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Abstract. We apply the existence theorem for solutions of the equations of 
motion for infinite systems to study the time evolution of measures on the set of 
locally finite configurations of particles. The set of allowed initial configurations 
and the time evolution mappings are shown ~ be measurable. I t  is shown that 
infinite volume limit states of thermodynamic ensembles at low activity or for 
positive potentials are concentrated on the set of allowed initial configurations and 
are invariant under the time evolution. The t~tal entropy per unit volume is shown 
to be constant in time for a large class of states, if the potential satisfies a stability 
condition. 

§ 1. Introduction 

In [1], we proved an existence and uniqueness theorem for solutions 
of the equations of motion for systems of infinitely many particles. In 
this article, we ~dll apply  this theorem to  the  s tudy  of the  t ime-evolution 
of states of classical statistical mechanics. Let  us recall briefly the 
nota t ion  and results of [1]. We  denote  b y  :~ the set of locally finite con- 
figurations of labelled particles and b y  [ ~ ]  the corresponding set of 
configurations of unlabelled particles. A state of classical statistical 
mechanics is a probabi l i ty  measure on [£r] invar iant  under  space trans-  

lations. Let  d~ denote the set of labelled configurations satisfying con- 
ditions 1) and  2) of [1]. Theorem 2.1 of [1] asserts the existence of a solu- 
t ion of the equations 

dqdt) 
t - P ~ ( t )  

dp,(t) _ ~ F ( q i ( t  ) _ qj(t)) 
dt i 4 i  

and the initial conditions 

q~(0) = q~, p~(0) = p~,  

provided t h a t  2 '  has  compact  suppor t  and  satisfies a Lipschitz condit ion 
A 

and t h a t  the  initial configuration (qi, Pi) is in ~ ;  it also asserts the  uni- 

* On leave irom: Department of i~[athematics, University of California, Berkeley, 
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queness of the solution in the class of trajectories satisfying a certain 
regularity condition. This theorem enables us to define a one-parameter 

group T t of evolution operators mapp~g  [~]  (the set of unlabellcd con- 

figurations corresponding to the set £r of labelled configurations) onto 
itself. If  the mapp~mgs T ~ are measurable, they define a time evolution 

of measures on [:~] and in particular of states of classical statistical 

mechanics which are concentrated on [~]  (i.e., for which [~]\[~r]  has 
measure zero). This time evolution will be the object of our investigations. 

In  § 2, we develop some notation and tools which ~ l l  be needed in 
the course of this article, and we restate in a convenient form the results 
we will need from [1]. Section 3 is devoted to some measurability ques- 
tions which are technically important  if not  very  interesting; we prove 

that  [~]  is a Betel subset of [£r] and that  the time-evolution mapping 

(t, T , x  is a Bore1 m pping  rom R × to  In  § we  s h o w  
tha t  for a state @ of classical statistical mechanics to be concentrated on 

[~]  it  is sufficient tha t  ~: 
i) has a Maxwellian velocity distribution, 

ii) has correlation functions ~n(ql , --- ,  q~) of all orders (see [2]) 
admitting a majorization of the form 

~ ( q , . . . ,  q~) < ~ 

with ~ independent o f  n ,  ql . . . . .  qn. 

These two conditions are satisfied if ~ is an infinite volume limit state 
obtained from the grand canonical ensemble at small activity and, for 
a non-negative potential, at  arbitrarily large activity. 

In § 5, we prove an approximation theorem which will be our main 
technical device for the rest of this article and which asserts that  the 
time evolution of the part  of an infinite system contained in a bounded 
region can be arbitrarily well approximated by  the evolution of the 
corresponding part  of a system with a large but  finite number of par- 
ticles. We apply this approximation theorem in § 6 to show that  states 
obtained by taking infinite volume limits of grand canonical ensembles 
with a given twiee-continuously-differentiable stable i potential of com- 
pact support are invariant under the time-evolution defined by that 
potential, provided again either tha t  the activity is small or the potential 
non-negative. 

In  § 7, we show that  the entropy per unit volume is conserved by 
the time evolution. Here, for the first time in our investigations, thermo- 
dynamic stability properties of the potential defining the interparticle 

A function ~ on R is a stable potential if there exists B such that, ~or all n 
and all q l , .  • - ,  q ~ ,  

Z-  qS(q~ - -  qj) 7> - -  n B .  
l < / < t < n  
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force play an essential role. We assume that  the interparticle force is the 
derivative of a potential ~ with compact support which may be written 
in the form 

with g}l stable and of compact support and qS= non-negative, continuous, 
and strictly positive at the origin. We consider a state @ which is concen- 

t ra ted on [£r] and which has: 
i) finite mean kinetic energy in (0, 1), 

ii) finite mean square number of particles in (0, 1), 
and we let @~ denote the time-evolved measure ~ o T-~. 
Under all these hypotheses we show that ,  for any t, the entropy per unit 
volume of @~ is equal to tha t  of @. 

§ 2. Preliminaries 

We will need, unfortunately, a rather complicated set of tools; these 
are developed in this section. Most of the results given here are of 
limited originality. In  particular, Sections 2.1 and 2.2 draw heavily on 
[2], and Section 2.3 on [3]. 

2.1. The Space o/Locally ]Finite Configurations 
Recall tha t  the set :W of locally finite labelled configurations is defined 

as the set of all mappings (qi, Pi) from an index set [which is either 
(1, 2, 3, • • . ,  n) or (1, 2, 3 , . . . ) ]  to R × R, subject to the restriction that  
lim ]qil = co if the index set is not finite, and that  [,~] denotes the set 

~-+oo 

of all equivalence classes of such mappings, two mappings being equi- 
valent if they differ only by a permutation of the index set. We will 
define a topology on [£r] by specifying a class of functions on [£r] and 
giving [£r] the weakest topology making each function in this class 
continuous. 

Let  5C 1 denote the set of all continuous real-valued functions ] on 
R × R whose supports have bounded projections onto the first factor. 
In  other words, a continuous real-valued function ] is in X 1 ff and only 
if there is a bounded set A ( R  such that  / (q, p) = 0 whenever q ~ A. For 
] in .:~C1, we define a function S / o n  [£r] 

s t (x)  -- X/ (q~ ,  p~) 
i 

if (qi, P.~) is a representative of x. The sum has only finitely many non- 
zero terms because of the support properties of / and the local finiteness 
of x; moreover, S/ (x )  evidently does not  depend on the choice of the 
representative (qi, Pi) of x. We give [£r] the weakest topology making 
S/cont inuous  for every / in ~1 .  
18" 
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We can give another description of this topology. For any  x in [£e], 
let (qt, Pi) be a representative of x, and define a measu re /~  on R × R by  

In  other words, #~ is the measure which assigns, to every subset of 
R × R,  the number  of particles whose position and momentum lie in 
tha t  set. I t  is easy to see t h a t / ~  determines x, so [H] may  be thought  
of as a set of measures on R × R. From the formula 

S/(x)  = f ] dl~ ~ 

it follows tha t  the topology o n / H I  is just  the weak topology on measures 
defined by  the space ~ 1  of functions. Using measure theory, one proves 
the following : 

Lemma 2.1. The set o/positive linear/unctionals on 5C 1 o] the/orm 
/~--, S/(x)  is closed in the weak topology in the algebraic dual o~ ~1 .  

By T¥c~o~ov ' s  theorem, this implies the following compactness 
criterion: 

Proposition 2.2. A closed subset X o/ /HI is compact if and only i/  
each S / i s  bounded on X.  

We want  to transform this criterion into one which is more directly 
applicable. Before doing this, we will define some notation. For any 
bounded set A C/1, we define three functions on [£r] : 

= {i:  E A } ,  

K.E.A(X) = - f i x  { ~ :  q~ E A } ,  

fiA(x) = 0 V sup{lp~l : q, EA}.  

Here, as usual, (qt, Pi) is a representative of x. N A, K.E.A, and PA are 
respectively the number of particles in A, the total  kinetic energy of the 
particles in A, and the maximum velocity of any particle in A. The 
following proposition is easily obtained from Proposition 2.2. 

Preposition 2.3. A closed subset X o/ [H] is compact i/  and only i/, 
/or every bounded open set A,  N A and P A are bounded on X.  

We also have:  
Propesition 2.4. Let A be a bounded open subset o/ R.  Then N A, K.E.A, 

and 1-/5 A are lower semi-continuous/unctions on [a~]. 
Pro@ Let ~o n be an increasing sequence of non-negative continuous 

functions on R x R converging pointwise to the characteristic function 
of A × i~. Then N A = Sup S % ;  since each S % is continuous by  defini- 

tion, 2V A is lower semi-continuous. A similar argument  shows tha t  K.E. A 
and tha t  

= [ Z { l p ,  t": q, 
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are lower semi-continuous. Every  point of [&r] has a neighborhood on 
which NA is bounded; on such a neig_hborhood, P~  converges uniformly 
to PA as n goes to infinity. Hence, PA is lower semi-continuous. 

The following proposition is proved by  showing tha t  the topology of 
[:~] may  be defined by  a suitably chosen countable subset of the func- 
tions of the form S/,  / in 9~ 1. 

Proposition 2.5. The space [£r] is a Polish space, i.e. it is separable 
and its topology is compatible with a metric with respect to which it is 
complete. 

2.2. Borer Measures on [£r] 

For  any bounded non-empty set A C R, we let [£r] (A) denote the set 
of configurations of finitely m a n y  unlabelled particles in A:  

co 

n [£r] (A) = H (A x R)sr~.~ 
~ = 0  

w h e r e / 7  denotes disjoint union and (A × R)snrmm the symmetric product 
of n copies of A × R,  i.e., the set of all equivalence classes of n-tuples 
of points in A x R, two n-tuples being equivalent if they differ only by  
a permutat ion of their labels. Since [£r] (A) is a disjoint union of quo. 
tients of products of copies of Zl × R,  it has a natural  topology. This 
topology in itself is not  very  useful, and we will use i t  only to define the 
Borel subsets of [£r] (A). 

Given any  bounded non-empty subset A of R,  there is a natural  
mapping f rom [£r] to [£r] (A) which simply forgets about  all particles 
outside of A. We will refer to this mapping as the restriction from R to 
A; it is a Borel mapping s i r A  is a Borel set s. 

Le t  [a, b) be a non-trivial bounded interval in R ;  then we can de- 
compose R into a countable union of disjoint translates of [a, b). I t  is 
easy to see tha t  this decomposition gives a bijective mapping f rom [ f ]  

to / I  [&r]([an ,bn))(a n = a + n ( b _ a ) , b  n = b + n ( b - a ) )  and tha t  
c o  

this mapping is in faet a Borel isomorphism ff / - /  [£r] ([an , b~)) is given 
n ~ - - O O  

the product topology. Thus, we have a fairly simple description of the 
BoreI structure on [£r]. 

