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I Introduction

In this set of Jectures ] will attempt to present some of the mathematical
tools which are currently of importance in the investigation of the statistical
mechanics of infinite systems, It is my intention to give a reasonably self-
contained introduction to the rudiments of the theory of integral represen-
tations on compact convex sets (Choquet theory), C*-algebra theory, and
von Neumann algebra theory. To do this [ will need to make frequent use
of the results of more “elementary’ branches of mathematics —general
topology, measure theory, Hilbert space theory, and the theory of topological
vector spaces. While it is out of the question to try to make a systematic
presentation of these preliminaries, [ will attempt to summarize some of the
most important points. With this summary, a little elementary knowledge
of real analysis, and some good will, I hope it will be possible to make at
least some sense out of the lectures.

A General Topology

We start with a very elementary definition: A ropological space is a set X
together with a collection 9 of subsets of .Y, called open sets, such that:

1) X and ¢ (the null set) both belong to 9.

2) The intersection of two elements of ¢ again belongs to 9.

3) The union of any family of elements of ¥ belongs to 4.

Intuitively, one thinks of an open set as one which, if it contains x, also
contains all other points **sufficiently near” to x. Thus, specifying a topology
(a family of open sets) may be viewed as introducing a notion of approxima-
tion; from this point of view, the motivation for studying general topology,
as opposed to the theory of metric spaces, may be seen as providiog tools
to investigate notions of approximation more subtle than those where one
has a numerical measure of closencss. We will see plenty of examples later
on.

If X is a topological space, a subset F of X is said to be closed if its comple-
ment X'\ F is open. In meltric spaces, one has another way of describing
closed sets—a set is closed if no sequence in it converges to a point outside it.
We can give a corresponding characterization in general topology, at the
expense of introducing the notion of net, which generalizes that of sequence.
First, we recall that a sequence (x,) in a set X is an indexed fanily of elements
of X, the index set being {1, 2, 3, ...}. We say that x, converges to x if for
every open set W containing x, x, is eventually in W, i.e., there is a N such
that, forn 2 N, x, € W. A nctin X is, like a sequence, an indexed family of
elements of X, but the index set is more general than {1, 2,3, ...}. We say
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that a binary relation = on a set A is a pre-order if we have & 2 « for all
aed, a2 fand f 2 y impliesa 2 y forx, B,y € A. A pre-ordered set 4
is said to be directed (filtrant) if, for any «, B, € A, there exists y € A such
thaty 2 x and y 2 §. A net in a set X is an indexed family (x,) of elements
of X, indexed by a directed set A (i.c., a et in X is a mapping « +» x, from
a directed set 4 to X). A net (x,) concerges to x if, for any open set I con-
taining x, there exists an ay € A such that x, € W for a 2 «ay. (We express
this by saying that x is evenrually in W.) We can now provide the promised
characterization of closed set: A set Fin a topological space is closed if,
whenever a net (x,) in F converges to a point x in X, the point x is actually
in F.

It is perfectly possible (perhaps even desirable) to develop general topology
without ever mentioning nets. The advantage of talking about nets is purely
heuristic; it permits the use of intuition about sequences in Euclidean space
to suggest arguments valid in general topological spaces. This tool wmust,
however, be used cautiously; not ecery argument about sequences has a
counterpart valid for nets. We shall soon see some examples.

It follows from the above characterization of closed set that, if one knows
which nets converge to which limits, one knows what all the closed sets
are; hence, what all the open sets are, i.c., one knows the topology. This
suggests that one can specify a topology by specifying convergent nets. This
can indeed be done, but of course not every collection of nets is precisely
the set of convergent nets for some topology. (For example, a subnet (to
be defined shortly) of a convergent net, like a subsequence of a convergent
sequence, must converge.) For an axiomatization of topological spaces in
terms of convergent nets, rather than open sets, see Kelley (1], p. 73. We will
frequently define topologies by specifying what nets coverge to what limits,
leaving it as an exercise to verify that such a topology exists. (It is usually
easier to construct the topology directly than to verify that the conditions in
Kelley’s book hold.) As an example, consider the product topology: Let
(X)ier be an indexed family of topological spaces; we define a topology aon
the product set n X, by requiring that a net (x!) converges to (x') if and

1

only if lim x) = x'foralli. It is simple to verily that this description is equiv-
-
alent to the usual construction of a product topology on [] X,.
{

