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Abstract. We prove a global existence and uniqueness theorem for solutions of 
the classical equations of motion for a one-dimensional system of in f in i te ly  many 
particles interacting by finite-range two-body forces which satisfy a Lipschitz 
condition. 

§ 1. Introduction 

In  this paper, we prove an existence and uniqueness theorem for 
solutions of the equations of motion of a system of infinitely many  
classical point particles, constrained to move in one dimension, inter- 
acting by two-body forces of finite range. Thus, let (q~, p i )  be a sequence 
of pairs of real numbers representing the positions and velocities of an 
infinite set of particles. We assmne tha t  each bounded interval in R 
contains only finitety many  particles, and we want  to solve the differen- 
tial equations: 

d~,(0 dp~(t) _ Z F(q~ (t) -- q~ (0) (1.1) 
d t  - -  p i ( t )  d t  14=i 

with the initial conditions: 

qi(0) = qi ; P i (O)  = P i "  

(For simplicity, we are taking the particles to be identical and to have 
mass one). The interpartiele force F will be assumed to be bounded and 
to have compact support. As long as each bounded intervM i n / ~  con- 
rains only finitely many  q~(t)'s, the sum on the right of the second 
equation has only finitely many  non-zero terms for each i and the equa- 
tions therefore make sense. I t  is clear, however, tha t  for some initial con- 
figurations we must  expect the Eq. (1.1) to lead in finite t ime to a cata- 
strophic situation with infinitely many  particles in some bounded interval. 
To take a trivial example, if there are no interparticle forces and if 
P i  - -  - -  q¢ for each i, then all the particles are a t  the origin at  t ime  one. 
The crux of the problem of proving an existence theorem is to find a set 
of initial configurations for which such catastrophics can be shown not 
to happen. 
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A ~ s t  result in this direction was obtained by  J .  GI~IB~E (un- 
published) who proved tha t  the Eq. (1.1) have a solution valid for all 
values of t if the initial configuration admits an upper bound on the 
absolute values of the velocities of the various particles and on the num- 
bers of particles in the various intervals of unit length; furthermore, 
he proved a local existence theorem for systems of particles moving in 
/ ~  (instead of R), with the analogous restrictions on the initial momenta  
and densities. Our theorem, which holds only in one dimension, gives 
existence for initial configurations in which, roughly speaking, the velo- 
cities increase at most logarithmically with distance from the origin and 
the number  of particles in an interval of unit length increases at most 
logarithmically with the distance from tha t  interval to the origin. (The 
precise condition we impose on the initial densities is actually a bit more 
restrictive; see § 2.) 

The main interest of the existence and uniqueness theorem which we 
will prove lies in its application to the time-evolution problem in the 
classical statistical mechanics of infinite systems. We will discuss this 
application in detail in a subsequent publication. Nevertheless, we give 
here a brief sketch of how the application is made, as motivation for our 
theorem and to explain why i£ is important  to be able to solve the 
equations of motion for a set of initial configurations more general than 
those with bounded velocities and densities. 

We have first to explain what  is meant  by  a state of classical statis- 
tical mechanics. By a locally finite configuration o I labelled particles we 
will mean either: 

a) An n-tuple x = (ql, Pl; q~, P2; - . .  ; q~, P~) of pairs of real numbers 
o r  

b) A sequence x = (q/, pi) of pairs of real numbers such tha t  each 
bounded set in / t  contains only finitely many  q/s, i.e., such tha t  
lim lq~l = o~ .  

i -+oa 

We will denote the set of all such configurations by  ~ .  A locally finite 
configuration el unlabelled particles will mean an equivalence class of 
locally finite configurations of labelled particles, where two configurations 
are equivalent if they differ only by  a permutat ion of the indexing set; 
we will denote by  Ix] the equivalence class of x and by [£r] the set of 
equivalence classes. Space translations act on an obvious way on ~" and 
on [£r]. The space [£r] m a y  be equipped with a topology in a natural  
way [1] ; then a state o/clazsical statistical mechanics is a Borel probabili ty 
measure on [£r] which is invariant  under the action of space translations. 

Now suppose tha t  the equations of motion (1.1) have a unique solu- 

tion for every initial configuration x in some subset ~ of £r, and tha t  
the solution curve 

{x(t)  = (q~(t), p~(t)):  - ~ < t < 0 o }  
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in contained in £~. By the invariance of Eq. (1.I) under permutations of 

the indexing set, i t  is clear tha t  4~ can be taken to be a union of equi- 

valence classes; let [4~] denote the corresponding set of unlabelled con- 

figurations. For any t, we can define a mapping T t of [~]  into itself by  
setting T t Ix] equal to the eqnivatence class of the value at  t ime t of 
a solution of the equations of motion whose value a t  t ime zero belongs 
to the equivalence class [x]. By  the uniqueness of the solution, this 
definition does not depend on the choices made, and {T t} is a one- 

parameter  group of mappings of [~]  onto itself. 