2 A mapping from one topological space to another is Bord if the inverse image 
of every Borel set is Borel. 

8 The restriction mapping is not continuous: A continuous trajectory in [~] 
can have a varying number of particles in A (since particles can move in and out 
of A), whereas the number of particles is constant on continuous trajectories in 
[5c] (A). This is why the topology we have defined on [~] (A) is not very useful. 
If  A is open, a better topology can be defined on [~] (A) by imitating the definition 
of the topology on [~r]; this topology makes the restriction mapping continuous 
and has the same Borel sets as the typology we are using. 
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The representation of [£r] as a product space gives a useful technique 
for constructing measures on [3Y]. Let  # be a probability measure on 
[:~] (Is, b)). For each n, translation by n ( b -  a) gives a Borel iso- 
morphism of [~] ([a~, b~)) with [~] (Is, b)), and we get therefore a proba- 
bility measure on each [:~] ([a~, b,n) ). Taking the product of aH these 
measures gives a probability measure on [£r]. We will refer to this 
procedure for passing from a measure on [:~] (Is, b)) to a measure on 
[£r] as the product measure construction. I t  gives a measure which is 
periodic under translations, with period b - a. 

We can apply this construction in particular to thermodynamic 
ensembles. Thus, let a stable two-body potential 4 ,  an inverse tem- 
perature fl, and a chemical potential # be given. For any interval [a, b), 
we define a measure on (Is, b) × R) ~ as: 

{fl [# -1--z~ p ~ -  ~ qb(qi-q~)]}dqi . . . . .  dq, dpl . . . .  ,dp,~ ~-., exp 2 ~ t<i  

(where dqi dpi is Lebcsgue measure on [a, b) × R). Because of the sta- 
bility of the potential 4 ,  this collection of measures defines a finite 
measure on [~]  ([a, b)), and by normalizing we get a probability measure, 
which we will call the grand canonical ensemble on Is, b). Applying the 
product measure construction to this measure gives a probability measure 
on [W] which, physically, corresponds to the grand canonical ensemble 
for the infinite system with insulating walls at the points a~. 

Let  j (1  [~]  denote the set of Borel probability measures on [~].  
We ~ill introduce two topologies on ~/1 [~],  each of which is a weak 
topology defined by regarding ~¢1 [£~] as a subset of the dual of a space 
of bounded measurable functions on [£r]. Thus, let 9I be the C* algebra 
of functions on [£r] generated by the set of all functions of the form 
¢f (S]1, • •., S]7~), where/1, • • . , /~  belong to ~ 1  and ~ is a bounded con- 
tinuous function on//~.  The C* algebra OA defines a topology on ~¢1 [~]  
which we will refer to as the 91 topology. When we speak of convergence 
in ~£i [:~] without specifying a topology, we will always mean conver- 
gence with respect to the 9_1 topology. I t  is sometimes useful to consider 
the topology defined by the C* algebra 0A~ generated by  all functions 
obtained by  composing a bounded Borel function on [3~] (A) (A some 
bounded Borel set) with the restriction mapping from [£~] to [£r] (A). 
We will refer to this topology as the 9A~ topology; it is evidently strictly 
stronger than the 91 topology. 

We may regard [~] as a subset of the spectrum of 9A, and it may be 
seen that  the 91 topology on [~]  coincides with the initial topology. Since 
0A is defined as an algebra of functions on [~],  it is clear that  [~] is dense 
in the spectrum of 92. The following proposition further clarifies the way 
[~]  lies in the spectrum of 9A. 
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Proposi t ion2.6.  There exists a /amily (q~,n,,~) O/ elements el 92 
0 ~ q~,n ~ ~r~+l,n ~ 1, such that, i / the  %n,n are regarded as/unctions 
on the spectrum o/92, then the characteristic/unction o / [ ~ ]  is 

i n / s u p  ~,~,~. 

In  particular [ ~ ]  is a Baire set 4 in the spectrum el 92. 
This proposit ion is due to Ru]~LT,]~ ([2], Proposi t ion 4.2 and Corollary 

4.4). The proof in this reference is inseparable f rom other  and  more com- 
plicated considerations; for the convenience of the  reader we will give 
here a direct  proof. The idea of the  proof is simple: A point  of the  spec- 
t r u m  of 92 which does no t  belong to  [:~] heuristically represents a situa- 
t ion in which some bounded interval,  which we can take to  be of the  
fo rm ( -  n, n), contains either infinitely m a n y  particles or a particle with 
infinite veloci ty;  we will therefore construct  Tm,n SO t h a t  lira ~m,n ----- 1 

on [:~] bu t  such t h a t  ~ , ~  = 0 for all m if there are infinitely m a n y  par- 
ticles, or a particle wi th  infinite velocity, in  ( -  n, n). 

Let  Z be a continuous non-increasing funct ion on R such tha t  X (t) = 0 
for t ~ 1 and  X (t) = 1 for t ~ 0. Let  ~n be a continuous non-negat ive 
funct ion on R which has compact  suppor t  and  which is equal to  one on 
( -  n, n). We will prove t h a t  we m a y  take :  

~m,~(~) = x ( s / ~ ( * )  - m), 
with fn(q, P) --- v2~(q) (1 + p2). S ince /~  is in ~ 1  and Z is bounded and 
continuous,  i t  follows f rom the definition tha t  9m,~ belongs to  92. Since 
0 ~ Z g 1, and  since Z is non-decreasing, we have 

0 g ~m,~ <---- 9~+1,~ ~ 1 . 

Clearly, lira ~ , ,  (x) = 1 for all x in [~] .  
~/$ ---> O0 

I t  remains to be shown t h a t  the ~ , n ' S  have the desired proper ty  of 
separating [ ~ ]  f rom the  rest of the  spect rum of 92. Thus,  let x be a point  
of the spect rum of 92 which does no t  belong to [£r], and let x~ be a net  in 
[ ~ ]  converging to  x. We claim that ,  for some n, lira sup S/n(x~) = ~ .  

I f  this were no t  the  case, i t  would follow from Proposit ion 2.3 t h a t  
the net  (x~) has a cluster point  in [:~], and this would contradict  the 
assumpt ion t h a t  l im x~ ¢ [£r]. Thus,  for t h a t  value of n, we mus t  have 

~ , ~ ( x )  = llm 9~,~(x~) = 0 

4 On any topological space, we define the set of Baire functions to be the 
smalles~ set of functions containing the continuous functions and closed under 
pointwise limits, and the Baire sets to be those sets whose characteristic flmctions 
are Baire functions. Every Baire set is also a Betel set; the converse is true if the 
topological space in question is metrlzable. 
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for all m. Hence, inf sup ~ ,~ ,  = 0 on O [:~'], whereas we have seen tha t  

inf sup ~0~,~ = I on [:~]. 

Let  E (9/) denote the set of states of 9/; E (9/) may  be identified with 
the set of regular Betel probability measures on the spectrum of 9.1. Any 
Borel probabil i ty measure on [:~] may  be regarded as a Betel probabili ty 
measure on the spectrum of 9/which assigns measure zero to the com- 
plement of [:~]. Moreover, such a. measure is automatically regular. To 
see this we remark first that ,  since any finite Borel measure on a compact 
space is regular on the Baire sets [4], it suffices to show tha t  any Borel 
set in [~]  is a Baire set in the spectrum of 9/. This last assertion follows 
from the fact tha t  [:~] is a Baire set in the spectrum of 91 and the fact, 
easily verified~ tha t  there is a countable set in 9 /which  generates the 
topology of [:~]. We may  therefore, when convenient, regard ~ [:~] as 
a subset of E (9/). I t  is easy to construct integrals of functions with values 
in E (9/); we will need some technical results which assure us that ,  if we 
consider such a function whose values actua]ly lie in ~ 1  [:~], then the 
integral is also a measure on [ f ] .  

Proposition 2.7. Let (X, ~,) be a probability measure space and x ,---~ @~ 
a maplglng from X to E(9/) such that x ,----* @~(~) is measurable for every 

in 9/. Define a state @ of 9/by 

e (~) = f &,(x) e~(~) • (2.1) 

Then, [or all bounded Baire /unctions / on the spectrum o/9/, x ~ f [d@~ 
is measurable and 

f / d e  = f dv(x) f / dq~. 

Proof. Let ~" denote the class of all bounded Baire functions on the 
spectrum of 9/ for which the proposition holds. Since the continuous 
functions on the spectrum of 9A are just the elements of 9/, ~ contains 
the continuous functions by  the definition of @. On the other hand, if 
(fn) is a uniformly bounded sequence of functions in ~ converging 
point,rise to ], then a double application of the dominated convergence 
theorem shows tha t  ] is in ~-. Hence, ~" contains all bounded Baire 
functions. 

Corollary 2.8. Let the notation be as in Proposition 2.7. Then @ belongs 
to j[1 [~]  q and only q @x belongs to .~1 [:~] for almost all x. 

Proof. By Proposition 2.6, the characteristic function g[w] of [£r] 
is a Baire function. The assertion therefore follows from (2.1) and the 
remark tha t  @ belongs to j//1 [~]  if and only if 

f de [1 - Z[x]] = O. 

Corollary 2.8a. Let the notation be az in Proposition 2.7, but assume 
that @, is in J ~  [ f ]  ]or almost all x. Let ] be a bounded or non-negative 
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Borel /unction on [:Y]. Then 

f / de = f dr(x) f / d ~ .  (~.~) 
Proo/. The assertion for non-negative functions follows from the 

assertion for bounded functions by  the monotone convergence theorem. 
The assertion for bounded functions follows from the corresponding 
assertion for characteristic functions of sets, by a standard approxima- 
tion argument. The assertion for characteristics functions of sets follows 
from Proposition 2.7 and the fact that every Borel set in [~'] is a Baire 
set in the spectrum of 91. 

If ~ belongs to d/a [f], we define a translated measure % ~ by 

for ~0 in 9/. I t  is easy to see that ,  for any  ~ in 91 and any x in [£r], 
s ,--~ 9 (~sx) is continuous. Hence, by  the dominated convergence theorem, 
s ,--~ vs~ is continuous in the 91 topology. We may  therefore construct 

1/a f ds %~, which belongs to ~ [:~]. I f  we temporari ly denote this 
0 

measure by  0, then by  Corollary 2.9 we have 

f ldO=- f d,[f do(lo ,)] (2.3) 
0 

for any semi-bounded Borel function / on [£r]. I f  ~ is periodic with 
period a, then ~ is translation invariant.  ~Ze will refer to this measure 
as the average o /~  over translations. We can apply this construction in 
particular when ~ is obtained by  the product  measure construction from 
a measure Q1 on [~]  ([a, b)); we will refer to the operation of passing 
from ~1 to this invariant  measure as the averaged product measure 
construction. 

2.3. Entropy 

We will need the notion of the total  entropy per unit  volume of 
a measure on [~]  which is periodic under translations. In  our discussion 
we will follow, roughly, the work of I~OBINSON and t~UELLE [3]. The 
infinite volume of momentum space, however, introduces some com- 
plications not present in the theory of the configurational entropy. 