In metric spaces, there are many equivalent characterizations of compact
spaces: A space is compact if every open cover has a finite subcover, or il
every sequence has a cluster point, or if every sequence has a convergent
subsequence. These conditions cease to agree in general topological spaces.
The first condition turns out to be the most useful one and is therefore taken
as the general definition of compactness; examples can then be made of

.
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subsequence. (It remains true that every sequence in a compact space has a
cluster point.) However, by replacing **sequence”’ by "*net"”, the alternative
descriptions of compact sets can be saved. Thus, one says that a point x is
a cluster point of a net (x,) if, for every open set W containing x, and
every « € A, there is an a’ 2 o such that x,. € W (We express this by saying
that the net (x,) is frequently in W). A topological space is then compact if
and only if every net has a cluster point. A subnet of a net (x,),,.4 is a net of
the form f ++ x,4, Where ¢ is a2 mapping of the directed set B to the directed
set A such that, for any a € A therc exists § e B with the property that
H(f) 2 «if f Z B. (In other words, $(f) becomes ““large” in A as § becomes
“large’ in B.) Note that a subnet of (x,),,4 may have an index set which
is not merely a subset of A. In particular, sequences may have subnets which
are not sequences. Now it turns out that, with this definition, a point x is a
cluster point of a net (x,) if and only if the net has a subnet converging to x.
Thus, a topological space .X is compact if and only if every net has a con-
vergent subnet.

There is yet another characterization of compact spaces, having no
sequence analogue, corresponding to the fact that one can construct nets
which cannot really be refined any further, and which hence converge if
they have aoy cluster point at all. To be precise: A net (x,) is said to be a
universal net if, for any subset }V of X, (x,) is either eventually in Y or
eventually in X'\ Y. It is nearly a tautology that, if (x,) is a universal net
and x is a cluster point of (x,), then lim x, = x. It is also not hard to sce

that, if (x,) is a universal netin X and if fis any mapping X — X’, then (f(x,))
is a universal net in X’. Whatis not at all obvious, but true nevertheless, is
that every net has a universal subnet (See Kelley{l}], Chapter 2, Ex. ], p. 81.)
Hence, a topological space is compact if and only if every universal net
converges. This result leads immediately to Tychonoff 's Theorem:

THEOREM Let (X\)io; be an indexed family of compact spaces. Then [] X,
is compact. !

Proof Let (x7) be a universal net in [ X,. Then, for each i, x{ is a uni-
t

versal net in X,; hence, converges. By the dcefinition of the product topology
(x7) converges in[] X,.
[

Let us look at another, related, example. Let & be a Banach space,
X'* the dual space of & (the space of continuous linear functionals on ).
The weak-* topology oir '* is the topology for which ¢, converges to ¢
means $,(£) converges to ¢(£) for all £ € . We now have the following
theorem, which is usually derived as a corollary of the Tychonoff Theorem:

~ e
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Proof Let ¢, be a universal net in the unif ball of T*. Forany ¢ € 2, ¢,(§)
is a universal pet of complex numbers of absolute value < ||§]; since the
set of such numbers is compact (¢ fixed!) §,(£) converges for all £. Call the
limit ¢(£). Then &+ $(£) is linear, and [$(§)] = lim [¢,(&)] < [|¢]] for all &,

so ¢ is an element of the unit ball of 2%, and the net ¢, converges in the
weak-* topology to ¢. Thus, every universal net in the unit ball of 2'*
converges, so the unit ball of 2'* is compact.

In many cases, we find ourselves forced to consider several different
topologics on a single set. (For example, on the dual of a Banach space,
one may consider the norm topology as well as the weak-* topology.) The
comparison of different topologics is usually confusing although in prin-
ciple simple: We say that a topology ./, is stronger, or finer, than a topology
S, if every S ;-open sct is also £, -open (i.e., if #, has more open sets than
#3). Since a set is closed if and only if its complement is open, , also has
more closed sets than #;. Since the closure of a set £ € X is the intersection
of all closed sets containing E, the closure in a stronger topology is smaller
than in a weaker topology. If x, is a net converging to x in a topology J,
it also converges to x in all weaker topologies, but not necessarily in stronger
topologies. If one starts with a continuous map between two spaces, and
weakens the topology on the range space or strengthens the topology on the
domain space, the map remains continuous. If on the other hand, one
strengthens the topology on the range space or weakens the topology on the
domain space the map need not remain continuous. On the dual of a Banach
space, the weak-* topology is, as one would hope, weaker than the topology

defined by the norm.

