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Chapter 1

Introdu
tion

The fundamental motivation for the study of dynami
al systems is the desire

to understand, qualitatively, the long-time behavior of solutions of di�erential

equations, even if these di�erential equations 
annot be solved expli
itly. This

subje
t 
an be studied on a number of di�erent levels of generality and abstra
-

tion. We 
an situate, roughly, the subje
t of these le
tures by saying that, in


ontrast to ergodi
 theory, we will emphasize the di�erentiable 
hara
ter of the

obje
ts being studied but that, on the other hand, we will not investigate the

properties of Hamiltonian motion whi
h derive spe
i�
ally from its 
onserva-

tive 
hara
ter. It is 
ustomary to refer to the general subje
t to be addressed

in these le
tures as the theory of dissipative di�erentiable dynami
al systems,

where the word \dissipative" is to be taken to mean merely \non-Hamiltonian";

it is rare that one 
an ever exploit the genuinely dissipative features of systems

with fri
tion.

Let us 
onsider, then, a di�erential equation

dx

dt

= X(x): (1.1)

Note that we are supposing that our di�erential equation is autonomous, i.e.,

that t does not appear expli
itly on the right-hand side. We will refer to the

set of possible x's as the state spa
e, and generally denote it by M ; it might be

Eu
lidean spa
e, or an open set in Eu
lidean spa
e, or an open set in a Bana
h

spa
e (in�nite system of 
oupled equations, or partial di�erential equation)

or it might be a manifold, or a Bana
h manifold. The natural framework

for most of our investigations will be manifolds, possibly in�nite dimensional

ones. Nevertheless, we will write all formulas for the simple 
ase of di�erential

1



2 CHAPTER 1. INTRODUCTION

equations on Eu
lidean or Bana
h spa
es. The reason for doing this is that, on

the one hand, non-trivial global properties of manifolds play almost no role in

the investigations to be des
ribed here|most of these analyses, on
e 
arried

out in Eu
lidean spa
es, are easy to extend to manifolds|and, on the other

hand, the systemati
 use of the formalism of di�erentiable manifold theory,

with 
o-ordinate pat
hes, tangent bundles, et
., is a serious distra
tion from

the real issues. This expositional strategy doesn't quite work, sin
e we will

want sometimes to assume that M is 
ompa
t, but I don't intend to worry

about this; the audien
e will be assumed to be translating everything into the

language of di�erentiable manifold theory.

1

This may be a good pla
e to 
omment on the philosophy to be adopted

in the le
tures about whether or not to assume that the state spa
e is �nite

dimensional. The �rst point to be made is that many of the most penetrating

analyses of �nite dimensional dynami
al systems rest on the use of non-linear

fun
tional analysis on in�nite spa
es, so, even if we are really only interested

in �nite dimensional systems, we need to develop a fair amount of in�nite-

dimensional theory. On
e that theory is at hand, it turns out that a great deal

of dynami
al systems theory 
an be done, at little or no extra 
ost, without

assuming �nite dimensionality. Indeed, as is often the 
ase, the dis
ipline

of avoiding unne
essary assumptions of �nite dimensionality frequently leads

to better proofs. I have therefore adopted the point of view that, whenever

�nite-dimensionality assumptions 
an be avoided, without making an argument

essentially more diÆ
ult, I avoid them.

One should not, however, overstate what is a

omplished by avoiding un-

ne
essary �nite-dimensionality assumptions. It does not, in itself, make the

theory appli
able to interesting in�nite dimensional systems like the Navier-

Stokes equation. The problem with the Navier-Stokes equation, and most other

partial-di�erential evolution equations, is that it is de�nitely not a smooth dy-

nami
al system. If one writes it in the s
hemati
 form 1.1, the X(x) appearing

on the right-hand side is not a smooth fun
tion of x but involves, e.g., un-

bounded operators. To a 
ertain extent, the la
k of smoothness of X(x) 
an

be 
ir
umvented by exploiting the fa
t that the equation of motion, like the

heat equation, produ
es smoothing when run forward in time, so time evolution

operators for positive times may be smooth even if the in�nitesimal time evo-

lution operators are not. Analyzing the dynami
al properties of su
h evolution

equations as the Navier-Stokes equation will 
ertainly need to make use of the

methods of in�nite dimensional dynami
al systems theory, but will require in

addition a detailed study of the parti
ular evolution equation. That kind of

1
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analysis of parti
ular partial di�erential equations will not be given here.

If X(x) in 1.1 is Lips
hitz 
ontinuous, then solutions exist, at least lo
ally,

for arbitrary initial data, and they are unique. As simple and apparently well-

behaved an equation as

dx

dt

= x

2

shows that solutions need not exist for all times. In any event, we introdu
e

the asso
iated solution mapping f

t

, de�ned as follows: f

t

0

(x

0

) is de�ned if and

only if the di�erential equation admits a solution x(t) de�ned for all t between

0 and t

0

, and its value in this 
ase is x(t

0

). By the uniqueness of solutions of

the di�erential equation,

f

t

1

�

f

t

2

(x)

�

= f

t

1

+t

2

(x);

whenever the left-hand side is de�ned. This 
ondition is expressed by saying

that f

t

is a semi-
ow. If f

t

(x) is de�ned for all (x; t), then ea
h f

t

is a

di�eomorphism (i.e., a smooth mapping ofM onto itself with a smooth inverse)

and f

t

1

f

t

2

= f

t

1

+t

2

. Furthermore, f

t

(x) is jointly smooth in (t; x). We thus

say that f

t

is a smooth 
ow. Conversely, any smooth 
ow f

t

is the solution


ow for the di�erential equation with

X(x) =

df

t

dt

(x)

�

�

�

�

t=0

:

A 
ow is a one-parameter group of di�eomorphisms with parameter t 2 R.

Often, one 
onsiders instead dis
rete one-parameter groups, i.e, the set of all

iterates f

n

of a single di�eomorphism. Sometimes, moreover, one drops the


ondition that f be invertible, i.e., one 
onsiders the positive iterates of an

arbitrary smooth map.

There are a number of reasons for 
onsidering maps rather than 
ows. One

is the fa
t that most theorems about maps have analogues for 
ows, and vi
e

versa, but the versions for maps is often te
hni
ally simpler and exhibits the

main ideas in a less en
umbered form. Se
ondly, if f

t

is a 
ow, then the large-t

behavior of f

t

is essentially determined by the behavior of iterates of any single

f

t

0

with t

0

6= 0, e.g., t

0

= 1. Thus any theorem about maps gives information

about 
ows. A third reason is the \surfa
e of se
tion" idea of Poin
ar�e whi
h,

in some 
ases, redu
es the study of a 
ow in an m-dimensional spa
e to that

of a mapping in an m � 1-dimensional spa
e. The idea is as follows: Let f

t

be a 
ow in an m-dimensional state spa
e M and let � be a hypersurfa
e

(
odimension-one submanifold) of M whi
h is, at ea
h of its points, transverse

to the generatorX(x) of f

t

. If the forward orbit of x 2 � 
rosses � again, de�ne
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�(x) to be the �rst su
h 
rossing point (and leave �(x) unde�ned otherwise.)

The mapping � so de�ned is 
alled the �rst return map or Poin
ar�e map for

�. It follows easily from the Impli
it Fun
tion Theorem that the domain of

� is an open subset of � and that � is smooth on its domain. It is often

the 
ase that, if � is judi
iously 
hosen, quite a lot of the dynami
s of f

t

is


aptured by the dynami
s of the iterates of �. For example, a �xed or periodi


point x

0

for � 
orresponds to a 
losed orbit (periodi
 solution) for f

t

, and the

long-time behavior of orbits with initial point near x

0


an be determined from

the behavior of iterates of � near x

0

. Fourthly, iteration of maps provides a

natural way to analyze the behavior of solutions of di�erential equations whi
h

are not autonomous but periodi
. Consider a di�erential equation

dx

dt

= X(t; x);

where X is periodi
 in t: X(t+ �; x) = X(t; x). If solutions exist for all time,

then we 
an 
onstru
t the 
orresponding solution mapping f

t

. This will not be

a 
ow|the group property will fail|but it will remain true that f

n�

= (f

�

)

n

.

Thus, the iterates of the time � mapping essentially determine the long-term

behavior of solutions of the di�erential equation. Finally, interesting phenom-

ena o

ur in state spa
es of smaller dimension for mappings than for 
ows and

may therefore be more 
omprehensible. Roughly speaking, 
ows on spa
es of

dimension less than three 
annot exhibit any interesting asymptoti
 behavior,

while invertible maps 
an already do interesting things in two dimensions and

non-invertible maps already in one dimension.



Chapter 2

Rudiments of spe
tral

theory for general bounded

operators on Bana
h spa
es

2.1 Orientation

Any normal operator A on a �nite dimensional (
omplex) Hilbert spa
e X has

a very simple stru
ture: If the eigenvalues of A are �

1

; : : : ; �

m

, and if X

i

is the

set of ve
tors � su
h that A� = �

i

� (i.e., the eigenve
tors with eigenvalue �

i

together with the zero ve
tor), then X is the dire
t sum of the X

i

.

This simple stru
ture theory 
an be extended satisfa
torily in two dire
tions.

The �rst extension is to general linear operators on �nite-dimensional ve
tor

spa
es. The prin
ipal 
ompli
ation here is the ne
essity to take into a

ount

the possible existen
e of generalized eigenve
tors, i.e., ve
tors annihilated by

some power of A � �1, � a 
omplex number, but not ne
essarily by A � �1

itself. If, again, we let the eigenvalues of A be �

1

; : : : ; �

m

, and if we now let X

i

denote the set of all ve
tors � su
h that (A��

i

1)

j

� = 0 for some integer j � 1

then, again, ea
h X

i

is a linear subspa
e mapped into itself by A, and X is the

dire
t sum of the X

i

. To 
omplete the stru
ture theory it is only ne
essary to

work out what A restri
ted to any one of the X

i


an look like, and this is a

relatively straightforward task.

The se
ond extension is to normal operators on in�nite dimensional Hilbert

spa
es. Leaving aside problems 
on
erning unbounded operators, the main


ompli
ation here is the fa
t that su
h an operator need not have any eigen-

5



6 CHAPTER 2. SPECTRAL THEORY

ve
tors at all. The dire
t-sum de
omposition into eigenspa
es in the �nite

dimensional 
ase is repla
ed in this more general situation by an integral rep-

resentation A =

R

�P (d�) where P (d�) is a proje
tion valued measure on the


omplex plane. The intuitive interpretation of this proje
tion valued measure

is that the range of proje
tion P (X) 
orresponding to a Borel set X is the

proper in�nite-dimensional analogue of the linear span of the eigenve
tors with

eigenvalues in X in the �nite-dimensional 
ase.

For a general bounded operator A on a Bana
h spa
e X , our knowledge is

mu
h less 
omplete. There is, however, a good de�nition of the spe
trum in

this general situation, and one 
an 
onstru
t useful spe
tral proje
tions P (X)

asso
iated with subsets X of the spe
trum whi
h are at a non-zero distan
e

from the rest of the spe
trum.

2.2 The spe
trum

From now on in this 
hapter, A will denote a bounded linear operator on a

Bana
h spa
e X . By the resolvent set of A we mean the set of 
omplex numbers

� su
h that �1�A has a bounded (everywhere de�ned) inverse. By the 
losed

graph theorem, this is the same as saying that �1�A is inje
tive|i.e., that �

is not an eigenvalue of A|and that the range of �1�A is all of X . The inverse

(�1�A)

�1

is 
alled the resolvent (of A, or of �, or of (A; �), depending on the


ontext.) The spe
trum of A means the 
omplement of the resolvent set; we

will denote it by �(A).

One of the prin
ipal tools of elementary spe
tral theory is the systemati


exploitation of the Neumann series. This means the following: Let U be an

operator with a bounded inverse, and V some other operator. Then, formally,

the in�nite series

U

�1

� U

�1

V U

�1

+ : : :+ (�1)

n

�

U

�1

V

�

n

U

�1

+ : : : (2.1)

should give the inverse of U + V . It is easy to 
he
k that this is true in the

sense that, whenever the series (2.1) 
onverges in norm, U+V is invertible and

the sum of the series is (U + V )

�1

. Furthermore, the series is easily seen to


onverge if kV k <

�

kU

�1

k

�

�1

or, more generally, if







�

U

�1

V

�

m







< 1 for some

positive integer m. This remark shows, for example that the resolvent set for

any A is open, and that the resolvent (�1�A)

�1

varies analyti
ally with � on

the resolvent set, i.e., that it is given lo
ally in the neighborhood of ea
h point

by a norm-
onvergent power series. Sin
e the spe
trum is de�ned to be the


omplement of the resolvent set, it is 
losed.
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It is quite a non-trivial fa
t that the spe
trum of an operator A 
annot be

empty. To prove it, assume the 
ontrary, i.e., that the resolvent set of some

operator A is the whole 
omplex plane. Then (�1�A)

�1

is an entire operator

valued fun
tion, whi
h furthermore is easily seen|using the Neumann series|

to go to zero at in�nity. Thus, for any � in X and any � in the dual of X ,

�

�

(�1�A)

�1

�

�

is an entire 
omplex valued analyti
 fun
tion vanishing at

in�nity whi
h therefore, by Liouville's Theorem, vanishes identi
ally. Sin
e

this is true for all �, �, it follows that (�1�A)

�1

vanishes for all �, and this

is manifestly impossible.

The argument in the pre
eding paragraph illustrates a general method of

extending results from 
omplex analysis to ve
tor- and operator-valued fun
-

tions. Many important results are easy to extend in this way, among them the

Cau
hy Integral Theorem and Cau
hy Integral Formula; the integrals involved


an be interpreted simply as Riemann integrals.

By elementary properties of the norm, kA

n+m

k � kA

n

k kA

m

k. From this it

follows easily that kA

n

k

1=n


onverges as n goes to in�nity, and that the limit is

a
tually the in�mum of the kA

n

k

1=n

. The limit is 
alled the spe
tral radius of

A; we will denote it by �(A). The terminology is justi�ed by the fa
t that the

spe
tral radius turns out to be equal to the supremum of j�j over the spe
trum

of A. To see this, we �rst invoke the Neumann series to write

(�1�A)

�1

=

1

X

n=0

A

n

= (�)

n+1

(2.2)

wherever the right-hand side 
onverges. Sin
e the right-hand side 
ertainly


onverges for j�j > �(A), this shows that the supremum of j�j over the spe
trum

of A is at most equal to �(A). On the other hand, integrating (2.2) term-by-

term gives

A

n

=

1

2�i

I




R

�

n

(�1�A)

�1

d�;

where 


R

is the 
ir
le fj�j = Rg, traversed in the 
ounter
lo
kwise sense, and

R is any positive number larger than �(A). By the Cau
hy Integral Theorem

we 
an redu
e the radius R to any number stri
tly larger than the supremum of

j�j over the spe
trum. Estimating the integral in a straightforward way gives a

bound kA

n

k � B

R

R

n

for any su
h R and any positive integer n, and from this

bound it follows that R � �(A); Hen
e, the supremum of j�j over the spe
trum


annot be stri
tly smaller than �(A), so equality is established.
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Sin
e �(A) = inf

n

kA

n

k

1=n

, we always have �(A) � kAk. The 2� 2 matrix

�

0 1

0 0

�

shows that this inequality 
annot always be made an equality, even with the

freedom to repla
e the norm by an equivalent one. However, we 
an do almost

as well:

Proposition 2.2.1 If R > �(A), there exists a norm jjj jjj, equivalent to the

original norm k k, su
h that jjjAjjj � R

Proof. Sin
e R > �(A), k(A=R)

n

k goes to zero as n goes to in�nity. Hen
e, if

we put

jjj�jjj = sup

n�0

k(A=R)

n

�k ;

we get

k�k � jjj�jjj �

�

sup

n�0

k(A=R)

n

k

�

k�k;

i.e., the norm jjj jjj is equivalent to the norm k k. On the other hand,

jjjA�jjj = sup

n�0

k(A=R)

n

A�k = R sup

n�0







(A=R)

n+1

�







� Rjjj�jjj;

so jjjAjjj � R, as desired. �

2.3 Spe
tral proje
tions

A proje
tion will mean a bounded operator P su
h that P

2

= P , i.e., su
h that

P� = � for all � in the range of P . Note that P is a proje
tion if and only

if 1 � P is. To spe
ify a proje
tion is essentially the same thing as to spe
ify

a dire
t-sum de
omposition of X into two 
losed 
omplementary subspa
es.

In one dire
tion: Given a proje
tion P , we let X

1

denote the range of P (or,

equivalently, the null spa
e of 1�P ) and X

2

the null spa
e of P . Only the zero

ve
tor is in both X

1

and X

2

. If � is any ve
tor, then P� 2 X

1

and ��P� 2 X

2

;

hen
e, X

1

and X

2

span X . Thus X = X

1

�X

2

. In the other dire
tion: Given a

dire
t sum de
omposition, the mapping �

1

� �

2

7�! �

1

is a proje
tion and the

Closed Graph Theorem implies that it is 
ontinuous if X

1

and X

2

are 
losed.

In this 
ase, we speak of the proje
tion onto X

1

along X

2

.

Note that it it ne
essary to spe
ify both the range and the null spa
e in

order to spe
ify a proje
tion. This is 
ontrary to experien
e with spe
tral theory
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for normal operators, where the proje
tions en
ountered are all self-adjoint or

orthogonal proje
tions, i.e., ones for whi
h the null spa
e is the orthogonal


omplement of the range; evidently, in this 
ase, it suÆ
es to spe
ify one of

them. It is easy to see that a proje
tion P 
ommutes with a bounded operator

A if and only if both the range and null spa
e of P are mapped into themselves

by A (i.e., are \invariant under A"). Again, the invarian
e of the null spa
e

follows from that of the range and vi
e versa if A is a normal operator and P an

orthogonal proje
tion, but the two 
onditions are independent in the general


ase.

The main pie
e of spe
tral theory whi
h persists in the general 
ase we

are 
onsidering is the following: To any splitting �(A) = S

1

[ S

2

into two

disjoint 
losed subsets (whi
h, by the 
ompa
tness of the spe
trum, must be at

a non-zero distan
e from ea
h other), there 
orresponds a dire
t sum splitting

X = X

1

� X

2

of the spa
e into two 
losed invariant subspa
es su
h that the

spe
trum of the restri
tion of A to X

1

is S

1

and that of the restri
tion of A to

X

2

is S

2

. Furthermore, the splitting is invariant not only under A itself, but

under any operator whi
h 
ommutes with A, and this 
ondition, together with

what was said above, determines it uniquely.

The 
onstru
tion of this splitting is trivial in the 
ase of a diagonalizable

operator on a �nite-dimensional spa
e|X

1

is the linear span of the eigenve
tors

with eigenvalues belonging to S

1

and X

2

the linear span of the eigenve
tors with

eigenvalues belonging to S

2

. Des
ribed in this way, the 
onstru
tion does not

generalize; the key to generalizing it is the observation that the proje
tion onto

X

1

along X

2


an be written as

1

2�i

I




(�1�A)

�1

d�;

where 
 is a 
ontour en
losing all the points of S

1

and none of the points of

S

2

. To see that the above integral formula does give the indi
ated proje
tion,

it is only ne
essary to verify that the integral is the identity on eigenve
tors

with eigenvalues in S

1

and zero on eigenve
tors with eigenvalues in S

2

, and this

follows easily, for diagonalizable operators, from the Cau
hy Integral Formula.

We should note here that the des
ription of the 
onditions on the \
ontour"


 were a little impre
ise. What we need, pre
isely, is that 
 is a 
y
le, i.e., a

formal sum of 
losed paths, in the 
omplement of the spe
trum, whi
h winds

on
e around ea
h point of S

1

and zero times around ea
h point of S

2

, i.e.,

(1=2�i)

H




(�� �

0

)

�1

d� is one for �

0

in S

1

and zero for �

0

in S

2

.

With this simple example as motivation, we formulate the following more

general result:
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Proposition 2.3.1 Let A be a bounded operator on the Bana
h spa
e X ,

�(A) = S

1

[ S

2

a de
omposition of the spe
trum of A into two 
losed dis-

joint subsets, and 
 a 
y
le in �(A) winding on
e around ea
h point of S

1

and

zero times around ea
h point of S

2

. Then

P =

1

2�i

I




(�1�A)

�1

d�

is a proje
tion whi
h 
ommutes with every bounded operator 
ommuting with

A (so in parti
ular 
ommutes with A itself). The integral depends only on S

1

,

S

2

, not on 
. Furthermore, the spe
trum of the restri
tion of A to the range of

P is S

1

and the spe
trum of the restri
tion of A to the null spa
e of P is S

2

.

The properties of P listed determine it uniquely.

We will refer to P as the spe
tral proje
tion of A 
orresponding to the subset

S

1

of its spe
trum.

Proof. We �rst remark that it follows easily from a suÆ
iently general form

of the Cau
hy Integral Theorem (see, e.g., L. Ahlfors, Complex Analysis, 2nd.

ed., Theorem 18 of Chapter 4) that the integral does not depend on 
. Also,

in the 
ase where S

2

is empty and 
 is a suÆ
iently large 
ir
le 
entered at

the origin, we have already noted that integrating the Neumann series term-

by-term gives P = 1. From this and the fa
t that P does not depend on 
, it

follows that inter
hanging the roles of S

1

and S

2

repla
es P by 1� P .

We now want to show that P , as de�ned by the 
ontour integral, is a

proje
tion. For this purpose, we will need the following topologi
al remark:

Let 
 be as in the statement of the proposition. Then there exists another


y
le 


1

, whi
h also winds on
e around ea
h point of S

1

and zero times around

ea
h point of S

2

, and whi
h is \inside" 
 in the sense that 
 winds on
e around

ea
h point of 


1

but 


1

winds zero times around ea
h point of 
. One way to

guarantee this is to take 


1

to lie in a small neighborhood of S

1

. Then

P

2

=

1

2�i

I




(�1�A)

�1

d�

1

2�i

I




1

(�

1

1�A)

�1

d�

1

=

�

1

2�i

�

2

I




I




1

(�1�A)

�1

(�

1

1�A)

�1

d�d�

1

=

�

1

2�i

�

2

I




1

(�

1

1�A)

�1

I




1

�� �

1

d�d�

1

�

�

1

2�i

�

2

I




(�1�A)

�1

I




1

1

�

1

� �

d�

1

d�;
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where we have used the identity

U

�1

� V

�1

= U

�1

(V � U)V

�1

with U = �1�A and V = �

1

1�A to write

(�1�A)

�1

(�

1

1�A)

�1

= (�� �

1

)

�1

�

(�

1

1�A)

�1

� (�1�A)

�1

�

:

Finally, sin
e 


1

is inside 
, we have

I




1

�� �

1

d� = 2�i;

I




1

1

�

1

� �

d�

1

= 0;

and hen
e P

2

= P , as desired.

It is 
lear from the de�nition that P 
ommutes with any bounded operator

whi
h 
ommutes with A. In parti
ular, it 
ommutes with A, so the range and

null spa
e of P are invariant subspa
es for A. We want next to show that the

spe
trum of A restri
ted to the range of P is 
ontained in S

1

, i.e., that, if � 2 S

2

,

then (�1�A) is invertible on the range of P . We prove this by 
onstru
ting

its inverse expli
itly as a 
ontour integral. Let 
 be as in Proposition 1; let

� 2 S

2

; and let

B =

1

2�i

I




1

�� �

1

(�

1

1�A)

�1

d�

1

:

Then B 
ommutes with A; hen
e also with P , and

(�1�A)B =

1

2�i

I




�� �

1

+ (�

1

�A)

�� �

1

(�

1

1�A)

�1

d�

1

=

1

2�i

I




�

(�

1

1�A)

�1

+

1

�� �

1

�

d�

1

= P +

1

2�i

I




1

�� �

1

d�

1

= P;

sin
e � 2 S

2

and 
 winds zero times around S

2

. Thus, if P� = �, (�1�A)B� =

�, and hen
e, sin
e A and B 
ommute, the restri
tion of B to the range of P

is a two-sided inverse to the restri
tion of (�1�A) to the same subspa
e.

Inter
hanging the roles of S

1

and S

2

shows that the spe
trum of the restri
-

tion of A to the null spa
e of P is 
ontained in S

2

. But sin
e the union of the

spe
tral of the restri
tions of A to S

1

and S

2

must �ll up the whole spe
trum

of A, it follows that the spe
trum of the restri
tion of A to the range of P

(respe
tively the null spa
e of P ) must be all of S

1

(respe
tively, all of S

2

.
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It remains to prove the uniqueness of P . Thus, let

^

P be another proje
tion

whi
h 
ommutes with every operator 
ommuting with A and su
h that the

spe
trum of A restri
ted to the range (null spa
e) of

^

P is S

1

(S

2

). Then P

and

^

P 
ommute, so P (1 �

^

P ) is again a proje
tion, and it 
ommutes with

A sin
e both P and

^

P do. Sin
e its range is 
ontained in both the range of

P and the null spa
e of 1 �

^

P , the spe
trum of A restri
ted to its range is


ontained both in S

1

and in S

2

. Sin
e S

1

and S

2

are disjoint, this range must

be zero-dimensional|Re
all that a bounded operator on a Bana
h spa
e of

non-zero dimension has non-empty spe
trum|so P � P

^

P = 0, i.e., P = P

^

P .

Inter
hanging the roles of P and

^

P gives

^

P =

^

PP , so P =

^

P , as desired.

General spe
tral theory gives a bit more information if the operator A is


ompa
t, i.e., if the 
losure of the image of the unit ball under A is 
ompa
t in

the norm topology. In this situation it 
an be shown that the spe
trum of A

is a �nite or 
ountable set with no a

umulation point ex
ept, perhaps, zero.

Thus, there is a spe
tral proje
tion for ea
h non-zero point of the spe
trum.

Furthermore, ea
h of these spe
tral proje
tions is �nite-dimensional, i.e., if

� 6= 0 is in the spe
trum of the 
ompa
t operator A, and if P is the asso
iated

spe
tral proje
tion, then the range of P is a �nite-dimensional spa
e invariant

for A. The restri
tion of A to this invariant spa
e is thus a linear operator on a

�nite-dimensional spa
e whose spe
trum 
onsists of the single point �; it thus

has a Jordan Canoni
al Form with all diagonal elements equal to �.