We will s tar t  by  defining, abstractly,  the entropy of a probabil i ty 
measure with respect to an arbi t rary a-finite measure. Let  X be a set 
and 5P a a-algebra of subsets of X. We will consider the a-algebra 5~ to 
be fixed and suppress it  f rom our notation, i.e., we will speak of measures 
on X rather  than  of measures defined on 5 z and of measurable functions 
on X rather  than  of functions measurable with respect to Z ~. Let  a be 
a a-finite measure on X. I f  ~ is a probabil i ty measure on X, we want  to 
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define the entropy of 0 with respect to a as - 0o if 0 is not absolutely 
continuous with respect to a and as 

- f  
if 0 is absolutely continuous with respect to a. Unfortunately, this 
integral need not make any sense; the positive and negative parts  of the 
integrand m a y  both have infinite integrals. I f  a is a finite measure, this 
difficulty does not arise because x logx is bounded below. I f  a is not 
a finite measure, we must  restrict the class of probabili ty measures 0 tha t  
we consider. This we do by  choosing a non-negative measurable function 
¢ which is rapidly increasing in the sense tha t  f e-¢ da < 0% and con- 
sidering only O's such tha t  f ¢ d o < 0o. 

Lemma 2.9. Let X, a, ¢ be as above; let / be a non-negative measurable 
/unction on X such that f ]da -- 1 and f ] ¢ da < ~ .  Then the positive 
part el - / l og /has  finite a-integral, and 

- f I l o g / d a  _ f / . ¢  da ÷ log(f  e-¢  da) .  (2.4) 

Proo/. The first s ta tement  of the lemma follows a t  once from the 
identi ty 

- / l o g / = / .  ¢ - e-¢ (/~e-C) log (]/e-~) (2.5) 

and the integrability of 1.¢ and e -¢.  The inequality (2.4) is proved by  
integrating this identity and using the concavity of - x  logx. 

We now make the following definition: Let  e be a probabili ty measure 
on X such tha t  f ¢ de < oo. Then we define s(e , g), the entropy o/ e 
relative to a, by  

=-  f 
if e is absolutely continuous with respect to a, 

= - c~ otherwise. 

(We could have given a more general definition by  defining the entropy 
for any  probabili ty measure e for which there exists a ¢ with the desired 
properties. For our purposes, i t  will be convenient to work with a fixed ¢.) 

We will denote by  d/1 (X) the set of probabili ty measures on X. There 
is an obvious pairing between ~//*(X) and the space of all bounded 
measurable functions on X;  we will refer to the weak topology induced 
on the set of measures by  this pairing as the ~ topology. Any state- 
ments  implying a topology on ~/~ (X) are to be understood in the £ f ~  
topology. If  we identify probabili ty measures which are absolutely con- 
tinuous with respect to a with elements of L~(a), then the X '~  topology 
corresponds to the weak topology on L I (a). 
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Proposition 2.10. Let a be a finite measure, and let N be a real number. 
Then s(e , a) is an upper semi-continuous/unction o/e and 

{e:  s (e, a) ~ - N} 
is compact. 

Proo/. Using the concavity of - x logx, one checks easily tha t  

lo ~ q(A,) I 8(e,a ) = i n f { -  ~ q(A~) ~ 

where the infimum is to be taken over all partitions of X into a finite 
number of disjoint measurable sets {A1,- - . ,  A~} each of which has 
strictly positive a-measure. Since e ~-" e(Ai) is continuous, s(e, a) is the 
fln~mum of a collection of continuous functions and is therefore upper 
semi-continuous. In particular, {e : s (e, a) > - N} is closed in ~ 1  (X). 

Let  ~1 (a) be the set of non-negative elements of L 1 (a) with integral 
one; to complete ~he proof of the proposition it  Mll suffice to prove that  

= {] E ~ ( a ) :  f l l o g f d a  <= N} 

is relatively compact for the weak topology on L ~ (a). 
To prove this, it is enough to show that  

lira f t da=  O 
a(E)---..-O F, 

uniformly for / in 5V [5]. 
Let  2 be a real number greater than one. Then 

f f d a =  f f d a +  f / da<=2a(E)+  f I d a .  
En{l__a} En{l>~} {t>~} 

We therefore want to show that  

run f / d a = O  
~--~oc if>a} 

uniformly for ] in ~ .  But  

lfaa N_-> f / log/da log(2) f t w , 
{t>a} x 

or  

N +  a(x) >=log(2) f I d a ,  
e if>a} 

which completes the proof of the proposition. 
Proposition 2.11. Let (X, a) be a measure space, and let ¢ be a non- 

negative measurable/unction on X such that f e - ~  da < co for all o~ > O. 
Let M, N be real numbers. Then e '---* s (e, a) is an upper semi.continuous 
function on {e C Jz~(X) : f ¢ de -~ M}, and {e E ~/I (X)  : f ¢ de < M 
and s (e, a) >= -- N} is compact. 

Proo[. I t  follows from the hypotheses on ¢ tha t  there exists a non, 

negative measurable function ¢ on X such that  f e-~ da < co and such 
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tha t  

lira ~(X) _ 0 .  (2.6) 
(x)-. ~ 4 (X) 

Let  a' denote the finite measure e -~  a. Then we have 

s( e, a) = s(Q,a') + f Cd~ 

by  (2.5). Proposition 2.10 asserts tha t  s (0, a') is an upper semi-continuous 
function on J f  (X). We will prove the upper semi-continuity of s (0, a) 

by  proving that  0 '--* f ¢ d0 is continuous on 

{5 f ca0 g i } .  
A A A 

Let 4n = ¢ ^ n; then Cn is a bounded measurable func¢ion on X,  so 
A 

5 '--~ f Cn d 0 is continuous. On the oCher hand, 

* / 4(x)  f ceo- f &do <= f 4dO  s.p f cdo, 
{¢>n} $(X)~_ n 

and, by  (2.6), the right-hand side goes to zero as n goes to infimty 
A 

tmiIormly for 0 in {0: f • d0 < M}. Hence, 0 '--~ f ql d o is a tmiform 
limit of continuous functions and is therefore continuous. 

I t  remains to prove the compactness of 

{q ~ ~ ' I (X)  : f ¢ do =< M, s( 5, a) > - / V } .  

Since f ¢ d o = sup f (¢ ^ n) da, 5 ~-+ f ¢ do is lower semi-continuous, so 
n 

{0 E ~ (X) : f q~ d 5 =<- M, s (5, a) ~_ - N} is closed. Let  a"  = e - t  a; then 

s (0, a) = s (5, a") + f q~ d a .  

I t  therefore suffices to prove that  {5 E ~4n(X) : s(0, a") ~_ - (M + N)} 
is compact; this follows from Proposition 2.10 since # '  is a finite measure. 

Proposition 2.12. Let 0I, O~ E d'[~(X), and suppose f C d ~  < o, and 
f c) do2 < ~ .  Let 0 <= ~ < 1. Then 

~s (&,  a ) +  (1 - ~)s(O~, a) ~_ s(~ Ol + (1 - ~)O2, a) 
(2.7) 

< ~s(01, a ) + (1 - 0¢) s(52, a ) + log2.  

Proof. This follows, just as in [3], from $he concavity of - x  logx 
and the monotonieity of logx. 

Proposition 2.13. Let T be a one-one measurable mapping of X onto 
itsel] with a measurable inverse. Suppose that a is invariant under T, i.e., 
that a ( T  -1E) = a(E) /or every measurable subset E o / X .  Let 5 be a proba- 
bility measure on X such that 

f C d~ < ~ , f 4 d(o o T-~) < ~ . 
Then 

s (5, a) = s (5 o T -~, a) .  



Infinite Classical Systems. II 269 

Proo/. This proposition follows at  once from the definitions. 
We now apply this general construction to statistical mechanics. For 

any bounded Borel set A, let gA be the Borel measure on [£r] (71) whose 
restriction to each (A × R)~rm m is given by  the measure 

1 
n). dq~ . . . .  , dq~ dpl . . . .  , dp~ 

on (A x R)'*. If  Q is a probability measure on [~],  the image of ~ under 
the restriction mapping is a probability measure OA on [£r] (A). The role 
of the function ¢ of the preceeding propositions MI1 be played by  the 
kinetic energy in A; note that ,  for any a > 0, we have 

f e--aK'E'A dffA = e ~ -  V(A) (2.8) 

where V (A) is the Lebesgue measure of A. If f K.E.A dQ < ~ ,  we will 
define SA (~), the entropy o/~ in A, to be s (~A, qA). 

Proposition 2.14. Let Q be a probability measure on [~]  such that 
f K.E.A d e < c~/or all bounded Borel sets A. Then SA(~) is a subadditive 
set/unction, i.e., 

8A, uA" (~) ~ 8A,(~ ) -~ 8A,(e ) (2.9) 

/or all pairs AI, As o/disjoint baunded Borel sets, and we have 

1 ' 

/or all bounded Borel sets A. 
Proo/. The subadditivity is proved in exactly the same way as in 

Proposition 1 of [3]; the inequality (2.10) is obtained by  applying (2.4) 
of Lemma 2.9 and (2.8) to get 

SA(~)<~ f K.E.Ad~+~V(A) 
for any a > 0, then minimizing with respect to ~. 

Let  a be a positive real number, and let ~£1 a [W] denote the set of 
probability measures on [£r] which are periodic under space translations 
with period a. If  ~EJZla[:~], and if f d~K.E . [o ,a )<~ , then 
f d~ K.E.A < ~ for every bounded Borel set A. Thus, we can define 
SA (~) for all such A. 

Proposition 2.15. Let ~ E ~ [ W ] ,  and suppose that f K.E.to, a) d~< o0. 
Then: 

1 1. ~ limoo ~ s[~,,~) (~)) exists. We denote this limit by g(O) ; it is the 

entropy o/ ~ per unit volume. 
. 1 

2. ~(~) = ~ - ~ s E o , , , ~  ) @. 

3. g(~) is an a/fine/unction o/e. 
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4 1 _ ¥ f K.E.Eo, ~) 
5. For any pair el real numbers M, N, 

X ----- {e C J i [ X ]  : fK.E.[o,a) de <= M, g(e) => - N} 

is compact /or the 0.1oo topology, and the 91 topology agrees with the 9A~ 
topology on ~f.  

6. ~or any real number M ~, 8(e) is an upper-semi continuous/unction 
/or the 91 topology on {e E ~K/~a [ ~ ] :  f g.E.[o, ~) de <= M}. 

Proo/. B y  Proposit ion 2.14, s[0,n~) (e) is a sub-addit ive funct ion of 
. 1 n, so lim :- : .  s[0,.a)(e ) exists and is equal to inf---1 s[0,~)(e). Now let 

~--~*oo i~to ~ ~ba 
fl > ~ be given and let n , n '  be chosen so t h a t  na <= ¢¢ < (n ÷ I) a, 
n' a ~ fl < (n' @ 1) a. Then  by  subaddi t iv i ty  

8[g, fl) (e) ~ 8[ (n+l )a ,n 'a )  (e) -~ S/a, (n+l)a) (e) ~- 8[n'a,  fl) ( e )  * 

By (2.10) the r ight -hand side is no t  greater t han  

s[(,+l) a , , ' , ) ( e ) ÷ 6  ( ~)1/3a'/~ [f K.E.[o,a ) de/l/8 , 

SO 
• 1 1 

l imsup-=-- - - -s r~  ~(e)  -- l ira ~-aS[O, na)(e). 