B Measure Theory

We contipue with our impressionistic survey of the elements of analysis,
by looking, first at abstract measure theory, then at measure theory on
locally compact spaces. To start with: Let X be a set, X' a collection of
subsets of X, We say that Zis a ring if g e Zand if, forall E, Fe X, EU F,
E n F, and E\ F belong to X, and we say that X is a g-ring if, in addition,

U Ei€ X whenever E,, E,, ... all belong to I. If the set X itsclf belongs to
imt
X we say that X' is an algebra or o-algebra. Given any collection of subscts,

there is a unique smallest g-ring containing all of them; we refer to this as
the o-ring generated by the collection of sets in question. Given a g-ring 2,
we define a measure # on 2’ to be a mapping from L to the positive real
namhere and L cnch that GF F, Fy, Arp in L sth E‘[\ F .‘S?&’
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pathologies, we also require pu(¢) = 0; this eliminates the possibility u(E)
= oo forall Eel))

With this general set-up (a set, a o-ring, and a measure), one can define
an integral, and one gets an integration theory with most of the nice formal
propertics of the Lebesgue-integral. In particular the monotone convergence
theorem and the dominated convergence theorem hold. (It should be re-
marked that these theorems hold for sequences; the analogous statements
for nets are false. For example, every positive real-valued functior on the
real line is the pointwise limit of an increasing net of functions each of which
is zero except at a finite number of points.)

Now let X be a locally compact topological space (i.e., one in which each-
point belongs to some open set with a compact closure.) We want to in-
vestigate integration theory which will permit us to integrate continuous
functions of compact support. As a minimal sort of condition to permit us
to do this, we must have that, for any continuous non-negative function f of
compact support, and every x > 0, {x e .X: f(x) Z a} belongs to the g-ring
Y. This set is closed and contained in the support of f; hence, is compact.
However, it is a rather special kind of compact set: It can be written as the

intersection of countably many open sets by {x: f(x) 2 a} = () {x: f(x)
nw |
> x — l/n}. A set which can be obtained as a countable intersection of

open scts is called a G,. (In a metric space, every closed set is a G, so the
distinction between general compact sets and compact G,'s becomes irrel-
evant.)

We consider, therefore, measures on the o-ring generated by the compact
G,’s. Elements of this o-ring are called Baire sets. In order to ensure that
the integral of every continuous function of compact support is finite, we
also impose the condition that the measure of every compact G, is finite.
Thus: A Baire measure on a locally compact space is a2 measure on the
o-ring of Baire sets which is finite on compact G,’s. It turns out that every
continuous function of compact support is integrable with respect to every

Baire measure u. The mapping fHJf{Ip is linear and positive (positive
means that ffd;x 2 0 if f{x) 2 0 everywhere). Thus each Baire measure

determines a positive linear functional on the vector space of continuous
functions of compact support. Conversely, every such functional comes from
a measure, and the measure is uniquely determined by the functional. Thus
we have:

TucoreM 1. B. 1 (Preliminary form of the Riesz Representation Theorem):
The positive linear functionals on the space of continuous fimction of compact

support on a locally compact space X are in one-one correspondence with the
Anire mencuroe an X' the carresnoydence heine defiged hv associating with a
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This version of the Riesz Theorem is not fully satisfactory, since it does
not permit us to speak of the measure of a general compact set. Hence, we
want to extend Baire measures from the o-ring of Baire sets to the larger
o-ring of Borel sets, defined as the o-ring generated by the compact sets.
It is always possible to do this, but the extension need not be unique. There
is, however, a uscful way of picking out a unique extension. To describe
how this is done, we first mention a remarkable continuity property of
Baire measures: Let 4 be a Baire measure, £ a Baire set. Then u(E)
= sup {u(K): K a compact G, contained in E} = inf {u(0):0 an open
Baire set containing E).

