf0g ! R by setting

H

f

(e

s=2

x) := e

s

8 x 2 �

f

; s 2 R ;(74)

Note that H

f

is positively homogeneous of degree 2 and its gradient is positively

homogeneous of degree 1, i.e., H

f

(�x) = �

2

H

f

(x) and gradH

f

(�x) = � gradH

f

(x)

for all x 2 R

2n�1

nf0g and � > 0. In parti
ular, we dedu
e

H

f

(e

�

f(x)

x) = e

2

�

f(x)

H

f

(x) = 1 8 x 2 S

2n�1

;(75)

so that

�

f 
an be expressed by

�

f(x) = �

1

2

lnH

f

(x) ; x 2 S

2n�1

:(76)

Then the gradient of

�

f satis�es the identity

h grad

�

f(x); X i =

�1

2H

f

(x)

h gradH

f

(x); X i 8X 2 T

x

S

2n�1

:(77)
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Hen
e it follows that grad

�

f(x) = 0 if and only if x and gradH

f

(x) are 
ollinear. In

this 
ase we have _


t

x =

2�

�

J


t

x = �X

H

f

(


t

x) for some � > 0 and, 
onsequently,

the X

H

f

-orbit starting at x 
an be reparametrized as an S

1

�

-orbit. Finally, by the

homogeneity of gradH

f

, it follows that the map S

1

�

! �

f

given by t 7! e

f(Orbx)




t

x

is a symmetri
 
losed 
hara
teristi
 on �

f

.

Thus the distin
t symmetri
 
losed 
hara
teristi
s on �

f


orrespond uniquely

to the distin
t S

1

-orbits Orb e

�

f(x)

x su
h that grad

�

f(x) = 0. On the other hand, the

asso
iated distin
t S

1

-orbits Orbx on S

2n�1

represent pre
isely the distin
t 
riti
al

points of the fun
tion f : C P

n�1

! R.

Let now � � R

2n

be any star-shaped S

1

-hypersurfa
e. Setting H(e

s=2

x) := e

s

for all (x; s) 2 � � R, we de�ne f : C P

n�1

! R by f(Orb x) := �

1

2

lnH(x) for all

x 2 S

2n�1

. Then we have �

f

= �, and the proof of Theorem 1 is 
omplete. 2

For the proof of the 
orollary we use the above notation and we assume that

Orb x is a 
riti
al point of f , i.e., x 2 S

2n�1

is a 
riti
al point of

�

f . Then for every

s 2 R the outward normal ve
tor �eld at e

s=2

e

�

f(x)

x 2 H

�1

f

(e

s

) satis�es

N(e

s=2

e

�

f(x)

x) = x :(78)

Using the symple
ti
 dilation X

�

, the gradient of H

f

at this point is determined by

the formula (28). Thus we obtain the expression

gradH

f

(e

s=2

e

�

f(x)

x) =

2 e

s=2

e

�

f(x)

x :(79)

Now let the 
orresponding S

1

-orbit u(t) := e

s=2

e

�

f(x)

exp

�

2�

�(x)

tJ

�

x be parametrized

as an integral 
urve of X

H

f

, i.e., let �J _u = gradH

f

(u). This is equivalent to

2�

�(x)

e

s=2

e

�

f(x)

x =

2 e

s=2

e

�

f(x)

x :(80)

Hen
e the minimal period is determined by

�(x) = � e

2

�

f(x)

;(81)

su
h that the 
orollary follows with % = e

s=2

. 2

9. Proof of Theorem 3

Suppose that � � R

2n

nf0g is a 
ompa
t 
onne
ted S

1

-hypersurfa
e whi
h 
arries

a non-symmetri
 
losed 
hara
teristi
 embedding u : S

1

�

! �. We may 
onsider

u as a periodi
 X

H

-orbit having the minimal period � > 0 where H is again the

Hamiltonian fun
tion from (20). Then the period � yields a natural 
hoi
e for the

parametrization of the S

1

-a
tion 
, i.e., we shall assume 


t

x = exp

�

2�

�

tJ

�

x.

Denoting the 
ow of X

H

by '

t

and setting x

0

= u(0), we obtain the rep-

resentation u(t) = '

t

(x

0

). Moreover, sin
e X

H

is S

1

-equivariant, it follows that
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'

t

(


s

x

0

) = 


s

'

t

(x

0

) for all s; t 2 S

1

�

. Thus the � -periodi
 integral 
urve u(t) of X

H

gives rise to an entire family f 


s

'

t

(x

0

) j s 2 S

1

�

g of periodi
 integral 
urves having

the minimal period � .

Two of these integral 
urves will be 
alled equivalent if they des
ribe the same

geometri
 X

H

-orbit on �, i.e., if they are related to ea
h other by reparametrization.

More pre
isely, we de�ne '

t

(


s

x

0

) � '

t

(


s

0

x

0

) in 
ase there exists t

0

2 S

1

�

su
h that

'

t

(


s

0

x

0

) = '

t+t

0

(


s

x

0

). We show that, for u non-symmetri
, an equivalen
e 
lass


onsists of �nitely many elements only. Hen
e there exist un
ountably many distin
t

equivalen
e 
lasses and, therefore, un
ountably many geometri
ally distin
t periodi


X

H

-orbits of the form 


s

'

t

(x

0

) as asserted.

Sin
e u is supposed to be non-symmetri
, the traje
tory t 7! '

t

(


s

x

0

) inter-

se
ts the S

1

-orbit Orb x

0

tranversally at 


s

x

0

. Hen
e we infer

t

1

:= min f t 2 (0; � ℄ j '

t

(


s

x

0

) 2 Orbx

0

g > 0 :(82)

The S

1

-equivarian
e of the 
ow ' implies that t

1

is independent of the parti
ular


hoi
e of s and hen
e we may �x s = 0 for the moment. Consequently, there exists

# 2 (0; � ℄ su
h that '

t

1

(x

0

) = 


#

x

0

. By indu
tion it follows now that '

mt

1

(x

0

) =




m#

x

0

for every m 2 N .

We 
laim that � = mt

1

for some m 2 N . Else there exists a natural number

m su
h that (m�1) t

1

< � < mt

1

< � + t

1

. Setting t

0

1

:= mt

1

� � , we get 0 < t

0

1

< t

1

and

'

t

0

1

(x

0

) = '

mt

1

('

��

(x

0

)) = '

mt

1

(x

0

) = 


mt

1

x

0

2 Orb x

0

;(83)

in 
ontradi
tion to the minimality of t

1

. Thus we have mt

1

= � as 
laimed. Now we


on
lude




m#

x

0

= '

mt

1

(x

0

) = '

�

(x

0

) = x

0

;(84)

whi
h implies # = t

1

= �=m. Re
alling that x

0

may be repla
ed by 


s

x

0

for s 2 S

1

�

,

we �nally infer that

'

t+t

0

(


s

x

0

) = '

t

(


s

0

x

0

)(85)

holds true for t

0

; s

0

�s in the fundamental domain [ 0; �) of S

1

�

= R=�Z if and only if

t

0

= s�s

0

= kt

0

for some k = 0; : : : ; m�1. In other words, the equivalen
e 
lass of

the integral 
urve '

t

(


s

x

0

) is given by f'

t

(


s+kt

0

x

0

) j k = 0; : : : ; m�1 g. The proof

is herewith 
omplete. 2
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