I f  ~ is a measure on [4~] which is concentrated on [~] ,  i,e. which has 

e( [~] \ [~])  = 0,  

and if each T ~ is a measurable mapping of [~]  onto itself, then we can 
define for each t a measure ~ by 

e~([~]\[~]) = 0, 

@~(A) = e(T-~A)  if A (  [a~]. 

Thus, we get a satisfactory t ime evolution for those states which are 
A 

concentrated on [~] ,  and the usefulness of an existence theorem depends 
on whether or not interesting states are concentrated on the set of 
allowed initial configurations. In  the subsequent publication referred to 
above, we will give a criterion for states to be concentrated on our set 
of initial configurations which implies in particular tha t  

a) states obtained by  taking the infinite volume limit of thermo- 
dynamic ensembles at  low activity [2], and 

b) states obtained by  taking an infinite volume limit of thermo- 
dynamic ensembles with non-negative potentials, a t  any activi ty 
have this property.  On the other hand, since any  state obtained by  
taking an infinite volume limit of canonical or grand-canonical ensembles 
has a Maxwellian velocity distribution 1, i t  is easy to see tha t  no such 
state can be concentrated on the set of configurations with bounded 
velocities (unless it is the trivial state which is concentrated on the con- 
figuration with no particles). 

In  fact, the logarithmic rate  of increase of density fluctuations is 
almost the slowest increase which can be allowed if we are to have a 
sufficient set of initial configurations for applications to statistical 

A state is said to have a Maxwellia~ veloeity distribution if the velocity of 
any given particle is independent of the position of that particle and of the positions 
and velocities of the o~her particles, and if %he velocity of a single particle is dis- 

. /  
tributed with probability density ! / ~  ,where/3 is some positive r e a l  number. 
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mechanics; a typical configuration of non-interacting particles has 
density fluctuations which increase like log (d)/log (log (d)), where d is the 
distance to the origin. To make this statement precise, we define a func- 
tion on [£r] as follows: For any configuration Ix], take the number of 
particles in the interval [n, n + 1), divide by  Iog(n)/Iog(log(n)), and take 
the lim. sup. as n goes to infinity. This gives either a non-negative real 
number or + co. An elementary calculation shows that,  for the state 
obtained by taking the infinite volume limit of the grand canonical 
ensemble for non-interacting particles, with any (non-zero) temperature 
and any chemical potential, this function takes on the value one on the 
complement of a set of measure zero. 

Having made these remarks by way of motivation, we will devote 
our attention for the rest of this article to the problem of solving the 
differential Eq. (1.1), without considering further the application to 
statistical mechanics. In  § 2, we give a precise definition of the set of 
initial configurations for which we can solve these equations, state the 
main result, and sketch the ideas underlying the proof. In  § 3, we reduce 
the equations of motion to a non-linear evolution equation: 

at - A ( ~ ( t ) ) ,  (1 .2)  

on a Banach space isomorphic to l ~ (where the derivative is to be taken 
in the sense of the product tolopogy), and we estimate the norm of A (~). 
In § 4, we show that,  although the non-linear operator A does not satisfy 
a norm Lipschitz condition, it does satisfy a Lipsehitz condition with 
respect to a family of semi-norms defining the product topology. We then 
use this Lipschitz condition, together with norm estimates on the 
operator A, to prove the existence and uniqueness of solutions of (1.2), 
and to show that  these solutions can be obtained by solving the integral 
equation t 

~(t) = ~(0) + f dTA (~(T)) 
by  iteration. 0 

§ 2. The Set of Allowed Initial Configurations 

Before defining the set of initial configurations for which we can 
solve the equations of motion, we need some notation. First, to cut off 
the logarithm function for small values of its argument, we make the 
definition: 

log+(q) = log(lq I v e) (2.1) 
where the symbol v denotes "supremum". We shall make frequent use 
of the elementary inequalities: 

log+ (a + b) < log+ (a) + log+ (b) ; 

log+(a, b) < log+(a) + log+(b) ; (2.2) 

log+(a) =< laI if I~I --- 1 .  
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Second, for any x = (qi, pi) in f ,  and any bounded set A in R, we define 
2V A (x) to be the number of i 's such that  qi { A, i.e., the number of par- 
ticles in the region A for the configuration x. 