In other words, Baire sets can be approximated arbitrarily well from the
tnside by compact G,’s and from the outside by open Baire sets. We say
that a Borel measure i (measure on the o-ring of Borel sets assigning finite
values to compact sets) is inner regular if, for each Borel set E, u(E)
= sup {u(K): K compact; K < E}; outer regular if, for each Borel set E,
p(E) = inf {x(0) : 0 an open Borel set, E < 0}; regular if both inner regular
and outer regular. It can then be shown that every Baire measure has a
unique extension to a regular Borel measure. Hence:

THEOREM I, B.2 (Riesz Representation Theorem): Let X be a locally
compact topological space. Then the set of positive linear functionals on the
space of continuous functions of compact support on X is in one-one corre-
spondence with the set of regular Borel measures on X, the correspondence

being that associating with a measure pi the functional [+ j Sdu.

It should be made clear that the terminology we have adopted is far from
universal. We have followed that used by Halmos [1}, Chapter X. In particular
the term *‘Borel set” is frequently taken to mean an element of the o-
algebra generated by the closed sets. A regular measure defined on the
o-ring generated by the compact sets may always be extended to a measure
on the o-algebra generated by the closed sets. The extension, however, is not
in general unique. Furthermore, it canoot in general be taken to be both
inner and outer regular. It is, however, always possible to extend a Borel
measure to an inner regular measure on the o-algebra generated by the
closed sets, and the extension is evidently unique’

Once this extension has been made, we may formulate a slight modi-
fication of the monotone convergence theorem which will be useful later on.
A real-valued function f is said to be lower semi-continuous if, fot all real
'y, {x:f(x) > y} is open. (Alternatively, [ is lower semi-continuous if it is
- the supremum of a family of continuous functions.) f is upper semi-contin-
uous if —f is lower semi-continuous. If g is a regular Borel mecasure
extended nc ahove to an inner-rranlar meacies an the g.nteahea W
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then J/d;t makes sense (but ihay be +c0). We now have the following
result:

Tueorem I. B. 3 Ler f, be an increasing net of non-negative lower semi-
continuous functions, and let { = lim f,. Then fis lower semi-continuous and
L]

J‘ Sdu = lim J S, du. (In other words, the monotone concergence theorem is

valid for increasing nets, rather than sequences, provided that the functions
involved are lower semi-continuous.) -

The proof of the theorem is not difficult: it uses the inner regulanty of u
and the fact that, if K is a compact set and f(x) > 3 for x e K then f,(x)
> » for x € K for all sufficiently large x.

C Topological Vector Spaces

A semi-nornt on a vector space E is a function £ + ||£| from E to the non-
negative real numbers such that:

a) 1287 = 12| - 1€

by I3+l S 15+ gl

The first condition evidently implies that |0 = 0; if in addition we have
c) |2} = O implies & = 0 we say that ||-| is a norm on E.

Given a family (Jj-#,)i¢s of semi-norms on a vector space E, we may define
a topology on E by requiring that &, — & if and only if £, — &}, — O for
all i. This makes E into a topological vector space (i.c., a vector space, with
a topology, such that the algebraic operations are continuous); a topological
vector space whose topology obtained in this way from a family of semi-
norms is called a locally convex topological vector space. We will normally
want to consider only Hausdorff locally convex spaces, i.c., those for which,
for any & # 0, there exists i such that [|£}}, + 0. If the topology of a locally
convex space is defined by a single norm, we speak of a normed vector space;
a complete normed vector space is called a Banach space.

If E is any vector space, and ¢ is a linear lunctional on E, then ker (¢)
= {¢e E: ¢(§) = 0} is a linear subspace of £ of codimension ! (i.c.,
E!Xer ($) is one-dimensional). (A linear subspace of codimension | in a
vector space, or, more generally, a subset obtained by translating such a
subset, is called a hyperplane.) Conversely, if E is a vector space, and F
is a hyperplane in E passing through 0, then there is a linear functional on
E with F as its kernel, and this functional is unique up to multiplication by
a scalar.,

L now é: is tonnlagical vecInr epage. and & s 2 CQQ(iI:\UOU'S. linca‘r v

4
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continuous. It is worth remarking that, since the closure of a linear subspace
is again a linear subspace, the closure of a hyperplane is either the hyperplane
itself or all of E, i.e., a hyperplane is either closed or dense. Hence, if we
have a hyperplaoe and a non-empty open set which does not intersect it, then
the hyperplane must be closed, i.e., must be a translate of the kernel of a
continuous linear functional. If £ is a locally convex space, with a topology
defined by a family of semi-norms (}|-||,), then a linear functional ¢ is
continuous if and only if there exists a positive real number A and finitely

many indices iy, ..., i, such that
MO S 20 ERe,, + - + 1)

This characterization gencralizes the familiar fact that a linear functional
on a normed vector space is continuous if and only if it is bounded.