It is illuminating to see what the stru
ture of one-dimensional spe
tral pro-

je
tions is. Let P be a proje
tion with one-dimensional range, and let �

0

be a

ve
tor spanning its range. The null spa
e of P is a 
odimension-one subspa
e of

X , i.e., a hyperplane. Any hyperplane is the null spa
e of some linear fun
tional

whi
h is uniquely determined up to multipli
ation by a non-zero 
onstant. Let

�

0

be a linear fun
tional whose null spa
e is the null spa
e of P . Sin
e �

0

is

not in the null spa
e of P , �

0

(�

0

) 6= 0; by multiplying �

0

by an appropriate


onstant, we 
an arrange to have �

0

(�

0

) = 1. We now 
laim that, for a general

ve
tor �, P� = �

0

(�)�

0

. The proof of this is almost immediate; � 7! �

0

(�)�

0

de�nes a linear operator whi
h is easily 
he
ked to be a proje
tion whose range

is the set of multiples of �

0

, i.e., the range of P , and whose null spa
e is the

null spa
e of �

0

, i.e., the null spa
e of P .

Now suppose that P is a spe
tral proje
tion for some operator A. Then,

sin
e the range of P is invariant for A, �

0

must be mapped by A to a multiple

of itself, i.e., must be an eigenve
tor of A with some eigenvalue �. We de�ne

the adjoint A

�

of A to be the mapping of the dual X

�

of X to itself de�ned by

(A

�

�)(�) = �(A�) for all � 2 X and all � 2 X

�

. Sin
e the null spa
e of �

0

is

the same as the null spa
e of P and hen
e is mapped into itself by A, it follows

that A

�

�

0

vanishes on the null spa
e of �

0

and hen
e that A

�

�

0

is a multiple
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of �

0

, i.e., that �

0

is an eigenve
tor of A

�

. Furthermore,

� = ��

0

(�

0

) = �

0

(A�

0

) = A

�

�

0

(�

0

);

whi
h implies that the 
orresponding eigenvalue is again �. Summing up the

results of the above arguments: If � is an isolated point of the spe
trum of A,

and if the spe
tral proje
tion 
orresponding to f�g is one dimensional, then

that spe
tral proje
tion may be written as

� 7! �

0

(�)�

0

;

where �

0

is an eigenve
tor of A with eigenvalue �, �

0

is an eigenve
tor of A

�

with

the same eigenvalue, and these eigenve
tors are normalized to that �

0

(�

0

) = 1.

One of the lessons to be drawn from this is that the eigenve
tors of A

�

are as

important as those of A in determining the \spe
tral representation" of A.

2.4 Real ve
tor spa
es

There is one more small twist needed for most appli
ations to dynami
al sys-

tems theory. In the above dis
ussion, we assumed ta
itly that X is a Bana
h

spa
e over the 
omplex numbers; even in the �nite-dimensional 
ase, an oper-

ator on a real ve
tor spa
e need not have any spe
trum on the real axis. In

dynami
al systems theory, on the other hand, we usually want to work in real

ve
tor spa
es, but would still like to be able to use simple spe
tral theory.

One satisfa
tory way to develop spe
tral theory for operators on a real

ve
tor spa
e X is to work systemati
ally with an asso
iated 
omplex ve
tor

spa
e, 
alled the 
omplexi�
ation X

C

of X . As an additive group, X

C

is simply

X �X , and multipli
ation by 
omplex numbers is de�ned by

(�+ i�)(�

1

; �

2

) = (��

1

� ��

2

; ��

1

+ ��

2

):

It is easy to 
he
k that this does make X �X into a 
omplex ve
tor spa
e. A

norm on X 
an be extended to a norm on X

C

by

k(�

1

; �

2

)k = sup

�

k 
os ��

1

+ sin ��

2

k;

again it is easy to 
he
k that this does de�ne a norm on the 
omplex ve
tor

spa
e X

C

and that the 
omplexi�ed spa
e is 
omplete if the initial real spa
e

is.

If A is any real-linear operator on X , we 
onstru
t a 
orresponding 
omplex

linear operator A

C

, 
alled the 
omplexi�
ation of A, on X

C

, by A

C

(�

1

; �

2

) =
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(A�

1

; A�

2

); again, it is ne
essary|but trivial|to 
he
k that this does de�ne a


omplex-linear operator and that its norm is the same as the norm of A. With

the 
onstru
tion available, we 
an then interpret any statement about spe
tral

properties of A as referring instead to A

C

.

Although this devi
e permits us to apply spe
tral theory to operators on

real-linear ve
tor spa
es, it is not entirely satisfa
tory be
ause it entails working

in the auxiliary spa
e X

C

, and this is often in
onvenient. There are some state-

ments in spe
tral theory, however, whi
h, although most 
onveniently proved

by passing through the 
omplexi�
ation, 
an be formulated dire
tly in the

original spa
e X . The following proposition gives one su
h statement:

Proposition 2.4.1 Let A be a bounded linear operator on the real Bana
h

spa
e X . Then the spe
trum of A (i.e., the spe
trum of A

C

) is invariant under


omplex 
onjugation. Let �(A) = S

1

[S

2

be a de
omposition of the spe
trum of

A into two disjoint 
losed subsets invariant under 
omplex 
onjugation. Then

there is a unique proje
tion P on X , 
ommuting with every operator whi
h


ommutes with A, su
h that the spe
trum of the restri
tion of A to the range

of P is S

1

and the spe
trum of the restri
tion of A to the null spa
e of P is S

2

.

Proof. Not every 
omplex-linear operator on X

C

is the 
omplexi�
ation of a

real-linear operator on X . It is not diÆ
ult to see, in fa
t, that an operator

is a 
omplexi�
ation if and only if it 
ommutes with the 
omplex 
onjugation

operator K : (�

1

; �

2

) 7! (�

1

;��

2

). Furthermore, A

C

� �1 is invertible if and

only if K

�1

(A

C

� �1)K = A

C

�

�

�1 is, so the spe
trum of A

C

is invariant under


omplex 
onjugation.

Now let S

1

, S

2

be as in the statement of the proposition, and let P

C

denote

the spe
tral proje
tion belonging to the subset S

1

of the spe
trum of A

C

. The

uniqueness statements in Proposition 3.1 imply that K

�1

P

C

K = P

C

, i.e., that

P

C

is, as its name suggests, the 
omplexi�
ation of a real-linear operator P

on X . It is nearly immediate that this operator has the properties asserted in

the proposition. To prove uniqueness, we note that the 
omplexi�
ation of any

operator with the asserted properties has the properties whi
h 
hara
terize the

spe
tral proje
tion P

C

. �

A linear operator is A said to be hyperboli
 if its spe
trum does not interse
t

the unit 
ir
le.

Corollary 2.4.2 Let A be a hyperboli
 linear operator on the real Bana
h spa
e

X . Then there is a splitting X = X

s

�X

u

into subspa
es X

s

, X

u

ea
h of whi
h

is invariant under all operators 
ommuting with A, so that the spe
trum of the

restri
tion of A to X

s

is inside the unit 
ir
le and the spe
trum of the restri
tion

of A to X

u

is outside the unit 
ir
le.
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We will refer to X

s

, X

u

respe
tively as the stable and unstable subspa
es of

A.

Exer
ises.

1. Evidently, a 
omplex-linear ve
tor spa
e X is also real-linear and so 
an

re-
omplexi�ed. This doubles its dimension if it is �nite dimensional. Sim-

ilarly for 
omplex-linear operators. What is the relation between the spe
-

trum and spe
tral proje
tions of a 
omplex linear operator A and of its re-


omplexi�
ation A

C

?

2. Again let X be a 
omplex-linear spa
e, A a 
omplex-linear operator

on it. Suppose X is equipped with a 
omplex 
onjugation, i.e., a real-linear

operator K su
h that K

2

= 1 and K�� =

�

�K�. What is the relation between

the spe
tra of the 
omplex-linear operator A and the real-linear operator KA?

3. In the notation of Corollary 2.4.2, show that X

s


an be 
hara
terized as

the set of ve
tors � su
h that A

n

� is uniformly bounded in n. Give an analogous


hara
terization of X

u

whi
h does not assume that A is invertible.
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Chapter 3

Di�erential 
al
ulus on

Bana
h spa
es

Mu
h of elementary multidimensional di�erential 
al
ulus extends in a straight-

forward way to Bana
h spa
es. In this se
tion, we sket
h this extension, 
on-


entrating mostly on pointing out the few pla
es where the standard arguments

do not work.

3.1 Di�erentiable mappings

Let X , Y be Bana
h spa
es, f a mapping de�ned on some subset D of X and

taking values in Y . We say that f is di�erentiable at a point x of D provided

that x is an interior point of D and that there is a bounded linear operator

L : X 7�! Y su
h that

f(x+ �)� f(x)� L� = o(k�k) as � ! 0

i.e., su
h that for any � > 0 there is a Æ > 0 su
h that

kf(x+ �)� f(x)� L�k � �k�k when k�k � Æ.

If this is the 
ase, the linear operator L is unique, and is 
alled the derivative

of f at x; we will denote it by Df(x).

The kind of di�erentiability we have de�ned above is sometimes 
alled

Fr�e
het di�erentiability, to distinguish it from the weaker notion of Gateaux

di�erentiability, whi
h means that t 7! f(x+ t�) is di�erentiable at 0 (or per-

haps just right-di�erentiable at 0) for ea
h � in X , but without any uniformity

17
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in �. There is also a notion of weak Gateaux di�erentiability, whi
h means that

t 7! � (f(x+ t�)) is di�erentiable at 0 for ea
h � in the dual of Y and ea
h � in

X . The di�eren
e between the various notions is not very great. For example,

if, f is Gateaux di�erentiable at ea
h point of some non-empty open set; if, for

ea
h x in that set,

� 7! L

x

(�) �

df(x + t�)

dt

�

�

�

�

t=0

is linear and bounded and if x 7! L

x

2 L(X ;Y) is 
ontinuous (in the norm

topology), then f is also Fr�e
het di�erentiable and L

x

= Df(x). We will not

take the time here to investigate the extent to whi
h the results we dis
uss


an be generalized to Gateaux di�erentiable fun
tions; Fr�e
het di�erentiability

generally suÆ
es for the purposes of dynami
al systems theory.

We have explained what is meant by the derivative of a fun
tion at a point.

The fun
tionDf is de�ned at exa
tly those points of X where f is di�erentiable,

and its value at su
h a point x is Df(x), whi
h is in L(X ;Y), the spa
e of

bounded linear mappings from X to Y . Sin
e L(X ;Y) is itself a Bana
h spa
e, it

makes sense to speak of the derivative of the fun
tion Df , and this derivative is

what is 
alled the se
ond derivative D

2

f of f . As de�ned, this se
ond derivative

takes values in L (X ;L(X ;Y)), but it is often useful to use the observation

that this spa
e is naturally identi�ed with the spa
e of all 
ontinuous bilinear

mappings from X � X to Y and to think of the se
ond derivative as taking

values in this spa
e of bilinear mappings. Higher derivatives are de�ned by an

obvious extension of this de�nition, and we 
an think of D

n

f as taking values

in the spa
e of bounded n-linear mappings from X � : : : � X (n times) to Y .

A fun
tion de�ned on an open set U whose n-th derivative exists at ea
h point

of U , and su
h that, furthermore, x 7! D

n

f(x) is 
ontinuous, is said to be of


lass C

n

, and a fun
tion of 
lass C

n

for all n is said to be of 
lass C

1

.

It will be useful to de�ne also non-integral degrees of di�erentiability. A

fun
tion f de�ned on an open subset U of a Bana
h spa
e X , with values

in a Bana
h spa
e Y , is said to be H�older 
ontinuous of order � if there is a


onstant C su
h that kf(x

1

)� f(x

2

)k � C kx

1

� x

2

k

�

for all x

1

, x

2

in U . Here,

in prin
iple, � 
an be any stri
tly positive real number, but the notion is not

very useful for � > 1: A H�older 
ontinuous fun
tion of order greater than one

is everywhere di�erentiable, with derivative zero, and hen
e is lo
ally 
onstant.

The term Lips
hitz 
ontinuous is used as a synonym for H�older 
ontinuous of

order one.

Now let r be a stri
tly positive real number, and write r = n + �, with n

an integer and 0 � � < 1. We then say that a fun
tion f de�ned on U is of


lass C

r

if it is of 
lass C

n

and if D

n

f is H�older 
ontinuous of order � on a

neighborhood of ea
h point of U .
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As already noted, a great deal of standard multidimensional di�erential 
al-


ulus extends to the in�nite-dimensional situation in a 
ompletely straightfor-

ward way. Among the most important su
h results are the 
hain rule, Taylor's

Theorem with remainder in integral form, and the fa
t that existen
e and 
on-

tinuity of partial derivatives implies di�erentiability. Another important result

of this kind, to be dis
ussed in the following subse
tions, is the impli
it fun
tion

theorem. There are, nevertheless, di�eren
es between the �nite and in�nite di-

mensional situations, and 
are is needed to avoid pitfalls. Perhaps the most

obvious pitfall 
on
erns results whi
h depend on the lo
al 
ompa
tness of the

domain spa
e. For example, a 
ontinuous fun
tion on an in�nite dimensional

Bana
h spa
e need not be bounded on bounded sets; in fa
t, even a fun
tion

whi
h is C

1

on the whole spa
e need not be bounded on bounded sets (See

Exer
ise 1). Similarly, 
ontinuity apparently does not imply lo
al uniform 
on-

tinuity, i.e., a 
ontinuous fun
tion apparently does not need to be uniformly


ontinuous on a neighborhood of ea
h point in its domain of de�nition.

A more subtle di�eren
e 
on
erns the existen
e of smooth partitions of

unity. On a given Bana
h spa
e, there need not exist non-zero smooth fun
tions

vanishing outside bounded sets. Su
h fun
tions of 
ourse exist on Hilbert spa
es

and other spa
es whose norms are smooth away from zero. But many spa
es

arising naturally do not have smooth norms. The most 
omplete results of

whi
h I am aware 
on
ern the sequen
e spa
es `

p

. It is easy to see that k:k

p

p

is of 
lass C

n

on `

p

for any integer n < p. If p is an even integer, then k:k

p

p

is

everywhere p times di�erentiable, and that the p-th derivative is 
onstant, so

k:k

p

p

is in fa
t of 
lass C

1

. (If, on the other hand, p is an odd integer, the p-th

derivative fails to exist on the dense set of points (x

n

) for whi
h x

n

= 0 for

some n.) If we ex
lude the trivial 
ase of even p, it is not hard to see that k:k

p

p

is

nowhere n-times di�erentiable for any n > p. The fa
t that the standard norm

has only a limited number of derivatives does not in any obvious way imply

that there are no smoother equivalent norms, to say nothing of non
onstant

smoother fun
tion of bounded support. Nevertheless, it has been shown by R.

Boni
 and J. Frampton (\Di�erentiable fun
tions on 
ertain Bana
h spa
es",

Bull. Amer. Math. So
., 71, (1965) 393-395.) that, on `

p

, p not an even

integer, there exist no non-
onstant fun
tions of 
lass C

n

, n > p, whi
h vanish

outside the unit ball. They prove this as a 
orollary of the following remarkable

\Maximum Modulus Prin
iple":

Theorem 3.1.1 (Boni
 and Frampton) Let p � 1 be a real number whi
h

is not an even integer; let D be a 
onne
ted bounded open set in `

p

, and let

f be a real-valued fun
tion de�ned and 
ontinuous on the 
losure of D and n

times di�erentiable on D itself for some integer n � p. Then the image under

f of the boundary of D is dense in the image under f of D itself.
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Exer
ises

1. Constru
t a real-valued fun
tion f , de�ned and of 
lass C

1

everywhere on a

Bana
h spa
e X , whi
h vanishes outside the unit ball but whi
h is nevertheless

unbounded.

2. (Easy) If X , Y are Bana
h spa
es show that A 7! A

�1

is di�erentiable on

the (open) set of invertible linear mappings X ! Y with bounded inverses, and


ompute its derivative. The main point of this exer
ise is to get the \fun
torial"

aspe
ts right, i.e. the derivative is to be exhibited as a linear mapping from

L(X ;Y) into L(Y ;X )

3. We �rst have to establish some notation, and we do it only in a simple 
ase:

For n a non-negative integer, let C

n

(�1; 1) denote the spa
e of all real valued

fun
tions of 
lass C

n

on (�1; 1) whose n-th derivatives are bounded on that

interval. Equipped with the norm

kfk

C

n

� max

�

sup

�1<x<1

fjf(x)jg ; sup

�1<x<1

n

jf

(n)

(x)j

o

�

C

n

(�1; 1) be
omes a Bana
h spa
e. (This 
onstru
tion 
an evidently be gen-

eralized to de�ne Bana
h spa
es of C

r

mappings, r not ne
essarily an integer,

from an open set in one Bana
h spa
e into another.)

Now 
onsider the mapping f 7! f Æ f whi
h sends the open unit ball of

C

n

(�1; 1) into itself. Show that this mapping is nowhere di�erentiable from

C

n

(�1; 1) to itself, but that it is di�erentiable|in fa
t, of 
lass C

1

|from the

open unit ball of C

n

(�1; 1) into C

n�1

(�1; 1).

The reason for the non-di�erentiability will probably strike you as an inessen-

tial pathology, but the non-di�erentiability of 
omposition operators turns out

to have serious 
onsequen
es.

3.2 Fixed point theorems and Newton's method

The starting point for this subse
tion is the Contra
tion Mapping Prin
iple:

Theorem 3.2.1 (Contra
tion mapping prin
iple) Let (X; �) be a 
omplete

metri
 spa
e; f a mapping of X to itself su
h that, for some � < 1,

�(f(x

1

); f(x

2

)) � ��(x

1

; x

2

) for all x

1

, x

2

in X

Then f has exa
tly one �xed point �x 2 X, and, for any x

0

2 X, f

n

(x

0

)� >>

n!1 > �x.
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The essential observation is that

�(f

n+1

(x

0

); f

n

(x

0

)) � �

n

�(f(x

0

); x

0

):

From this it also follows that

�(x

0

; �x) � (1� �)

�1

�(x

0

; f(x

0

)):

This estimate implies immediately the following 
orollary, whi
h shows that

the �xed point varies 
ontinuously with the map:

Corollary 3.2.2 Let (X; �) be as in Theorem 2.1; f

1

and f

2

two mappings

of X to itself, ea
h 
ontra
tive with 
ontra
tion 
onstant �; x

1

and x

2

their

respe
tive �xed points. Then

�(x

1

; x

2

) � (1� �)

�1

�(x

1

; f

2

(x

1

)) � (1� �)

�1

sup

x

�(f

1

(x); f

2

(x)):

For a di�erentiable mapping (on a 
onvex set), the obvious way to 
he
k


ontra
tivity is to estimate the norm of the derivative:

Remark.Let x

1

, x

2

be two points of a Bana
h spa
e X , and write [x

1

; x

2

℄ for

the straight line segment joining them. Let f be de�ned and di�erentiable on

[x

1

; x

2

℄. Then

kf(x

1

)� f(x

2

)k � sup

x2[x

1

;x

2

℄

fkDf(x)kg kx

1

� x

2

k:

To apply the 
ontra
tion mapping theorem to a di�erentiable mapping on

a ball in a Bana
h spa
e, it is not enough to know that the derivative of the

mapping has norm less than one on that ball; one also needs to know that the

ball is mapped into itself. The following extremely simple proposition provides

a way to 
he
k this whi
h is often useful in pra
ti
e:

Proposition 3.2.3 Let f be di�erentiable on the (
losed) ball of radius � about

x

0

in the Bana
h spa
e X , and suppose there is a 
onstant � < 1 su
h that

kDfk � � on that ball. Then if

kf(x

0

)� x

0

k � (1� �)�

f has exa
tly one �xed point in that ball.
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Proof. We have only to 
he
k that f maps the ball into itself. But kx�x

0

k � �

implies

kf(x)� x

0

k � kf(x)� f(x

0

)k+ kf(x

0

)� x

0

k � ��+ (1� �)� = �;

as desired.

The Contra
tion Mapping Theorem is a simple and powerful tool, but it

does have the disadvantage that it only works for 
ontra
tions. By using the


ir
le of ideas around Newton's method, its range of appli
ability 
an be ex-

tended 
onsiderably. Let us review the idea of Newton's method. Let f be

a mapping de�ned on an open subset of a Bana
h spa
e X , with values in a

Bana
h spa
e Y . To �x ideas, suppose that f is of 
lass C

2

and that Df(x)

is invertible for ea
h x. We want to �nd a zero of f , i.e., a �x 2 X su
h that

f(�x) = 0. The idea is as follows: If we have an approximate zero x

0

, then, near

x

0

, f(x) may be approximated by the aÆne mapping f(x

0

) +Df(x

0

)(x� x

0

),

whi
h has a zero at x

0

�Df(x

0

)

�1

f(x

0

). We 
an then hope that this zero of

the aÆne approximation to f is a better approximation to a zero of f itself

than is the starting point x

0

and repeat the pro
ess starting there. In other

words: We note that a zero of f is the same thing as a �xed point of

�(x) = x�Df(x)

�1

f(x);

and we seek a �xed point for � by iteration. If we suppose that �x is a zero of

f , we 
an see that this iteration must 
onverge if we start near enough to �x by


omputing the derivative of �:

D�(x) = 1�D

�

Df(x)

�1

�

f(x) +Df(x)

�1

Df(x)

= �D

�

Df(x)

�1

�

f(x);

whi
h vanishes at �x. Thus, simply by 
ontinuity, � is a 
ontra
tion on a

suÆ
iently small ball about the �xed point �x, so iterating � starting at any

point in su
h a ball gives a sequen
e whi
h 
onverges to �x. Furthermore, the


onvergen
e is asymptoti
ally extremely fast, provided that f is of 
lass C

3

. In

fa
t, if f is of 
lass C

3

, then � is of 
lass C

2

, and if kD

2

�k � K on a ball of

radius � about �x, then, if kx� �xk � �,

k�(x)� �xk = k�(x)� �(�x)k � (K=2)kx� �xk

2

;

i.e., the error after n + 1 iterations is of the order of the square of the error

after n iterations, i.e., the number of de
imal pla
es of a

ura
y doubles with

ea
h iteration.
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In the above dis
ussion we have, for simpli
ity, started from the assumption

of the existen
e of a zero of f . It is not diÆ
ult, however, to use the pre
eding

proposition to give a 
on
rete suÆ
ient 
ondition for the existen
e of a zero

whi
h also shows that it 
an be found by Newton's method. The formulation,

admittedly a little awkward, is as follows:

Proposition 3.2.4 Let f be of 
lass C

2

, with bounded se
ond derivative, on

the ball of radius � about x

0

. Assume that Df(x

0

) is invertible with bounded

inverse. We will use the following notation: M = kDf(x

0

)

�1

k, � = kf(x

0

)k,

K

1

= sup

kx�x

0

k��

kDf(x)k, K

2

= sup

kx�x

0

k��

kD

2

f(x)k, We now assume

{ K

1

�M < 1

{ � � K

2

�

M

1�K

1

�M

�

2

(�+K

1

�) < 1

{ M� � �(1� �):

Then f has a unique zero in the ball of radius � about x

0

.

Proof. The proof 
onsists simply in 
he
king that the various hypotheses

suÆ
e to guarantee that

�(x) � x� (Df(x))

�1

f(x)

is de�ned on the ball of radius � about x

0

and satis�es the hypotheses of

Proposition ??. We note, �rst of all, that for x in that ball, kDf(x)�Df(x

0

)k �

K

1

�, and hen
e the Neumann series implies that Df(x) is invertible and that

k (Df(x))

�1

k �

M

1�K

1

�M

:

Se
ond, as we have already noted, D�(x) = �D

�

Df(x)

�1

�

f(x). This a
tually


alls for a little interpretation. By de�nition, D�(x) is a linear operator from

X to Y , whereas D

�

Df(x)

�1

�

is a linear mapping from X to L(Y ;X ); what

the above equation means is that, for any � 2 X ,

D�(x)� = �

�

D

�

Df(x)

�1

�

(�)

�

| {z }

2L(Y;X )

f(x):

Again using the Neumann series, one 
he
ks easily that

D

�

Df(x)

�1

�

(�)(�) = �Df(x)

�1

D

2

f(x)

�

Df(x)

�1

�;Df(x)

�1

�

�

:
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Also, kf(x)k � �+K

1

�. Combining all these remarks we see that kD�(x

)

k � �

for all x with kx� x

0

k � �. Furthermore, k�(x

0

)� x

0

k = kDf(x

0

)

�1

f(x

0

)k �

M�, so our �nal assumption is just what is needed to guarantee that the �nal

assumption of the Proposition ?? holds. �

The pre
eding proposition is in
onvenient to apply be
ause it requires esti-

mating the se
ond derivative. For this reason, it is sometimes advantageous to

repla
e Newton's method by another approximation s
heme whi
h is easier to


ontrol. The idea is to rede�ne � by repla
ing Df(x) by some �xed 
onstant

invertible operator �; if � is a good enough approximation to Df(x) for all x

in the ball of radius � about x

0

, the rede�ned � is still a 
ontra
tion on this

ball. The pre
ise 
onditions whi
h have to be satis�ed are quite simple:

Proposition 3.2.5 Let B

�

(x

0

) denote the 
losed ball with radius � 
entered at

x

0

; let f be a mapping de�ned on a neighborhood of B

�

(x

0

) taking values in

Y and di�erentiable at ea
h point of B

�

(x

0

); and let � be an invertible linear

mapping X ! Y. If there exists � < 1 su
h that

1.







�

�1

(Df(x)� �)







� � for all x 2 B

�

(x

0

).

2.







�

�1

f(x

0

)







� (1� �)�

then f has a unique zero in B

�

(x

0

).

In fa
t, the exa
t 
onditions of the pre
eding proposition are not often

very important, but it is simpler to state them expli
itly than to formulate

qualitatively what it is about them whi
h is a
tually used.

Proof. The proof is almost immediate. Put �(x) = x��

�1

f(x). Evidently, a

�xed point of � is the same thing as a zero of f . By a very simple 
omputation,

D�(x) = �

�1

(��Df(x)) ;

so the two 
ondition of Proposition ?? are simply reformulations of those of

Proposition ?? �

It should be noted that, although this modi�ed Newton's method is easier

to 
ontrol, and requires less regularity, than Newton's method itself, it does

not give the extremely rapid 
onvergen
e that Newton's method does (unless

� = Df(�x), whi
h is hard to arrange in pra
ti
e).

3.3 The impli
it fun
tion theorem

The ideas of the pre
eding se
tion 
an be used to prove the impli
it fun
tion

theorem:
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Theorem 3.3.1 (Impli
it fun
tion theorem) Let X , Y, Z be Bana
h spa
es,

f a fun
tion de�ned on a neighborhood U of 0 in X �Z, with values in Y. As-

sume:

i) For ea
h (x

0

; z

0

) 2 U , f(x; z

0

) is di�erentiable in x on a neighborhood of x

0

,

and the partial derivative D

1

f(x; z) varies 
ontinuously with (x; z) 2 U .

ii) f(0; 0) = 0.

iii) D

1

f(0; 0) is invertible.