The set of initial configurations x = (qi, pi) which we want to consider 
will be those satisfying the following two conditions: 

1) There is a constant K1, such that,  for each i, 

tP~[ ~ g l  log+(qi). (2.3) 

2) There is a constant K 2 such that,  if (~, fl) is any bounded open 
interval whose length fi -- g is larger than log+((~ ÷ fl)/2), then 

N(~,~)(x) =< Ke(f i - -  g) .  (2.4) 

Condition 2) may be reformulated by saying that  there is an upper 
bound for the mean density of particles in any interval of length greater 
than one whose length is also greater than the logarithm of the distance 
from its center to the origin. I t  implies in particular that  the number of 
particles in any interval of unit length is bounded by  a constant times 
the logarithm of the distance from its center to the origin. 

We will denote by J" the set of labelled configurations satisfying 

1) and 2), and by [~]  the corresponding set of unlabelled configurations. 

The set f ,  although not defined in a manifestly translation-invariant 
way, is easily seen to be mapped into itself by  translations. 

A 

]?or any x C ~ ,  we will let Ix] denote the smallest number which will 
work for both K 1 and K 2 in (2.3) and (2.4) respectively, i.e., 

We can now formulate our main result: 

Theorem 2.1. Let F be a real-valued/unction with compact support, 
satis/ying a Lipschitz condition: 

l-F(ql) --/~(q2)I "< K -  lqa -- qel (2.6) 

and let x = (qi,  P i )  belong to 3~. Then there is one and only one /unction 
x(t) = (qi(t), pi(t)), defined/or - cc < t < co, with values in ~ ,  satis/ying 

1. dqdt) _ pi(t  ) dpdt) _ ~ F ( q i ( t ) _  q~(t)) (1.1) 
dt dt 1#~ 

2. q~(0)=q~;  p~(0)=p~ 
3. [x(t)l is a locally bounded /unction o] t, i.e., is bounded on any 

bounded interval. 
We will say that  a solution of the Eq. (1.1) is regular if it satisfies 

condition 3. Note that  the uniqueness statement of the theorem is not 
as strong as one might hope, since it  does not rule out the possibility of 
non-regular solutions. 
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The formulation of the theorem supposes tacitly that  we use the 
same labelling set for all t and in particular tha t  the total number of 
particles does not change with time. The result is well-known if the 
initial configuration has only finitely many particles. We will therefore 
give the proof only for initial configurations with infinitely many par- 
tieles; the argument can readily be adapted, at the expense of compli- 
cating the notation, to apply simultaneously to the two cases. 

The proof of the theorem is obscured by technical problems and by 
straight forward but  tedious estimates. I t  seems worthwhile, therefore, 
to give a brief and unencumbered description of the underlying idea. 
The central difficulty is tha t  of showing tha t  the differential equations 
cannot drive infinitely many particles into a finite region of space in 
firdte time. One can convince oneself of this by showing that  the differen- 
tial Eq. (1.1) imply integral inequalities for the quanti ty ]x(t)I which 
prevent its going to infinity in finite time. These inequalities are gotten 
as follows: If  we know lx(v)l for 0 ~ z =< t, then we have in particular 
estimates on the density for tha t  interval of time. M~jorizing the force 
on the ith particle by the maximum of IFt times the number of particles 
within a distance R (the range of the force) of q~, we can convert our 
density estimates to estimates on the forces and thus, by integrating the 
second differential equation, to estimates on the velocities at t ime t. 
Similarly, from knowing ]x(~)l for 0 _-< T ~ t, we get bounds on the 
velocities and therefore on the distances travelled. Using these bounds 
we can fred, for a given interval (~,/~), a larger interval from which 
a particle has to start  if it  is to be in (~,/~) at  time t. Knowing Ix(0)l 
enables us to majorize the number of particles in this larger interval at 
time zero and therefore the number of particles in (~,/~) at time t. 

Combining all these estimates gives a bound for Ix (t) I in terms of Ix (~)] 
for 0 =< ~ ~ t, and this bound may be seen to imply that  lx(t)l cannot 
go to infinity in finite time. Unfortunately, the estimates are very 
tedious to write out since the density and velocity bounds vary with 
position as well with time. Furthermore, while these inequalities are con- 
vincing evidence that  well-behaved solutions to the equations exist, there 
remains the problem of constructing a proof. We have found it convenient 
to bypass these inequalities and to organize the proof in a different way, 
by reducing the Eq. (1.1) to a non-linear evolution equation on a Banach 
space. The estimates described above then reappear in the form of norm 
estimates on the "infinitesimal generator". 