Similarly, 

l i m i n f  o l  st~,~)(e)>_-- lira 1 
~ - ~ o ~  p - ~ ~-.oo n-~ s[° '~)  (e) ,  

so s ta tements  1. and  2. are proved. 
The fact  t ha t  s (e) is an affine funct ion of e follows from inequali ty 

(2.7) of Proposi t ion 2.12. The bound  4. follows fl 'om 2. and inequali ty 
(2.10) of Proposit ion 2.14. 

To prove s ta tement  5., let e~ be a universal ne t  ~ in ~ .  Then  since 
we have : 

s(e~,[-na, na), a[-na, ,~))  -->-- -- 2 na  N 

f K.E.[_~,na) de~ ~ 2n M 

i t  follows f rom Proposit ion 2.11 tha t  e , , [ -~ ,na)  converges in the .,<e °: 
topology for measures on [~ ]  ( [ -  na, ha)). Let  ~ t_~, ,~)  denote the  
limiting measure. Then the collection of measures (~ [_ ~ ~, n a)) is consistent 
and therefore defines a unique measure ~ on [~ ]  ; evidently e~ converges 
to  ~ in the ~/~ topology. I t  remains to  be checked t h a t  ~ belongs to  J r .  
I t  is clear t ha t  ~ is in ~£~[:~]. Since for any  e C ~ [ : ~ ]  fK.E.[o,~) de 
-- sup f [g.E.t0, ~) ^ n / d e ,  e '--* f K.E.[0, ~) de  is a lower semi-cont~l- 

s See [6], for ~he definition of ~ universal ne$. A universal net is roughly one 
which is a refined as possible. Every net has a universal subnet; Che image of 
a universal net under any mapping is universal; a ttausdol~ topological space is 
comt~e~ if and only if every universal ne~ in it converges. 
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uous function on ~ I [ : ~ ]  with the 92~ topology; hence, f K.E.[0,. ) 
. d ~  M. 

By Proposition 2.11, each s[-~a,~a) (Q) is an 9A~ upper semi-con- 
tinuous function on {e E ~ [£r] : f g.E.to ' ~) de ~_ M} and hence, by  2 ,  
:(0) is also 92~ upper  semi-continuous on this set. Hence, in particular, 
~(~) ~ - N, so ~ belongs to J f  and J~f is 9A~-eompact. From the com- 
pactness of ~ in the 92oo topology, and the fact tha t  the 91 topology is 
a Hausdorff  topology which is no finer than  the 9-1oo topology, it follows 
tha t  the 92 topology coincides with the O./~ topology on ~ .  

We still have to prove 5 ,  and we know already tha t  $(0) is 92~ 
upper  semi-continuous on ~ ' =  {e G ~¢1[£r] : f K.E.to,~)d e ~ M}. To 
prove 9 /upper  semi-continuity, it is enough to prove that ,  if 0~ is a net 
in Yf '  which converges to ~, then 8(0) ~ l imsup g(~) .  There is evidently 

nothing to be proved if lira sup g (~)  = - ~ .  I f  this is not  the case, then 

we can pass to a subnet for which s(0~) is bounded below, without 
changing the lira sup. In  other words, we can assume tha t  all the 0~ are 
contained in 

{0 C ~ [£r] : fK.E.co,~ dO ~-- M, $(0) -->- - N } ,  

for some choice of N. But,  on this set, the 92 topology coincides with the 
9A~ topology, so ~ converges to ~ in the 92oo topology, and 

:(q) -->-- lira sup s (q~) 

follows from the 9/~ upper  semi-continuity of g. 
Proposition 2.16. Let X be a comTact topological space, x ~---. Ox a con- 

tinuous mapping ]rom X to ~£:a [:~], and ~, a l~adon probability measure 
on X.  Suppose f K.E.[o,a}do~ is bounded with respect to x. Let 

= f dr(x) O~" Then 

f K.E.Io, o) de = f d~(x) f K.E.~o,,,) dq~ 
and 

~(~) = f dv(x) $(O,). 

Proo]. The first formula follows immediately from Corollary 2.9. 
Replacing X,  v by  their images under x ~ ~ we can suppose tha t  
X C ~ : a [ ~ ]  and tha t  ~ is the barycenter  of v. But  $(0) is affine and 
upper  semi-continuous on any set on which f K.E.[o,a ) d~ is bounded; 
hence, by  the theorem of the barycenter  s 

8(0) = f d~,(x) 8(O*) • 

The theorem of the barycenter asserts that, if ~Y~ is a compact convex set in 
a locally convex topological vector space, ?~ a probability measure on ~ with 
barycenter r(v), and ] an affine upper semi-continuous function on ~F, then 
/(r(~)) = f /(x)  d~,Cx). See U]. 
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(To justify the application of the theorem of ¢he barycenter, we have to 
know that  the dosed convex hull of the image of X in ~ 1  [£r] is com- 
pact, or equivalently, tha t  the closed convex hull of the image of X in 
E(OA) is contained in ~ [:~]. This follows easily from Corollary 2.8.) 

Corollary 2.17. Let ~ E J(la[W], and assume f K.E.[o,a ) d o < ~ .  Let 
1 a 

= ~ , / d s @ s q ) .  Then 

f K.E.to,,) dO= f tf.E.Eo,~) dq < ~, and $ ( ~ ) = g ( p ) .  

Proo]. By Proposition 2.16, we have only to prove 

fK.E.[o,~) o ~ d 0  = fK.E.[0,~ ) d~ for 0-<_ s < a .  

Now K.E.[o,a ) o~ s = K.E.i_~,s_~) = K.E.[_s,o) + K.E.[0,~_~). By  the 
periodicity of Q, 

f K.E.[_s,o) d e = f K.E.[,~_~,,) dq .  

Reassembling gives : 

f K.E.[o,~ ) oz~d~ = f [K.E.[o, ~-~) + K.E.ta-s,a)]d~ = f K.E.[o,,,) d~ 

2.d. The Existence Theorem 

In  this section we summarize and reformulate the main results of [1 ] 
in a form which will be convenient for our purposes in this article. 

For any x = (qi, Pi) in 5V, we define 

i \ log+ (qi) ] 

where log+(q)= tog(Iq I v e). The quanti ty Ix[ is either a non-negative 
real number or + ~ .  We will regard ] ] either as a function on :Y or on 
[~]  as convenient. 

A 

The set :~ is {x C £r: Ix [ < ~}. For any non-negative real number ~, 
A A 

we define ~ -- {x C ~ : IxI --< 0}. We deuote by  [~]  and by  [£~0] the 
corresponding sets of equivalence classes. 

We want to solve the equations of motion 

dq,(t) = pc(t)" dq,(t) _ Z F ( q d t )  - qj( t ) )  
dt ' dt i # i  

with initial data in ~ .  Throughout this ai~iele, we will assume that  F 
has compact suppor~ and satisfies a Lipsehitz condition. ~Ve will always 
use R to denote the range of F,  i.e., the smallest number such that  
F(q) = 0 whenever lql >/L 

To solve the equations of motion, we introduce for each initial con- 
figuration x = (q~, Pi) the Banaeh space ~ of sequences ~ = (~i, ~t) of 
pairs of real numbers such that  

log+ (q~) 
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For ~ in ~/~, we let x + ~ denote the configuration (qi + ~i ,  Pi + ~i)"  

The equations of motion with initial configuration x can be reformulated 
as an evolution equation in ~ : 

d ¢~(t) _ A ~ ( ~  (t)); 
dt 

the solution of the original equations is then obtained as 

x (t) = x + ~ ( t ) .  

We may obtain the solution of the evolution equation by an iterative 
procedure. Define 

¢o, • (t) - o 
t 

~ ,~( t ) -~ fdzA~(~_ l , ,~ ( z ) )  for n = 1 , 2 , 3 , . . . ,  
o 

i. e., 
t 

~,~,~(t) = f d~[pi + 9 ~ i , n - l , x ( T ) ]  
o t (2a2) 

~*'"~(t) = f d z [  ~ F(qi + ~'n-l '~(z)  - qJ - ~"-~'*(z))] , 

Let x~(t)= x + ~n,~(t). For each positive real number m, define 
a seminorm ~ll II ~ on ~ by 

f I~,l,, I.~,1 } 
mtt¢lI~ = 0v  sup/log+(q, i : lq,[ ----< m , .  

The following proposition is a more explicit version of Remark 4.3 of [1]: 
Proposition 2.18. There exist/unctions h (~, T) and s (n, m, (~, T) such 

that 
i) II~,~(t)ll~ ~ h(& T)/or all n 

whenever Ixl ~ (9 and It/<= T. 
fi) lim e (n, m, ~, T) = 0 /or all m, (9, T 

n ~ o o  

and 
. ,tl~.,,~(t) - ~(t)II~ =< ~(n ,  m,  ~, T)  

whenever Ixl g (~ and Itt <= T. 
We define T t to be the mapping of [.~c] into itself which takes the 

equivalence class of x to the equivalence class of x (t). The mappings T t 

form a one-parameter group of transformations on [~].  We let Ttn denote 
the mapping of [£r] into itself which takes the equivalence class of x to 
the equivalence class of x.  (t). From Proposition 2.18, one easily obtains 
the following: 

Proposition 2.19. For any pair o/ positive numbers ~, T, and any ~fl 
in 9A, 

lira ~2(T~x)= ve(Ttx) 
n --~ oo 

uni/ormIy /or x in [:~t] and Itl <= T. 
19 Coramlm. math. Plays.,Vol. 11 
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2.5. Space-Periodized Sys tems 

We ~_ll have occasion to consider systems of a finite number of par- 
ticles moving in a finite interval [ - a ,  b) "with periodic boundary con- 
ditions". From a fundamental point of view, this is a matter of studying 
a second order differential equation on torus. For our purposes, it  is 
convenient to formulate the equations in a shghtly different way. 

For any function / defined on R, and any positive real number ce, 
we let [~ denote the function on R which is periodic with period a and 
which agrees with / on [ -a /2 ,  ~/2). To find the motion of a system of 
n particles moving on [ -  a, b) with interparticle force F and with periodic 
boundary conditions, it is enough to solve the system of ordinary 
differential equations: 

dq~(t) 
d t  = p~(t); 

(2.13) 
C~pt(t) __ Z A~a+ b(qi  (t) - -  q j  ( t ))  . dt ]:vi 

(Note that,  if a ~ b >= 2 R ,  then Pa+b satisfies a Lipsehitz condition since 
1t" does.) The pi(t) 's  are the correct velocities, but the qi(t)'s are not 
necessarily the correct positions; these latter are obtained from the 
qt(t)'s by subtracting appropriate integral multiples of a + b to give 
values in [ - a ,  b). 