Then

1) If Æ

x

> 0 is suÆ
iently small, there exists Æ

z

> 0 su
h that, for ea
h z with

kzk < Æ

z

, there is exa
tly one x with kxk < Æ

x

su
h that f(x; z) = 0.

(Intuitively: For ea
h small z, the equation f(x; z) = 0 has a unique

small solution.)

We will from now on suppose that Æ

z

, Æ

x

have been �xed on
e and for all

so that the 
ondition of i) holds, and are also small enough so that D

1

f(x; z)

is invertible for all (x; z) in

� � f(x; z) : kzk < Æ

z

and kxk < Æ

x

g :

We will denote the x 
orresponding to z by X(z)

2) If, in addition, f is di�erentiable on �, X is di�erentiable on

�

z

� fz : kzk < Æ

z

g ;

and

DX(z) = � (D

2

f(X(z); z))

�1

D

1

f(X(z); z):

3) If f is of 
lass C

r

, r � 1 on �, then X is of 
lass C

r

on Æ

z

.

Proof. To prove 1), we simply apply Proposition ?? to the mapping f

(z)

: x 7!

f(x; z), with 0 as an approximate zero, � = D

1

f(0; 0), and z 2 Z as a \param-

eter." We have to 
hoose � and �. At z = 0, we have �

�1

�

Df

(z)

(0)� �

�

= 0

and �

�1

f

(z)

(0) = 0. By 
ontinuity, there exist Æ

x

; Æ

z

> 0 su
h that










�

�1

�

Df

(z)

(x) � �

�










� 1=2for kxk � Æ

x

and kzk � Æ

z

.

By making Æ

z

smaller if ne
essary, we 
an also ensure that k�

�1

f

(z)

(0)k � Æ

x

=2

if kzk � Æ

z

. Proposition 2.5 now applies, with � = 1=2 and � = Æ

x

, for ea
h z

with kzk � Æ

z

and proves 1).
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We now turn to the proof of 2). Note that the formula for DX(z) would

follow immediately by di�erentiating the identity f(X(z); z) = 0, if we knew

that X was di�erentiable. Proving that X is di�erentiable, assuming that f

is, is an instru
tive exer
ise in the de�nition of the derivative. To get started,

we need to know that X is 
ontinuous. This follows from the proof of Propo-

sition 2.5 together with Corollary 2.2. To prove di�erentiability, �x z, and,

for suÆ
iently small Æz, de�ne ÆX = X(z + Æz) � X(z). From f(X; z) = 0,

f(X + ÆX; z + Æz) = 0, and the de�nition of derivative, we get

D

2

f(X; z)Æz +D

1

f(X; z)ÆX = o(kÆzk+ kÆXk):

Sin
e we have set things up so that we know that D

1

f(X; z) is invertible, we

get

ÆX = � (D

1

f(X; z))

�1

D

2

f(X; z)Æz + o(kÆzk+ kÆXk):

A �rst appli
ation of this estimate together with the 
ontinuity of X shows

that kÆXk = O(kÆzk), and hen
e o(kÆzk + kÆXk) 
an be repla
ed simply

by o(kÆzk). A se
ond appli
ation of the estimate shows, dire
tly from the

de�nition of derivative, that X is di�erentiable at z and that its derivative is

as indi
ated in 2).

On
e the formula for DX(z) is established, it is straightforward to prove|

by di�erentiating that formula repeatedly|that X is n times di�erentiable if

f is. This pro
ess also leads to an expli
it (if unwieldy) formula for the n-th

derivative of X in terms of the partial derivatives (of total order not greater

than n) of f . From this formula it follows at on
e that if the partial derivatives

of f of order n are H�older 
ontinuous of order �, then so is the n-th derivative

of X . �

Corollary 3.3.2 (Inverse fun
tion theorem) Let f be a 
ontinuously dif-

ferentiable mapping de�ned on a neighborhood of x

0

2 X , taking values in Y.

Assume that Df(x

0

) is invertible. Then f maps any suÆ
iently small ball

about x

0

homeomorphi
ally onto a neighborhood of f(x

0

). The inverse homeo-

morphism is 
ontinuously di�erentiable, and of 
lass C

r

if f is. We have

Df

�1

(f(x)) = (Df(x))

�1

:

Proof. To prove the lo
al invertibility of f , we need to show that f(x) = y,

regarded as an equation to be solved for x with y �xed, has a unique solution

near x

0

for ea
h y suÆ
iently near to f(x

0

). This follows from the impli
it

fun
tion theorem applied to (y; x) 7! f(x) � y. Di�erentiability of the inverse

fun
tion also follows from the impli
it fun
tion theorem; the formula for the

derivative 
an be derived from the formula given above for the derivative of an
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impli
itly de�ned fun
tion, but it is easier simply to di�erentiate the identity

f

�1

(f(x)) = x and apply the 
hain rule. �

Theorem 3.3.1 is frequently referred to as the \soft" impli
it fun
tion theo-

rem, to distinguish it from the mu
h deeper \hard" impli
it fun
tion theorems

of Nash and Moser.
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Chapter 4

Attra
ting �xed points

4.1 Orientation

Let f be a map. A periodi
 point of f means a point x

0

su
h that f

p

(x

0

) = x

0

for some stri
tly positive integer p. The smallest (stri
tly positive) su
h p is


alled the period of f . A periodi
 
y
le of f means a sequen
e x

0

; f(x

0

); : : : ; f

p�1

(x

0

),

where x

0

is a periodi
 point of period p. Study of the behavior of a map near

a periodi
 point 
an be redu
ed to study of the behavior near a �xed point by

repla
ing f by f

p

. Somewhat more pre
isely: The motion indu
ed by f near

a periodi
 
y
le of period p is, in a natural sense, the semi-dire
t produ
t of a


y
li
 permutation of order p with the motion indu
ed by f

p

near any point of

the 
y
le. The 
y
li
 permutation if \trivial"; we therefore fo
us our attention

on the 
ase of a �xed point.

Thus, let f be a di�erentiable mapping de�ned on an open set in a Bana
h

spa
e E , with a �xed point x

0

. Near this �xed point, f is well approximated

by the linear mapping x 7! f(x

0

) +Df(x

0

) (x� x

0

). It is thus natural to ask:

To what extent is the dynami
s of f near the �xed point like the dynami
s of

Df(x

0

)? The point of view here is that the dynami
s of linear mappings is

well-understood and simple|at least in the �nite-dimensional 
ase|and may

provide valuable guidan
e for the understanding of the non-linear 
ase.

One ni
e situation, whi
h happens reasonably frequently (at least in the

�nite-dimensional 
ase) is that, near the �xed point, f di�ers from Df(x

0

)

only by a 
hange of 
oordinates. More pre
isely, what we mean is that there

is an invertible mapping �, de�ned on a neighborhood of 0 and mapping 0 to

x

0

, su
h that f = �Df(x

0

)�

�1

on a neighborhood of 0. We speak of su
h a

� as a linearization of f (near x

0

), or we say that � 
onjugates Df(x

0

) to f

29
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(near x

0

). It matters a lot how mu
h regularity � is required to have. In order

to be of any interest at all, a linearization must be at least a homeomorphism,

in whi
h 
ase we speak of a topologi
al linearization. As we shall see later on,

topologi
al linearizations exist quite often|not always|but the information

they give about the dynami
s near the �xed point is too 
oarse to be very

useful.

Linearizations with some degree of di�erentiability are more useful than

ones whi
h are merely topologi
al, but 
onditions for their existen
e are more


ompli
ated. For example, among maps of 
lass C

1

, \most" (in a sense whi
h

we will not de�ne here) admit C

1

linearizations, but a dense set of them do not.

Be
ause the existen
e or non-existen
e of a smooth linearization depends on

deli
ate properties of the map, these linearizations are not very e�e
tive tools

for analyzing general smooth maps. Nevertheless, it 
an be a helpful heuris-

ti
 devi
e to imagine that linearizations exist. Judi
iously 
hosen \obvious"

fa
ts about linear maps often extend to give useful and less trivial properties

of general maps. For example: Suppose f admits a C

1

linearization, with C

1

inverse, at the �xed point x

0

. Without loss of generality, we 
an assume that

D�(0) = 1.

1

Now if E

1

is a linear subspa
e of E invariant under Df(x

0

), �E

1

is

an invariant manifold for f . (A
tually, sin
e we are only supposing that � is lo-


ally de�ned, this manifold is in general only lo
ally invariant in an appropriate

sense. This manifold passes through x

0

, and its tangent spa
e there is exa
tly

the subspa
e E

1

. Thus, if a smooth linearization exists, invariant subspa
es for

Df(x

0

)|about whi
h spe
tral theory provides detailed information|give rise

to lo
ally invariant manifolds for f . It is then natural to ask to what extent this


orresponden
e 
an be established without assuming the existen
e of a smooth

linearization. It turns out, in fa
t, that a stri
t 
orresponden
e between invari-

ant subspa
es and invariant manifolds breaks down in general, for roughly the

same reasons as does the existen
e of smooth linearizations, but that there are

some \dynami
ally de�ned" invariant subspa
es for Df(x

0

) to whi
h there do


orrespond invariant manifolds. The study of these questions will be the main

topi
 of this 
hapter, but, before beginning on it, we will look at a simpler

relation between the dynami
s of f near a �xed point x

0

and the dynami
s of

Df(x

0

), manifested in what is 
alled \linear stability analysis".

1

In general, we get from the 
hain rule that Df(x

0

) = D�(0)Df(x

0

)D�(0)

�1

, i.e., D�(0)


ommutes with Df(x

0

). Hen
e, repla
ing � by �Æ [D�(0)

�1

℄ gives a new linearization whose

derivative at 0 is the identity.
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4.2 Linear stability analysis

A �xed point x

0

for a mapping f will be said to be attra
ting if there exists a

neighborhood U of x

0

whose images under f shrink down uniformly to fx

0

g in

the sense that, for any neighborhood V of x

0

, f

n

U � V for all suÆ
iently large

n. (Although we have not expli
itly assumed that U is mapped into itself by

f , we 
an add this assumption without making the de�nition more restri
tive;

simply repla
e U by

S

1

n=0

f

n

U .)

This de�nition 
alls for two 
omments on terminology. The �rst 
omment

is that what we 
all an attra
ting �xed point is 
ommonly 
alled a stable or (in

the older literature) asymptoti
ally stable �xed point. The reason for this ter-

minology is that, if we imagine perturbing an attra
ting �xed point slightly, we

get another initial point whose orbit 
onverges ba
k to that of the unperturbed

�xed point. The term \stable" is, however, overused in dynami
al systems

theory, and I have preferred to reserve it primarily to refer to properties of a

system whi
h are preserved under small 
hanges in that dynami
al system (as

opposed to properties of an orbit whi
h are preserved under small 
hanges in

initial 
ondition). The se
ond 
omment is that the above de�nition of attra
t-

ing �xed point is never satis�ed by a Hamiltonian dynami
al system (at least

on a �nite-dimensional state spa
e); su
h systems, be
ause they preserve vol-

umes in state spa
e, 
annot map a set U of nonzero volume into an arbitrarily

small subset of itself. There is another de�nition of stability more appropriate

for Hamiltonian systems: A �xed point x

0

is said to be Lyapunov stable if, for

any neighborhood U of x

0

, there exists a (smaller) neighborhood V su
h that

f

n

V � U for all n � 0, i.e., any orbit starting suÆ
iently near to x

0

stays near

forever.

Whether or not a �xed point is attra
ting 
an often be determined from

the spe
trum of the derivative at that �xed point.

Proposition 4.2.1 Let f be a mapping of 
lass C

1

; x

0

a �xed point of f .

1. If the spe
tral radius � of Df(x

0

) is stri
tly less than one, x

0

is attra
ting.

2. If Df(x

0

) is a 
ompa
t operator, and if the spe
tral radius of Df(x

0

) is

stri
tly greater than one, x

0

is not attra
ting.

Thus, at least in the 
ase whereDf(x

0

) is 
ompa
t|and in parti
ular in the

�nite-dimensional situation whi
h is our prin
ipal interest|the spe
tral radius

of Df(x

0

) determines whether or not x

0

is attra
ting unless it is exa
tly one.

I do not know whether the se
ond assertion is true without some assumption

like 
ompa
tness to permit the splitting o� of the part of the spe
trum with

largest modulus.
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Proof. We will prove only the �rst assertion. We 
hoose We 
hoose a norm

su
h that kDf(x

0

)k < 1; then, by 
ontinuity of the derivative, there exist � < 1

and � > 0 su
h that kDf(x)k < � for all x with kx � x

0

k < �. We take U to

be the ball of radius � about x

0

; then for n = 1; 2; : : :, f

n

U is 
ontained in the

ball of radius �

n

� about x

0

. Any neighborhood V of x

0


ontains the ball of

radius �

n

� for all suÆ
iently large n. �

The analogue of the above 
onsiderations for 
ows is as follows: A stationary

solution of a di�erential equation

dx

dt

= X(x)

means an x

0

su
h that X(x

0

) = 0. Then x

0

is a �xed point for the solution


ow f

t

for all t. (Re
all: It is our one of our standing hypotheses for 
ows

that X(x) possesses enough regularity to guarantee uniqueness of solutions.) A

stationary solution x

0

is attra
ting if there is a neighborhood U of x

0

su
h that,

for every neighborhood V of x

0

, f

t

(U) � V for all suÆ
iently large t. Under very

mild te
hni
al assumptions, this is equivalent to attra
tivity of the stationary

solution for the time-one map f

1

, so the study of attra
ting stationary solutions

for di�erential equations essentially redu
es to that of attra
ting �xed points

for maps.

For example, if there exists a k su
h that

kX(x)k � kkxk for small x,

then

kf

t

xk � e

kt

kxk for x small and 0 < t < 1.

Then if

f

n

(U) � e

�k

V for n � n

0

,

we get

f

n+�

(U) � V for n � n

0

and 0 � � < 1,

i.e.,

f

t

(U) � V for t � n

0

.

It X(x) is 
ontinuously di�erentiable, the spe
trum of the derivative of the

time-one solution mapping at a stationary solution x

0

is also easy to 
ompute|

given the spe
trum of the linearization DX(x

0

) of the di�erential equation|

using the �rst variational equation. The idea is as follows: Let x(t), 0 � t � t

0

be a solution of the di�erential equation. Write V (t) for Df

t

(x(0)). Then V (t)

satis�es the linear di�erential equation

dV

dt

= V (t)DX(x(t)) with initial 
ondition V (0) = 1.
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This equation, furthermore, determines V (t). In the simple 
ase where x(t) �

x

0

, we get

V (t) = e

tDX(x

0

)

;

and hen
e we have

Corollary 4.2.2 A stationary solution x

0

of the di�erential equation

dx

dt

= X(x(t));

(with X(x) 
ontinuously di�erentiable) is attra
ting if the spe
trum of DX(x

0

)

is 
ontained in the open left half-plane; in �nite dimensions, su
h a stationary

solution is not attra
ting if the spe
trum of DX(x

0

) is not 
ontained in the


losed left half-plane.
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Chapter 5

Stable manifolds:

introdu
tion

5.1 Introdu
tion

We will 
onsider here a mapping f , at least on
e 
ontinuously di�erentiable,

de�ned on an open set in a Bana
h spa
e E . A �xed point z

0

for f will be

said to be hyperboli
 if the linear operator Df(z

0

) is hyperboli
 in the sense

de�ned in x2.4, i.e., if its spe
trum is disjoint from the unit 
ir
le. We will

�x our attention here on a parti
ular hyperboli
 �xed point z

0

. By Corollary

2.4.2, there is a splitting of E as a dire
t sum of two 
losed linear subspa
es E

s

and E

u

, ea
h invariant under Df(z

0

), su
h that the spe
trum of the restri
tion

of Df(z

0

) to E

s

is entirely inside the unit 
ir
le and that of the restri
tion to

E

u

entirely outside. Furthermore, E

s


an be 
hara
terized by

E

s

= fz 2 E : �

n

z �! 0 as n!1.g

In this and the following 
hapters, we are going to establish the existen
e

of a \non-linear version" of E

s

. Loosely formulated, the idea is as follows: Let

W

s

denote the set of points z su
h that

f

n

(z) remains near z

0

for all n � 0 and ! z

0

as n!1.

So de�ned, W

s

is just a set, manifestly mapped into itself by f and manifestly


ontaining z

0

, but whi
h a priori might 
ontain nothing else. We are going to

show, in fa
t, that

35
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W

s

is a smooth submanifold of E and the tangent spa
e to W

s

at z

0

is E

s1

.

This invariant manifold is known as the stable manifold for f at x

0

. We will


on
entrate, for the �rst part of the analysis, on the behavior in the immediate

vi
inity of the �xed point, and will 
onstru
t only a little pie
e of invariant

manifold. In ni
e 
ases, it is possible to extend the small invariant manifold we


onstru
t here in a natural way to a global invariant manifold. Thus, what we

are 
on
erned with here is more properly 
alled a lo
al stable manifold. There

is an analogous non-linear version of E

u

; it is 
alled the unstable manifold and

will be denoted by W

u

. If f is invertible, the unstable manifold for f 
an be


onstru
ted as the stable manifold for f

�1

. As we will see later on, however,

unstable manifolds 
an also be 
onstru
ted without assuming invertibility of f .

Stable and unstable manifolds are obje
ts of fundamental importan
e in

the study of hyperboli
 �xed points and in dynami
al systems theory in gen-

eral. Fortunately, they are very well-behaved obje
ts, and in parti
ular there

is no loss of di�erentiability in passing from f to the 
orresponding stable and

unstable manifolds: If f is of 
lass C

r

, 1 � r � 1, then W

s

and W

u

are

submanifolds of 
lass C

r2

. The theory of these obje
ts, while not ex
eptionally

diÆ
ult, is of substantial depth, and a 
ir
umspe
t indire
t approa
h seems to

be needed to make the proofs reasonably simple, espe
ially if the obje
tive is

to obtain results with weakest possible hypotheses. In broad outline, we are

going to pro
eed as follows:

{ At the outset, we forget about the fa
t that W

s

is supposed to be the

set of points whose orbits 
onverge to z

0

and 
on
entrate on �nding an

invariant manifold tangent to E

s

at z

0

.

{ It is in fa
t 
onvenient to elarge the framework a little and to look for an

invariant set with a bit less regularity that ne
essary for a submanifold.

{ We 
onvert the sear
h for an invariant set to the sear
h for a �xed point

of an auxiliary operator on an appropriate fun
tion spa
e, and we show

that this operator is 
ontra
tive and hen
e has a unique �xed point.

{ With the �xed point|i.e., the invariant set|already in hand, we pro
eed

to prove �rst that the invariant set is a C

1

manifold; then that it has at

least as mu
h additional smoothness as f itself.

1

This means in parti
ular that the dimension of W

s

is equal to that of E

s

2

The 
onverse doesn't hold: A mapping of �nite di�erentiability 
an easily have|by

a

ident, so to speak|C

1

stable and unstable manifolds
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{ Finally, we show that our invariant manifold does indeed 
onsist exa
tly

of those points whose orbits remain near the �xed point and 
onverge to

it.

5.2 Notation and preliminary redu
tions

Our basi
 notation and standing hypotheses are as follows: We are 
onsidering

a mapping f de�ned on an open set in a Bana
h spa
e E . When nothing is said

to the 
ontrary, it is always to be understood that f is at least 
ontinuously

di�erentiable. We investigate f in the neighborhood of a �xed point, whi
h

we will take|for notational simpli
ity|to be the origin in E . We will denote

Df(0) by �, and we assume that � is a hyperboli
 operator. It follows that E

has a representation as

E = E

s

� E

u

;

and that, in this representation, � has the form

�

�

s

0

0 �

u

�

;

where

1. the spe
tral radius of �

s

is < 1, and

2. �

u

is invertible and the spe
tral radius of (�

u

)

�1

is < 1.

When referring to points of E = E

s

� E

u

, we will generally use

{ x (with subs
ripts, a

ents, et
.) to refer to the E

s


o-ordinate,

{ y to refer to the E

u


o-ordinate, and

{ z to refer to the pair (x; y).

We 
hoose norms on E

s

and E

u

so that

k�

s

k < 1 and k(�

u

)

�1

k < 1; (5.1)

and we equip E with the norm

k(x; y)k = maxfkxk; kykg:

We now separate o� the linear part of f near the origin by writing:

f(x; y) = (�

s

x+ f

s

(x; y);�

u

y + f

u

(x; y)); (5.2)
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where f

s

and f

u

are 
ontinuously di�erentiable and vanish, together with their

�rst derivatives, at the origin.

We will refer to the f

s

and f

u

as the nonlinear parts of f . A �rst very

important observation is that, be
ause we want to prove a result whi
h is lo
al

at the �xed point, we 
an without loss of generality assume that f

s

and f

u

are

\small". This goes as follows: By assumption, the f

s

and f

u

are 
ontinuously

di�erentiable and vanish, together with their �rst derivatives, at (0; 0). Hen
e,

the norms of their �rst derivatives 
an be made as small as we like on the ball of

radius � about (0; 0) by making � small. We 
an then repla
e f by z 7!

1

�

f(�z)

to get a new mapping with the same linear parts as f but whose non-linear

parts have �rst derivatives whi
h are uniformly as small as we like on the unit

ball. That is: Working on the unit ball with the nonlinear parts small in the

C

1

sense is equivalent to working on a small ball for a general C

1

mapping f .

We will refer to this redu
tion as \magni�
ation".

We next want to give a 
on
rete analyti
al formulation of the geometri
al

notion of manifold tangent to E

s

at 0. It both 
orresponds to our geometri
al

intuition and 
an easily be proved from the standard de�nitions in manifold

theory that a submanifold 
ontaining 0 is tangent to E

s

there if and only if

a suÆ
iently small pie
e of this manifold around 0 
an be represented as the

graph �(w) of a mapping w, de�ned on a neighborhood of 0 in E

s

and taking

values in E

u

, su
h that

w(0) = 0 and Dw(0) = 0: (5.3)

(The �rst 
ondition simply says that the origin lies on the submanifold; the

se
ond expresses tangen
y.) Furthermore, the smoothness of the submanifold|

or rather, of the small pie
e of it so represented|is exa
tly the smoothness

of w. In our original|unmagni�ed|problem, what we are looking for is a

fun
tion, de�ned on a small neighborhood of 0 and satisfying (5.3), whose

graph is mapped into itself by f . After magni�
ation, we 
an assume that w is

de�ned on the open unit ball. Thus, what we want to prove is something along

the following lines:

Preliminary formulation of desired result. Let �

s

and �

u

be as above.

Then for any pair of fun
tions f

s

, f

u

, de�ned and 
ontinuously di�erentiable

on the open unit ball of E

s

�E

u

, vanishing together with their �rst derivatives at

the origin and having suÆ
iently small C

1

norm on the unit ball, the mapping

f : (x; y) 7�! (�

s

x+ f

s

(x; y);�

u

y + f

u

(x; y))

leaves invariant a set of the form �(w), where w is a C

1

fun
tion from the unit

ball of E

s

into E

u

, vanishing together with its �rst derivative at the origin.
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With this preliminary formulation in mind, we now ask when the graph

of a fun
tion w is mapped into itself by f of the form (5.2). To answer this

question, we write out, in our detailed notation for f , the image under f of a

general point of the graph of w:

f(x;w(x)) = (�

s

x+ f

s

(x;w(x));�

u

w(x) + f

u

(x;w(x)):

This will again be in the graph of w if and only if

�

u

w(x) + f

u

(x;w(x)) = w (�

s

x+ f

s

(x;w(x))) ; (5.4)

i.e., if and only if

w(x) = �

�1

u

(w (�

s

x+ f

s

(x;w(x))) � f

u

(x;w(x))) : (5.5)

Now the right-hand side of (5.5) 
an be taken as de�ning a (non-linear) operator

on fun
tions w, i.e., (5.5) 
an be interpreted as the �xed-point equation w = Fw

where

(Fw)(x) = �

�1

u

(w (�

s

x+ f

s

(x;w(x))) � f

u

(x;w(x))) : (5.6)

The �nal result, then, is:

The graph of w is mapped into itself by f if and only if w is a �xed point for

F as de�ned in (5.6).

(In
luded in the �xed-point 
ondition is the requirement that the right-hand

side of (5.6) is de�ned on all of the domain of w, i.e., that �

s

x+ f

s

(x;w(x)) is

in the domain of w for all x in the domain of w.)

5.3 Lips
hitz fun
tions

The idea now is to 
hoose a fun
tion spa
e on whi
h the operator F is a 
on-

tra
tion. Although many 
hoi
es of fun
tion spa
e 
an be made to work under

suÆ
iently strong hypotheses on f , some 
are is needed to get the sharpest

possible results. A spa
e whi
h turns out to work well is a spa
e of Lips
hitz


ontinuous fun
tions, equipped with a judi
ious modi�
ation of the supremum

norm. The te
hni
al advantage here in working with with Lips
hitz fun
tions

is that

{ for our estimates, a Lips
hitz 
ondition is almost as good as a bound on

the �rst derivative, while

{ Lips
hitz 
ontinuity, unlike di�erentiability, is well-behaved under uniform|

or even pointwise|limits.
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We need to introdu
e a little formalism. If (X

1

; �

1

), (X

2

; �

2

) are metri


spa
es, we say that a mapping f : X

1

! X

2

is Lips
hitz 
ontinuous if there

exists a 
onstant k su
h that

�

2

(f(x); f(x

0

)) � k�

2

(x; x

0

) for all x; x

0

2 X

1

.

The set of k's for whi
h this inequality holds is 
losed; its in�mum will be

denoted by Lip(f). If the range spa
e is a normed ve
tor spa
e, then the set of

Lips
hitz 
ontinuous fun
tions is a ve
tor spa
e and Lip(f) is almost a norm

on this ve
tor spa
e. Although it fails to be a norm be
ause it vanishes on


onstant fun
tions, we will nevertheless refer to Lip(f) as the Lips
hitz norm

of f .

The Lips
hitz norm is parti
ularly well-behaved with respe
t to 
omposition

of fun
tions:

Proposition 5.3.1 Let (X

1

; �

1

), (X

2

; �

2

), (X

3

; �

3

) be metri
 spa
es, f : X

1

!

X

2

and g : X

2

! X

3

Lips
hitz 
ontinuous mappings. Then g Æ f is Lips
hitz


ontinuous and

Lip(g Æ f) � Lip(g)Lip(f):

Proof. For x, x

0

in X

1

,

�

3

(g(f(x)); g(f(x

0

))) � Lip(g)�

2

(f(x); f(x

0

)) � Lip(g)Lip(f)�

1

(x; x

0

):

�

On
e we have de
ided to look for the invariant set as the graph of a Lips
hitz


ontinuous fun
tion, it is no longer ne
essary to assume that f is 
ontinuously

di�erentiable. Instead of requiring that f

s

and f

u

be 
ontinuously di�erentiable

on the unit ball with uniformly small �rst derivatives, it suÆ
es to assume

instead that they are Lips
hitz 
ontinuous with small Lips
hitz norm. The


ondition that their derivatives vanish at the origin no longer makes sense in

this more general framework, but we retain the assumption that f

s

(0) = 0 and

f

u

(0) = 0.