§ 3. Reformulation of the Differential Equations 
A 

Given any configuration x E £r, we will introduce a space of "neigh- 
boring configurations" in which the evolution takes place. Let  ~/~ denote 
the Banach space of sequences of pairs of real numbers ~ - - ( ~ ,  ~ )  
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such that  

II~tl~ = sup I~l v I~1 < co. (3.1) 
i log+(qi) 

Given ~ in ~/z, we denote by x + $ the sequence of pairs of numbers 
(qi ÷ ~i, Pi + ~i). The following two lemmas motivate the introduction 

A 

of the space ~/~" The fix'st shows that,  for any ~ in ~/~, x + ~ is in 3F, 
and the second shows that  any regular solution of the equations of 
motion with x as initial value stays inside the set of configurations of 
this form. 

Lemma 3.1. Let x C ~ and ~ E ~'~. Then x + ~ E :~. Moreover, 
I x + ~I is bounded on bounded sets in ~/x. 

A 

Lemma 3.2. Let x ~ ~ ,  and let x (t) = (q~ (t), p~ (t)) be defined /or t in 
a bounded open interval I containing zero. Assume: 

1. dq~(t) 
dt -- p~(t) /or all t E I . 

2 .  x ( O )  = x . 

3. Ix(t)I is bounded on I .  
Then, /or  each t E I ,  we can write 

x( t )  = x + ~(t) 

with ~ (t) in ~z ,  and [l~ (t)llz in bounded on I. 
We postpone the proofs of these lemmas. By Lemma 3.2, to find 

regular solutions of the differential equations, we can concentrate our 
attention on ones of the form x ÷ ~ (t), with ~ (t) ~ ~/z. In  terms of the 
new dependent variable ~ ( t )=  (~(t), ~i(t)), the differential equations 
become : 

d ~ (t) 
dt -- p~ + ~]~(t) ; 

or, schematically, 

d~( t )  _ ~ F(g~ + ~ ( t )  - -  q~ --  ~j(t)) 
dt j#~ 

d~(t) 
~t  - A ~ ( ~  ( t ) )  , (3.2) 

where the derivative is to be taken a co-ordinate at a time and Ax(~) 
is the sequence of pairs of real numbers 

A~(~) = (p~ + ~i, Z F(q~ + ~ i -  q j -  ~J)~ . (3.3) 
\ / 

The following proposition shows that, Az  defines a bounded non-linear 
operator on ~/z: 

Proposition 3.3. Let F be a bounded/unction vanishing outside (--12,R), 
and let ~ E ~/~. Let Az(~) be defined by (3.3). Then A~(~) E ~'~; moreover, 
there exist constants C, D (depending on lx[) such that 

tlA~(~)H~ < c + Dll~ll~ log+(ll~tlx) (3.4) 
/or alt ~ ~ ~/x. 
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Again we postpone the proof. Combining Lemma 3.1, Lemma 3.2, 
and Proposition 3.3, we see that  Theorem 2.1 is equivalent to: 

Theorem 2.1'. Let F, x be as in Theorem 2.1, and let Ax be defined by 
(3.3). Then there is one and only one /unction $(t) = (~i(t), ~]i(t)), 
defined/or -- ~ < t < co, with values in ~ ,  satis/ying: 

1. d¢(O 
e t  - A ~ ( ¢ ( t ) ) .  

2 .  ~ ( o )  = o .  

3. If ~(t)I[~ is a locally bounded/unction o/ t .  
I n  1., the derivative is to be understood in the sense o/ the product topology 
on @~x. 

We will now give the proofs of Lemma 3.1, Lemma 3.2, and Proposi- 
tion 3.3. Let us begin with Lemma 3.2. We have to show that  

tqdt)-q ' l  and fP~(t)-P~] 
log+(q~) Iog+(q,) 

are bounded with respect to i and t. The differentiM equation and the 
boundedness of Ix(t)/imply that,  for some K, 

qi (t) ~ K Iog+(qi (t)) . 

Therefore, 

]q~(t) -- q~[ ~ K f dtlog+(qi(t)) g K '  log+(lq~] + AQ~), 
I 

where 
AQ~ = sup ]qi( t )-  q~[ , 

tEI 

and K '  is K times the length of I .  
Thus 

A Q~ < K '  log+(Iq~l + A Q~) < K '  [log+(qi) ÷ log+(A Q~)], 

where, to get the second inequality, we have used (2.2). Rearranging this 
inequality, we get 

AQ, K'  [ log+(A Q,) ] ~g+(q,) g 1 +  ~ - j ,  

A Q~ . that  ~ + ~ , ,  is bounded which implies t h a t ~  is bounded, i.e., 

with respect to i and t. The boundedness of Ipdt) - Pd follows at once, 

since 
Ipdt) - P,I lp,(t)l log+(lqd + AQa + lpd 

-- log+(q,(O) log+ (q~) log+(q~) 

lx(t)l, sup log+(Iqd + AQ3 + ix(0){ " 
- -  i l o g +  (q~) 

This completes the proof of Lemma 3.2. 
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The  proofs of L e m m a  3.1 and  Proposi t ion 3.3 bo th  involve some 
tedious part ic le- t racing es t imates  which are isolated in the  following 
lemma.  