The solution of this system of equations gives a one-parameter group 
of mappings of [:~] ( [ - a ,  b)) onto itself; we denote these mappings by 
Tf-a,b)" I f  we identify 

[:iF] = / ~  [:~] ( [ -  a q- n (a -~ b), b q- n (a q- b))) 

and if we consider the separate evolution of each factor, we get a one- 
parameter group of mappings of [W] onto itself which we will also denote 
by Tt[_~,b). 

We also need to adapt some ideas from statistical mechanics to the 
framework of periodized systems. A two-body potential ¢ will be said 
to be P-stable if there exist constants B and D such that  

~a(q~ - qJ) ~ - B n  (2.14) 
l ~ i < ] ~ n  

for all n, q x , . . . ,  q~, whenever d ~ D. Passing to the limit d-+ oo in 
(2.14) with the qi held fixed gives 

qS(q¢ -- q~) >~ -- B n ,  

i.e., any P-stable potential is stable. 
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Al though the  not ion of P -s tab i l i ty  is a useful tool, i t  is no t  a ve ry  
pleasing hypothes is  f rom an aesthet ic  point  of view. For tuna te ly ,  for 
potent ia ls  of compac t  suppor t ,  i t  reduces to  the  ord inary  not ion of 
s tabi l i ty .  

Proposition 2.20. 7 A n y  stable potential o/compact  support is P-stable. 
Proof. Suppose ~b(q) = 0 for lqt ->- R, and suppose t ha t  

z~ ¢ ( q i -  qj) >= - B n  
l~_ i< j<n  

for all n, ql . . . . .  q.. We will show t h a t  

~ d ( q i -  qj) >-- - B n  

for all n, gl, • • . ,  q~, ff d _--> 2R.  We can assume t h a t  ql, • • . ,  q~ E [0, d). 
Fo r  any  posit ive integer  N,  define q~ ~ + i = K d  + qt for  K = O, 1 . . . . .  2 i -  1 
and  i - -  1, 2 , . . . , n .  
Then  

1 
l < : i < j ~ n  ~-.+co ~T l ~ i < ] ~ _ N n  

1 
>= --ff ( -  B N n )  = - B n  . 

I f  ~ is P -s tab le  and  if a + b is large enough, we can const ruct  the  
grand  canonical ensemble on f - a ,  b) for the potent ia l  ~a+b.  We  will 
refer to  this  measure  on [ ~ ]  ( [ - a ,  b)) as the periodized grand canonical 

d o ensemble on [ -  a, b). I f  F (q) = - - ~  (q), where ~b is an  even P . s t ab le  

potential ,  and  if a + b is larger t h a n  2R,  then  the  measure  on [£r] 
ob ta ined  b y  the  produc t  measure  construct ion f rom the  periodized 
g rand  canonical ensemble on f - a ,  b) is invar ian t  under  the  one- 
p a r a m e t e r  group T(-a,b)- 

§ 3. Measurability of [~]  and T ~ 
A 

Proposition 3.1. Each [ ~ ]  is a compact subset o] [~] .  
A 

Proof. B y  definition, [£ r ]  is the  set  of all x in [£r] such t h a t  
i) F(_~,q)(x) =< $ log+(q) for  all posi t ive real  numbers  q. 

ii) N(~,~) (x) _-< ~(fi - z¢)for all a, fl with fl - a > log+ ( _ 5 ~ )  . 

By Proposition 2.5, for any q, a, fi, 

{~: P(_o,~) (~) _~ ~ iog+(q)} 
and 

{x: N(~,~)(~) < ~(t~ - ~)} 

7 This proposition is due to D. l~vv.LIm (unpublished). 
19" 
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A 

are closed in [:~]. Hence,  [£ r ]  is the intersection of a collection of closed 
sets and is therefore closed. On the other  hand,  for any bounded open 

A 

set A, PA and NA are bounded on [ ~ ] .  Hence,  by  Proposi t ion 2.3, 
A 

[~'8] is compact ,  

Corollary 3.2. [~ ]  is a Borel subset o/[:~]. 
Next  we investigate the measurabi l i ty  of the t ime-evolut ion map- 

pings T t. 
Proposition 3.3. For each ~, the mapping (t, x) ~ T~x is continuous 

A 

/rom R × [£r~] to [~] .  
Proo]. I t  suffices to  prove t ha t  (t, x),--~ ~v(Ttx) is continuous for 

every  ~v in 92. We know from Proposi t ion 2.19 tha t  

lira ~f( T t  x) = v~( Ttx)  
~b -")- O0 

and t ha t  the convergence is uniform as t runs over any bounded interval  

and x runs over [W~]. ~ence ,  i t  will be enough to prove t ha t  (t, x) 
,--~ ~p(T~x) is continuous. Fur thermore ,  we can suppose tha t  ~) depends 
only on the co-ordinates of the particles in some bounded interval  
[ -  4, 4]. B y  Proposi t ion 2.18 there  is, for  any  2' > 0, a constant, H such 
tha t  

l~i,,,~(t)t < H Iog+(qt) 

whenever  It] < T and x = (qi, Pt) ~ 3f~, 
A 

Now choose 40 so t ha t  lq! - H log+ (q) =~ 4 implies lq] < 20; ff x E £% 
if [tl ~ T, and if Iq~ + ~,~,~(t)[ --< 4 for some n, then  [q~] < 40. Choose 
successively 4t, 42 . . . .  so tha t  ]ql ~ ~ and tq'] ~ ~'+1 implies 

IqI + H log+ (q) + R < ]q'l - H log+ (q') ] = 0 , 1 , 2 , . . .  
A 

Then  if x ~ ~ and if Iq~I ~ 4~, lq~l >--- ~+1,  we have 

I~ ,~ ,~( t )  - ~ , ~ , ~ ( t ) l  > R 

for  all n and all It I < T. [We h~ve in t roduced the nota t ion qi, n,~(t) 
= q~ + ~ , ~ , ~ ( t ) . ]  

From the formula (2.12) for ~i,n,z(t), ~i,n,x(t), w e  see that ,  if Itl =< T 
and if lqiI ~ 4k, then  q~ . . . .  (t) and pt,~,¢(t) depend only on t, on the  
values of pt, n_~,~(v), ~ between 0 and t, and on the values of q¢,,-~,z(v), 

between 0 and t, for those j 's  with lq¢l ----< 4~+r By  induction,  and using 
the fact t ha t  qi, o,z(t) = qi, Pi, o,z(t) = Pi, we see that ,  if [qil ~ 40, and if 
ltl g T, then  qi,~,z(t) and pi,n,~(t) depend only on t and on those q~.'s 
and p / s  with !~¢I ~ 4~. Fur thermore ,  f rom the contin~tity of F we see 
tha t  the (q~, ~, ~ (t), p~, ~,, z (t)), and hence ~(x~ (t)), are continuous functions 
of these variables. (Here, we regard y~ as a funct ion on :~ ra ther  than  on 
[,~]). 
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I t  is now an  e lementa ry  exercise in the topology of [£r] to conclude 
f rom these s t a t emen t s  t h a t  y~ (Ttn x) varies cont inuously  wi th  t and  x for 

A 

ltI < T and  x E [3~]. 
Corollary 3.4. The mapping (t, x),--~ T tx  is a Borel mapping /rom 

× [~3 to [~]. 
§ 4. Measures Concentrated on [5~] 

I f  @ is a p robabi l i ty  measure  on [~] ,  we let @A denote the  probabi l i ty  
measure  on [:~] (A) which is the  image of @ under  the  restr ict ion mapping .  
Specifying a probabi l i ty  measure  on [ d ]  (A) is equivalent  to  specifying, 
for  each n, a finite pe rmuta t ion- invar ian t  measure  on (A x R) n such t h a t  
the  sum of the  to ta l  masses of these measures  is one. We  say  t h a t  @ has 
a Maxwell ian veloci ty dis tr ibut ion with  inverse t empe ra tu r e  fl if, for 
each A, the  componen t  of @A on (A × R)"  has the form 

. , 2 d 

where ~.~ is a pe rmuta t ion- invar i an t  measure  on An. 

Proposit ion 4.1. Let @ C J #  [.•]. For @ to be concentrated on [ ~ ]  it i8 
su]ficient (but not necessary) that the/ollowing two conditions both hold: 

A. @ has a Maxwellian velocity distribution (with some inverse tern. 
perature fi). 

B. There exists a real number 4 such that, /or any interval [a, b) o/ 
length at least one, and any n = O, 1, 2 , . . . ,  

f d ~ N b ,  b)(Nb, b) - 1 ) . . .  (NB,~) - n) < [ 2 ( b -  a)] ~+~. (4.1) 

Moreover, we can put the estimates in a more quantitative /orm: There 
exists a/unction e(~, fl, 4) such that l im e(~, fl, 4) = 0 /or  all (fl, 4) and 

~- ->  oo 

such that 

e(O[~]) --< e(~, #, )~) 

whenever @ satisfies A.  and B. 
Proo/. Le t  P be a real  number ,  and  let  

Y1, P = {x ~ [~ ' ]  : for  some integer m there is a part icle wi th  

m < q~ < m + 1 and  IP~] > P log+(m)} ;  

Ye, p = {x ~ [ I ]  : for  some integers m, j with 2~ > log+ (m), the in terval  

[m - ], m + j) contains  more  t han  2 P j  particles}. 

We  ~411 es t imate  @(Yl,p) and @(Ye,p) and  show t h a t  they  bo th  go to 
zero as P goes to  infinity;  this  will p rove  the  proposit ion.  
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Let  ~m, n be the ~ measure of the se$ of configurations with precisely 
n particles in [m, m + 1), and let 

¢ (2) = f e -v"/2 dio. 

An elementary calculation shows tha t  the ~o measure of the set of con- 
figurations having a t  least one particle in [m, m + 1) with velocity a t  
least P log+ (m) is 

, ~  Ore,.[1 - ( 1  - ¢(~/fl P log+(m))) n] 
'a ,=O 

< ¢<V~ Pl°g+(m>) ~ '  0m,~, 'n 

= ¢(~/fl P log+(m)) f a e  Nt~,,,+~) 

< ¢ ( ~ f l  P log+(m)) • 2 .  
Hence, 

{x : There is a particle in [m, m + 1) with velocity 

a t  least P log+ (m)} 

=< 2 S ¢ (~/fl P log+ (m)).  
m 

Using the fact t ha t  ¢(2) decreases more rapidly at  infinity than  e -~*/2 
it  is easy to verify tha t  the r ight-hand side of this inequali ty goes to  
zero as P goes to infinity. 

To estimate the measure of Y2, P, we let 0,n, ~', n denote the ~ measure 
of the set of configurations having exact ly  n particles in the  interval  
[m - j, m + j), and we let 

- n = k  ( n - k ) t  ~m,J,~. 

B y  condition B., 
crm,~,k ~ (22j) e • 

I t  is s t raightforward to verify, using this inequality,  t ha t  s 

1 L ( -  1) t ~ l e z ; . j ( 2 2 ] )  n 
~m,J,~- nt z~0 ~ a ' ~ , j ' t + ~  ~ 

s The possibility of using such an identity to estimate particle number proba- 
bilities was suggested to me by D. RV~LLE. 
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Thus, the measure of the set of configurations with more than 2 P j  par- 
ticles in [m - j, m + j) is not greater than 

n >  2 P~ n .  