We 
an now formulate our �rst existen
e and uniqueness result:

Proposition 5.3.2 Let �

s

, �

�1

u

be operators of norm < 1 on Bana
h spa
es

E

s

, E

u

respe
tively, and let f

s

, f

u

be Lips
hitz-
ontinuous mappings from the

unit ball of E

s

� E

u

into E

s

, E

u

respe
tively whi
h vanish at the origin. If the

Lips
hitz norms of f

s

, f

u

are small enough, then there is a unique mapping w

s

from the unit ball of E

s

into E

u

, Lips
hitz 
ontinuous with Lips
hitz norm � 1,

whose graph is mapped into itself by

f : (x; y) 7�! (�

s

x+ f

s

(x; y);�

u

y + f

u

(x; y))
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Proof. Let

X

F

:= fw : B

s

! E

u

; w(0) = 0 and Lip(w) � 1g

(where we have written B

s

for the open unit ball in E

s

.) The idea is going to

be to show that F as de�ned in (5.6) maps X

F


ontra
tively into itself. For

the remainder of this proof, w will always denote an element of X

F

. We will

frequently use without 
omment the simple estimates

kw(x)k � Lip(w)kxk � kxk < 1

for all x 2 B

s

.

To simplify the formulas arising in the 
ourse of the proof, it is 
onvenient

to introdu
e a streamlined notation. We rewrite the de�nition (5.6) of the

operator F as

(Fw)(x) = F (x;w(x); w(v(x;w(x)))) (5.7)

where

F (x; y; y

0

) = �

�1

u

[y

0

� f

u

(x; y)℄ and v(x; y) = �

s

x+ f

s

(x; y): (5.8)

Note that|from the vanishing of f

s

, f

u

, and w at the origin|

v(0; 0) = 0 and F (0; 0; 0) = 0:

When we 
onsider fun
tions of several variables, like F and v, we will write

Lip

i

for the Lips
hitz norm with respe
t to the i-th variable with the other

variables held �xed (i.e., in the di�erentiable 
ase, the supremum norm of the

i-th partial derivative.) From the de�nitions, we have

Lip

1

(F ) � k�

�1

u

kLip

1

(f

s

) (arbitrarily small),

Lip

2

(F ) � k�

�1

u

kLip

1

(f

u

) (arbitrarily small),

Lip

3

(F ) = k�

�1

u

k;

Lip(v) � k�

s

k+ Lip(f

s

) (< k�

s

k+ �);

Lip

2

(v) � Lip

2

(f

s

) (arbitrarily small).

(5.9)

The last 
olumn in the above table|in parentheses|indi
ates how small the

quantity in question 
an be made by making the Lips
hitz norms of f

s

and f

u

small.

We note further that, be
ause of our 
hoi
e of norm on E

s

�E

u

, the mapping

x 7! (x;w(x)) has Lips
hitz norm one, so

Lip(x 7! v(x;w(x))) � Lip(v):

We will present the proof of the proposition as a seqen
e of steps, ea
h a

simple 
omputation, showing su

essively that
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1. Fw is de�ned everywhere on B

s

2. Fw(0) = 0

3. F preserves the 
ondition Lip(w) � 1

4. F is 
ontra
tive

In the 
ourse of these 
omputations we are led to impose a number of bounds

on F and v; it follows easily from the estimates in the last 
olumn of (5.9) that

ea
h of these bounds 
an be made to hold by taking the Lips
hitz norms of f

s

and f

u

small enough.

Step 1. If

Lip(v) � 1 (5.10)

then Fw is de�ned on all of B

s

for all w 2 X

F

.

In terms of the notation introdu
ed above, Fw will be de�ned on all of B

s

provided

kv(x;w(x))k < 1 when kxk < 1.

Sin
e v(0; w(0)) = v(0; 0) = 0, this will follow if we 
an arrange that the

mapping x 7! v(x;w(x)) has Lips
hitz norm � 1. We have already remarked

that this Lips
hitz norm is � Lip(v). �

From now on, we assume that Fw is de�ned everywhere in the open unit

ball.

Step 2. Fw(0) = 0 for all w 2 X

F

.

This follows at on
e from w(0) = 0, v(0; 0) = 0, and F (0; 0; 0) = 0. �

Step 3. If

Lip

1

(F ) + Lip

2

(F ) + Lip

3

(F )Lip(v) � 1; (5.11)

then

Lip(Fw) � 1 for all w 2 X

F

.

From the de�nition (5.8) of F ,

Lip(Fw) � Lip

1

(F ) + Lip

2

(F )Lip(w) + Lip

3

(F )Lip(w)Lip(v)

� Lip

1

(F ) + Lip

2

(F ) + Lip

3

(F )Lip(v):

�
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Next 
omes the questions of 
ontra
tivity of F . We do not prove 
ontra
-

tivity with respe
t to the Lips
hitz norm, but with respe
t to a mu
h weaker

one. The norm we 
hoose is

kwk := sup

x 6=0

kw(x)k

kxk

: (5.12)

It is easy to see that

{ kwk � Lip(w) if w(0) = 0.

{ k k is a norm on the spa
e of 
ontinuous mappings w : B

s

! E

u

for whi
h

kwk <1, and this spa
e is 
omplete with respe
t to k k.

{ If w

n

is a sequen
e in X

F

whi
h 
onverges with respe
t to k k, then the

limit is again in X

F

. (In fa
t: Pointwise 
onvergen
e is enough.) Thus,

X

F

is 
omplete with respe
t to k k.

Step 4. If

Lip

2

(F ) + Lip

3

(F )Lip(v) + Lip

3

(F )Lip

2

(v) < 1; (5.13)

then F is 
ontra
tive on X

F

with respe
t to k k.

Let w

1

, w

2

be in X

F

and x 2 B

s

, x 6= 0. Then

Fw

1

(x)�Fw

2

(x) = F (x;w

1

; w

1

(v

1

))� F (x;w

2

; w

1

(v

1

))

+F (x;w

2

; w

1

(v

1

))� F (x;w

2

; w

2

(v

1

))

+F (x;w

2

; w

2

(v

1

))� F (x;w

2

; w

2

(v

2

))

where we have suppressed many arguments, using the 
onvention that w

i

with-

out argument means w

i

(x) and that v

i

means v(x;w

i

(x)). We then use the

estimates:

kv

1

� v

2

k � Lip

2

(v)kw

1

� w

2

k kxk

and

kw

2

(v

1

)� w

2

(v

2

)k � kw

1

� w

2

kLip(v) kxk

to get

kFw

1

(x)�Fw

2

(x)k

� [Lip

2

(F ) + Lip

3

(F ) Lip(v) + Lip

3

(F ) Lip

2

(v)℄ kw

1

� w

2

k kxk:
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Dividing by kxk and taking the supremum over x, we see that F is a 
ontra
tion

on X

F

provided

Lip

2

(F ) + Lip

3

(F ) Lip(v) + Lip

3

(F ) Lip

2

(v) < 1;

as asserted. �

Putting all the pie
es together: By the 
ontra
tion mapping prin
iple, F

has one and only one �xed point in X

F

provided that (5.10), (5.11), (5.13) all

hold, and, sin
e

k�

s

k < 1 and k(�

u

)

�1

k < 1;

the estimates in (5.9) show that all three of these 
onditions hold if the Lips
hitz

norms of f

s

and f

u

are small enough. Thus, the proof of Proposition 5.3.2 is


omplete. �

5.4 Generalizations

For the proof of Proposition 5.3.2 we need only estimates (5.10), (5.11) and

(5.13), and these 
an be made to hold provided

k�

s

k < 1 and k�

s

k k�

�1

u

k < 1:

The 
ondition k�

�1

u

k < 1 was never needed. This simple observation leads to

the following useful generalization: Let � � 1 be su
h that

�(Df(z

0

)) \ fj�j = �g = ;;

but su
h that

S

�

:= �(Df(z

0

)) \ fj�j < �g and S

+

:= �(Df(z

0

)) \ fj�j > �g

are both non-empty. There is then an invariant dire
t sum de
omposition of

E as E

�

� E

+

, where E

�

(respe
tively E

+

) is the spe
tral subspa
e for Df(z

0

)


orresponding to S

�

(respe
tively S

+

.) In this representation for E , Df(z

0

)

has blo
k-diagonal form

Df(z

0

) =

�

�

�

0

0 �

+

�

and by proper 
hoi
e of norm we 
an arrange that

k�

�

k < � and k�

�1

+

k < �

�1
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The analysis of the pre
eding se
tion applies in this more general situation

and proves the existen
e of a Lips
hitz fun
tion, de�ned on an open �-ball about

z

0

in E

�

and taking values in E

+

, whose graph is invariant under f . The proof

of the smoothness of the fun
tion|to be given in the next 
hapter|and of

the vanishing of its derivative at z

0

also extend to this more general situation.

Thus we get an invariant manifold tangent to E

�

. Su
h an invariant manifold

is 
alled a strong stable manifold; it 
an be 
hara
terized dynami
ally as the

set of points whose orbits stay near to z

0

and 
onverge to it faster than �

n

(asymptoti
ally.)

It is also useful|but a bit more diÆ
ult|to make a further extension to

allow for � > 1. The following situation is parti
ularly important in pra
ti
e:

Suppose that the spe
trum of Df(z

0

) 
an be split into two parts:

�(Df(z

0

)) = S


s

[ S

u

where

supfj�j : � 2 S


s

g = 1 and inffj�j : � 2 S

u

g > 1:

There is again a 
orresponding splitting E = E


s

� E

u

, et
., and we would like

to show that there is an invariant manifold tangent to E


s

. Su
h an invariant

manifold is 
alled a 
enter-stable manifold.

The trouble in extending the above proof is in getting started, i.e., in proving

that Fw is de�ned on the whole unit ball. The estimates leading to preservation

of Lip(w) � 1 and to 
ontra
tivity rely only on

k�


s

k k�

�1

u

k < 1

(with a self-explanatory notation), and this bound 
an be made to hold without

diÆ
ulty. To get Fw de�ned on the whole unit ball, we needed Lip(v) � 1,

and for this the stri
t inequality

k�

s

k < 1

is essential.

We 
an get around this diÆ
ulty|to some extent|by using the following

idea: We 
ut o� the non-linear terms in f away from the �xed point to get

a mapping whi
h is de�ned everywhere in E and globally 
lose, in a Lips
hitz

sense, to a linear mapping. We then apply the analysis of the pre
eding se
tion

to prove the existen
e of a global invariant Lips
hitz manifold W for the 
ut-o�

mapping. Be
ause everything is de�ned everywhere, the problem of getting

a large enough domain for Fw disappears. The 
utting-o� is done in su
h a

way as to make the 
ut-o� mapping agree exa
tly with f on a neighborhood
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of the �xed point; then the manifold W whi
h is globally invariant for the 
ut-

o� mapping is lo
ally invariant for f in the sense that, for U a small enough

neighborhood of the �xed point, if z 2 U \W , and f(z) 2 U , then f(z) 2W .

In more detail, the idea is as follows: We 
onsider, in an obvious extension

of earlier notation, mappings f of the form

f(x; y) = (�


s

x+ f


s

(x; y);�

u

y + f

u

(x; y);

where f


s

and f

u

are de�ned on the unit ball in E , vanish at the origin, and

have small Lips
hitz norms.

We 
hoose a Lips
hitz-
ontinuous real-valued fun
tion  on E


s

whi
h is

identi
ally equal to one on a neighborhood of 0 and identi
ally zero for kxk �

1� � for some stri
tly positive �. Su
h a fun
tion 
an easily be 
onstru
ted by


omposing the norm with a smooth fun
tion on the positive real axis whi
h is

one on a neighborhood of 0 and 0 to the right of 1 � �. (Note, however, that

by the remarks in x3.1, it may not be possible to take  to be di�erentiable if

E


s

is in�nite dimensional.) De�ne

f

f


s

(x; y) =  (x)f


s

(x; y)

f

f

u

(x; y) =  (x)f

u

(x; y)

e

f(x; y) =

�

�


s

x+

f

f


s

(x; y);�

u

y +

f

f

u

(x; y)

�

Although f might not have been de�ned on all of E , we 
an evidently

extend

f

f


s

,

f

f

u

to vanish when kxk � 1 and extend

e

f 
orrespondingly. By

making Lip(f


s

) and Lip(f

u

) small on the unit ball, we 
an guarantee that the

Lips
hitz norms of

f

f


s

and

f

f

u

taken over the set of all (x; y) with kyk � kxk

with no restri
tion at all on x are as small as we like

3

. Dropping the tildes, we

are led to 
onsider a global version of the invariant manifold problem, i.e., to


onsider a mapping f whi
h is de�ned and uniformly near to linear in the sense

of Lips
hitz norm on|essentially|all of E


s

� E

u

and to look for a fun
tion

w de�ned and satisfying the 
ondition Lip(w) � 1 on all of E


s

whose graph

is mapped into itself by f . Reexamination of the argument in the �rst few

paragraph of this se
tion shows that it works perfe
tly in this situation, without

requiring Lip(v) � 1, provided that all the Lips
hitz norms are understood to

be taken over the appropriate domains, e.g., the Lip

i

(F ) is to be understood

3

We 
ould have taken a 
uto� fun
tion  whi
h 
uts o� in both x and y, in whi
h 
ase

the 
ondition kyk � kxk would be unne
essary. Cutting o� only in x has the advantage

that it may be easier to �nd smooth 
uto� fun
tions on E


s

than on E (parti
ularly if E


s

is

�nite-dimensional and E

u

in�nite-dimensional.)



5.5. A MORE GENERAL SETUP 47

as taken over the domain

f(x; y; y

0

) : kyk � kxk and ky

0

k � kxk with no restri
tion on x.g

5.5 A more general setup

Thus, to deal prove the existen
e of both stable and 
enter-stable manifolds,

we need two versions of the basi
 existen
e theorem, one whi
h requires stri
t


ontra
tivity of the \less expansive" part of Df(z

0

) and works on the unit

ball, and a se
ond whi
h does not require this stri
t 
ontra
tivity and works on

the whole spa
e. On
e an appropriate 
uto� of the non-linear terms has been

made, the proofs in the two 
ases are essentially identi
al. It therefore seems

eÆ
ient to 
arry out, simultaneously, two versions of the argument, adapted to

the two situations. The idea of 
utting o� the nonlinear terms 
an evidently be

made to work in more general 
ir
umstan
es than that des
ribed above, and

we may as well 
arry out the proofs with this extra generality. We are thus led

to 
arry out the analysis whi
h will follow|notably, the proof of smoothness

of the invariant manifolds|in the following somewhat abstra
t general setting:

Notation and standing hypotheses: We 
onsider two Bana
h spa
es E

�

and E

+

, equipped with bounded operators �

�

and �

+

respe
tively. We denote

by E the dire
t sum E

�

� E

+

, and we equip E with the norm

k(x; y)k = maxfkxk; kykg:

We de�ne

�

�

:= supfj�j : � 2 �(�

�

)g and �

+

:= inffj�j : � 2 �(�

+

)g: (5.14)

Our fundamental hypothesis is that

�

�

< �

+

;

so that the open annulus f� : �

�

< j�j < �

+

g is disjoint from the spe
trum of

� :=

�

�

�

0

0 �

+

�

on E.

In parti
ular, �

+

is invertible. We will always assume that the norms on E

�

are 
hosen so that

k�

�

k k�

�1

+

k < 1;

we may later need to impose further restri
tions on how the norm is 
hosen.

We will 
onsider in parallel the following two situations:
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{ (
ontra
tive 
ase): �

�

< 1; B

�

denotes the open unit ball in E

�

; and B

denotes the open unit ball in E. The norm on E

�

is 
hosen so that

k�

�

k < 1:

{ (non-
ontra
tive 
ase): No assumption on �

�

; B

�

denotes E

�

; and B

denotes an open 
onvex neighborhood of f(x; y) 2 E : kyk � kxkg.

In both 
ases, we 
onsider mappings of the form

f(x; y) = (�

�

x+ f

�

(x; y);�

+

y + f

+

(x; y)); (5.15)

with

f

�

: B �! E

�

;

and

f

�

(0; 0) = 0:

When we speak of Lips
hitz norms of fun
tion of x (respe
tively (x; y)), we

mean Lips
hitz norms over B

�

(respe
tively B.)

Summarizing|and extending slightly|the results of this 
hapter, we see that

we have proved the following fundamental existen
e and uniqueness result:

Proposition 5.5.1 If the Lip(f

�

) are small enough, there is a unique

w : B

�

! E

+

with w(0) = 0 and Lip(w) � 1

whose graph is mapped into itself by f . In terms of the notation (5.8), a set of

suÆ
ient 
onditions for the existen
e and uniqueness of w is:

Lip(v) � 1 (A)

Lip

1

(F ) + Lip

2

(F ) + Lip

3

(F )Lip(v) � 1 (B)

Lip

2

(F ) + Lip

3

(F )Lip(v) + Lip

3

(F )Lip

2

(v) < 1 (C)

In the non-
ontra
tive 
ase, (A) is not needed.

The reason for in
luding the|not very illuminating|expli
it suÆ
ient 
ondi-

tions (ABC) in the statement of this proposition is so that they will be available

later for 
omparision with the 
onditions needed to dedu
e smoothness of w

from smoothness of f . Indeed, sin
e the 
ondition (ABC) (respe
tively (BC))

are needed for our proof of the existen
e of the invariant set, it will be 
onve-

nient to add them to our standing hypotheses:
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Standing hypotheses 2: From now on, we assume the above estimates (B)

and (C) hold. In the 
ontra
tive 
ase, we assume further that (A) holds.

Although it is eÆ
ient to 
onsider the 
ontra
tive and non-
ontra
tive 
ases

together, the reader should be aware that the �nal results are 
onsiderably less

satisfa
tory in the non-
ontra
tive 
ase:

First: In the in�nite-dimensional situation, there is the problem of whether the


ut-o� fun
tion  
an be taken to be smooth, or, more generally, whether we


an �nd any way of modifying the initial mapping outside a small neighborhood

of 0 to produ
e a smooth global mapping with uniformly small nonlinear part.

Unless this 
an be done, there would seem to be no hope of proving smoothness

of the lo
al invariant manifold.

Se
ond: We will see in the next 
hapter that, if the f

�

are of 
lass C

r

with �rst

derivatives vanishing at the origin, and if

(�

�

)

r

< �

+

then w is also C

r

. This latter 
ondition is a 
onsequen
e of �

�

< �

+

in the


ontra
tive 
ase, but not in the strongly non-
ontra
tive 
ase (�

�

> 1.) Ex-

amples show that it is really ne
essary. Thus, in the strongly non-
ontra
tive


ase, there is an intrinsi
 �nite limit on the smoothness of the invariant mani-

fold even for very smooth f 's; no su
h limitation exists in the 
ontra
tive 
ase.

(For the borderline 
ase of the 
enter-stable manifold, i.e., �

�

= 1, there are

no problems for any �nite r, but we will give later an example of an analyti


mapping with no C

1


enter-stable manifold.)

Third: As we shall see, the invariant manifold is unique in the 
ontra
tive 
ase

but not|in general|in the non-
ontra
tive 
ase. This may seem paradoxi
al

in view of the uniqueness statement in Proposition 5.5.1. The explanation for

the apparent paradox is that, to get from the original mapping to the f to

whi
h Proposition 5.5.1 applies, we need, in the non-
ontra
tive 
ase, to 
ut

o� the non-linear terms. It is not surprising that the invariant manifold should

depend on the 
uto�. What may be surprising is that 
hanging the 
uto�


an 
hange the invariant manifold even very near to the �xed point, where the


uto� does nothing. That is: In the non-
ontra
tive 
ase, lo
al invarian
e is

not really a lo
al property; the invariant manifold 
an 
ontain orbits whi
h,

although starting out very near to the �xed point, eventually get well away

from it.
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Chapter 6

Stable manifolds:

smoothness

6.1 Di�erentiability of w.

We will 
onsider here the general setup of x5.5. Proposition 5.5.1 then assures us

of the existen
e|and uniqueness in an appropriate 
lass|of a fun
tion whose

graph is mapped into itself by f . For purposes of this 
hapter, w, without any

further label, will always denote this fun
tion. We now add to our standing

hypotheses that

Standing hypotheses 3: the f

�

are 
ontinuously di�erentiable and their

derivatives vanish at the origin.

Our obje
tive here is to prove:

Proposition 6.1.1 With our 
urrent standing hypotheses, w is 
ontinuously

di�erentiable on B

�

and Dw(0) = 0.

We will later investigate to what extent further smoothness of f implies fur-

ther smoothness of w. It is useful to observe that this result requires no new

\smallness" 
onditions on the f

�

beyond those needed to make the original

existen
e proof (Proposition 5.5.1) work.

Proof. We will use the notation of the pre
eding 
hapter: The fun
tion w

satis�es the equation

w(x) = F (x;w(x); w(v(x;w(x))))

51
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where

F (x; y; y

0

) = �

�1

+

[y

0

� f

+

(x; y)℄ and v(x; y) = �

�

x+ f

�

(x; y):

With our stronger assumptions, F and v are 
ontinuously di�erentiable, and

there are simple expressions for their derivatives at the origin. We will generally

supress arguments when they are 
lear from the 
ontext. Thus, for example,

we would normally write the right-hand side of the above fun
tional equation

for w simply as F (x;w;w(v)).

The general plan of atta
k is as follows:

1. We di�erentiate formally the fun
tional equation satis�ed by w to get the

fun
tional equation

Dw(x) = D

1

F +D

2

FDw +D

3

FDw(v)[D

1

v +D

2

vDw℄

for its derivative. Although we do not yet know that w is di�erentiable, we do

know that, if it is di�erentiable, its derivative satis�es this equation.

2. We show that the above equation \
an be solved uniquely for Dw." That is:

We de�ne an operator K a
ting on a spa
e of mappings from E

�

to L(E

�

; E

+

)

by

K�(x) = D

1

F +D

2

F� +D

3

F�(v)[D

1

v +D

2

v�℄; (6.1)

and show that this operator has a unique �xed point in an appropriate fun
tion

spa
e. Again, we denote this unique �xed point simply by �. Thus, without

knowing that w is di�erentiable, we know that � is the only possible 
andidate

for its derivative.

3. We then use the fun
tional equations for w and � to verify that � does have

the de�ning property of the derivative of w, i.e., that

kw(x+ Æx) � w(x) � �(x)Æxk = o(kÆxk);

and hen
e that w is indeed di�erentiable.

We will work in the spa
eX

K

of 
ontinuous mappings � from E

�

to L(E

�

; E

+

)

with �(0) = 0 and k�(x)k � 1 for all x. (This last bound is 
hosen to 
orre-

spond to the 
ondition Lip(w) � 1.) We equip X

K

simply with the supremum

norm. From the de�nition (6.1) of K, and from v(0; 0) = 0, w(0) = 0, and

D

1

F (0; 0; 0) = 0, it follows that K�(0) = 0 if �(0) = 0. Also, simply by taking

the norm of the de�ning equations, and using estimates like kD

1

Fk � Lip

1

(F ),

we see that kK�(x)k � 1 for all x provided k�(x)k � 1 for all x and provided

Lip

1

(F ) + Lip

2

(F ) + Lip

3

(F )Lip(v) � 1:



6.1. DIFFERENTIABILITY OF W . 53

This latter inequality is exa
tly 
ondition (B) in our standing hypotheses, and

this is not an a

ident; (B) was introdu
ed in order to guarantee that F pre-

serves the 
ondition Lip(w) � 1.

In the above we used the estimate:

kD

1

v +D

2

v�k � Lip(v):

To prove this, let (x

0

; y

0

) be a point of B, and let �

0

be an operator from E

�

to

E

+

with norm � 1. Then x 7! v(x; y

0

+ �

0

(x� x

0

)) has Lips
hitz norm not greater

than that of v. Thus, the derivative of this mapping at x

0

has norm not greater than

Lip(v), i.e.,

kD

1

v(x

0

; y

0

) +D

2

v(x

0

; y

0

)�

0

k � Lip(v):

To �nd 
onditions whi
h make K a 
ontra
tion, we use the de�nition to

write

K�

1

(x) �K�

2

(x) = D

2

F (�

1

� �

2

) +D

3

F (�

1

(v)� �

2

(v))[D

1

v +D

2

�

1

℄

+D

3

F�

2

D

2

v(�

1

� �

2

):

Taking norms and estimating in a 
ompletely straightforward way shows that

K is a 
ontra
tion provided

Lip

2

(F ) + Lip

3

(F )Lip(v) + Lip

3

(F )Lip

2

(v) < 1;

and this is exa
tly 
ondition (C), i.e., the bound needed to make F 
ontra
tive.

We thus now let � denote the unique �xed point for K in X

K

. We want to

show that �(x) is the derivative of w at x for ea
h point x. For this purpose,

let

M := sup

x

lim sup

Æx!0

kw(x + Æx)� w(x) � �(x)Æxk

kÆxk

:

If follows from Lip(w) � 1 and k�(x)k � 1 that M � 2. The idea now will be

to use the fun
tional equations to show that

M � �M for some � < 1.

Sin
e M is �nite, this will imply M = 0, whi
h is exa
tly the statement that

�(x) is the derivative of w at x for all x.

To shorten the formulas, we introdu
e the abbreviations:

Æw = w(x + Æx)� w(x)

Æv = v(x + Æx; w + Æw) � v(x;w)
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From the fun
tional equation for w, and the assumed di�erentiability of F ,

Æw = D

1

FÆx+D

2

FÆw +D

3

F [w(v + Æv)� w(v)℄ + o(Æx):

We then multiply Æx by the expression given by the fun
tional equation for

�(x) and subtra
t from the above equation; this gives

Æw � �Æx = D

2

F [Æw � �Æx℄ +D

3

F [w(v + Æv)� w(v) � �(v)Æv℄

+D

3

F�(v) [Æv �D

1

vÆx �D

2

vÆw℄

+D

3

F�(v)D

2

v [Æw � �Æx℄ + o(Æx):

(6.2)

By the di�erentiability of v,

Æv �D

1

vÆx�D

2

vÆw = o(Æx):

Also,

kÆvk � Lip(v)kÆxk;

and hen
e

lim sup

Æx!0

kw(v + Æv)� w(v)� �(v)Ævk

kÆxk

� Lip(v)M:

Taking norms of both sides of (6.2), dividing by the norm of Æx, letting Æx

tend to 0, and inserting the pre
eding two estimates gives

lim sup

Æx!0

kÆw � �(x)Æxk

kÆxk

� [Lip

2

(F ) + Lip

3

(F )Lip(v) + Lip

3

(F )Lip

2

v℄M;

so w is di�erentiable, with derivative �, provided

Lip

2

(F ) + Lip

3

(F )Lip(v) + Lip

3

(F )Lip

2

v < 1;

and this is our 
ondition (C). Thus, the proof of Proposition 6.1.1 is 
omplete.