L e m m a  3.4. There exists a constant K such that,/or all x E &z all ~ > c¢, 
all 2 > 1, and all sequences (~i) o/real numbers such that 

sup{I~,I/log+(~)} ~ ~, 
the inequality 

{]: qj + ~j C [~, fl]} ~ Ixl [fi - ~ + K ~ 0 o g + ( 2 )  + log+@[ v [El))] (3.5) 

holds. (The nota t ion  @X, X a set, denotes the  number  of e lements  in 
the  set). 

Proo]. I t  is enough to prove  the l emma  with the  added restr ict ion 
t h a t  a and fl have  the  same sign, since we can prove  the  general  result  
f rom this more  restr ic ted one by  breaking up a n y  in terval  into a piece 
to  the  r ight  of the  origin and  a piece to  the  left. B y  s y m m e t r y ,  we can 
assume ct > 0. 

Le t  
W = {q E R :  q ÷ ~ # [z¢, fl] for  some ~ ~ i t h  [~[ < 2. log+(g)}. 

We will proceed by  es t imat ing the length of W and then  applying the  
definition of Ix] to es t imate  the  n u m b e r  of q /s  in W. 

The  first r emark  we need is the  following: I f  

a => 1 ÷ 2 2 ,  (3.6) 
then  

q -  2~log+(q) < a implies q - -  a < 221og+(a ) .  (3.7) 

To prove  this remark ,  we first observe t h a t  q -  a < 2 log+ (q), so it 
suffices to  prove  t h a t  q < a ~. Bu t  q -- ~ log+ (q) is a s t r ict ly increasing 
funct ion of q for  q > 2~, and,  b y  the hypotheses  of (3.7), a > q -- 2 log+ (q), 
so we have  only to  prove  t h a t  

a 2 -  ,~ log+ (a  2) > a .  

Dividing this inequal i ty  b y  a, using the  fac t  t h a t  log+ (a ~) = 2 log+ (a), 
and  transposing,  we see t h a t  i t  suffices to show: 

2 ~ log+ (a) 
a > l +  

22 log+ (a) 
Bu t  1 ÷ a < 1 + 22 =< a [by (3.6)], so this inequal i ty  holds 

and  our r emark  is proved.  
:Now let q < 0 and  suppose 

q +  ~Iog+(q) >-- ~ ,  i.e., [ql-- 21°g+(iq]) =< -- ~ ---<- 0 .  

Applying the  above remark ,  with a = 1 + 22 and lql replacing q, we 
see t h a t  

lql < (1 + 22) + 22 log+(1 + 2 2 ) .  (3.8) 
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To save writing, we denote the right-hand side of this inequality by h. 
Similarly, if q - 2 log+ (q) < fl, then 
a) If f l < l + 2 2 ,  q < h .  (3.9) 
b) If fl >_ 1 + 22, q < fl + 221og+(fl). (3.10) 
Combining (3.8), (3.9), and (3.10), we see that  

WC (--h, h) ~J (0, fl + 22 log+(fl)). 

We can reduce the second interval as follows : If q E (0,/~) f~ W, then 

i .  e .  

Thus, 

~ q + 2 log+ (q) < q + 2 log+ (fl), 

q > a -- 2 log+ (fl). 

W C (--h, h) w (o~ - 2 log+(fl), fi + 22 log+(fl)). 

Applying the definition of Ixl, we see that  

4# {]: q¢ ~ W} < [z[ [fl - ~ + 2h + 3Z log+(fl)] ; 

inserting the value of h and making some elementary re-arrangements 
completes the proof of the lemma. 

We can now give the proofs of Lemma 3.1 and Proposition 3.3. To 
prove Lemma 3.1, we have to find bounds on 

valid for all ~ with [i~ll~ < 2, where we can assume 2 _>-- 1. 
The momentum bound is immediate since 

lP, + ~1 < IWl + [~1 < ixl + ]I~iI,. (3.11) 
log+(q,) = log+(qi) log+(q,) = 

To get the density bounds, we apply Lemma 3.4 to show that  for 
any fl > a, 

2v(~.#,(x + 0 
f l - o :  

Using the equation 

a n d  the 

we have 

__~,~,.#,(x + ~) ~ ]x I 1 + K 2  log+(2) + + 1 # _ ~  - -  # _ a  

which gives the desired bound on the density and completes the proof of 
Lemma 3.1. 
18 Commun. math. Phys., Vol. 9 
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To prove Proposition 3.3, it suffices to find constants C and D such 
that  

a) sup ]p~ + ~'] < C + D2 log+(A) 
i log+(q¢) = 

b) sup I*Z~(q' + #' - q~ - ~j)] =< C ÷  D2tog+(2) 
i log+ (q~) 

whenever [1~][~ =< 2 and 2 > 1. (We have introduced 2 just to avoid 
having to discuss separately what happens for tt$tt~ small). 