If P ~2~ ,  the ratio of succeeding terms in this sum is not greater than 
1/2, so the sum is not  greater than twice its fit'st term. Using STraLI~O'S 

formula, we see the sum is majorized by C .  p~ . LeLting 

] (P, A) -- \ ~ / ,  we have 

@(Ys,e) ---< ~ X C[/(P,~)]2J  
m = - - o o  Sj_~log¢ (m) 

Since lim ] (P,  ~ ) =  0, the right-hand side goes to zero as P goes to 
p ---> c~ 

infinity, so the proof of the proposition is complete. 
Condition B. holds, in particular, if @ has correlation functions of all 

orders ~n (ql . . . . .  q,.) and if there exists a constant 2 such that  

~ n ( q l ,  " " ", qn) ~ )~n (4.2)  

for all n and all ql, • . . ,  qn" In  fact, we have: 

f de N¢~,b] (N(~,b] -- 1 ) . . .  (N(~,b] -- n + 1) 

= f dql . . . .  , d q n ~ ( q x  . . . . .  q~). 
[a, b)~ 

There are two cases in which inequalities of the form (4.2) are known to 
hold : 

i) @ is a state obtained by  taking the infinite-volume limit of the 
grand-canonical ensemble at low activity 9 [8]. 

if) @ is a state obtained by  taking any infinite volume cluster point 
of the grand-canonical ensemble for a system with a non-negative poten- 
tial, at  any value of the temperature and chemical potential. 

In  both these eases, @ also has a Maxwellian velocity distribution and 

is therefore concentrated on [~].  
Case if) requires some explanation. Suppose we have fixed a tem- 

perature and a chemical potential, and suppose ~b is a non-negative 
two-body potential. For any positive number m, let ~ be the measure 
on [£r] obtained from the grand canonical ensemble on [ - m ,  m) by the 
averaged product measure construction, and let ~ be the corresponding 
measure obtained from the periodized grand canonical ensemble. The 
measures 0"` and ~"` are translation invariant, and it  may  be seen that  
they both have correlation functions satisfying (4.2) with A equal to the 
activity 5. Furthermore, f K.E.[o,1 ) dO., and - s ( 0 . ,  ), and the eorre- 

T h e  act iv i ty  3 corresponding  to  t he  inverse  ~empera ture  fl a n d  chemical  
p o t e n t i a l  # is e f l , y ~ / f l .  
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sponding quantities for ~ ,  are bounded if m stays away from zero. Hence, 
by statement 5. of Proposition 2.15, {~m: m ~ l} and {~m:m ~ 1} have 
compact closures in j//1 [~].  Any cluster point of the net (~m), or of the 
net (~,~), has a Maxwellian velocity distribution and satisfies (4.2) with 

1 = 5, and is therefore concentrated on [£~]. I t  is to such cluster points 
that  ii) refers. We will see in § 6 that,  if ~b has compact support and has 
a first derivative satisfying a Lipschitz condition, so that  we can solve 

the equations of motion with F (q) = - ~ ~b (q), then any cluster point 

of the net ( ~ )  is invariant under the time evolution given by this F. 

§ 5. Approximation by Spaee-Periodized Systems 

In this section we show that,  if we consider the time-evolution of an 
infinite configuration x, but  took only at those particles in some bounded 
interval, we find a motion which is well approximated by  the evolution 
of a corresponding system which is space-periodized with respect to some 
much larger interval. To be more explicit, we will show that,  for any ~0 

in N, any x in [~]  and any t, yJ(Ttx) = lim ~(~ii_a,b)X ) aS a, b go to 
infinity in an appropriate way. Since the spaee-periodized evolution is 
constructed by  putting together infinitely many independent finite 
systems, this result enables us to approximate infinite system by finite 
ones. I t  therefore makes possible the use of the classical mechanics of 
finite systems, notably of LIOUVILL~'S theorem and energy conservation, 
to obtain information about the infinite sysf~m. 

This approximation theorem will be proved as follows : we start from 
the equations for a finite periodized system in the form given in § 2.5, 
Eq. (2.13). These equations are formally identical with the equations for 
a non-periodized system, and we will study them in the same way. Thus, 
we convert these equations to a non-linear evolution equation, which we 
solve by  successive approximations. By keeping track of the way the 
estimates depend on the interval [ - a ,  b) of periodization, we find that  
the convergence of the solution by successive approximations is uniform 
in a, b, provided that  they are large enough and that  one is not too much 
larger than the other. Thus, all we have to do is to show that  the n th 
approximation for the periodized system is close to the n th approxima- 
tion for the original infinite system. Now the evolutions of the two 
systems differ only by "boundary effects" having to do with the behavior 
of particles near the ends of the periodicity interval. Using the finite 
range of the forces, and bounds on the distances particles can travel, we 
can control the propagation of these boundary effects and show that,  for 
any n and any finite interval (~, fl), the n-th approximations to the 
motion of the particles inside (~, fi) for the periodized system and the 
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non-periodized system are identical, provided tha t  the ends of the 
periodicity interval are far enough from the origin. 

The details of the proof will consist primarily of the rewriting of the 
estimates of [1] in the slightly different context of finite periodized 
systems. We will frequently have to impose some restrictions on the 
periodicity intervals we consider, and it is convenient to have an ab- 
breviatSon for this set of restrictions. We will say tha t  an interval 
[ -  a, b) is allowable if a >_- e ~, b >_- e ~, a + b > 2R, and 1/2 < log(a)/log(b) 
< 2. (No special importance should be assigned to the number e*; it is 
simply a conveniently large number.  A similar remark holds for the 
bounds on log (a)/log (b).) 

Le t  [ - a ,  b) be a finite interval, and let x = (Pv P l ; - - - ; q ~ ,  P-) be 
a configuration of particles in [ - a ,  b). We may  regard x as a configura- 
tion in R which happens to be finite and to be contained in [ -  a, b) ; with 
this convention we ~411 use the definitions given in § 2.5 for lxl, ~x, II It z, 
~11 ll~, etc. I f  ~(t) denotes the solution of the Eqs. (2.13) with 2(0) = x, 
we write 2 (t) = x + ~z (t), with ~ (t) in ~x. The differential equations 
become 

g~(t) 
dt - L L , ~ + / ~ ( t ) )  (~.1) 

where 

Xx, a+~(¢) = (P~ + ~ ,  • -Po+~(q/+ ~ -  q j -  ~;)].  (~.2) 
\ ] 

The following lemma generalizes Lemma 3.4 of [1]: 
Lemma 5.1. There exists a constant K such that, /or all allowable inter- 

vals [ -  a, b),/or all finite configurations x = (ql, Pl ; • • • ; q., Pn) in [ -  a, b), 
/or all closed intervals [o~, 8] ( [ -  a, b], /or all .~ ~ 1, and ]or all n-tuples 

o[ numbers (~i) with sup I~l ~ ) .  we have the inequality: 
i log+(q~) -- 

e i :  qj + ~j ~ ~ y _ ~  {[~, 8] + ~(a + b)} 
£ 

--< Ixl {8 - ~ + K,~ flog+(2) + log+(F~l v lfll)]} • 

Pro@ By Lemma 3.4 of [1], we have an estimate of the desired form 
on #{/:qj + ~; C [~, 8]}. Thus, we want  to consider ]'s such tha t  
q ~ + ~ 3 E [ ~ , f l ] + k ( a + b )  for some k # 0 .  Since [ ~ , f l ] C [ - a , b ] ,  we 
must  at  least have q ~ . + ~ j ~ ( - a , b ) .  But  ]q~'l N a v b ,  so qj must  be 
within a distance )~ log+ (a v b) of the boundary of ( -  a, b), and the num- 
ber of such q~'s is not greater than 2 Izt x log+(a v b). On the o~her hand, 
the interval [~, 8] + k ( a +  b) must  also come within a distance 

log+ (a v b) of the boundary of ( -  a, b), and this implies tha t  

I~l v 181 >-- a ^ b - x log+(a v b). 
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Using the inequalities 
log+ (a v b) _~ 2 log+ (a a b) 

and 
1 

l l o g +  (a v b) - tog+(log+(a v b)) ~ -i~-log+ (a v b) 

(which follows from a v b ~ e~), and also using the sub-addit ivity of 
log+, we get 

log+([~] v ]/3]) ~ Iog+(a ^ b) - log+(2 tog+(a v b)) 

1 
> ~-log+(a v b) - log+(2) - log+ (log+ (a v b)) 

I 
T6- log+ (a v b) - log+ (2) . 

~ l e n c e ,  

=< 20 Ixl ~ [log+(l~I v Iflt) + log+(Z)] 
so the proof of the Iemma is complete. 

Proposition 5.2. There exist constants C, D such that/or all allowable 
I - a ,  b), all configurations x in [ - a ,  b), and all ~ in ~/x, we have 

II~,~+b(~)II =< (1 ÷ Ixl) [c  + D ll$11~ log+(II¢ll~)]. 
Tile proof of this proposition, using Lemma 5.1, is nearly identical with 
the proof of Proposition 3.3 of [1]; we omit the details. 

Lemma 5.3. Let a real number d be given. Then there exists a constant B 
such that, /or all o~ > 0 there exists an m o such that , /or  all m >- too, all 
allowable I - a ,  b), all configurations x in [ - a ,  b), and all ~, ~' in ~/~ with 
II¢lI --< d, lI~'II < d, we have: 

The proof is essentially the same as t ha t  of Lemma 4.1 of [1]. 
We now define: 

~o, ~(t) = O ,  
t 

~,,~(t) = f d~: ~,,+~(~,~_x,~(~)) for n = 1, 2, 3 . . . .  
0 

Proposition 5.4. There exist /unctions ~((~, T) and g(n, m, ~, T), with 

lira ~ (n, m, ~, T) = 0 

]or all m, (~, T,  such that: 

ii) ~ll~.,~(t) - ~(t)li~ g ~(n, .~, ~, T) 
]or all n, m, whenever [ - a ,  b) is an allowable interval, x is a configuration 
in [--a, b) with IxI ~ d, and It] <= T. 



Infinite Classical Systems. II 283 

The proof is essentially the same as that  of Proposition 4.2 of [1]. 
We now state the principal result of this section: 
Proposition 5.5. Let y > O, 5, and T be given, and let y~ belong to 9L 

Then there exists a real number A such that, whenever a ~ A,  b ~ A,  
1/2 ~ log(a)/log(b) ~ 2, we have 

l ~ ( T ~ x ) -  ~fl(T~_~,b)X)I <--_ 

i] x E [ ~ ]  and Itl ~ T. 
Proo/. I t  suffices to prove the proposition for ~0 of the form 

¢ ( S ] ~ , . . . , S / ~ ) ,  with ¢ a bounded continuous function on / t  n and 
/~ . . . . .  /~ in SV 1. Choose m so that  ]~(q, p) -- 0 for all i if tq] -->- m. 