Perhaps the most powerful tool in the study of locally convex spaces is
the Hahn-Bapach Theorem, in its many different forms. We will state an
algebraic version of the thcorem which has all the other versions as more
or less straightforward consequences. First we need some terminology. A set
Kin a vector spaceis convexif, for &, & e Kand0 S x S 1, xé, + (1 — &)
x &, € K. Geometrically, this means that the line segment from &, to &,
is contained in K. A point ¢ of a convex set Xin a vector space E is said to
be ao algebraic interior point of K if, for all n € E, &£ + 2n € K for sufficiently
small positive 1. In other words, £ is an algebraic interior point of X if one
can move from £ a finite distance in any direction without getting outside
of X (but the distance may depend upon the direction chosen.) If E is a
locally convex topological vector space, then any topological interior
point of X (i.e., a poiot contained in an open sct contained in K) is an al-
gebraic interior poiot, but the converse need not be true. (But in a finite
dimeansional space, an algebraic interior point is the same thing as a topo-
logical interior point...).

The key theorem is now the following:

THEOREM 1. C.1  Let E be a vector space over the real numbers, X a
convex subset of E with at least one algebraic interior point, 5 a point of E
not belonging to X. Then there exists a hyperplane F in E separating n from
X in the sense that y is on one side of the hyperplane or on it and X is on
the other side of the hyperplane (but possibly intersecting it). In other words,
there is a non-zero linear functional ¢ on E and a real number X such that
&) S Afor teXand P(n) 2 4.

Note that the condition $(&) s 2 for all £e X implies that $(¢) <
for all algebraic interior points of Y. Indeed, if £ is an algebraic interior

point and $(§) = A, then, chopsing § e E such that vb(g > 0, and choosing
¥ > O tucd Hat ’3- 6 Xf ? rj- a'aa;[ —
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We can now read off a geometric form of the Hahn Banach Theorem:

Tueorem I. C. 2 (Geometric Form of the Hahn Banach Theorem):
Let E be a locally convex topological vector space over the real numbers;
if X and Y are disjoint convex subsets of E at least one of which has a non-
empty interior, then there is a closed hyperplane F in E separating X and Y.
In other words, there is a continuous linear functional ¢ and a real number J.
such that () 2 Aon X and ¢(-) S 2 on Y.

-

If we drop the assumption that one of the sets X, Y has an interior point,
bur assume instead that there is an open set U containing 0 such that
(Y + V)N Y = ¢, then there is a closed hyperplane strictly separating X and Y
in the sense that ¢(:) 2 A + e on X, and ¢() S A — ¢ on Y, for some
¢ > 0. This condition holds in particular if X is compact, Y is closed, and
XY =4¢.

Proof For the first assertion, note that the set X — V= {§ —n:feld,
n € '} is convex, has a non-empty interior, and does not contain 0. Hence,
by the preceding theorem there is a non-zero linear functional ¢ such that
$()Z00onX — Y LetA =infl{$(¢): € X}. Then ) 2 sup {$(x):xe ¥},
so the hyperplane {&:4(&) = 2} separates X and Y. It remains only to
prove that ¢ is continuous, but this is immediate since, by the argument
given just above, the hyperplane $(£) = A cannot intersect the interior of
cither X or Y; hence, cannot be dense; hence, must be closed. To prove the
second assertion: since E is locally convex, we may assume that U is convex;
replacing U by U n (- U), we may also assume that U is symmetric. Apply
the first assertion to the sets X + U, Y + $U. Then we get ¢(-) = 7 on
X+ U and ¢() S A1onY + JU. But $(U) is a symmetric open interval;
if we choose s > 0 so that $(U) o (—2¢, 2¢), then ¢(X + {U) 2 $(X)
+ (—e¢,€); since ¢(*) 2 4 on X + §U, ¢() 2 A + e on X. Similarly, ¢(°)
S A — sonY. To prove the final assertion, we must first show that X — Y
is closed. Let &, — n, be a convergent net in X — Y. Since X is compact we
can, by passing to a subnpet, assume that £, converges to £ € X. Since £, — 7,
and &, converge separately, , must also converge, and the limit n must
belong to Y since Y is closed. Hence, £, — n, converges to £ ~ne X — Y,
s0.XY — Yisclosed. Since 0 ¢ X — Y, there is a neighborhood U of 0, which
may be taken to be convex and symmetric, such that (X — Y)n U = .
Then (Y + U)n Y = ¢.