We have already made the necessary momentum estimate (3.11). To 
get the estimate on the forces, we first write: 

~Z,. f (q~ + ~ - q~ - ~) 

< ~ 4* {i : q,. + ~ C [q~ + ~ - _n, q~ + ~ + R]}. 
But 

log+(Iq~ + ~1 + R) < log+(qJ + log+(2 log+(q~)) + log+(R) 

< 2 log+ (qi) + log+ (A) + log+ (R) . 

Hence, here are constants C and D such that  

i+~ ~ F(q~ + ~ - qj - ~j) ~ [C + D 2  log+()~)] log+(q~), 

so inequality b) is satisfied and the proposition is proved. 
We will now make a brief digression to show in a heuristic way how 

the norm estimates of Proposition 3.3 imply that  the differential equa- 
tions cannot drive infinitely many particles into a finite region in finite 
time. Although the argument we will give is not a necessary part of the 
proof of the main theorem, it illuminates the role played by the choice 
of a logarithmic rate of growth of velocities and densities in the proof 
of a global existence theorem; we will also obtain an intermediate result 
needed in § 4. 

From the differential equation d~(t) _ A~(~(t)) and the initial dt 
condition $ (0) = 0, it  is at  least plausible that  the inequality 

t 

II¢(t)ll~ --< / d~ IIA~(¢(~))II~ 
0 

holds for t => 0. Using the estimate 

we get: 
t 

I]~(t)l[~ ~ f d z [ C  + nIl¢(~)iI~ log+(1]~(~)II~)] • 
0 

Hence, if h (t) is the solution of the integral equation: 
t 

h (t) = f dv  [C + D h  (v) log+(h (T))], (3.12) 
0 
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it  is again at least plausible tha t  

II ~ (t)[] ~ =< h (t), 

for all t > 0 for which h(t)  is defined. Thus, to show that  [l~(t)[]~ cannot 
go to infinity in a finite time, it suffices to prove that  h (t) is defined for 
all t, i.e., tha t  the solution of (3.12) does not go to infinity in a finite 
time. But by elementary calculus it is easily seen that, h (t) is given 
implicitly by  

h 

f t = C ~- Ds Iog+(s) 
0 

and that,  since 1/s logs is not integrable at infinity, h(t)  does not go to 
infinity unless t does also. Thus, we have an a priori  estimate on the 
norm of ~ (t) valid for all t, so we can expect to be able to prove a global 
existence theorem if we can prove a local one. 

If, instead of allowing density and velocity fluctuations to increase 
like the logarithm of the distance from the origin, we altow a faster 
increase (e.g., like some power of the distance), we can carry through 
most of the constructions and estimates of this section. However, I[A (~)[I 
increases more rapidly with tl ~I] in this case; the reciprocal of the bound 
is no longer non-integrable at  infinity; and our technique for proving 
a global existence theorem fails. The choice of a logarithmic growth rate 
is thus to a large extent  determined by two conflicting requirements: on 
the one hand, if we take a growth rate which is significantly faster, we 
are unable to prove a global existence theorem; on the other hand, if 
we take a growth rate which is significantly slower, we do not  get enough 
allowed configurations for our intended applications to statistical 
mechanics. 

§ 4. Proof of the Main Theorem 

If  the non-linear operator A~ satisfied a norm Lipschitz condition on 
each bounded set in ~/x, standard theorems would enable us to conclude 
the existence and uniqueness of solutions of the equation: 

a~(t) 
a s  - A ~ ( ~ ( t ) ) .  

Unfortunately, the operator A~ almost never satisfies a norm IApschitz 
condition (no mat ter  how regular the potential is assumed to be), and 
i t  is not  even norm-continuous in general. We will show, however, tha t  
A~ satisfies a IApsehitz condition of a very special kind in the product 
topology on ~/~, and that  this IApschitz condition allows the standard 
existence proofs to be carried out almost exactly as in the Banach-space 
case. 
13" 
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To simplify the nota t ion in this section, we will assume tha t  we are 
dealing with a definite initial configuration x = (qi, Pc), and we will there- 
fore write tl~tl instead of ll~ll~; ~ instead of ~ ,  and A instead of A~. 