�

6.2 H�older 
ontinuity of �rst derivatives

Proposition 6.2.1 Assume, in addition to our standing hypotheses, that

{ the f

�

are of 
lass C

1+�

with 0 < � < 1

{ Lip

2

(F ) + Lip

3

(F )(Lip(v))

1+�

+ Lip

3

(F )Lip

2

(v) < 1 (C[1+�℄).
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Then w is of 
lass C

1+�

. A similar assertion holds for � = 1; we assume that

the Df

�

are Lips
hitz 
ontinuous and prove that Dw is Lips
hitz 
ontinuous.

The inequality (C[1+�℄) follows from our standing hypotheses (C) and (A)

in the 
ontra
tive 
ase. In the non-
ontra
tive 
ase, it 
an be made to hold|

�rst by 
hoosing the norms properly and then by making the Lip(f

�

small

enough|if

(�

�

)

1+�

< �

+

:

Proof. We re
all that a mapping g between metri
 spa
es:

g : (X

1

; d

1

) �! (X

2

; d

2

)

is said to be �-H�older 
ontinuous if there is a 
onstant k su
h that

d

2

(g(x); g(x

0

)) � kd

1

(x; x

0

)

�

for all x; x

0

in X

1

:

We will let Lip

(�)

(g) denote the smallest su
h 
onstant k, and we will refer to

Lip

(�)

( : ) as the �-H�older norm.

We will present the proof of this proposition as a general lemma. This both

simpli�es the notation and permits us to avoid having to repeat essentially

the same argument when we investigate higher derivatives. We showed above

that Dw is the unique �xed point of a 
ontra
tive operator K an appropriate

fun
tion spa
e. We will write the operator as

(K�)(x) = G(x; �(x); �(�v(x))) (6.3)

where

G(x; s; s

0

) = (D

1

F ) + (D

2

F )s+ (D

3

F ) s

0

[(D

1

v) + (D

2

v)s℄ (6.4)

(with the usual rule for �lling in supressed arguments) and

�v(x) = v(x;w(x)): (6.5)

The variable x takes values in B

�

, the variables s, s

0

in the 
losed unit ball in

L(E

�

; E

+

). With our assumptions, G is �-H�older 
ontinuous in its �rst argu-

ment (uniformly in its se
ond and third arguments.) It is in fa
t quadrati
|

hen
e, C

1

|in its se
ond and third arguments, but all we will use here is

Lips
hitz 
ontinuity in these arguments. The spa
e on whi
h K is 
ontra
tive


an be taken to be the set of all 
ountinuous mappings from B

�

into the 
losed

unit ball of L(E

�

; E

+

), equipped with the supremum norm. (In the above, we

imposed also the 
ondition �(0) = 0, but this 
ondition was not needed in the

proof of 
ontra
tivity.) �v is a mapping of 
lass C

1

from B

�

into itself.

For later use, we 
onsider the following setup:
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{ S denotes a 
losed ball in a Bana
h spa
e Z.

{ G denotes a 
ontinuous mapping from B

�

�S�S to S whi
h is Lips
hitz

with respe
t to its se
ond and third variables.

{ �v denotes a Lips
hitz mapping from B

�

to itself.

We assume that

Lip

2

(G) + Lip

3

(G) < 1 (6.6)

from whi
h it follows readily that the operator K de�ned by

(K�)(x) = G(x; �(x); �(�v(x)))

maps the spa
e of all 
ontinuous fun
tions from B

�

to S|equipped with the

supremum norm|
ontra
tively into itself.

Lemma 6.2.2 Let S, G, �v be as above, and assume further that G is �-H�older


ontinuous with respe
t to its �rst variable, uniformly with respe
t to the other

variables, and that

Lip

2

(G) + Lip

3

(G) (Lip(�v))

�

< 1: (6.7)

Then the unique �xed point of K is �-H�older 
ontinuous.

Proof of Proposition 6.2.1 from Lemma 6.2.2. The assumption on the

�-H�older 
ontinuity of G with respe
t to the �rst variable means that

Lip

(�)

1

(G) := sup

�

kG(x

1

; s; s

0

)�G(x

2

; s; s

0

)k

kx

1

� x

2

k

�

: x

1

6= x

2

2 B

�

; s; s

0

2 S

�

is �nite. If we take G, �v as de�ned in (6.4) and (6.5), it is easy to see that

Lip

(�)

1

(G) is �nite and that

Lip

2

(G) � Lip

2

(F ) + Lip

3

(F )Lip

2

(v)

Lip

3

(G) � Lip

3

(F )Lip(v)

Lip(�v) � Lip(v):

Hen
e, (6.7) follows from

Lip

2

(F ) + Lip

3

(F )(Lip(v))

1+�

+ Lip

3

(F )Lip

2

(v) < 1;
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i.e., from our assumption (C[1+�℄). Thus, �-H�older 
ontinuity of Dw follows.

That (C[1+�℄) follows from (C) if Lip(v) � 1 is obvious from inspe
tion of the

formulas. That (C[1+�℄) 
an be made to hold if

(�

�

)

1+�

< �

+

follows easily from the table of estimates (5.9) �

Proof of Lemma 6.2.2. The idea will be as follows: We will look for a bound

on Lip

(�)

(�) whi
h is preserved by K, i.e., for a number B su
h that

� : B

�

�! S and Lip

(�)

(�) � B implies Lip

(�)

(K�) � B:

On
e we have found su
h a B, it is easy to �nish the proof of the H�older


ontinuity of Dw: The set of mappings

� : B

�

�! S with Lip

(�)

(�) � B

is 
losed and hen
e 
omplete with respe
t to the supremum norm. It is mapped

into itself by K, and K is 
ontra
tive in the supremum norm. Hen
e, K has

a �xed point in this set. But K has only one �xed point, so the unique �xed

point must satisfy

Lip

(�)

(�) � B <1:

To show that su
h a 
onstant B exists, we let � be any �-H�older 
ontinuous

mapping from B

�

to S, and we estimate the �-H�older norm of K�. For any

x

1

6= x

2

, we have

K�(x

1

)�K�(x

2

) = G(x

1

; �

1

; �(�v

1

))�G(x

2

; �

2

; �(�v

2

))

= G(x

1

; �

1

; �(�v

1

))�G(x

2

; �

1

; �(�v

1

))

+G(x

2

; �

1

; �(�v

1

))�G(x

2

; �

2

; �(�v

1

))

+G(x

2

; �

2

; �(�v

1

))�G(x

2

; �

2

; �(�v

2

));

Here we have written subs
ripts 1 and 2 to indi
ate obje
ts to be evaluated

at x = x

1

and x = x

2

respe
tively. We make the following straightforward

estimates:

kG(x

1

; �

1

; �(�v

1

))�G(x

2

; �

1

; �(�v

1

))k � Lip

(�)

1

(G)kx

1

� x

2

k

�

:

kG(x

2

; �

1

; �(�v

1

))�G(x

2

; �

2

; �(�v

1

))k � Lip

2

(G)Lip

(�)

(�)kx

1

� x

2

k

�

kG(x

2

; �

2

; �(�v

1

))�G(x

2

; �

2

; �(�v

2

))k � Lip

3

(G)k�(�v

1

)� �(�v

2

)k

� Lip

3

(G)Lip

(�)

(�)k�v

1

� �v

2

k

�

� Lip

3

(G)Lip

(�)

(�) (Lip(�v))

�

kx

1

� x

2

k

�
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Inserting into the above formula for K�(x

1

)�K�(x

2

) gives

kK�(x

1

)�K�(x

2

)k � kx

1

� x

2

k

�

�

�

�

Lip

(�)

1

(G) + [Lip

2

(G) + Lip

3

(G)(Lip(�v))

�

℄ Lip

(�)

(�)

�

Dividing by kx

1

� x

2

k and taking the supremum over x

1

6= x

2

gives an

estimate of the form

Lip

(�)

(K�) � A+ �Lip

(�)

(�);

where

A := Lip

(�)

1

(G) and � := Lip

2

(G) + Lip

3

(G)(Lip(�v))

�

:

By (6.6), � < 1, so, if we take

B := A=(1� �);

we get

Lip

(�)

(�) � B implies Lip

(�)

(K�) � B;

as desired �

6.3 Higher derivatives

Proposition 6.3.1 Assume, in addition to our standing hypotheses, that

{ the f

�

are of 
lass C

r

, 1 < r <1;

{ Lip

2

(F ) + Lip

3

(F )(Lip(v))

r

+ Lip

3

(F )Lip

2

(v) < 1 (C[r℄).

Then w is of 
lass C

r

. In the 
ontra
tive 
ase, if the f

�

are of 
lass C

1

, then

w is of 
lass C

1

.

Proof. The assertion for 1 < r < 2, and a partial result for r = 2, has already

been proved in Proposition 6.2.1. The 
omplete proof will go by indu
tion on

the integer part of r, and part of the indu
tion step has already been proved

(Lemma 6.2.2). The 
areful and 
omplete formulation of the indu
tion argu-

ment is a little heavy, and it is therefore perhaps useful to say at the outset

what the idea is, and to explain where the 
ondition (C[r℄) 
omes from. For

this purpose, let us 
onsider only integer r. Suppose that the f

�

are of 
lass

C

r

and that, by the indu
tion step, we already know that w is of 
lass C

r�1

.
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The idea is to imitate the proof of di�erentiability of w. Di�erentiating the

fun
tional equation for w r times (formally) gives an equation of the form

D

r

w(x) = D

2

FD

r

w +D

3

FD

r

w(v)(Dv)

r

+D

3

FDw(v)D

2

vD

r

w + lower order terms,

where the \lower order terms" are ones not involving D

r

w and hen
e are under


ontrol by the indu
tion hypothesis. (Dv is used here as an abbreviation for the

�rst derivative of x 7! v(x;w(x)).) We 
an regard this formula as an equation

to be solved for D

r

w in terms of the already-known lower order derivatives.

In 
ontrast to the situation with the �rst derivative, right-hand side of this

equation is aÆne (i.e., linear plus 
onstant), and the equation will have a

unique solution if the linear operator on the right has norm < 1. This will be

the 
ase if

Lip

2

(F ) + Lip

3

(F )(Lip(v))

r

+ Lip

3

(F )Lip

2

(v) < 1:

and this is exa
tly (C[r℄). Thus, if (C[r℄) holds, we 
an 
ompute what D

r

w

must be before we know that it exists. We 
an then show, by roughly the same

method as for the �rst derivative, that the solution to this equation is indeed

the r-th derivative of w.

Although the proof of this last point is similar in spirit for r = 1 and r > 1,

the details in the two 
ases are suÆ
iently di�erent so that it does not seem

to be pra
ti
al to invent hypotheses general enough to en
ompass them both.

What we will in fa
t do is to repeat the argument of x6.1 with the appropriate


hanges. We will do this is the general framework introdu
ed in the pre
eding

se
tion whi
h is adapted to formalizing the indu
tion argument. The te
hni
al

result needed is as follows:

Lemma 6.3.2 Let S, G, �v be as in Lemma 6.2.2, and assume in addition to

the hypotheses of that lemma that

{ G 2 C

1

, and

{ Lip

2

(G) + Lip

3

(G)Lip(�v) < 1.

Then � is of 
lass C

1

and D� satis�es

D�(x) = D

1

G+D

2

GD� +D

3

GD�(�v)D�v (6.8)

With the original 
hoi
es for G, et
., this lemma shows that w is of 
lass C

2

if the f

�

are and if (C[2℄) is satis�ed. The key to the indu
tion on r is the

observation that the equation for D� has the same general form as the equation
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for � and so the lemmas 
an be made to apply su

essively to D

2

w, D

3

w, et
.

We will �rst give the proof of the lemma, then explain the indu
tion argument.

Proof of Lemma 6.3.2. Di�erentiating the equation for �, we see that the

derivative of �, if it exists, must satisfy (6.8). We de�ne a linear operator

^

K on the spa
e

^

X of all bounded 
ontinuous fun
tions from B

�

to L(E

�

;Z)

(Reminder: Z denotes the Bana
h spa
e in whi
h the values of � lie) by

(

^

K�)(x) = D

2

G�(x) +D

3

G�(�v(x))D�v(x);

so the equation for D� reads

D� = D

1

G+

^

K(D�):

We equip the spa
e

^

Z with the supremum norm; then

k

^

Kk � Lip

2

(G) + Lip

3

(G)Lip(�v)

Call the quantity on the right �. By assumption � < 1, and it follows easily

that the mapping

� 7�! D

1

G+

^

K�

maps the ball

^

S of radius B := Lip

1

(G)=(1 � �) in

^

Z 
ontra
tively into itself.

Thus, this mapping has a unique �xed point, and we will from now on let �

denote this �xed point.

To show that � is the derivative of �, we introdu
e, as before,

M := sup

x

lim sup

k�(x+ Æx)� �(x) � �Æxk

kÆxk

:

By Lemma 6.2.2, with � = 1, we see that � is Lips
hitz 
ontinuous, and from

this it follows that M is �nite. We are going to prove

M � �M;

with � as above, and this will �nish the proof.

To prove this estimate, we �x x and de�ne

Æ� := �(x+ Æx) � �(x);

and

Æv := �v(x+ Æx)� �v(x)

Then

Æ� = G(x+ Æx; � + Æ�; �(�v + Æv)) �G(x; �; �(�v))

= G

1

Æx+G

2

Æ� +G

3

(�(�v + Æv)� �(�v)) + o(kÆxk);
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where we have used Lips
hitz 
ontinuity to see that

Æv and �(�v + Æv)� �(�v) are both O(kÆxk).

Multiplying the fun
tional equation for � by Æx and subtra
ting gives

Æ� � �Æx = G

2

[Æ� � �Æx℄

+G

3

[�(�v + Æv)� �(�v)� �(�v)Æv + o(kÆxk):

Sin
e

kÆvk � Lip(�v)kÆxk;

we have

lim sup

Æx!0

k�(�v + Æv)� �(�v)� �(�v)Ævk

kÆxk

� Lip(�v)M:

Combining the various estimates, we get

lim sup

Æx!0

kÆ� � �Æxk

kÆxk

� Lip

2

(G)M + Lip

3

(G)Lip(�v)M = �M;

as desired. �

Lemma 6.3.3 Let S, G, �v be as in Lemma 6.2.2, let 1 < r <1, and assume

in addition that G and �v are of 
lass C

r

and that

Lip

2

(G) + Lip

3

(G)(Lip(�v))

r

< 1: (6.9)

Then the unique �xed point � is of 
lass C

r

.

Proof. In the proof of Lemma 6.2.2 we saw that � is di�erentiable and that

� = D� satis�es the equation

�(x) =

^

G(x; �(x); �(�v(x)));

where

^

G(x; t; t

0

) := D

1

G+D

2

Gt+D

3

Gt

0

D�v;

and where the variables t, t

0

take values in a suÆ
iently large ball

^

S in the

Bana
h spa
e

^

Z := L(E

�

;Z). If G and �v are of 
lass C

r

, then

^

G is of 
lass

C

r�1

. It also follows immediately from the formula that

Lip

2

(

^

G) = Lip

2

(G) and Lip

3

(

^

G) � Lip

3

(G) Lip(�v):
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Putting these 
onsiderations together we see that, if G, �v, S ful�ll the original

assumptions|in parti
ular that

Lip

2

(G) + Lip

3

(G) < 1

|and if in addition G, �v are of 
lass C

r

, r > 1, and satisfy (6.9):

Lip

2

(G) + Lip

3

(G)(Lip(�v))

r

< 1;

then

^

G, �v,

^

S also ful�ll the original assumptions,

^

G, �v are of 
lass C

r�1

, and

satisfy

Lip

2

(

^

G) + Lip

3

(

^

G)(Lip(�v))

r�1

< 1

whi
h is just (6.9) with r repla
ed by r � 1. From these observations and

Lemmas 6.2.2 and 6.3.2, it is easy to see by indu
tion that D� is of 
lass C

r�1

,

i.e., that � is of 
lass C

r

. �

Proof of Proposition 6.3.1. As already noted, Lemma 6.3.2 with the original


hoi
e of G, et
., 
ompletes the proof for r = 2, so we need only 
onsider r > 2,

and we know that � = Dw satis�es the standard equation with

G(x; s; s

0

) = (D

1

F ) + (D

2

F )s+ (D

3

F ) s

0

[(D

1

v) + (D

2

v)s℄

and

�v(x) = v(x;w(x)):

Although it follows immediately from the smoothness assumption of the propo-

sition that F (x; y; y

0

) and v(x; y) are of 
lass C

r

, the results of the pre
eding

paragraph do not quite apply be
ause w appears in the expressions for G and

�v|e.g., D

1

F is an abbreviation for (D

1

F )(x;w(x); w(v(x;w(x))))|so we 
an-

not dire
tly 
on
lude that G, �v are of 
lass C

r�1

. To get around this we need

to make another small indu
tion argument: We write the r of the proposition

as n + � with n an integer and 0 < � � 1 and argue by indu
tion on n. As

we have already remarked, the assertion is true for n = 1. We thus assume the

proposition for n and prove it for n + 1. By the indu
tion hypothesis, w is of


lass C

r�1

; from this it follows at on
e that G and v̂ are of 
lass C

r�1

, then

from the pre
eding paragraph that Dw is of 
lass C

r�1

, i.e., that w is of 
lass

C

r

.

This 
ompletes the proof of the assertions for �nite r. The assertion for

r =1 applies only in the 
ontra
tive 
ase, and our standing assumptions then

in
lude the bound Lip(v) � 1. Thus, if (C) holds, (C[r℄) holds for all r > 1, so

w is of 
lass C

r

for all r, i.e. is of 
lass C

1

. �
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6.4 Some examples

6.4.1 Non-existen
e of smooth generalized stable mani-

folds

We will give here an example to show that the 
ondition �

r

�

< �

+

appearing in

Proposition 6.3.1 for the existen
e of a C

r

generalized stable manifold (in the


ase where �

�

> 1) is, in at least one instan
e, sharp. Let � > 1, and let

f(x; y) = (�x; �

2

y + x

2

):

The origin is a �xed point, and

Df(0; 0) =

�

� 0

0 �

2

�

:

We split R

2

as the dire
t sum of the x and y axes, i.e., we take the x-axis for

E

�

and the y-axis for E

+

. The theory applies with �

�

= � and �

+

= �

2

. Sin
e

�

r

�

= �

r

< �

+

= �

2

if and only if r < 2,

our general theory asserts that there is, for ea
h r < 2, a lo
ally invariant

manifold of 
lass C

r

tangent to the x axis. We will show that there is no su
h

manifold of 
lass C

2

.

A manifold tangent to the x axis at (0; 0) is, lo
ally near (0; 0), the graph of

a fun
tion y = w(x). The 
ondition for invarian
e is easy to work out dire
tly:

The image under f of a point (x;w(x)) of the graph is (�x; �

2

w(x) + x

2

); this

is again in the graph if and only if

w(�x) = �

2

w(x) + x

2

; (�)

hen
e, the graph is lo
ally invariant if and only if this equation holds for all

suÆ
iently small x. It is nearly trivial to see that no fun
tion whi
h is twi
e-

di�erentiable on a neighborhood of 0 
an satisfy (*) on a|possibly smaller|

neighborhood of 0: Assuming that w is twi
e di�erentiable and satis�es (*),

we 
an di�erentiate twi
e to get

�

2

w

00

(�x) = �

2

w

00

(x) + 2;

then put x equal to 0 to get the 
ontradi
tory equation

�

2

w

00

(0) = �

2

w

00

(0) + 2:
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6.4.2 Non-uniqueness of the 
enter-stable manifold

Consider the (un
oupled) pair of di�erential equations

dx

dt

= x

2

;

dy

dt

= (log 2)y:

The general solution is easy to write down; it has the form

x(t) =

x

0

1� tx

0

; y(t) = 2

t

y

0

and is de�ned for (�1 < t < 1=x

0

) if x

0

> 0 and for (1=x

0

< t <1) if x

0

< 0.

The time-one solution mapping

f : (x; y) 7�! (

x

1� x

; 2 y; )

is de�ned and analyti
 in a neighborhood of the origin, and has the origin as a

�xed point. The derivative of f at the origin is

�

1 0

0 2

�

;

so the 
enter-stable subspa
e is the x-axis and the unstable subspa
e the y-axis.

Consider now a solution 
urve for the di�erential equation with x

0

> 0. At

t! �1, y(t) goes (exponentially) to 0 and x(t) goes to zero like �1=t. Hen
e,

the solution 
urve is asymptoti
 to the origin and has there a tangen
y of

in�nite order with the x-axis. The part of the solution 
urve near the origin is

evidently lo
ally invariant for the time-one map f . The union of su
h a solution


urve with the negative x-axis (in
luding the origin) is thus a lo
ally-invariant

C

1

manifold tangent to the x-axis at the origin, i.e., is a 
enter-stable manifold.

Sin
e there are 
ontinuously many pairwise disjoint solution 
urves, there are


ontinuously many 
enter-stable manifolds. It may nevertheless be remarked

that there is only one of these|the x-axis|is an analyti
 manifold. This is

true in general: In the C

1


enter-stable 
ase, all the derivatives of w at the

origin are uniquely determined by the fun
tional equation for w in terms of the

derivatives of f at the origin. Hen
e, there 
an be no more than one analyti



enter-stable manifold. Unfortunately, as the following example shows, there

may be none at all.

6.4.3 An analyti
 mapping with no C

1


enter-stable man-

ifold.

We start by generalizing the example given above of a mapping with no C

2

invariant manifold tangent to E

�

. Consider a one-parameter family of mappings
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of the form

f

�

(x; y) = (�x; 2y + h(x));

where h is analyti
 in a neighborhood of 0, vanishes to se
ond order at 0, and

is not a polynomial. Applying an idea due to Ruelle and Takens, we regard

the whole family of two-dimensional mappings as a single three-dimensional

mapping by treating the parameter as a third 
oordinate with trivial evolution,

and we look at 
enter manifolds of this augmented system

1

. Spe
i�
ally, we


onsider the mapping

F : (�; x; y) 7�! (�; �x; 2y + h(x)):

Ea
h point of the form (�; 0; 0) is a �xed point for this mapping, but we want

to look in parti
ular at the �xed point with � = 1. The derivative of F at this

�xed point is

0

�

1 0 0

0 1 0

0 0 2

1

A

Thus, the 
enter-stable subspa
e is the (�; x) plane and the unstable subspa
e

is the y-axis. A 
enter-stable manifold is a lo
ally invariant manifold of the

form

fy = w(�; x)g

Using the form of F we see|as in subse
tion 6.4.1|that the lo
al invarian
e


ondition 
an be expressed as the requirement that the equation

w(�; �x) = 2w(�; x) + h(x); (�)

hold in a neighborhood of (1; 0). We 
an now generalize the argument of

subse
tion 6.4.1 to show:

Let �

n

denote 2

1=n

. If (�) holds in a neighborhood of (�

n

; 0), and if h

(n)

(0) 6= 0,

then w 
annot be C

n

at (�

n

; 0).

The proof is very simple: If w were C

n

, we 
ould di�erentiate (�) n times

with respe
t to x to get

2

�

n

w

�x

n

(�

n

; x) + h

(n)

(x) =

�

n

w

�x

n

(�

n

; �

n

x)(�

n

)

n

:

1

We will make more serious use of this idea when we dis
uss bifur
ation theory. The

te
hni
al point is that an invariant manifold for the augmented system gives a parametrized

family of invariant manifolds for the mappings depending on a parameter, and the devi
e of

Ruelle and Takens permits us to dedu
e smoothness of the invariant manifold with respe
t

to the parameter from results about individual mappings.
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Using (�

n

)

n

= 2 and setting x = 0 leads to the 
ontradi
tory equation

2

�

n

w

�x

n

(�

n

; 0) = 2

�

n

w

�x

n

(�

n

; 0) + h

(n)

(0):

By assumption, h(x) is not a polynomial, i.e., there is an in�nite sequen
e

n

j

going to in�nity su
h that h

(n

j

)

(0) 6= 0 for all j. The 
orresponding �

n

j

's


onverge to 1, so the 
on
lusion is

There is no C

1

fun
tion w satisfying (*) in a neighborhood of (1; 0).

(This example is modelled on one due to S. J. van Strien, \Center manifolds

are not C

1

", Math. Z. 166 143-145 (1979).)



Chapter 7

Stable manifolds: dynami
s

We initially introdu
ed the stable manifold for a hyperboli
 �xed point z

0

as the

set of points z with forward orbit (f

n

(x) : n = 0; 1; : : :) remaining near z

0

for

all n and 
onverging to z

0

as n!1. We then 
onstru
ted the stable manifold

using primarily the requirement of invarian
e. We now want to show that

the manifold we 
onstru
ted really 
an be 
hara
terized as suggested above.

This 
hara
terization has two aspe
ts: We need to show both that orbits on

the stable manifold do 
onverge to the �xed point and that orbits not on

the stable manifold do not. In both 
ases, there are generalizations to other

kinds of generalized stable manifolds. We will work in the following general

framework: The main estimates will be made in our usual magni�ed|and, in

the non-
ontra
tive 
ase, 
ut-o� and globalized|
ontext, i.e., working on the

unit ball or the whole of E

�

and imposing smallness 
onditions on the non-linear

terms. Although this is not really ne
essary, we will assume here that the f

�

are 
ontinuously di�erentiable. Then, if for example we have established that

some orbit 
onverges to the �xed point, and we want to make sharp estimates

on the asymptoti
 rate of 
onvergen
e, we 
an assume|without 
hanging the

map, just by further magni�
ation|that the non-linear terms are as small as

we like.

For our purposes here we 
an forget most of the intri
ate notation of the

pre
eding two 
hapters. We will 
onsider mappings of the standard form:

f(x; y) = (�

�

x+ f

�

(x; y);�

+

y + f

+

(x; y));

we take the f

�

to be C

1

and vanishing together with their �rst derivatives at

the origin; and we will always assume that the norms are 
hosen so that

k�

�

k k�

�1

+

k < 1:

67
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We further assume that there is a C

1

fun
tion w, vanishing together with its

�rst derivative at the origin, with Lip(w) � 1, whose graph is mapped into itself

by f ; the main 
ontent of the two pre
eding 
hapters was to �nd 
onditions

whi
h guarantee the existen
e of su
h a w.