A 

For any labelled configuration x belonging to ,~ and any finite interval 
[ -  a, b), let 2 be the part  of x in [ -  a, b). [The index set for the finite 
labelled configuration 2 may not be of the form (1, 2, 3 . . . .  , n), but  tb~  
is inessential.] Note that  [~l ~ ]x]. Using Propositions 2.18 and 5.4, we 
see that  there is a constant H such that  

H~,~(t)li~ g H, Ii~n,.~(t)II~ ~ H (5.3) 

whenever [ - a ,  b) is allowable, ]x] _-< ~, and Itl g T. 
Choose m o s(~ that  

I q l -  2Htog+(q)  _-< m implies tql g m0" (5.4) 

Now these inequalities imply that,  if [ - a ,  b) is allowable, if Ix[ ~ 8, if 
ttl g T, and if a_>_ m, b ~ m, the sums defining S]~(Ttx) and 
S/~(Tf_a,b)X ) can be restricted to those i's with Igil ~ mo. The number 
of terms in such a sum is not greater than 2 ~m0, and (5.3) enables us 
to put  an upper bound on the velocities of the particles entering the sum. 
Hence, the ]j, and also ¢, are uniformly continuous on the relevant ranges 
of variables. To prove the proposition, then, it will suffice to prove the 
following assertion : For all m0, 8, T and e > 0, there exists a real number 
A > m o such that,  if 1/2 =< log(a)/log(b) <= 2, if a ~ A,  b ~ A ,  if ]x I <= 5, 
and if ]t] ~ T, then 

Again using Propositions 2.18 and 5.4, we see that  there exists n 
such that  

, . o t l~ . ,~ ( t )  - ~ . ( t ) l l~  g e/2 

m . [ l ~ n , ~ ( t )  - -  ~(t)ll~ -< el2 

whenever ]t] ~ T, Ixl g 8, and [ - a ,  b) is allowable. Comparing these 
inequalities with (5.5) shows that  it suffices to find, for any given n, 
a constant A ~ m 0 such that,  whenever [ -  a, b), t, x are as above, with 



284 O.E. LA~FORI) I Ih  

a > A, b > A, we have 

~i,n,e(t) = ~ , , ,~ ( t ) ,  (?i,n,e(t) = ~i,,,,~(t) (5.6) 

for all i with Iqil < too. 
We choose successively ml, m 2 , . . . ,  mn so that,  if ]ql < mi, [q'f ~ mi+~, 

lql + H log(q) + R < Iq'l - 2 H log+(q'). (5.7) 

We assert that  we can take A = m,,. We will prove (5.6) by showing by 
induction that,  for [ - a ,  b), t, x as above, for a > m,n and b ~ ran, and 
for 0 < k < n, if lqi] <= ran-k,  then 

~i,~,~(t) = $i,~,x(t) , (?iJ:,~(t) = Vi,~,~(t) • (5.8) 

This is clearly true for/c  = 0 since everything is then identically zero. 
Suppose it  is true for k; we will prove it, for k + l.  Now 

t 
~,k+~,~(t) = f dT[p~ + ~,~,~(T)], (5.9) 

0 
t 

and corresponding Eq. (2.12) hold for ~ i , ~ + i , ~ ( t )  and ~]l ,~+X,x(t) .  If  
]qil < m~_ ~_1, then ]qi] < m~ _ 1:, so "~i, 7¢, z (z) "= ~]i, ~, x (~) by the induction 
hypothesis. Hence, by (5.9) and the first part  of (2.12), ~i,k+L~(t) 
= ~i, k+ i ,  , ( t ) -  

From the inequalities (5.3) and (5.7) it follows that,  if ]qll < m ~ - k - 1 ,  
the sums over]  in (5.10) and in the second part  of (2.12) may be restricted 
to those ]'s with Iq~'I < m~-k, and J~+b may be replaced by F. But  from 
the induction hypothesis 

~,~,~(~) = 5,~,~(~) 

for all ] with Iq~l g mn-~" This proves the induction step (5.8) and 
therefore the proposition. 

§ 6. Equilibrium States 

In this section, we prove two propositions which imply that  many 
infinite-vohime limits of thermodynamic ensembles are invariant under 
the time-evolution defined by the corresponding potentials. 

Proposition 6.1. Let  (%) be a net o /pos i t ive  numbers ,  wi th  Fun a~ == oo. 
o: 

For  each o~, let ~ be a probability measure on [~] which is invariant  under 
Tt -%,%)"  Suppose  that 

, a  

Um e A C [ . ~ ] )  = o 

uni /ormly  in  ~, and  that 
lira f de~ w = e(W) 
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/or all y) in 91. Then the state @ o/9.1 is a probability measure concentrated 
on [ ~ ]  and is invariant under T ~. 

Proposit ion 6.2. Let (a~) be a net o/posi t ive numbers, with lira a~ = ~ .  

For each ~, let @~ be a probability measure on [ ~ ]  which is invariant under 

~[_%,%).  Let ~ =  1 ~ 2a~ f ds (~s @~) and suppose that 
--~Ot A 

(~---> co 

uni/ormly in ~ and that 
l im f d ~  = @(~) 

/or every ~f in 9.1. Then the state @ o] 91 is a probability measure concentrated 

on [:~] and is invariant under T t. 
We will give the  details only lor  Proposi t ion 6.2; the  proof of Pro- 

posit ion 6.1 is similar bu t  lesscompl ica ted .  Le t  us first dispose of showing 

t h a t  e is concent ra ted  on [:~]. Choose ~ so t h a t  @~(0 [ :~])  ~ 1 - e for  
all a. Since@ is a measure  on the  spec t rum of ~ ,  and since, b y  Proposi-  

t ion 3.1, [ :~ ]  is a compac t  subset  of the spec t rum of 91, we have:  
A 

e([x~])  = iuf{q(~) : ~ E ~ ,  ~ >-- 0, ~ >__ 1 on [ ~ ] } .  

But  for any  such y~, ~(y~) ~ 1 - e for  all ~, so @(~0) >= 1 - e; hence, 
A 

e([~a])--~ 1 -  e. We  can m a k e  this a rgumen t  for  a n y  ~ > 0 ,  so 

e ( [ ~ ] )  = L 
To prove  the  rest  of the  proposit ion,  i t  suffices to show t h a t  

f de  V o T t = f d e W (6.1) 

for M1 W in 91 with ]l~0]I ~ 1. The  first tiring we w a n t  to  show is t h a t  

f de  V o T t = lira f d~ ,  y~ o T t . (6.2) 

This  is no t  immedia te  since y~ o T ~ is not  in 91. However ,  we can argue 
as follows: Le t  ~ be chosen large enough so t h a t  ~ ( ~  [:K~]) _---< ~ for all ~. 

B y  Proposi t ion 3.3, ~p o T t is continuous on [ ~ ] .  Since [ ~ ]  is compac t  
in the  spec t rum of 91, the  Tie~ze extension theorem asserts  t h a t  there 

exists ¢ in ~1 with  II¢I[ =< 1, sach  t h a t  ~ = V o T ~ on [~a].  Then  

If  d@,(~0 o T ' -  ¢)[ --< 2 e 
for  all ~, and  similarly 

If  de(~,P o T * - ~){ =< 2 e .  

Hence,  whenever  g is large enough so t h a t  [e(~) - @~(~)i ~ e, we have  

I f  d@(~, o T')  - f de~(V o Y')[ <= If de(y ,  o T '  - ¢)[ 

+ [ q ( ~ ) -  @~(~)l + [ f d ~ ( ~ f o  T ~ -  ~)] <= 5 e ,  
so (6.2) is proved.  
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Next observe that  Eq. (2.3), applied with / equal to the characteristic 
A 

function of [J~], implies tha t  ~:s (~) is concentrated on [£~] for almost 
all (and therefore for all) s between - a~ and a~. Also notice that :  

gt¢~ 

1 

ao: 
1 ~t - / 

--¢tg 

act 

1 ~t 
- - 2 a ~  f ds f dev'°T[-%+s,%+*) °zs 

--Ct~ 
a~ 

1 ---- f dO (vo Tg f ds f de= 

• o T [ _ % + . , % + ~ )  ~0 o 

[The first equality is just the definition of ~ ;  the second follows from the 
invarianee of ~ under ~[_%,%), the third follows from: 

t _~ ~ t  ~s o ~[_%,%) T[_%+~,%+~) o ~ ; 

and the fourth uses Eq. (2.3) with / = V o Tt.] 

Let  b~ -- sup {s < a~ : 2 log (a~ - s) -->_ log (a~ + s)}; then lira b_~ = 1, 
a~ 

and proving (6.1) reduces to proving: 

lira fi-L- b~ ÷ s , a~  + s) - -  ~0 o T t j  o ~8 = 0 . (6.3) ] [ -% 

Also, lim(a~ - b~) --= oo, and, if Is[ _-__ b~, 1/2 ~ log(a~ - s)/log(a~+ s) ~ 2. 

We are therefore in a position to apply Proposition 5.5, For any ~, 
define Zs on [~] by 

1 
Z~ -~ -~-on [ ~ ]  

A 

= 2 on C [£r~] . 
Then for sufficiently large 

sup y~ o T ~ _ %  + ~,% + s) - V °  T t =<= Z~ . 

H e n c e ,  

1 b~ Ts 

limsup f d~ Z~ 
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for all & Since lira f d ~  g~ = 0 uniformly in ~, (6.3) is proved and the 

proof of the proposition is complete. 
We now describe two applications of these propositions to proving 

tha t  thermodynamic limit states are invariant  under the time evolution. 

Assume tha t  F(q) = - ~ (q), where ~ is even, of compact support, 

and stable. We choose an inverse temperature  and a chemical potential, 
and we construct, for every real number  m ~ R which is large enough 
so tha t  the P-s tabi~ty  inequality holds, the periodized grand canonical 
ensemble on [ - m ,  m]. Recall that ,  in our terminology, this is a proba- 
bility measure on [£r] ( [ ,  m, m)). Let  ~ be the measure on [£r] obtained 
from this measure b y  the product measure construction. By Llovvn~L~'s 

~t theorem and energy conservation, ~ is invariant under T[_~,m). 
A straightforward adaptat ion of the arguments in [8] shows that ,  if 

the activity is sufficiently small, the measures ~ :  
i) have correlation functions satisfying a bound of the form (4.2), 

where 2 may  be taken to be independent of m; 
ii) converge as m goes to infinity to a translation-invariant measure 

q on [~']. 
Moreover, ~ is t, he same state as is obtained in [8] as the infinite 

volume limit of non-periodized grand canonical ensembles. The dis- 
cussion in this reference is in fact  formulated in terms of correlation 
functions and not in terms of measures, but,  because of the bound (4.2), 
s tatements about correlation functions may  easily be translated into 
statements about  measures I°. 

Taking into account Proposition 4.1, we see tha t  

~m ~ ( C [ ~ ] )  = 0 

uniformly in m. Hence, Proposition 6.1 applies and shows tha t  9 is 
invariant  under the t ime evolution. 