For  any  positive real number  m, define a semi-norm ~][ I[ on ~ / b y  

log+(q~) : IqiI =< m if this set is non-empt  (4.1) 

--- 0 o therwise .  

Evident ly ,  the set of semi-norms {~ll I1} defines the product  topology on 
~g; fur thermore,  I[ ~tl ----- sup ~II $11. 

The following lemma gives the  IApsehitz condition satisfied by  A:  
Lemma 4.1. Let F satis/y the hypotheses o/Theorem 2.1, and let a real 

number d be given. Then there exists a constant B such that,/or any o~ > 1, 
there exists an m o such that, /or all m >= m o and all ~, ~' with [[~[I <= d, 
II¢'tI --< d, we ~ v e -  

~]IA (¢) - A (¢')1] =< B log+(m) ~I [¢  - ¢']1 • (4.2) 

Some in terpre ta t ion of this lemma m a y  by  helpful. W h a t  is asserted 
is tha t ,  on any  norm-bounded set in ~] (the ball of radius d), the m-norm 
of A (~) - A (~') m a y  be majorized by  a constant  multiple of the larger 
am-norm of ~ - ~', provided tha t  m is large enough. The  "cons tan t"  can 
be taken  to increase no faster  t han  logarithmically with m, and to  be 
independent  of a. 

Pro@ B y  the  definition of A and mll~ll, 

.IIA (¢) - A (¢')I[ = sup { 1~, - v;l V IAF,] m/"  i~+ (~,y : lq, l--< 
where 

Since 
In, - ~;l ~ - g V ( ~  < , . ] 1 ; -  ~'ll (for lq, l < m ) ,  

we have only to est imate A Yi. 
We first choose m 0 so tha t ,  if m >= m 0, and if ]q~] > am,  ]qil ~ m, 

[[ ~[[ ~ d, then  lqi + ~ t -  qJ -- ~Jl > R .  

(Here, R is some number  such t ha t  F(q) = 0 for [q[ >~ R.) This can be 
done by  choosing m 0 so t ha t  

2d"  log+(amo) + R < ( a - -  1) m o . 

Next ,  using Lemma 3.1, we see t ha t  there is an E such t ha t  

e ( / :  tq, + ~ , -  q~-  8~t <= R} <=/~ log+(q,) (4.5) 

whenever  }l~ll -~ d. 
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In the sum defining AFi ,  we can evidently omit all ]'s such that  
F (q t + ~ -- qj -- ~j) and F (q t + ~'i -- qJ -- ~)  are both zero. By (4.5), the 
number of terms left is no greater than 2 E  log+(qi). We estimate each 
remaining term using the Lipschitz condition satisfied by F ;  thus: 

IF (qi + ~ i -  q j -  5) -- F (q~ + ~ -- q~.- ~)l 

But  now, m _-> m0 and Iq l < m, (4.4) implies tha t  I@ < (or else 
the term in question would have been zero). Hence 

and 
[AF, I <= 2E log+(q~). K .  [log+(m)+ log+(zcm)]. ,,,115- $'1[. 

This inequality immediately implies the lemma. 
We can now proceed to construct the solution of the equations of 

motion. I t  is easy to see that  the differential Eq. (3.2) and the boundary 
condition $(0) = 0 are equivalent to the integral equation 

t 

(t) = f A (~(~)) d ~ ,  (4.6) 
0 

where the integral is to be evaluated co-ordinate by co-ordinate. We will 
solve this equation by sucessive approximations: Let 

t 

~ 0 ( t ) = 0 ;  ~n+ l ( t )= fA($n@))d~  for n>_-0. (4.7) 
0 

Proposition 4.2. Let F satis/y the hypotheses o/ Theorem 2.1, and let 
$n(t) be defined by (4.7). Then: 

1. .For each t, ~ (t) converges in the product topology on ~ to a limit ~ (t). 
2 . .For any m, mn~n(t)- ~(t)H converges to zero as n goes to infinity; 

the convergence is uni/orm in t on any bounded set. 
3. The /unc t ion  ~ (t) is a solution o/(4.6).  
4. ][ ~ (t)[[ is a locally bounded/unction o/ t; moreover II $n (t)I[ is bounded 

in t on any bounded interval, uniIormly in n. 
Proo/. We will consider only t > 0; the proof for t < 0 is obtained from 

the argument we give here by changing some signs. Let C, D be as in 
Proposition 3.3, i.e., such that  