7.1 Convergen
e to the �xed point

We de�ne

r

�

= k�

�

k+ Lip(f

�

):

Proposition 7.1.1 Assume that r

�

< 1. Then for any z in the graph of w,

kf

n

(z)k � (r

�

)

n

kzk:

Proof. Be
ause of the way we 
hose the norm on E

�

� E

+

, and be
ause

kw(x)k � Lip(w)kxk � kxk;

we have

k(x;w(x))k = kxk:

The x 
omponent of f(x;w(x)) is

�

�

x+ f

�

(x;w(x));

so|by the invarian
e of the graph of w|for any z = (x;w(x)) on the graph of

w

kf(z)k = k�

�

x+ f

�

(x;w(x))k

� k�

�

k+ Lip(f

�

)kxk

= r

�

kzk:

The assertion of the proposition follows at on
e by iterating this estimate. �

We 
an sharpen this result a little.

Proposition 7.1.2 Under the same hypotheses, for any z in the graph of w,

lim sup

n!1

1

n

log(kf

n

(z)k) � log �

�

:



7.2. EXPANDING WEDGES 69

Proof. The pre
eding proposition says

lim sup

n!1

1

n

log(kf

n

(z)k) � log r

�

:

On
e we know that the orbit of z 
onverges to 0, we know that, for any � > 0,

the orbit is eventually in a ball where Lip(f

�

) < �. Thus,

lim sup

n!1

1

n

log(kf

n

(z)k) � log k�

�

k:

The left-hand side of this inequality is un
hanged if the norm is repla
ed by

any equivalent norm, so we 
an minimize the right-hand side over all norms;

this gives the desired estimate. �

7.2 Expanding wedges

The se
ond part of the argument is to see what happens to orbits whi
h are

not on the invariant manifold. The situation here depends on the size of �

+

:

{ If �

+

> 1, then orbits not on the invariant manifold 
annot stay near the

�xed point for all time.

{ If �

+

� 1, orbits not on the invariant manifold may nevertheless remain

near the �xed point for all time and even 
onverge to it, but they 
onverge

less rapidly than orbits on the invariant manifold.

To prove these assertions, we use a very simple version of a set of ideas

idea whi
h have extensive rami�
ations in the analysis of the very important

phenomenon of exponential separation of orbits. As a �rst introdu
tion to the

idea, we 
onsider for 
on
reteness the standard hyperboli
 
ase, and we assume

that the norms are 
hosen so that

k�

s

k < 1 and k�

�1

u

k < 1:

The �rst inequality means that �

s

is 
ontra
tive; the se
ond that �

u

is expan-

sive, as

k�

u

yk �

�

k�

�1

u

k

�

�1

kyk for all y.

Consider a pair of points z

1

= (x

1

; y

1

) and z

2

= (x

2

; y

2

), and let z

0

i

= (x

0

i

; y

0

i

)

denote f(z

i

). If the non-linear terms were not present at all, and assuming

that y

1

6= y

2

, we would have

ky

0

2

� y

0

1

k = k�

u

(y

2

� y

1

)k > k(y

2

� y

1

)k:
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Iterating, we �nd that the separation between the orbits of z

1

and z

2

grows

exponentially.

The non-linear terms will generally spoil the simpli
ity of the above argu-

ment. For example, it 
an easily happen, even with very small non-linear terms,

that y

1

6= y

2

but y

0

1

= y

0

2

. This 
an however only happen if x

1

�x

2

is mu
h larger

than y

1

� y

2

. As we shall shortly see, if|for example|ky

1

� y

2

k > kx

1

� x

2

k,

it then follows that ky

0

1

� y

0

2

k > ky

1

� y

2

k, provided that the non-linear terms

are small enough. Not only that, but it also follows that ky

0

1

�y

0

2

k > kx

0

1

�kx

0

2

k

so that the argument 
an be iterated. The result is that the orbits of z

1

and

z

2

separate exponentially as long as they both remain near enough to the �xed

point so that the non-linear terms remain small enough. Hen
e, they 
annot

both remain near the �xed point forever.

We now pro
eed to formalize this idea. It is useful to do this in the general


ontext rather than just the original one of a hyperboli
 �xed point. We let

r

�

:= k�

�

k+ Lip(f

�

) and r

+

:= k�

�1

+

k

�1

� Lip(f

+

):

If the Lip(f

�

) are small enough, then r

+

> r

�

; in the standard hyperboli


situation we 
an similarly arrange r

+

> 1 > r

�

, et
. We also say that the

separation z

2

� z

1

between the two points z

1

, z

2

is predominantly expansive if

ky

2

� y

1

k > kx

2

� x

1

k.

Lemma 7.2.1 If r

+

> r

�

, and if the separation between z

1

and z

2

is predom-

inantly expansive, then

{ kf(z

2

)� f(z

1

)k � r

+

kz

2

� z

1

k

{ the separation between f(z

1

) and f(z

2

) is predominantly expansive.

If, 
onversely, the separation between f(z

1

) and f(z

2

) is not predominantly

expansive, then

{ the separation between z

1

and z

2

is not predominantly expansive

{ kf(z

2

)� f(z

1

)k � r

�

kz

2

� z

1

k:

Proof. Write, as above, z

0

i

= (x

0

i

; y

0

i

) for f(z

i

), and assume �rst that the

separation between z

1

and z

2

is predominantly expansive. Then, be
ause we

de�ned

k(x; y)k = maxfkxk; kykg;

we have

kz

2

� z

1

k = ky

2

� y

1

k:
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Then

ky

0

2

� y

0

1

k = k�

�

(y

2

� y

1

) + f

+

(z

2

)� f

+

(z

1

)k

� k�

�

(y

2

� y

1

)k � Lip(f

+

kz

2

� z

1

k

�

�

(k�

�1

+

k)

�1

� Lip(f

+

�

kz

2

� z

1

k

= r

+

kz

2

� z

1

k;

i.e.,

ky

0

2

� y

0

1

k � r

+

kz

2

� z

1

k: (�)

Similarly|but without assuming the the separation between z

1

and z

2

is pre-

dominantly expanding|we have

kx

0

2

� x

0

1

k � k�

�

kkx

2

� x

1

k+ Lip(f

�

)kz

2

� z

1

k

� (k�

�

k+ Lip(f

�

)) kz

2

� z

1

k

= r

�

kz

2

� z

1

k;

i.e.

kx

0

2

� x

0

1

k � r

�

kz

2

� z

1

k (y)

From (*) it follows that

kz

0

2

� z

0

1

k � r

+

kz

2

� z

1

k:

From (*) and (y) together, and using also r

+

> r

�

, we see that ky

0

2

� y

0

1

k >

kx

0

2

� x

0

1

k, i.e., that the separation between z

0

1

and z

0

2

is also predominantly

expansive.

It remains to deal with the assertions for the 
ase where the separation

between f(z

1

) and f(z

2

) is not predominantly expansive. From the pre
eding

results, it follows at on
e that the separation between z

1

and z

2


annot be pre-

dominantly expansive. Furthermore, from the de�nition of \not predominantly

expansive",

kz

0

2

� z

0

1

k = kx

0

2

� x

0

1

k;

so the last assertion follows from (y). �

Proposition 7.2.2 Assume that r

+

> r

�

, and let z in the unit ball of E but

not on the graph of w. Then

1. if r

+

> 1, there is an n su
h that f

n

(z) is not in the unit ball of E.

2. if r

+

� 1, then either there is an n su
h that f

n

(z) is not in the unit ball

of E, or

lim inf

n!1

1

n

log kf

n

(z)k � log r

+

:
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Proof. Write z = (x; y), and let ẑ = (x;w(x)). Then, manifestly, the separa-

tion between z and ẑ is predominantly expansive. By the pre
eding proposition,

the separation between f

n

(z) and f

n

(ẑ) remains predominantly expansive, and

kf

n

(z)� f

n

(ẑ)k � (r

+

)

n

kz � ẑk:

Now assume that r

+

> 1, so that the separation between f

n

(z) and f

n

(ẑ)

grows exponentially as long as both remain in B. If f

n

(ẑ) remains in the unit

ball|as will be the 
ase if r

�

< 1|the exponential growth of the separation

implies immediately that f

n

(z) 
annot remain in the unit ball for all n.

We 
an avoid the assumption that f

n

(ẑ) remains in the unit ball as follows: Assume

that f

n

(z) remains in the unit ball for all n. Write (x

n

; y

n

) for f

n

(z) and (x̂

n

; ŷ

n

) for

f

n

(ẑ) Using the invarian
e of the graph of w and Lip(w) � 1, we get

kŷ

n

k � kx̂

n

k: (z)

On the other hand, the proof of ?? shows that

kx

n

� x̂

n

k � �ky

n

� ŷ

n

k where � := r

�

=r

+

< 1.

Inserting the assumption that k(x

n

; y

n

)k � 1 for all n and using (z) give the bound

kŷ

n

k � �kŷ

n

k+ 2;

whi
h implies a bound on kŷ

n

k, whi
h in turn|using (z) again|implies a bound on

kf

n

(ẑ)k, whi
h 
ontradi
ts the assumed boundedness of f

n

(z) and the exponential

separation of f

n

(ẑ) from f

n

(z).

Thus, the proof in the 
ase r

+

> 1 is 
omplete. If r

+

� 1, and if the orbit of z

remains in the unit ball for all n, then

kf

n

(z)� f

n

(ẑ)k � (r

+

)

n

kz � z

1

k for all n,

whereas, by Proposition ??,

kf

n

(ẑ)k � (r

�

)

n

kz

1

k for all n.

Sin
e r

�

< r

+

,

lim inf

n!1

1

n

log kf

n

(z)k � lim inf

n!1

1

n

log ((r

+

)

n

kz � z

1

k � (r

�

)

n

kz

1

k) = log r

+

:

�

As in the pre
eding se
tion, we 
an sharpen the above: If z is not in the

graph of w, and if f

n

(z) remains in the unit ball for all n, then

lim inf

n!1

1

n

log kf

n

(z)k � log �

+

:
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We omit the proof. As a 
onsequen
e: If �

�

< 1, then the graph of w 
onsists

exa
tly of all those z in the unit ball whose orbits remain in the unit ball for

all n and for whi
h

lim sup

n!1

1

n

log kf

n

(z)k � log �

�

;

we 
an repla
e the limit superior on the left by limit inferior, and we 
an

repla
e �

�

by any number between �

�

and �

+

. Any one of these variants

on the 
hara
terization of the points of w gives a very satisfa
tory uniqueness

assertion for w.

7.3 Reformulation of results

We now want to re-express the main results obtained so far in a way whi
h

is less 
losely tied to spe
i�
 
hoi
es of 
oordinates, norms, and so on. We


onsider a mapping f , of 
lass C

r

with r � 1, de�ned on an open set U in a

Bana
h spa
e E , and we let z

0

denote a �xed point of f . We let � be a positive

real number su
h that the spe
trum of Df(z

0

) does not interse
t the 
ir
le

f� : j�j = �g but su
h that it does interse
t both the inside and the outside of

this 
ir
le. We de�ne

�

�

:= supfj�j : � 2 �(Df(z

0

)); j�j < �g

�

+

:= inffj�j : � 2 �(Df(z

0

)); j�j > �g:

In the usual way, the splitting of the spe
trum of Df(z

0

) into the parts inside

and outside the 
ir
le fj�j = �g gives a dire
t sum splitting of E as E

�

� E

+

.

We will 
orrespondingly represent z

0

as (x

0

; y

0

). We will use the phrase lo
al

C

r

manifold tangent to E

�

at z

0

to refer to a set whi
h 
an be represented as

the graph of a C

r

fun
tion w, de�ned on an open neighborhood V

w

of x

0

in

E

�

, taking values in E

+

, with w(x

0

) = y

0

and Dw(x

0

) = 0. We will also use

the following terminology: A set X is said to be lo
ally invariant for f at z

0

if

there is a neighborhood W of z

0

su
h that

z 2 X \W implies f(z) 2 X:

i.e., su
h that f(X \ W) � X , and we say that two sets X

1

and X

2


oin
ide

near z

0

if there is a neighborhood W of z

0

su
h that

W \X

1

=W \X

2

:
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Theorem 7.3.1 (Generalized stable manifold theorem) Let the notation

be as above. If �

�

� 1 assume

i. r <1

ii. (�

�

)

r

< �

+

iii. There is a real-valued C

r

fun
tion  on E

�

identi
ally equal to one on a

neighborhood of 0 and vanishing outside the unit ball.

Then:

1. There exists a C

r

manifold W

(�)

lo


tangent at z

0

to E

�

and lo
ally invariant

there for f .

2. If, further, �

�

< 1, then:

{ W

(�)

lo



an be taken|by judi
ious 
hoi
e of V

w

|to be invariant in the

literal sense, i.e., mapped into itself by f . (Su
h a 
hoi
e is however not

assumed in the following assertions.)

{ W

(�)

lo


is \lo
ally unique" in the sense that any two lo
ally invariant C

1

manifolds tangent to E

�

at z

0


oin
ide near z

0

.

{ if W is any suÆ
iently small open neighborhood of z

0

, then W

(�)

lo



oin-


ides near z

0

with the set of all z 2 W whose forward orbits remain in

W for all n and 
onverge to z

0

suÆ
iently rapidly that

lim sup

1

n

log(kf

n

(z)� z

0

k) � log(�

�

):

3. If �

+

> 1 (whether or not �

�

< 1), we have the following partial uniqueness

result: If W

(�)

lo


is any C

1

lo
ally invariant manifold tangent to E

�

at z

0

, there

is an open neighborhood W of z

0

su
h that any z su
h that f

n

(z) 2 W for all

n = 0; 1; : : : must be in W

(�)

lo


.

4. If �

�

< 1 < �

+

(hyperboli
 
ase), then for any suÆ
iently small neighbor-

hood W of z

0

, W

(�)

lo



oin
ides near z

0

with the set of z su
h that f

n

(z) is in

W for all n = 0; 1; : : :.



Chapter 8

Generalized unstable

manifolds

8.1 Introdu
tion

Given a splitting E

�

� E

+

as in the pre
eding se
tions, we want to investigate

invariant manifolds tangent to E

+

. We will 
all these generalized unstable man-

ifolds. The most important 
ase is that where �

�

� 1 < �

+

; a 
orresponding

invariant manifolds are 
alled an unstable manifold. Similarly, if �

�

> 1, we

speak of a strong unstable manifold, and, if �

+

= 1, of a 
enter-unstable mani-

fold. If f is invertible, we 
an dedu
e the existen
e and properties of generalized

unstable manifolds by applying our results about stable manifolds to f

�1

. It

turns out, however, that a theory of unstable manifolds 
ompletely parallel to

that for stable manifolds 
an be developed without assuming the invertibility of

f . This is a useful thing to do, sin
e in appli
ations to partial di�erential equa-

tions one expe
ts that derivatives of the mappings en
ountered will often be


ompa
t operators and hen
e not invertible but with �nite-dimensional E

+

's, so

restri
ting to a generalized unstable manifold may give a means of extra
ting

the essential �nite-dimensional part from su
h in�nite-dimensional dynami
al

systems.

As before, we want to study mappings of the form

f(x; y) = (�

�

x+ f

�

(x; y);�

+

y + f

+

(x; y));

with f

�

small in Lips
hitz norm and vanishing at the origin, and we seek

invariant sets whi
h are graphs of mappings w from E

+

to E

�

with Lips
hitz

norm no greater than one.

75
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The �rst question we have to address is: In what sense do we want to

require that a small pie
e of manifold W be invariant? There are two plausible


andidates:

fW �W and f

�1

W �W;

whi
h are not equivalent in the non-invertible 
ase. For orientation, 
onsider

the 
ase of a linear f with non-trivial null spa
e. In this 
ase, it is 
lear that

fE

+

� E

+

, whereas any W 
ontaining 0 and invariant in the se
ond sense must


ontain the null spa
e of f . The lesson we draw from this is that we should

look for a fun
tion w whose graph W satis�es

fW �W:

The general plan is now mu
h as before: We are looking for a fun
tion

whose graph is invariant in this sense. We 
onvert the 
ondition of invarian
e

of the graph of w to a fun
tional equation of the form

w = Fw:

We then prove that F is 
ontra
tive in an appropriate fun
tions spa
e (provided

that Lip(f

�

) are small enough.) With the unique 
andidate for an invariant

manifold thus in hand, we pro
eed to analyze its smoothness and|in ni
e


ases|to give it a dynami
al 
hara
terization. In spite of the similarity of

the general plan to that used for investigating the generalized stable manifold,

there are signi�
ant di�eren
es in detail, and, unfortunately, the analysis in the

present 
ase turns out to be noti
eably more 
ompli
ated than for generalized

stable manifolds.

8.2 The Lips
hitz invariant manifold

Our �rst task is to 
onvert invarian
e of the graph into a fun
tional equation

for w. That is: We want to express in terms of w the 
ondition that every

point z = (w(y); y) of the graph of w 
an be written as f(w(�y); �y). Using the

detailed form for f we �nd the pair of 
onditions

y = �

+

�y + f

+

(w(�y); �y) (8.1)

and

w(y) = �

�

w(�y) + f

�

(w(�y); �y): (8.2)

We will handle these equations by showing �rst that, if f

�

is small enough,

(8.1) 
an be solved uniquely for �y. Let us a

ept for the moment that this 
an
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be done, and let us denote the solution by

�y = v(y; w):

In 
ontrast to the analogous fun
tion en
ountered in the proof of the existen
e

of generalized stable manifolds, v here depends of the whole fun
tion w and

not just on its value at one point.

Inserting the solution into (8.2) gives a fun
tional equation, in the form of

a �xed-point problem, for w:

w = Fw;

where

(Fw)(y) = F (w(v(y; w)); v(y; w)) with F (x; �y) = �

�

x+ f

�

(x; �y): (8.3)

Thus: Assuming solvability of (8.1) for all relevant y, the graphW of w satis�es

fW �W if and only if w = Fw.

Before turning to the detailed estimates, let us anti
ipate the fa
t that, as

for generalized stable manifolds, we will need to 
arry out two parallel versions

of the argument. What distinguishes the good from not-so-good 
ases here is

whether or not �

+

> 1. We will use the following notation: B

�

will denote|in

both 
ases|the 
losed unit ball in E

�

. Then either

{ Expansive 
ase. �

+

> 1, in whi
h 
ase we 
hoose the norm so that

k�

�1

+

k < 1, and we let B

+

denote the 
losed unit ball in E

+

, or

{ Non-expansive 
ase. �

+

� 1, in whi
h 
ase|from the general hypoth-

esis �

�

< �

+

|we have �

�

< 1, so we 
hoose the norm so that k�

�

k < 1,

and we let B

+

denote E

+

.

In both 
ases, B will denote B

�

� B

+

. The fun
tions f

�

are de�ned and

Lips
hitz 
ontinuous on B; Lips
hitz norms mean norms over B. We always

assume f

�

(0) = 0 (and, when we assume di�erentiability, we also assume

Df

�

(0) = 0.) In the non-expansive 
ase, we require that

f

�

(x; y) = 0 for kyk > 1.

It then follows that

kf

�

(x; y)k � Lip(f

�

) for all relevant x; y.

The fun
tions w whi
h we 
onsider are mappings from B

+

to the unit ball of

E

�

with

Lip(w) � 1 andw(0) = 0:
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In the expansive 
ase, the requirement that

kw(y)k � 1 for all y

follows from the pre
eding assumptions; in the non-expansive 
ase, it must be

imposed as a separate 
ondition, and we have to 
he
k that it is preserved by

the operator F . From the formula (8.3) for F , it follows that kFw(y)k � 1 for

all y provided that kw(y)k � 1 for all y and

k�

�

k+ Lip(f

�

) � 1; (8.4)

and we a

ordingly add this estimate to our list of standing hypotheses (in the

non-expansive 
ase.)

The solvability of (8.1) is an easy appli
ation of the 
ontra
tion mapping

prin
iple: We rewrite the equation in question as

�y = �

�1

+

y � �

�1

+

f

+

(w(�y); �y) (8.5)

i.e., as a �xed-point problem for the unknown �y. The right-hand side of (8.5) is

a Lips
hitz-
ontinuous fun
tion of �y with Lips
hitz 
onstant not greater than

k�

�1

+

kLip(f

+

) (provided that Lip(w) � 1.) Thus, if

k�

�1

+

kLipf

+

< 1; (8.6)

the right-hand side is 
ontra
tive. To apply the 
ontra
tion mapping prin
iple,

we need to spe
ify a domain in whi
h 
ontra
tivity holds and whi
h is mapped

into itself. In the expansive 
ase, we take as domain the 
losed unit ball of E

+

.

A straightforward estimate shows that, if

k�

�1

+

k [1 + Lip(f

+

)℄ � 1; (A

e

)

the right-hand side of (8.5) maps the 
losed unit ball into itself for all relevant y

and w. By good fortune, the 
ondition (A

e

) already in
ludes the 
ontra
tivity


ondition (8.6) so:

If (A

e

) holds, then, for any given w and y as above, there is exa
tly one �y in

the unit ball su
h that (8.1) holds. As already indi
ated, we denote this �y by

v(y; w).

In the non-expansive 
ase �

+

� 1, we need only assume (8.6) (with Lips
hitz

norm now taken over all of B

�

�E

+

,) and we 
an then solve for arbitrary y; the

solution, of 
ourse, need not lie in the unit ball. On the other hand, be
ause
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we want to restri
t the x variable to the unit ball, we need to impose (8.4).

Thus, our �rst quantitative 
ondition in the non-expansive 
ase is

k�

�1

+

kLip(f

�

) < 1 and k�

�

k+ Lip(f

�

) � 1; (A

ne

)

Conditions (A

e

) respe
tively (A

ne

) suÆ
e to guarantee the solvability of

(8.1) and hen
e the de�nition of v(y; w) for y in the 
losed unit ball respe
tively

all of E

+

.

We next want to estimate the Lips
hitz norm of v with respe
t to y. By

de�nition, the mapping y 7! v(y; w) is the inverse of the mapping

y 7�! �

+

y + f

+

(w(y); y);

so an estimate on the Lips
hitz norm of v means a lower bound on the extent

to whi
h this latter mapping expands distan
es. Thus, let y

1

, y

2

be two points

of B

+

, i.e., either the 
losed unit ball in E

+

(expansive 
ase) or all of E

+

(non-

expansive 
ase), and let x

1

, x

2

two points of the 
losed unit ball B

�

of E

�

su
h

that

kx

1

� x

2

k � ky

1

� y

2

k:

Then

kf�

+

y

1

+ f

+

(x

1

; y

1

)g � f�

+

y

2

+ f

+

(x

2

; y

2

)gk

� k�

+

(y

1

� y

2

)k � Lip(f

+

)ky

1

� y

2

k

�

�

k�

�1

+

k

�1

� Lip(f

+

)

�

ky

1

� y

2

k:

We now let L(v) be the smallest 
onstant su
h that

kf�

+

y

1

+ f

+

(x

1

; y

1

)g � f�

+

y

2

+ f

+

(x

2

; y

2

)gk �

ky

1

� y

2

k

L(v)

whenever the x

i

and y

i

are as above; the 
omputation we have just done shows

that

L(v) �

k�

�1

+

k

1� k�

�1

+

kLip(f

+

)

= k�

�1

+

k+O(Lip(f

+

)):

The rule of thumb is thus that we 
an make L(v) almost as small as 1=�

+

, by


hoi
e of norm and smallness 
onditions on Lip(f

+

). In the interest of keeping

the formulas simple, it is useful to note that|by an easy but not-quite-obvious


al
ulation|our standing assumption (A

e

) in the expansive 
ase implies that

L(v) � 1:

It is evident from the de�nitions that, for any w with Lip(w) � 1,

Lip(y 7! v(y; w)) � L(v):
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We note for later use that, if the f

�

are 
ontinuously di�erentiable and if A is

a linear operator from E

+

to E

�

with kAk � 1, then










[�

+

+D

1

f

+

A+D

2

f

+

℄

�1










� L(v); (8.7)

this 
an be seen by applying the de�nition of L(v) with y

1

and y

2

very 
lose

together.

It is now an easy matter to estimate the Lips
hitz norm of Fw in terms of

L(v): The 
onstru
tion of Fw(y) 
an be fa
torized as

y 7! �y := v(y; w) 7! z := (w(�y); �y) 7! F (z):

The �rst fa
tor has Lips
hitz norm � L(v), and the se
ond Lips
hitz norm

unity. Hen
e

Lip(Fw) � L(v) Lip(F ):

We thus impose as a se
ond quantitative 
ondition

Lip(F )L(v) � 1; (B)

and it then follows that Lip(Fw) � 1 for all w.

From the de�nition (8.3) of F ,

Lip(F ) � k�

�

k+ Lip(f

�

);

so we 
an make Lip(F ) almost as small as �

�

. Sin
e, as already noted, we


an make L(v) almost as small as 1=�

+

, 
ondition (B) 
an be satis�ed by

�rst 
hoosing the norms properly and then taking Lip(f

�

) small enough. It is

straightforward to 
he
k that F preserves the 
ondition w(0) = 0.

As in the investigation of generalized stable manifolds, we will prove 
on-

tra
tivity of F with respe
t to the norm

kwk = sup

y

kw(y)k

kyk

:

We 
onsider a pair of mappings w

1

, w

2

, and we write

(Fw

1

�Fw

2

) (y) = F (w

1

(v

1

); v

1

)� F (w

2

(v

1

); v

1

)

+F (w

2

(v

1

); v

1

)� F (w

2

(v

2

); v

2

);

where we have abbreviated v(y; w

i

) by v

i

, i = 1; 2. Now

kF (w

1

(v

1

); v

1

)� F (w

2

(v

1

); v

1

)k � Lip

1

(F )kw

1

� w

2

kkv

1

k

� Lip

1

(F )kw

1

� w

2

kL(v)kyk;
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and

kF (w

2

(v

1

); v

1

)� F (w

2

(v

2

); v

2

)k � Lip(F )kv

1

� v

2

k:

To make e�e
tive use of this last bound, we need to estimate kv

1

�v

2

k 
arefully.