Now assume tha t  ~b is non-negative, ra ther  than  merely stable, and 
consider ~ ,  the average of ~ over translations, for any fixed values of 
the inverse temperature  and chemical potential  (i.e., not necessarily for 

10 If a measure ~ on the space of locally finite position configurations has 
correlation functions ~ satisfying (4.2), then fhe measure may be recovered from 
the correlation functions as follows: Let A be ~ bounded Borel subset in R, and 
let E be a symmetric Borel subset of A ~. The ~-measure of the set of all configura- 
tions having precisely n particles in A and those n particles distributed so that 
their co-ordinates form a point of E is 

1 (--I)~ f d q ~ , . ,  dq,, f ql ,  • dq~ O,~+j(qx . . . . .  q,,qx, ",q;)" - -  . ~  d r , . ~  ] t , . 

n! i i! ~ A i 

This formula, which does not seem te appear in the literature, was pointed out 
to me by 1). Rubidium. 
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small activity). By the last paragraph of § 4, { ~ }  has compact closure 
in ~([1 [~]  and 

A 
Jim ~m(O[Xa]) = 0 

uniformly in m. Hence, Proposition 6.2 implies tha t  any cluster point 
of the net ( ~ )  is invariant under the time evolution. 

§ 7. Conservation of Entropy 

In  this section, we will assume tha t  the interparticle force F is of the 
d ~b , 

form - ~ -  (q) where q~ is even, of compact support, and stable, and 

we will consider probabihty measures ~ on [~]  which are translation 
A 

invariant and concentrated on [Y], and which have, in addition, 

2 f d~ N[o,1) < ~ , f de  K.E.[o, 1) < c~ . 

For such a measure 9, we denote by ~t the measure ~ o T *. The main 
result of this section is the following: 

Proposition 7.1. Let ~, F be as above. Then, ]or any t, 

f d~t  K.E.[o,1) < c¢ 

so ~(~)  is defined, and we have: 

~@)  >= ~(e) . 

This would immediately imply that  s (9 ~) = s (5) if we knew tha t  

f des ~ 0 , 1 )  < ~ ; 

we will also prove this, but  under more restrictive assumptions on the 
potential ~5. 

In  outline, the proof of Proposition 7.1 goes as follows: 
~t 1. We consider, instead of ~t, the measure ~t = ~ o T[-n,n), which 

should be a good approximation to 9 ~ for large n, by Proposition 5.5. 
Although it need not be translation invariant, 9tn is periodic with period 
2n .  

2. Using conservation of energy for the periodized system, together 
with the P-stabil i ty of the potential, we obtMn a bound 

1 
2n f de~ K.E.[_.,~) ~ M 

valid for large n. In  particular ~ (qtn) is defined for such n. 
3. Using L I o c v ~ L ~ ' s  theorem, we show tha t  

~ ( ~ )  = ~(~) .  
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4. Denoting by 0tn the average of etn over translations 

1 n 

we have by Corollary 2.17 s(0~) -- $(e) 

f dOtnK.E.[o, 1) = 1 M .  

5. Finally, using Proposition 5.5, we prove 

lim ~ = e  ~ 
n ---~ o o  

which implies by a semi-continuity argument: 

f K.E.[o,1 ) de t _-< lim inf f K.E.[0,1 ) d0tn _--< M 

~(e ~) >__ lira sup ~(0~) = ~(e)- 
n 

We now proceed to fill in the details. Step 1. merely defines the 
notation. For step 2., we define the energy in [ -  n, n) for the periodized 
interaction as: 

E[_n,~) = K.E.[_+~,~) :+: P.E.[_n,n ) 

P.E.[-n,n) (x) -- 2 ~ ~ 2 ~ ( q i  - -  qJ) 
i # : i  

q~, qj E [ --n, n) 

where (qt, Pi) is a representative o~ x. By conservation of energy for the 
periodized system, 

We will prove that  E[-n,n) is e-integ rable and estimate its integral. 
By the translation invariance of e, 

f de  K.E.[-n,n)  = 2 n  f d e K.E.[o,1 ) ; 

on the other hand, if K is an upper bound for IC5], and if J is an integer 
not smaller than R, then 

K n - 1  J 
iP-E-E-~,+] =< -~-. ~ '  Z iVt~,~+~)/Vt~$J,~J+~), 

where i -k j means that  integer in [ -  n,n) which is equal to i + i modulo 
2n. Applying the Sehwarz inequality and translation invariance, we get 

f de P.E~'~.[_+,,) _ g K ( 2 J  ÷ 1) n f de tVE0a) z • 
Hence, 

f del  EL-~,~) = f de/~E-~,+ o 2E_~,~) f de  J~[-n,n) < 2n  M' 

where M '  does not depend on n. 
20 Commlln. ma th .  Phys,  ,¥oL 11 
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Now suppose that  n is large enough so that  

~ 2 ~ ( q ~  - -  q J )  ~-- - B m  

for all m, ql . . . . .  q~. Then 

P.E.[_~,,~) + B N[_,,~) ~ 0 .  
But  we also have 

~ t  f de~ Nc-.,, ~) = f de N;_~,~) o Tc_n,n) = f d e NE_., .  ) 

= 2n f d~ Nto,~ ) 
and therefore 

f de~, K.E.c_n,~) < f de*~ [~t-~,~) + B NE_~,n)] __< 2~  M 
where again M does not depend on n. This finishes the proof of 2. 

To prove step 3 ,  it  suffices, by  statement 2. of Proposition 2.15, to 
prove that  

st_j . ,~)  (e~)= 8t- . , ,J . ) (e)  
for all odd integers ]. LIOVV]:LL~'S theorem asserts tha t  the measure 
~[-Jn,~'~) is invariant under T~-n,n); our statement now follows from 
Proposition 2.13. 

Step 4. is a straightforward application of Corollary 2.17. For step 5., 
we have first to prove 

lira l f dsfde~t,o~oTt_,~,.)=fd@~oT, (7.1) 
n-*oo 2 ~  - -n  

for all yJ in 91. Using the equation 

and the translation invariance of e, we have 

- ,  
2--n ds d~ ~ o V~ o T [ _ n , n )  

- - n  

1 

- -  2 da  d~ ~ o ~'t[_n(l_a),n(1 +a)) " 
--1 

By Proposition 5.5, if - 1 < a < 1, 
~ t  

l i ra  y) o T[_n(l_a),n<l+a)) ~ ~) 0 T ~ 
~--+oo 

on [~]  ; hence, applying the dominated convergence theorem twice gives 
(7.1). 

To finish the proof of step 5., and hence of the proposition, we have 
only to show that  

f K.E.[0,~ ) d~ ~ _~ M ; 
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then  the  s t a t emen t  abou t  the  mean  en t ropy  will follow f rom s t a t emen t  6 
of Proposi t ion 2.15. Because e ~ is t rans la t ion  invar iant ,  K.E.(o,1 } 
= K.E.[o,1 } a lmost  everywhere ,  so i t  will suffice to  prove  t h a t  

O '--* f K'E'(o,1) de 

is a lower semi-continuous funct ion on ~/~ [£r]. Le t  (ZJ) be an increasing 
sequence of non-negat ive  cont inuous funct ions on R converging point-  

793 
wise to  the  characteris t ic  funct ion of (0,1), and  let  [j(q, 79) = z ~ ( q ) y .  

Then  ~j = (Sf~) ^ j is an  increasing sequence in 9A such t h a t  

f K.E.(o,1) d e  = sup e (~0j) 
J 

for  all e i n ~  [~]"  Since 0 ~---~ 0 (Y)~) is continuous,  our  assert ion is proved.  
Next ,  we take  up  the  question of the  in tegrabi l i ty  of /V~0,1 ) with 

respect  to  0 t. 
P r o p o s i t i o n  7.2. Let e be as in the first paragraph of this section; 

d 
assume that 2' (q) = - -d~ q5 (q), where ~) has compact support and is o/ 

the form qS~ + q5 v with q~l and ~b 2 both even, ~1 P-stable, and q52 non- 
negative and bounded away from zero on a neighborhood of the origin. Then 

f d O* 2V~o, 1) < co. 

Proof. We wiI1 keep the  no ta t ion  of the  proof  of the  preceding pro- 
position. Since ~* is t rans la t ion  invar iant ,  

f d0~ 2V~[0,x) f de ,  2 = N ( 0 , 1 )  • 

Arguing as in the  proof  of s tep 5. of the  preceding proposit ion,  we see 
t h a t  0 ~-~ f d e  2V~0,1) is lower semi-continuous on ~,1 [:~] and  therefore 
t h a t  i t  suffices to  ob ta in  an  upper  bound  on 

1 n - - 1  
--.2n ~ f d o ~  N(i,i ~ + 1) which is u n ~ o r m  in n for  largo n. 

B y  Eq.  (2.3), 
2 n  

._if i f  f S dO'~ Nb.j+~) = ~  ds do~ 2: N~.s+, o~. 
j = - n  o ~ i = - n  

2 n  

0 ~ = - - n  

For  any  value of s be tween 0 and  2n,  some of the  in tervals  ( ~ -  s, ~ - s + 1) 
will be conta ined in ( - n , n )  and some in ( - 3 n ,  - n ) .  One, a t  most ,  will 
contain  -- n. I f  j -- s < -- n < ~ -- s + 1, we can es t imate  

f d - t  N~ en (i-*,i-* + l) = f de~ (N(j_~,_,,) + Nt_~,a_,+l))  ~ 

<= 2 f de~ 2 N2 [N(-n-1,-n) -}- [-n,-n + 1)] • 
20" 
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F rom these two remarks,  and the periodicity of ~ ,  we see t h a t  to  
prove the proposi~ion i t  will be sufficient to  show tha t  there is a con- 
s tant  K such that ,  whenever  n is large enough, 

i 

for all pairvdse-disjoint collections {/1, I ~ , . . . }  of intervals of uni t  length 
contained in [ - n ,  n). Using the conservation of energy and particle 
number  for the space-periodized evolution, we can get  such an  estimate 
if we can find constants  C, C '  such tha t  

Z ~ ivy, _<_ c ~ _ . ,  .) + c '  ivt_., .) 
J 

whenever n is large enough and {I  I, I~ . . . .  } is as above. 
F r o m  the P-s tabi l i ty  of ¢1, we have 

2 ~t_n, .)  (x) > - B N [ _ ~ , . )  (x) + ~ q~2,~.(qi - qJ) 

(where (qt, Pi) is a representat ive of x). 
Since ~b 2 is non-negative,  we can omit  any  terms we like f rom the 

sum on the r ight ;  we keep only those pairs with qi, q~ both  belonging to 
the  same one of the I~'s. The proposit ion now follows f rom the ~act [9] 
t h a t  there exist B ' ,  B" ,  with B " >  0, such that ,  for ~11 m and  all 
q~, . . . ,  q~  i n  [0,1], 

~ qS~(qt - q~) > - B '  m + B " m  2 . 
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