CoroLLARY I. C.3 Let E be a Hausdorff locally convex topological vector
space over the real numbers, and let £ € E, £ % 0. Then there is a continuous

linear functional ¢ on E with $(£) + 0.

Proof let the toﬁpolo;;?' on E be defined by the family of seminorms
e () - 7’ e b e s A e AL A, sanA PIVE
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Clearly, {£} is compact. Hence, there exists a continuous linear functional
¢ strictly separating {0} from {£}. Since $(0) = 0, we must have ¢(§) * 0.

Next, we derive the so-called analytic form of the Hahn-Banach Theorem.
THEOREM 1. C. 4 (Analytic Form of the Hahn Banach Theorem). Let E be
a vecior space over the real numbers, F a subspace of E, ||| a semi-norm on E,
and ¢ a linear functional on F such thot |p(E) S &)l for & € F. Then there
exists a linear functional ¢ on E which extends ¢ and satisfies OIENH
Jorall E€ E.

Proof Consider the vector space E x R with the product topology and
the two convex sets

X =pgraphof ¢, ¥ = {(§, 2):4 > [&)}.

Then X n Y = ¢, and every point of V is an algebraic interior point. Hence,
we can find a hyperplane separating .¥ — Y from 0, i.c., separating .Y from
Y. Let the hyperplane come from a linear functional y. Then, since X is
a lincar subspace ¢(.V) = {0} or R, and the sccond alternative is ruled out
by the condition that y separate X" from Y. Hence, w(X) = {0}. Since every
point of Y is an algebraic interior point, we must have y(¥) N yp(Y) = .
Thus, if w({({, ) = 0, then ({, ) ¢ Y, so u S Y. Since ker () is a lincar
subspace, we get —u S 1—¢l = ¢, so Iul S i<, Thus, ker (y) is the
graph of a linear functional é satisfying [H)] S Io). Since ker(y) o X
= graph of$, ¢ extends .

CoROLLARY I. C. 5 Let £ be a locolly convex topolagical rector space
over the real numbers, F a subspace of E, ¢ a continuous linear functional on
F.Then ¢ may be extended 10 a continuous linear functional on E.

The analytic form of thc Hahn-Banach Theorem has a generalization
which is occasionally useful: A sublinear functional on a vector spacc E
is a mapping p: E ++ R such that

a) p(A8) = 2p(¥) for all 2 2 0 and all § € E (p is positively homogeneous).

b) p(¢ + 1) S (%) + p(n) for all &, ne E (p is subadditive).
Any semi-norm is sublinear, as is any linear functional. Essentially the same
argument as that used in proving the analytic form of the Hahn-Banach
- Theorem proves:
THeoreM 1. C. 6 Let E be a rvecior space over the real numbers, p a sub-
linear functional on E, F a subspace of E, ¢ a lincar functional on F such that
®(E) < p(8&) for all £ € F. Then o may be extended 1o a linear functional & on
E such that ¢(¢) £ p(&) for all £ e E.
We will also have occasion to use the following:
Tueorem 1. C. 7 (Extension Thearem for Positive Functionals): Let E
be a vector space over the real numbers, K a canvex cone in E (i.e., if &, ne K,
2> 0,then & + nand it are in K). Let F be a linear subspace of E comtaining

an alashrair interine point of K and lov b he a linenr fimetional on Ewhich ic
g AL p
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negative on K. If E is a locally convex space and F contains a point of the
interior of K, then ¢ is continuous.