Re
alling the de�nition of v(y; w) as the solution of (8.1), we write

�

+

v

1

+ f

+

(w

1

(v

1

); v

1

) = �

+

v

2

+ f

+

(w

2

(v

2

); v

2

)

or

f�

+

v

1

+ f

+

(w

1

(v

1

); v

1

)g � f�

+

v

2

+ f

+

(w

1

(v

2

); v

2

)g

= f

+

(w

1

(v

2

); v

2

)� f

+

(w

2

(v

2

); v

2

):

Taking norms and using the de�nition of L(v) gives

kv

1

� v

2

k

L(v)

� kf�

+

v

1

+ f

+

(w

1

(v

1

); v

1

)g � f�

+

v

2

+ f

+

(w

1

(v

2

); v

2

)g k

= kf

+

(w

1

(v

2

); v

2

)� f

+

(w

2

(v

2

); v

2

)k

� Lip

1

(f

+

) kw

1

(v

2

)� w

2

(v

2

)k

� Lip

1

(f

+

) kw

1

� w

2

kkv

2

k

� Lip

1

(f

+

) kw

1

� w

2

kL(v) kyk;

(where, to get the last expression, we used the estimate

Lip(y 7! v(y; w

2

)) � L(v):)

Simplifying the above:

kv

1

� v

2

k � Lip

1

(f

+

) (L(v))

2

kw

1

� w

2

k kyk:

Combining the above estimates gives

k (Fw

1

�Fw

2

) (y)k � kw

1

� w

2

k kyk �

�

�

Lip

1

(F )L(v) + Lip

1

(f

+

)Lip(F )(L(v))

2

�

Thus, if we impose

�

Lip

1

(F ) + Lip

1

(f

+

)Lip(F )L(v)

�

L(v) < 1; (C)

it follows that F is 
ontra
tive and hen
e that it has exa
tly one �xed point

in the spa
e of w's under 
onsideration. Sin
e we 
an make Lip

1

(F ) almost as

small as �

�

, L(v) almost as small as 1=�

+

, and Lip

1

(f

+

) as small as we like,


ondition (C) 
an be satis�ed.

Summarizing what we have shown so far:
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If (A

e

) (in the expansive 
ase) or (A

ne

) (in the non-expansive 
ase), (B), and

(C) hold, then there is a unique w : B

�

! B

+

with Lip(w) � 1 and w(0) = 0,

whose graph W satis�es fW �W .

From now on,

{ We will assume (A

e

) respe
tively (A

ne

), (B), and (C).

{ w will denote the unique �xed point of F .

8.3 Di�erentiability

We now assume that the f

�

are of 
lass C

1

with derivatives vanishing at 0,

and we want to show that w is also of 
lass C

1

with derivative vanishing at 0.

Again, this goes roughly as before: We �rst �nd a fun
tional equation whi
h

must be satis�ed by the derivative of w if this derivative exists; we then show

that this equation has a unique solution (subje
t to some bounds); and we then

show that the unique solution is indeed the derivative of w.

If w is di�erentiable than so|by the inverse fun
tion theorem|is v (as a

fun
tion of y, with w �xed), and

(Dv)(y) = [�

+

+D

1

f

+

(w(v); v)Dw(v) +D

2

f

+

(w(v); v)℄

�1

;

then di�erentiating the equation for w gives

Dw(y) = [D

1

FDw(v) +D

2

F ℄Dv(y);

where suppressed arguments are now to be understood to be (w(v(y)); v(y)),

and where we are now regarding v as a fun
tion of the single variable y. Hen
e,

if w is di�erentiable, then, writing � for Dw, we have

�(y) = [D

1

F +D

2

F�℄ [�

+

+D

1

f

+

�(v) +D

2

f

+

℄

�1

:

We will denote the right-hand side of this equation as (K�)(x), and we want

to show that K is a 
ontra
tion on the spa
e of 
ontinuous mappings y 7! �(y)

{ from B

+

to the 
losed unit ball in L(E

+

; E

�

)

{ with �(0) = 0,

equipped with the supremum norm. From D

1

F (0; 0) = 0 and v(0) = 0 it

follows that K preserves the 
ondition �(0) = 0. From (8.7),

k [�

+

+D

1

f

+

�(v) +D

2

f

+

℄

�1

k � L(v): (�)
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Also, by the argument in the �ne-print se
tion of x6.1,

kD

1

F +D

2

F�k � Lip(F ):

Hen
e K preserves the 
ondition k�(y)k � 1 for all y provided

Lip(F )Lip(v) � 1;

and this is 
ondition (B) again.

To �nd 
onditions whi
h make K 
ontra
tive, we 
hoose �

1

and �

2

and

write

(K�

1

)(y)� (K�

2

)(y) = D

1

F [�

1

(v) � �

2

(v)℄ [�

+

+D

1

f

+

�

1

(v) +D

2

f

+

℄

�1

+ [D

1

F +D

2

F�

2

(v)℄ [�

+

+D

1

f

+

�

1

(v) +D

2

f

+

℄

�1

D

1

f

+

�

� [�

2

(v)� �

1

(v)℄ [�

+

+D

1

f

+

�

1

(v) +D

2

f

+

℄

�1

;

where we have used the standard operator identity

U

�1

� V

�1

= U

�1

(V � U)V

�1

:

Using the bound (�) repeatedly, we get

kK�

1

(y)�K�

2

(y)k �

�

Lip

1

(F )L(v) + Lip

1

(f

+

)Lip(F )(L(v))

2

�

k�

1

(v)��

2

(v)k;

whi
h shows that K is 
ontra
tive provided that 
ondition (C) holds.

On
e again we let � denote the unique �xed point for K; we write

M = sup

y

lim sup

Æy!0

kw(y + Æy)� w(y) � �(y)Æyk

kÆyk

;

we observe that M � 2; and we want to use the fun
tional equation to show

that M � �M for some � < 1. We will use the abbreviations

Æv := v(y + Æy; w)� v(y; w);

Æw := w(v(y; w) + Æv)� w(v(y; w)):

(The latter, while a little unnatural, is 
onvenient be
ause w(v(y; w)) o

urs

frequently on the right-hand sides of the fun
tional equations whereas w(y)

does not.) Note also that suppressed arguments in E

+

are to be taken to be

v(y; w) and in E

�

are to be taken to be w(v(y; w)).

Writing the equations satis�ed by v(y; w) and by v(y+ Æy; w), subtra
ting,

and using the di�erentiability of f

+

, gives

Æy = �

+

Æv +D

1

f

+

Æw +D

2

f

+

Æv + o(Æy)

= [�

+

+D

1

f

+

� +D

2

f

+

℄ Æv +D

1

f

+

[Æw � �Æv℄ + o(Æy):
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Similarly, writing the fun
tional equation for w and using the di�erentiability

of the f

�

, we get

w(y + Æy)� w(y) = D

1

FÆw +D

2

FÆv + o(Æy)

= [D

1

F� +D

2

F ℄ Æv +D

1

F [Æw � �Æv℄ + o(Æy)

= [D

1

F� +D

2

F ℄ [�

+

+D

1

f

+

� +D

2

f

+

℄

�1

Æy +D

1

F [Æw � �Æv℄

� [D

1

F� +D

2

F ℄ [�

+

+D

1

f

+

� +D

2

f

+

℄

�1

D

1

f

+

[Æw � �Æv℄ + o(Æy):

The �rst term on the right of this last equation 
an be re
ognized as �(y)Æy,

so we get

w(y + Æy)� w(y) � �(y)Æy =

�

D

1

F � (D

1

F� +D

2

F ) (�

+

+D

1

f

+

� +D

2

f

+

)

�1

D

1

f

+

�

(Æw � �Æv)

+o(Æy):

Taking norms, dividing by kÆyk, letting Æy tend to zero, and using

lim sup

Æy!0

kÆw � �Ævk

kÆyk

�M Lip(v);

we get

lim sup

Æy!0

kw(y + Æy)� w(y) � �(y)Æyk

kÆyk

�

�

Lip

1

(F ) + Lip(F )Lip(v)Lip

1

(f

+

)

�

Lip(v)M:

The fa
tor multiplying M on the right is < 1 by (C), so M = 0, so w is

di�erentiable with derivative �.

The analysis of H�older 
ontinuity of the �rst derivative and of higher dif-

ferentiability goes in almost exa
tly the same way as for generalized stable

manifolds. We 
an write the equation satis�ed by � = Dw(y) in the form

�(y) = G(y; �(v(y)));

where

G(y; s

0

) =

�

D

1

F +D

2

Fs

0

��

�

+

+D

1

f

+

s

0

+D

2

f

+

�

�1

:

Lemmas 6.2.2, 6.3.2, and 6.3.3 apply here|with a G depending only on two of

the original three variables|so the analysis given for the stable manifold 
an

be applied dire
tly. The out
ome 
an be summed up as follows:



8.4. EXPANDING AND CONTRACTING WEDGES 85

Proposition 8.3.1 Let the f

�

be of 
lass C

r

, 1 � r � 1, with Df

�

(0) = 0.

Assume (A), (B), (C) and also, if Lip(v) > 1,

(Lip

1

(F ) + Lip(F )Lip

1

(f

+

)Lip(v))Lip(v)

r

< 1: (C

r

)

(from whi
h it follows that r < 1.) Then F has a unique �xed point w with

w(0) = 0 and Lip(w) � 1. This w is of 
lass C

r

, and its �rst derivative vanishes

at the origin.

8.4 Expanding and 
ontra
ting wedges

We now want to apply the expanding and 
ontra
ting wedges idea of x7.2.

We have de�ned the separation between two points z

i

= (x

i

; y

i

) to be predomi-

nantly expansive if kx

1

�x

2

k < ky

1

�y

2

k. If the separation is not predominantly

expansive, we will say that it is predominantly 
ontra
tive (in spite of the fa
t

that the stri
t inequality in the de�nition of \predominantly expansive" makes

the two de�nitions slightly unsymmetri
.) Also, by a ba
kward orbit for a point

z under a (not ne
essarily invertible) mapping f , we will mean a sequen
e z

�1

,

z

�2

,. . . ,z

�n

with f(z

�1

) = z and f(z

�j

) = z

�j+1

for j = 2; 3; : : : ; n. Sin
e we

are not assuming invertibility, there may be no ba
kward orbit at all, or there

may be more than one.

Proposition 8.4.1 Let the hypotheses and notation be as in x7.2, but assume

in addition that

{ r

+

> 1

{ There is a fun
tion w from the unit ball in E

+

into E

�

with w(0) = 0 and

Lip(w) � 1 whose graph is mapped onto itself by f .

{ f

�

are 
ontinuously di�erentiable with derivatives vanishing at (0; 0).

Then any z in the graph of w admits a unique in�nite ba
kward orbit (z

�n

) in

the graph of w. This ba
kward orbit 
onverges to (0; 0) fast enough so that

lim sup

n

1

n

logkz

n

k � � log(�

+

)

Conversely, a point z in the unit ball but not in the graph of w does not

admit an in�nite ba
kward orbit in the unit ball su
h that

lim sup

n

1

n

log kz

n

k � � log(r

�

):
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We now drop the assumption that r

+

> 1 and assume instead that

r

�

< 1:

Then if z is a point of the unit ball su
h that the f

j

(z) up to j = n are all in

the unit ball, the distan
e from f

n

(z) to the graph of w is not greater than 2r

n

�

.

From the last assertion it follows in parti
ular that any orbit whi
h stays in

the unit ball for all n 
onverges to the graph of w, and any orbit whi
h starts

very near to �xed point|and so stays in the unit ball for a long time|but

whi
h nevertheless eventually es
apes from the unit ball must es
ape \along"

the graph of w.

Proof. Under our hypotheses, f is inje
tive on the graphW of w and fW �W .

Hen
e, there is a uniquely determined sequen
e of su

essive preimages z

�n

in

W , and these are easily seen to 
onverge to the origin at least as fast as r

�n

+

.

Improving this rate of 
onvergen
e to the one indi
ated is done by the same

arguments as those used to prove proposition 7.1.2.

Suppose that z is not in the graph of w but that it admits su

essive preim-

ages z

�1

, z

�2

, . . . ,z

�n

, all in the unit ball. Write z = (x; y); put z

0

= (w(y); y);

and write z

0

�j

for the su

essive preimages of z

0

in the graph. By 
onstru
tion,

the separation between z and z

0

is predominantly 
ontra
tive, so { applying

repeatedly the last assertion of lemma 7.2.1 { the separations between all the

z

j

and z

0

j

are predominantly 
ontra
tive and

kz � z

0

k � (r

�

)

n

kz

n

� z

0

n

k:

Sin
e the left-hand side of this inequality is non-zero and independent of n,

kz

n

� z

0

n

k 
annot go to zero faster than (r

�

)

�n

. But we already know that

kz

0

n

k goes to zero at least as fast as (r

+

)

�n

, so kz

n

k 
annot go to zero faster

than (r

�

)

�n

.

We now turn to the last assertion. If f

n

(z) is in the graph of w, there is

nothing to prove. Otherwise, the argument of the pre
eding paragraph with

z of that paragraph repla
ed by f

n

(z) shows that there is a z

0

on the graph

of w whose separation from z is predominantly 
ontra
tive and su
h that the

distan
e from f

n

(z) to the graph of w is not greater than (r

�

)

n

kz� z

0

k. Sin
e

z

0

= (x

0

; y

0

) is on the graph of w, kx

0

k � 1, and sin
e z is in the unit ball and

has predominantly 
ontra
tive separation from z

0

, it follows that

kz � z

0

k = kx� x

0

k � 2

Hen
e the distan
e from f

n

(z) to the graph of w is not greater than 2(r

�

)

n

, as

asserted. �
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8.5 Reformulation of results

Theorem 8.5.1 (Generalized unstable manifold theorem) The general

hypotheses are as for theorem 7.3.1. If �

+

� 1, we assume further that

i. r <1

ii. �

�

< (�

+

)

r

iii. There is a real-valued C

r

fun
tion  on E

+

identi
ally equal to one on a

neighborhood of 0 and vanishing outside the unit ball.

Then:

1. There exists a C

r

manifold W

(+)

lo


tangent at z

0

to E

+

and lo
ally invariant

there for f .

2. If, further, �

+

> 1, then:

{ W

(+)

lo



an be taken to satisfy fW

(+)

lo


�W

(+)

lo


{ W

(+)

lo


is lo
ally unique in the sense that any two lo
ally invariant C

1

manifolds tangent to E

+

at z

0


oin
ide near z

0

.

{ if W is any suÆ
iently small open neighborhood of z

0

, then W

(+)

lo



oin-


ides near z

0

with the set of all z 2 W whi
h admit ba
kward orbits (z

�n

)

de�ned for all n = 1; 2; : : :, remaining in W, and 
onverging to z

0

rapidly

enough so that

lim sup

1

n

log(kz

�n

� z

0

k) � � log(�

+

):

3. If �

�

< 1 (whether or not �

+

> 1), and if W

(+)

lo


is any C

1

lo
ally invariant

manifold tangent to E

+

at z

0

, there is an open neighborhood W of z

0

su
h that

if z

n

:= f

n

(z) stays in W for all n = 0; 1; : : : then z

n

!W

(+)

lo


.

4. If �

�

< 1 < �

+

(hyperboli
 
ase), then for any suÆ
iently small neighbor-

hood W of z

0

, W

(+)

lo



oin
ides near z

0

with the set of z whi
h admit arbitrarily

long ba
kward orbits in W.
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Chapter 9

Invariant manifolds:

Mis
ellany

9.1 Real-analyti
 mappings

If f is real-analyti
, and if �

�

< 1, it is easy to show that the invariant mani-

fold tangent to E

�

is real-analyti
: Instead of giving the fundamental proof of

existen
e in a spa
e of Lips
hitz 
ontinuous fun
tions on a real neighborhood

of zero, one 
an work in a spa
e of 
omplex-analyti
 fun
tions on a 
omplex

neighborhood of zero. The proof of 
ontra
tivity is just the same, and gives

immediately an analyti
 w, thus bypassing 
ompletely the 
ompli
ated analysis

of smoothness given above. Similarly for the invariant manifold tangent to E

+

when �

+

> 1. In the 
ases �

�

� 1 and �

+

� 1, however, it is ne
essary to


ut o� the non-linear terms before applying the 
ontra
tion argument, and the


ut-o� ne
essarily spoils analyti
ity. In fa
t, we saw in x6.4 an example of an

analyti
 mappings with no analyti
 
enter manifold.

9.2 Flows

Consider a di�erential equation

dz

dt

= X(z)

with solution 
ow f

t

, and let 0 be a stationary solution of this di�erential

equation. Let � be a real number su
h that the the spe
trum of DX(0) does

89
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not interse
t the verti
al line Re � = � but does interse
t both half-planes

bounded by this line. We let

�

�

= supfRe � : � 2 �(DX(0)) and Re � < �g

and

�

+

= inffRe � : � 2 �(DX(0)) and Re � > �g

There is then a splitting of the state spa
e into the dire
t sum of the spe
tral

subspa
es E

�

asso
iated with the part of the spe
trum of DX(0) in the left

half-plane fRe � � �

�

g and E

+

asso
iated with the part of the spe
trum in the

right half-plane fRe � � �

+

g. As we saw earlier,

Df

t

(0) = exp(tDX(0));

so, for ea
h t > 0, E

�

� E

+

is the dire
t sum de
omposition 
orresponding to

an annulus

exp(t�

�

) < j�j < exp(t�

+

)

disjoint from the spe
trum of Df

t

(0), and there are therefore invariant mani-

folds for f

t

tangent to E

�

and E

+

. These invariant manifolds might, in prin
i-

ple, depend on t. What we want to show here is that there is a single manifold

tangent to E

�

lo
ally invariant for all the f

t

simultaneously, and similarly for

E

+

. We will restri
t our dis
ussion to invariant manifolds tangent to E

�

, i.e.,

generalized stable manifolds.

In the 
ase �

�

< 0 (stable and strong stable manifolds), this is quite easy:

Let W be a manifold lo
ally invariant for f

1

tangent to E

�

. From the stable

manifold theorem for maps, we know that su
h a manifold exists and that it

is lo
ally unique. Sin
e the f

t


ommute, f

t

W is another su
h lo
ally invariant

manifold, and so must 
oin
ide near 0 with W . Thus, for any t, W is lo
ally

invariant for f

t

at 0.

The 
ase �

�

� 0 requires a little more 
are. In the analogous 
ase for

maps f we 
onstru
ted a lo
ally invariant manifold by 
onstru
ting a globally

invariant manifold for a 
ut-o� version of f , and this globally invariant manifold

is unique. In the 
ase at hand, if we 
ut o� the non-linear terms in the solution

mappings f

t

, it is hard to see how we will preserve the 
ommutativity needed

to apply the argument of the pre
eding paragraph. What we do instead is to


ut o� the non-linear terms in the di�erential equation. That is, we write

X(x; y) = (A

�

x+X

�

(x; y); A

+

y +X

+

(x; y));

where the X

�

vanish, together with their �rst derivatives, at the origin. As in

the 
ase of mappings, we 
an make the X

�

small on the unit ball by magni�
a-

tion, and we 
an then multiply them by a smooth fun
tion whi
h is identi
ally
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one on a neighborhood of the origin and identi
ally zero outside the unit ball

to get a globally de�ned di�erential equation with globally small non-linear

terms. For any t, the time-t solution mappings for the 
ut-o� di�erential equa-

tion agrees with that for the original equation on a neighborhood of the origin

(but this neighborhood may be
ome very small as jtj be
omes large.)

We now 
onsider only the 
ut-o� equation, whi
h we denote by the same

symbols as before. It is not diÆ
ult to see that the solution mappings have

globally small non-linear terms. Hen
e, the time-one mapping, for example,

admits a unique global invariant manifold W whi
h is the graph of a mapping

with Lips
hitz norm not greater than one. We would like to argue that W is

mapped into itself by all the f

t

. By the group property of the solution 
ow,

it is enough to prove this for small t. By 
ommutativity, f

t

W is mapped into

itself by f

1

. Hen
e, if we 
an show that f

t

W is the graph of a mapping with

Lips
hitz norm not greater than one, we are done, by the uniqueness of su
h a

globally invariant graph. One way to pro
eed here is as follows: By imposing

further smallness 
ondition on the non-linear terms in f

1

, we 
an ensure that

W is in fa
t the graph of a mapping with Lips
hitz norm not greater than 1=2,

say. Uniqueness still holds, of 
ourse, in the 
lass of maps with Lips
hitz norm

not greater than one. By making t small enough, we 
an make f

t

globally as

near as we like to the identity in the C

1

sense. By making it near enough,

we 
an guarantee that that image under f

t

of the graph of any mapping with

Lips
hitz norm not greater than 1=2 is again the graph of a mapping, this time

with Lips
hitz norm not greater than one. Thus, the desired invarian
e follows

by uniqueness.

There are a number of respe
t in whi
h the arguments we have given are

less than optimal:

1. In the 
ase �

�

< 0, we would like to show how to 
onstru
t an invariant

manifold whi
h is mapped into itself by all f

t

with t > 0. Su
h a manifold

would be realized as the graph of a mapping of the unit ball in E

�

into E

+

,

and to make it invariant for all positive t it is ne
essary to 
hoose the norm on

E

�

with more 
are than we have used. The remark we need is that, for any

s > �

�

, it is possible to 
hoose a norm on E

�

whi
h is equivalent to the original

norm and for whi
h

k exp(tA

�

)k � exp(ts) for all t � 0.

If we use su
h a norm, with s < 0, it is not diÆ
ult to see that, by making the

non-linear terms in X suÆ
iently small on the unit ball, we 
an arrange that

the invariant manifold for f

1

de�ned as the graph of a mapping de�ned on the

unit ball in E

�

is indeed mapped into itself by all f

t

with t > 0.
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2. The argument we have given for the 
ase �

�

� 0, involving 
utting o�

the non-linear terms in the di�erential equation, does not seem to be very

well adapted to the 
ase of partial di�erential evolution equations. In this

latter 
ase, the f

t

for small t need not be C

1

-near the identity. It is more

likely, however, that the 
utting o� 
an be arranged to make them C

1

-near to

exp(tDX(0)). If this 
an be done it is not diÆ
ult to see that the preimage

under f

t

, t small and positive, of the graph of a mapping with Lips
hitz norm

not greater than 1=2 is the graph of a mapping with Lips
hitz norm not greater

than one, so uniqueness will imply that (f

t

)

�1

W = W for small positive t and

hen
e for all positive t. A di�erent approa
h whi
h may work better in this


ase is suggested on p. 48 of [Marsden-M
Cra
ken℄.

9.3 Center manifolds.

Suppose we have a �xed point z

0

for a smooth mapping f su
h that spe
trum

of Df(z

0

) does interse
t the unit 
ir
le non-trivially but also su
h that the part

of the spe
trum on the unit 
ir
le is separated from the rest. There is then a

splitting of the state spa
e into a dire
t sum of three subspa
es:

E = E

s

� E




� E

u

;

where E




, the 
enter subspa
e, is the spe
tral subspa
e asso
iated with the part

of the spe
trum on the unit 
ir
le and E

s

, E

u

are, as before, the spe
tral sub-

spa
es asso
iated with the parts of the spe
trum inside and outside the unit


ir
le respe
tively. We want to argue that there exists a lo
ally invariant man-

ifold passing through z

0

and tangent there to E




. Su
h an invariant manifold is


alled a 
enter manifold. We do this in two steps. We �rst apply the general-

ized unstable manifold theorem to see that there is a lo
ally invariant manifold

W


u

(a 
enter-unstable manifold) tangent to E




� E

u

. We know that su
h an

invariant manifold exists; we don't know that it is unique, but we know that

it 
an be 
hosen to be of 
lass C

r

, r �nite, if f is of 
lass C

r

. The idea now is

to apply the generalized stable manifold theorem to the restri
tion of f to the


enter-unstable manifold. The spe
trum of the derivative of the restri
tion of

f is just the spe
trum of the restri
tion of Df(z

0

) to E




� E

u

, i.e., the part of

the spe
trum of Df(z

0

) on and outside the unit 
ir
le. The generalized stable

manifold theorem applies to show that there is a lo
ally invariant manifold for

f , 
ontained in the 
enter-unstable manifold and tangent to E




at z

0

. Again,

this 
enter manifold 
an be taken to be of 
lass C

r

for any �nite r if f is. Evi-

dently, a similar 
onstru
tion 
an be done for a separated part of the spe
trum


ontained in an annulus 
entered at the origin, ex
ept that smoothness need

not be preserved in this more general situation.
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The 
enter manifold, although useful for many things, turns out to be a

somewhat unnatural obje
t whi
h only barely manages to exist and whi
h is

subje
t to a number of pathologies. We already saw in x6.4 examples whi
h

show

{ the 
enter manifold may be badly non-unique

{ an analyti
 mapping, although it has a C

r


enter manifold for every �nite

r, need not have any C

1


enter manifold.

9.4 Derivatives of invariant manifolds.

We have shown how to redu
e the problem of �nding generalized stable and

unstable manifolds to solving fun
tional equations, and have proved existen
e

theorems for those fun
tional equations. We have not, however, been able to

give \formulas" for the invariant manifolds. We want to note here that at least

the derivatives at the �xed point of the fun
tion whose graph is the invariant

manifold 
an be 
omputed algebrai
ally. Consider for de�niteness a generalized

stable manifold whi
h is the graph of a fun
tion w satisfying

w(x) = �

�1

+

fw(�

�

x+ f

�

(x;w(x))) � f

+

(x;w(x))g :

We have already seen what the equation given by di�erentiating this one on
e

looks like. Di�erentiating a se
ond time gives a dis
ouragingly 
ompli
ated

equation whi
h redu
es to

D

2

w(0) = �

�1

+

�

D

2

w(0)�

2

�

�D

2

1

f

+

(0; 0)

	

at x = 0. This is a simple inhomogeneous linear equation for D

2

w(0) whi
h


an be solved provided

k�

�1

+

k k�

�

k

2

< 1:

(It may also be solvable otherwise, but more deli
ate 
onsiderations are in-

volved.)

It is not diÆ
ult to see that this pro
edure 
an be repeated: If f is of 
lass

C

n

and if

k�

�1

+

k k�

�

k

n

< 1;

(whi
h guarantees that w is of 
lass C

n

), then

D

n

w(0) = �

�1

+

D

n

w(0)�

n

�

+	

n

;
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where 	

n

is an expression involving derivatives of order up to n of the f

�

and

derivatives up to order n� 1 of w, all at the origin. Thus, the D

n

w(0) 
an in

prin
iple be 
omputed expli
itly.

One 
onsequen
e of the above analysis, whi
h we will have o

asion to use

later, is that, if the f

�

vanish to order n at zero, so does w.

9.5 Global stable and unstable manifolds.

If f is invertible, it is possible to de�ne global stable and unstable manifolds. We

need only 
onsider the stable manifold, sin
e the unstable manifold is simply

the stable manifold for f

�1

. If z

0

is a hyperboli
 �xed point for f , the (global)

stable manifold for f means the set W

s

of all z su
h that

f

n

(z)! z

0

as n!1.