It A ($)lJ g C ÷ D tl~ll log+(jl~it) • 

Let h be the solution of the integral equation 
t 

h(t) = f dv[C + Dh(7:) log+(h@))] ; 
o 

we saw in § 3 that  h (t) is defined for all positive t. 
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We now claim tha t  
II~.(t)ll ~ h(t) 

for all t ~ O. The assertion is clearly t rue  for n = O. On the  other  hand, 
i t  is easy to see t ha t  

t 

ll ~, +l (t) l[ --< f dz [[A(¢.(v))ll 
0 

t 

=< f d r  [O + D I] ~. @)]l log+ (U ~. @)[D] • 
0 

Hence, if lt¢.('~)II -~ h(~), we have 
t 

If~=+~(t)ll < f d~ IV + Dh(~) log+(h(~))] = h(t), 
0 

and (4.8) follows by  induction. 
.Now for any  T > 0, apply  Lemma  4.1 to get B such t ha t  

m]iA (¢) - A ($')I] < B log+(m) ~11~ - ~'ll, 

whenever  I1¢II and II¢'II are not  larger t han  h(T) and m is large enough. 
Choose e > 1 so tha t  B log (~)T  < 1. If  m is large enough and if 
O--<t=< T, w e h a v e :  

t 

, . l l¢.+x(t)-  ~.(t)ll ~ f d~ m[[A(¢,~(~))- A(¢,~_a(~))[ I 
0 

t 

_~ B log+(m) f dv ~[I~.(T) - $ . -x  @)1[ • 
0 

Repeat ing this argument  n times, we get:  

~tt~.+~(t) - ~.(t)] l =< B q o g + ( m ) . . .  log+(~ "-~ m) 

$ 't 1 "rn_ 1 

• f dv~ f dye . . ,  f dr. ~.mI[~'I(T)I[ • 
0 0 0 

Since 

we get finally 

.~11¢. +1(t) - ¢.(t)l[ -< B-.  log+(m).. ,  log+(a"-lm) • h(T). T'* 
- -  n !  

The ratio of succeeding terms on the right is 

B log+(a~T) • T 
n + l  

as n goes to infinity, this rat io approaches B log(e) T which, by  the 
choice of ~, is less than  one. Hence 

,.11 ~.+1 (t) - ¢. (t)ll, 
~ 0  
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converges uni formly  in t on [0, T].  This  proves  s t a t emen t s  1., 2., and 
4. of Proposi t ion 4.2. S t a t emen t  3. follows f rom s t a t emen t s  2. and  4., 
and  the Lipschi tz  condition. 

R e m a r k  4.3. All the  above  es t imates  have  been m a d e  for  a definite 
choice of the  initial configuration x. I t  is easy  to see t h a t  the convergence 
of ,~]I~ , ( t ) -  $(t)l I to  zero and  the  bound  on It~(t)ll can be t aken  to be  
uni form in x on {x: Ixl =< ~} for  m y  real  n u m b e r  ~. 

Propos i t ion  4.4, Let $ (t) and $' (t) be solutions o/the integral Eq. (4.6); 
suppose lt$(t)l! <= M and ll$'(t)ll < M / o r  Itl g T. Then $( t )= $'(t) /or 
[ti < T. 

Proof. Again we consider only  t >= 0. Choose B so t h a t  the  Lipschitz  
condit ion (4.2) holds for [ISH < M ;  i[$'ll =< M. Choose ~ >  1 so t h a t  
B T Hog (g) < 1 ; t hen  for  m large enough and 0 < t < T 

t 

rail $(t )  - $' (t)]i =< f d3 mIlA ($(3)) - A ($' (3))]] 
0 

t 

=< B log+ (m) f d3 ~ m[I $ (v) -- $' (3) iI • 
0 

I t e ra t ing  n t imes and  using the fact  t h a t  1[$@)- $'@)[I =< 2 M  for  
0 < 3 <  T,  w e g e t :  

~nli¢(t) _ $,(t)l t < /~T" log+(m) . . .  log+(~"-~m)- 2M 

As before, the  ra t io  of succeeding t e rms  on the  r ight  approaches  a l imit  
which is less t han  one, so 

~l l$(t)  - $'(t)tl = 0 .  

This is t rue  for  any  large m, so $ (t) = $' (t). 
Combining Proposi t ions  4.2 and  4.4 gives Theorem 2.1' which, b y  the  

discussion in § 3, is equivalent  to Theorem 2.1. 

Acknowledgements. I am grateful to G. GALLAVOTTI, S. IVIIRACL:E, and D. PvUELLE 
for valuable discussions in the course of this work and tO M, L. MOTC~I~E for his 
hospitality at the Institut des Hautes Etudes Scientifiques. 

References 

1. RUE~E, D.: J.  ~ath.  Phys. 8, 1657 (1967). 
2. - -  Ann. of Phys. 25, 109 (1963). 

O. E. LANFORD III 
Department of l~athematies 
University of California 
Berkeley, California 