This de�nition of 
ourse makes sense whether or not f is invertible; the reason

for restri
ting to invertible f is to ensure that this set has a ni
e stru
ture. To

see this, let W

s

lo


be a \ni
e" lo
al stable manifold, i.e., the graph of a smooth

mapping from a small ball in E

s

to E

u

, where the norm on E

s

is 
hosen in su
h

a way as to make W

s

lo


be mapped into itself by f . Then W

s

lo


is 
ontained in

W

s

, and, furthermore, any orbit whi
h stays in a small enough neighborhood

of z

0

for all time must be in W

s

lo


. Thus, for any z 2 W

s

, f

n

(z) 2 W

s

lo


for all suÆ
iently large n. Thus, W

s

is a in
reasing union of a sequen
e of

pie
es f

�n

W

s

lo


, ea
h di�eomorphi
 to a ball in E

s

. The global manifold W

s


an nevertheless have a 
ompli
ated stru
ture; loosely speaking, it 
an double

ba
k on itself (but 
annot 
ross itself). Te
hni
ally, it is a 
onne
ted inje
tively

immersed submanifold of the state spa
e, lo
ally di�eomorphi
 to E

s

.

In fa
t, W

s

is|under mild te
hni
al assumptions|the image under an inje
tive C

r

immersion of E

s

itself. To see this: Let �

0

be the mapping x 7! (x;w(x)) imbedding

an �-ball in E

s

onto a small lo
al stable manifold W

s

lo


. We assume that the norm

is 
hosen so that W

s

lo


is mapped into itself by f . Pulling ba
k the restri
tion of f

under �

0

gives a C

r

mapping of the �-ball in E

s

into itself. The te
hni
al assumption

referred to above is that there exists a globally de�ned and globally 
ontra
tive C

r

di�eomorphism

~

f

s

of E

s

whi
h agrees with the pullba
k in some neighborhood of 0.

If there is a C

r


ut-o� fun
tion on E

s

, we 
an 
onstru
t su
h an

~

f

s

by multiplying the

non-linear part of the indu
ed mapping by an appropriate 
ut-o�. It is then easy to

see that

f

�n

�

0

(

~

f

s

)

n

(x)

is, for any given x, de�ned for all suÆ
iently large n and eventually independent of

n. The point is that

f

�(n+1)

�

0

(

~

f

s

)

n+1

(x) = f

�n

�

f

�1

�

0

~

f

s

�

(

~

f

s

)

n

(x);
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and, by the assumption that

~

f

s

agrees with the pullba
k of f on a neighborhood of 0,

�

0

~

f

s

= f�

0

near 0.

Finally, be
ause

~

f

s

is by assumption globally 
ontra
tive, (

~

f

s

)

n

(x) is near zero for

every suÆ
iently large n. It then follows easily that

�(x) := lim

n!1

f

�n

�

0

(

~

f

s

)

n

(x)

is an inje
tive C

r

immersion of E

s

whose image is exa
tly W

s

.

Strong stable and unstable manifolds 
an similarly be globalized. If, for ex-

ample, z

0

is a �xed point of the di�erentiably invertible mapping f and if the

spe
trum of Df(z

0

) does not interse
t the 
ir
le fj�j = rg with r < 1, then the

set of z su
h that

lim sup

n

1

n

log(kf

n

(z)� z

0

k) < log(r)

is again an inje
tively immersed submanifold of the state spa
e. Here, the state

spa
e 
an be allowed to be an arbitrary manifold with kf

n

(z)�z

0

k understood

to mean the distan
e between f

n

(z) and z

0

with respe
t to any Riemannian

metri
.

We mention, without going fully into the details, that there are reasonable

de�nitions of global stable and unstable manifolds even without the assumption

that f is invertible. Let us use the term stable set of the �xed point to refer

to fz : f

n

z ! z

0

g in the general 
ase. The idea is roughly that the stable

manifold is the maximal invariant submanifold of the stable set. The pre
ise

de�nition is that the global stable manifold is the set of all z su
h that, for

some n,

{ f

n

(z) 2W

s

lo


{ The image of Df

n

(z) and the tangent spa
e to W

s

lo


at f

n

(z) together

span E (i.e., f

n

is transverse to W

s

lo


at z.)

It is not diÆ
ult to show

1

that this set is a submanifold in the same sense

as is the global stable manifold for an invertible mapping, and it is manifestly

mapped into itself by f and 
ontained in the stable set of z

0

.

1

At least in the �nite-dimensional 
ase. The obvious proof requires that ker(Df

n

(z))

be a dire
t summand of E , i.e., that there exist a 
losed subspa
e F of E su
h that E =

ker(Df

n

(z))�F . I have no idea whether this additional assumption is really needed or not.

In any event, it 
ould simply be added to the 
onditions z must satisfy.
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9.6 Example. Hyperboli
 linear torus automor-

phisms.

Let T

2

denote the quotient of R

2

by the additive subgroup Z

2

of points with

integer 
oordinates, i.e., the standard realization of the two-dimensional torus.

Let F denote the 2� 2 matrix

F :=

�

2 1

1 1

�

and also the 
orresponding linear mapping of R

2

to itself:

F : (x; y) 7�! (2x+ y; x+ y):

Sin
e F is linear and maps Z

2

to itself, it indu
es a mapping whi
h we will 
all

f from T

2

to itself. Be
ause the matrix F has unit determinant, its inverse

also has integer entries, maps Z

2

to itself, and hen
e indu
es a map from T

2

to

itself. It is easy to see that the mapping indu
ed by F

�1

inverts f , and hen
e

that f is a di�eomorphism of T

2

The image of (0; 0) under the quotient mapping of R

2

to T

2

is evidently a

�xed point for f , and is in fa
t easily seen to be its only �xed point. In the

obvious 
oordinates, the derivative of f at this �xed point (and everywhere

else) is the matrix F . The eigenvalues of F are easily 
omputed to be

�

�

=

3�

p

5

2

:

Sin
e neither eigenvalue is on the unit 
ir
le, F is hyperboli
, i.e., the �xed point

of f is hyperboli
. If we let �

�

denote (real) eigenve
tors with eigenvalues �

�

,

then it follows from the \linearity" of f that the global stable manifold of the

�xed point is the image of the line

ft�

�

: �1 < t <1g

under the quotient mapping of R

2

onto Z

2

. This line has irrational slope, so its

image wraps densely around the torus without ever 
losing or 
rossing itself.

The global unstable manifold is similarly the image under the quotient mapping

of the line generated by �

+

whi
h again wraps densely around the torus.

This example gives some feeling for how 
ompli
ated the global stru
ture

of stable and unstable manifolds 
an be even in the simplest 
ases. It is worth

noting, however, that the situation is even more 
ompli
ated than the pre
eding

analysis shows: f has a great many periodi
 points, and the stable and unstable
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manifolds for ea
h periodi
 point have the same 
ompli
ated global stru
ture

as those for the �xed point. It 
omes as something of a surprise that one 
an

easily identify all the periodi
 points of f (although the determination of the

period of a given periodi
 point is not so obvious.) We will say that a point of

T

2

is rational if it has a representation as �(x; y) with x; y 2 Q. Then

A point of T

2

is periodi
 for f if and only if it is rational.

In one dire
tion: For any positive integer N , the set X

N

of points with representatives

of the form (j=N; k=N) with j; k 2 Z is �nite|it has exa
tly N

2

members|and is

mapped into itself by f . Hen
e every point of this set must be periodi
. Sin
e every

rational point is in a set of this form for some N , every rational point is periodi
. In

the other dire
tion: If the point of T

2

with representative (x; y) 2 R

2

is periodi
 with

period p, then F

p

(x; y) = (x; y) + (j; k) for some j; k 2 Z. We write this equation as

(F

p

� 1) (x; y) = (j; k):

The matrix F

p

� 1 is invertible and has integer elements; hen
e, the matrix elements

of its inverse are rational, so

(x; y) = (F

p

� 1)

�1

(j; k)

is rational.

If z

0

= �(~z

0

) is a periodi
 point of period p for f , then the derivative of f

p

at

z

0

, again in the obvious 
o-ordinates, is just F

p

. The eigenve
tors of F

p

are

the same as those of F , and from this it easily follows that the unstable and

stable manifolds for f

p

at z

0

are the images under the quotient mapping of the

lines

f~z

0

+ t�

�

: �1 < t <1g ;

i.e., the stable manifolds (and the unstable manifolds) of periodi
 points are

all \parallel" to ea
h other and ea
h of them is a line wrapping densely around

the torus. This example 
an be generalized. Everything remains essentially

un
hanged if we repla
e T

2

by T

m

and F by any m �m matrix with integer

entries and determinant �1 all of whose eigenvalues have modulus di�erent

from 1.

9.7 Example. The H�enon mapping.

The H�enon mapping is a mapping from the plane R

2

to itself given by the

formula

f(x; y) = (1� ax

2

+ by; x); (9.1)
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with a and b 
onstants (parameters)

2

. We are going to be interested primarily

in small b and, roughly, a between 1 and 2.

It is illuminating to split the H�enon mapping into a sequen
e of simple

steps:

(x; y) 7�! (x; by) 7�! (x; 1� ax

2

+ by) 7�! (1� ax

2

+ by; x):

The �rst step is a verti
al 
ompression. The se
ond is a verti
al shear: Ea
h

verti
al line x = x

0

is shifted up or down along itself by an amount 1 � ax

2

0

depending on x

0

. The last step is simply a re
e
tion through the line y = x.

The �rst step multiplies areas by jbj, while the se
ond and third steps preserve

areas, so the 
omposite mapping (9.1) multiplies areas by a fa
tor of jbj. This


an also be seen algebrai
ally by 
he
king that the Ja
obian of (9.1) is 
onstant

and equal to �b. Thus, small b 
orresponds to strong 
ontra
tion of areas. (At

the other extreme, for b = �1 the mapping is area preserving. This is a

very interesting 
ase, but not one we will dis
uss here.) Note also that f is

orientation preserving for b negative, and orientation reversing for b positive.

This gives the 
ases of positive and negative b slightly di�erent 
avors. For

example: The eigenvalues of Df

p

at a periodi
 point of period p are either

real or 
omplex 
onjugates of ea
h other. Sin
e their produ
t is (�b)

p

, the

se
ond alternative is not possible for b > 0 and p odd. Thus: In the vi
inity

of a periodi
 point of odd period p, f

p


an look like a rotation followed by a


onstant 
ontra
tion (by jbj

p=2

) if b is negative but not if b is positive. We are

going to 
on
entrate, for de�niteness, on the 
ase of positive b.

Somewhat surprisingly, in view of the x

2

term it 
ontains, f is invertible as

a mapping of the whole plane to itself (provided that b 6= 0.) This 
an be seen

either by noting that ea
h of the three elementary steps into whi
h f is de
om-

posed is separately invertible, or by 
omputing its inverse in a straightforward

way:

f

�1

(x; y) =

�

y;

1

b

[x� (1� ay

2

)℄

�

:

Numeri
al studies �rst performed by H�enon, and sin
e repeated and ex-

tended by many others, strongly suggest that the above mapping f , with

a = 1:4 and b = :3, admits a \fra
tal strange attra
tor", i.e., that almost

all orbits starting in a reasonably large region of the plane 
onverge to a set

with a self-similar stru
ture whi
h is Cantor-set like in some dire
tions. This is

best seen by looking a pi
tures showing the results of numeri
al experiments.

2

The mapping is often de�ned instead as (1 � ax

2

+ y; bx), and it was in this form that

H�enon originally wrote it. The two forms di�er only by a res
aling of y by a fa
tor of b, and

the one we have 
hosen is better adapted to looking at what happens for small b.
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This situation, simple as it seems, resisted mathemati
al investigation for a

long time. In very important|and strikingly diÆ
ult|re
ent work, Benedi
ks

and Carleson have shown that, for suÆ
iently small non-zero b there is a set

of a's of positive linear Lebesgue measure for whi
h the H�enon mapping really

does have su
h a strange attra
tor.

Note added, September 1997: The above paragraph is by now seriously

out of date. The work of Benedi
ks and Carleson appeared as The dynami
s of

the H�enon map, Ann. of Math. 133 (1991) 73{576 and served as the starting

point for a great deal of further work. For an a

essible survey of this area,

see Lai-Sang Young, Ergodi
 theory of attra
tors in Pro
eedings of the 1994

International Congress of Mathemati
ians, Birkh�auser, (1995) 1230{1237.

We will not say any more about the work of Benedi
ks and Carleson here,

but instead des
ribe some relatively simple theory whi
h has been developed

for the H�enon mapping. Suppose we �x a at some value between 1 and 2. If

we put b = 0, the mapping is of 
ourse no longer invertible; the whole plane is

squeezed down onto the parabola x = 1� ay

2

. The square

�

0

= f(x; y) : �1 � x � 1;�1 � y � 1g

is mapped onto the ar


�

(1� ay

2

; y) : �1 � y � 1

	

:

This ar
 is 
ontained in �

0

but tou
hes its boundary at three points. If we

open up �

0

slightly, say to the re
tangle

�

�

= f(x; y) : �(1 + �) � x � 1 + �;�(1 + 2�) � y � 1 + 2�g ;

with � small, then �

�

is mapped into its own interior by f (with b = 0.) By


ontinuity, then, �

�

will be mapped into itself by all f with suÆ
iently small

b.

Suppose we pi
k and �x su
h a b whi
h is not exa
tly zero. From the fa
t

that f maps �

�

into itself it follows that

�

�

� f�

�

� f

2

�

�

� : : : � f

n

�

�

: : :

On the other hand, the area (Lebesgue measure) of f

n

�

�

is smaller than that

of �

�

by a fa
tor of jbj

n

. Hen
e

X = \

1

n=0

f

n

�

�
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is a 
ompa
t set of zero Lebesgue measure, mapped onto itself by f , to whi
h all

orbits starting in �

�


onverge. Although the above simple 
onstru
tion of an

invariant re
tangle doesn't work for H�enon's parameter values a = 1:4, b = :3,

H�enon was nevertheless able, by looking at the mapping in slightly more detail,

to 
onstru
t an invariant quadrilateral in his 
ase as well, so there is also a set

X in that 
ase.

It might be thought that the set X , sin
e at attra
ts all orbits whi
h start

in the mu
h larger set �

�

, would qualify to be 
alled an attra
tor. On 
loser

examination, this does not seem to be a good idea. To see why, suppose

for example that f has an attra
ting periodi
 orbit in �

�

. (This 
ertainly

happens for some parameter pairs to whi
h our analysis applies.) This orbit|

indeed, any periodi
 orbit, attra
ting or not|must be in X . Around ea
h

point of the periodi
 
y
le there will be a neighborhood of points whose forward

orbits are asymptoti
 to the 
y
le and whi
h are therefore, in a natural sense,

non-re
urrent. It is easy to see that X , as the de
reasing interse
tion of a

sequen
e of sets ea
h homeomorphi
 to a re
tangle, is 
onne
ted, so some of

these transient points have to belong to X . It seems natural to make attra
tors

as small as possible by leaving out all transient points, and X does not meet

this requirement. A

ordingly, it is 
ustomary to distinguish between attra
tors

and attra
ting sets. An attra
ting set simply means a 
ompa
t set X mapped

onto itself by f whi
h has an open neighborhood U � X whose forward images

f

n

U shrink down to X in the sense that, for any open set V � X , f

n

U � V

for all suÆ
iently large n. What we earlier de�ned as an attra
ting �xed point

is simply an attra
ting set with only one element. Just as in the �xed point


ase, one 
an add the requirement that fU � U without making the de�nition

more restri
tive. An attra
tor then means an attra
ting set with some further

properties. It is still 
ontroversial exa
tly what these properties should be, but

two things one 
ertainly wants are that every point of an attra
tor should be (in

some sense) re
urrent and that the motion on the attra
tor should be in some

sense inde
omposable. The set X 
onstru
ted above is 
ertainly an attra
ting

set, but need not be an attra
tor.

It is immediate from the formula (9.1) for f that any �xed point must lie

on the line y = x. The point (x

0

; x

0

) is a �xed point if and only if

1� ax

2

0

+ bx

0

= x

0

:

For a > 0, whatever the value of b, this equation has one positive solution and

one negative solution, so f has exa
tly two �xed points. As b goes to zero,

these �xed points 
onverge to the two points of interse
tion of the parabola

x = 1 � ay

2

with the line y = x. We are going to study the solution with

x

0

> 0, for small b. It is easy to 
he
k from the equation that this �xed point
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lies above and to the right of the parabola x = 1 � ay

2

for small positive b.

Sin
e the �xed point and the derivative of f at it 
an be 
omputed expli
itly,

it is straightforward to determine the spe
trum of the derivative of f at the

�xed point. In this way it 
an be shown that the �xed point is hyperboli
, with

one-dimensional unstable manifold, if and only if a > 3(1� b)

2

=4, and that the

expanding eigenvalue is negative. For b = 0, the 
ontra
ting eigenvalue is zero,

and it is easy to guess what the lo
al stable and unstable manifolds are: The

lo
al stable manifold is a verti
al line segment through the �xed point, and the

lo
al stable manifold is a small segment of the parabola x = 1� ay

2

.

Figure 9.1: . Mapping of the parabola x = 1�ay

2

by the H�enon mapping with

b = 0.

The H�enon mapping with b = 0 provides a tame example of the problems

with global stable and unstable manifolds for non-invertible mappings. It is

nearly obvious that the paraboli
 ar


�

(1� ay

2

; y) : 1� a � y � 1

	

is mapped into itself by f and it 
an be proved that|provided a is near enough

to 2|the su

essive images of an arbitrarily small segment of this ar
 
ontaining

the �xed point expand to �ll up the whole ar
. Thus, if W

u

lo


is a lo
al unstable

manifold, i.e., a small segment of the parabola, then

1

[

n=0

f

n

W

u

lo


=

�

(1� ay

2

; y) : 1� a � y � 1

	

;

and the segment on the right-hand side of this equation is not a submanifold

be
ause it 
ontains its end points.
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As soon as b 6= 0, the pathologies of the pre
eding paragraph have to dis-

appear. What happens for a slightly less than 2 and b very small is that the

global unstable manifold winds ba
k and forth in�nitely often, always staying


lose to the paraboli
 ar
, never 
rossing itself, with sharper and sharper bends.

Although the detailed behavior of the unstable manifold for small non-zero

b is 
ompli
ated, it is worth taking at least a few preliminary steps in the

dire
tion of analyzing it. To get �rst-order estimates of the e�e
t of a small

but non-zero b, it is helpful to note that

f(x; y) = f

0

(x; y) + b(y; 0) where f

0

(x; y) = (1� ax

2

; x):

Thus, the e�e
t of a small positive b is to displa
e the image of (x; y) to the

right if y > 0 and to the left if y < 0. We will, for de�niteness, 
onsider in

what follows only b � 0.

Sin
e the unstable manifold is one-dimensional, removing the �xed point

splits it into two \bran
hes". The expanding eigenvalue at the �xed point is

negative, so f inter
hanges these two bran
hes. The �rst part of ea
h bran
h

will, for small b, lie along the 
orresponding part of the paraboli
 ar
 whi
h

is the lo
al unstable manifold at b = 0. At b = 0 there is a pie
e of unstable

manifold running from the �xed point to the point (1; 0) where the parabola


rosses the x axis. Correspondingly, for small b > 0, there is a pie
e of stable

manifoldn w

(b)

0

running from the �xed point to the x axis. By the remark of

the pre
eding paragraph, it lies to the right of the parabola. At b = 0, the

image of (1; 0) is the upper left-hand end of the pie
e of parabola whi
h lies

in the unstable set of the �xed point. Similarly, the image w

(b)

1

of w

(b)

0

runs

from the �xed point to somewhere near this upper end, and the se
ond image

w

(b)

2

|whi
h 
ontains w

(b)

0

|runs from the �xed point to somewhere near the

lower left-hand end of the paraboli
 ar
. Now w

(b)

2

runs past the \tip" of the

parabola. Applying f 
ompresses the gentle bend in w

(b)

2

to a mu
h sharper

bend, whi
h is mapped to the upper left-hand end. The image of the part of

w

(b)

2

past the tip is shifted to the left of the image of w

(b)

0

. The outer end of

w

(b)

2

lies in x < 0 (for b small) and so maps to a point in y < 0. Sin
e the

image point must also lie near the paraboli
 ar
, the image of the outer part of

w

(b)

2

must run along the paraboli
 ar
 from its upper end down past the x axis.

Thus: w

(b)

3

:= fw

(b)

2

starts at the �xed point, runs up to the upper-left end,

turns sharply, then runs ba
k along the parabola past the x axis. Applying f

again produ
es a 
urve w

(b)

4

with a very sharp turn at the lower left end whi
h

then follows ba
k along the parabola to another sharp turn at the upper left

end. Beyond this point, the pi
ture gets too 
ompli
ated to follow in detail,

but it is 
lear that the unstable manifold
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{ has a sequen
e of sharp turns along|roughly|the orbit of the pla
e

where w

(b)

0


rosses the x axis.

{ 
rosses the x axis many more times, and has a 
orresponding sequen
e of

sharp turns along the forward orbit of ea
h of these 
rossings.

That this is not the whole story is indi
ated by the fa
t that we must also

expe
t some of these sharp turns to lie ba
k on the x axis; the next appli
ation

of f must then be expe
ted to make the turn less sharp. It is perhaps also

ne
essary to explain that, for small �nite b, it is not exa
tly the x axis where

the bending takes pla
e . . .

Figure 9.2: . Su

essive pie
es of the unstable manifold of the H�enon mapping.

We will next give an argument indi
ating that the H�enon attra
tor, if it

exists, 
annot be too di�erent from the 
losure of the global unstable manifold

of the �xed point with x

0

> 0. For small b, the unstable manifold has a \�rst

bran
h" lying roughly along

�

(1� ay

2

; y) : 1� a � y � 1

	

;

and there is a large pie
e of the stable manifold lying roughly along the verti
al

line through the �xed point. The stable and unstable manifolds therefore 
ross

at a point near (x

0

;�x

0

). (A point of interse
tion of stable and unstable
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manifolds for a single hyperboli
 �xed point is 
alled a homo
lini
 point; the

�xed point itself, of 
ourse, doesn't 
ount. If the 
rossing takes pla
e at non-

zero angle, as will be the 
ase here, one speaks of a transverse homo
lini
 point.

We will see later on that the existen
e of a transverse homo
lini
 point implies

that the mapping has quite a lot of 
ompli
ated stru
ture, and in parti
ular

has in�nitely many periodi
 orbits.) The above argument for the existen
e of

a homo
lini
 point only works for b small, but for the rest of our argument all

we need is the existen
e of a homo
lin
 point and jbj < 1.

Let � denote the D-shaped region bounded by the segments of the stable

and unstable manifolds joining the �xed point to the homo
lini
 point. We

want to argue that all orbits starting in � 
onverge to the global unstable

manifold. The proof is very simple: Consider �

n

= f

n

� with n large. Like

�, �

n

is homeomorphi
 to a disk and its boundary is made up a a pie
e of

stable manifold and a pie
e of unstable manifold. The pie
e of stable manifold

is however the image under f

n

of the pie
e of stable ar
 joining the �xed point

to the homo
lini
 point and so is small; most of the boundary is unstable

manifold. On the other hand, the area of �

n

is jbj

n

times the area of �, and so

is small. This means that, for any �xed � > 0, �

n

for n suÆ
iently large does

not 
ontain any disk of radius �, i.e., every point of �

n

is within a distan
e � of

the boundary. If, furthermore, n is big enough so that the part of the boundary


onsisting of stable manifold has length no larger than �, it follows that every

point of �

n

is at distan
e no greater than 2� from the unstable manifold, and

thus every orbit starting in � 
onverges to the unstable manifold.

Finally, we present a 
lever and 
onvenient pro
edure, due to Fran
es
hini

and Russo, for numeri
al 
omputation of the stable and unstable manifolds

of the �xed points of the H�enon mapping. Fran
es
hini and Russo pose the

problem as follows: They look for analyti
 fun
tions x(t), y(t), and a number

�, su
h that

f(x(t); y(t)) = (x(�t); y(�t)) (9.2)

That is: They look for a representation of the invariant manifolds as parame-

trized 
urves, with parametrization 
hosen so that the a
tion of f on the 
urve

itself, using the parameter as a 
oordinate, is simply multipli
ation by �. It

is not diÆ
ult to show from general theory that the unstable manifold does

admit a parametrization of this form with x and y analyti
. It is furthermore

apparent that if su
h a representation exists, it is non-unique in a trivial sense:

The parameter t 
an be multiplied by an arbitrary non-zero 
onstant. We


an thus expe
t to have to impose a normalization 
ondition to remove this

arbitrariness.

The �rst observation to be made about (9.2) is that any solution must have

(x(0); y(0)) a �xed point for f , and we should expe
t to be able to 
hoose here



9.7. EXAMPLE. THE H

�

ENON MAPPING. 105

either of the �xed points. From the expli
it formula for f , the equation (9.2)

is equivalent to the pair of equations

x(t) = y(�t) and x(�t) = 1� ax(t)

2

+ by(t):

We 
an use the �rst equation to eliminate y(t) from the se
ond, so what we

really have to solve is

x(�t) = 1� ax(t)

2

+ bx(t=�) (�)

Now write the Taylor series expansion for x(t) as

x(t) =

1

X

n=0

x

n

t

n

:

Inserting into (�) gives

1

X

n=0

0

�

x

n

�

n

+ a

n

X

j=0

x

j

x

n�j

� b�

�n

1

A

t

n

= 1:

Identifying the 
onstant terms gives

x

0

= 1� ax

2

0

+ bx

0

;

whi
h is the �xed point 
ondition. Identifying the linear terms gives

�

�

2

+ 2ax

0

�� b

�

x

1

= 0: (y)

If the fa
tor (�

2

+ 2ax

0

� � b) does not vanish, then x

1

must vanish, and it is

not hard to see that all higher x

n

's then also vanish. This does give a solution

of (�) but not a very interesting one. Thus, we require

�

2

+ 2ax

0

�� b = 0:

Examination of the formulas shows that the �'s satisfying this equation are

exa
tly the eigenvalues of the derivative of f at the �xed point (x

0

; x

0

). We 
an


hoose either of the two eigenvalues; whi
h one we 
hoose determines whether

the 
al
ulation produ
es the stable or the unstable manifold.

The equation (y) now imposes no 
onstraint on x

1

, so we 
an set x

1

= 1;

this �xes the normalization of t. For n � 2 we get

x

n

�

n

+ 2ax

0

x

n

+ a

n�1

X

j=1

x

j

x

n�j

� b�

�n

x

n

= 0;
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or

�

�

n

+ 2ax

0

� b�

�n

�

x

n

= �a

n�1

X

j=1

x

j

x

n�j

:

From this last equation it is straightforward to 
ompute as many x

n

's as de-

sired numeri
ally (subje
t to the limitations imposed by round-o� error.) It is

furthermore not diÆ
ult to see, dire
tly from (�), that any solution analyti
 in

a neighborhood of 0 must be entire, so the series 
onverges for arbitrary t, and

hen
e gives the full stable and unstable manifolds.