Proof We can assume ¢ % 0. Then we must have $(£) > 0 for ¢ any
algebraic interior point of K. The set of algebraic interior points of K is
convex, and does not intersect ker ($). Hence, there exists a linear functional
v on E separating X from ker (). Since ker (¢) is a linear subspace of E,
w(ker(4)) = [0} or R; because of the separation property, w(ker (¢))
= {0}, i.e., ker(y) oker($). Again by the separation property, y must
take on only one sign on the set of algebraic interior points of K we can
assuime, then, that ¢(&) 2 0 for any algebraic interior point £ of X. As usual,
this implies p(¢) > 0 for any algebraic interior point of K. If & is any algebraic
interior point of X which is actually in F, we let ¢ be a multiple of y such
that $(&) = $(&) (>0). Now the restriction of ¢ to Fis a linear functional
on F whose kernel contains that of ¢ and which agrees with ¢ on a vector
not in the kernel of «f; this implies that & is an cxtension of ¢. It remains to
check that ¢(-) = 0 on A’: we know that this is true on the set of algebraic
interior points of K, But if ¥ is an algebraic interior point of X, and ! any
point of K, then 2% + (1 — ) & is an algebraic interior point of X for
05 < L.Thus,add) + (1 =)&) 2 0for0 5 x < I,s0(8) 2 0.

For simplicity, we have limited the above discussion to real vector spaces.
FFor complex vector spaces, the analytic form of the Hahn Banach Theorem
remains valid as stated; the separation theorems have only to be changed
by replacing "linear functional™ by *‘real part of a complex linear func-
tional™ and *“hyperplane™ by "*set of the form: {é: Re {¢(§)} = A}, where
¢ is a non-zero complex-linear functional.”

We can now describe a procedure for contructing new topologies for
locally convex spaces. Let E be such a space, ¢ a continuous linear functional
on E. Then £ + |$(&)] is easily verified to be a semi-norm on E. We consider
the topology defined by all such semi-norms. In other words, we consider
the topology such that §, — £ il and only if ¢(£,)— ¢(§) for all continuous
linear functionals ¢. This topology is clearly weaker (i.e., not stronger) than
the initial topology. (It may of course coincide with the initial topology.)
It is, however, not too much weaker; every linear functional continuous
for the initia} topology is continuous for this new topology. In fact, the new
topology can be uniquely described as the weakest topology with the same
continuous lincar functionals as the initial topology. It is called the weak (or,
more properly, weakened) topology of E. The corollary to the geometric
form of the Hahn-Banach Theorem ensures that the weak topology associ-
ated with a HausdorlT topology is again Hausdorff. One of the main reasons
why weak topologies are useful is that they frequently have many more
compact sets than the initial topology. For example, the unit ball of a

Hilbert space is alwavs compact for the weak topology, but is not compact
[ 4 ” . 4 chia e PR i MM);«pﬁ
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As a prelude to Choquet theory, we will show how to derive the Krein-
Milman theorem from the Hahn-Banach Theorem. The Krein-Milman
Theorem says that a compact convex set is gencrated by its extremal points.
A point of a convex set X is said to be an extremal point if it is not an internal
point of any line segment contained in X, i.c, if it cannot be written as
af, + (1 —a)f;,for &, + EH eKand 0 <« < 1. (A little thought shows
that £ is an extremal point of X if it cannot be written as (¢, + &;) with
&, & € Kand £, # £;.) The extremal points of a triangle (or of any convex
polygon) are the corners; the extremal points of the circle {(x, y): x* + »?
S 1} are all the boundary points. We let £(X) denote the set of extremal
points of the convex sct X.

Tieorem 1. C. 8  (Krein-Milman Theorem) Any convex compact set in a
locally convex topological vector space is the closed convex hull of its set of
extremal points.

In other words: We start with a convex compact set K. We form the set
of its extremal points. We then form the set of all convex combinations of
these extremal points, and finally take the closure of this set. This gives us a
compact convex set contained in X; the Krein-Milman Theorem asscrts
that it is all of K. Note that it is not at all obvious that a convex compact
set has apy extremal points at all; indeed, the proof of the Krein-Milman
Theorem reduces essentially to proving that extremal points do exist.

The proof of the Krein-Milman Theorem uses as a technical device the
notion of a support of a compact convex set. Let X be a compact convex
set in a locally convex topological vector space, and let 4 < K. A is said
to be a support of Kif A is non-empty, convex, and closed (hence compact),

. + .
and if, whenever £€ A can be written as f—l?—ﬁ. with £,, §; € K, then

£, and £, both belong to A. For example, if ¢ is a continuous linear func-
tional on E, and if 1 = sup {¢(£):E€ K}, then {feK:P(§) =24} is a
support of X. A set consisting of a single point is a support of X if and only
if is an extremal point of K. The key technical lemma in the proof of the
Krein-Milman Theorem is the following:

Lesova 1. C. 9  Every support of K contains an extremal point of K.

Using this lemma, we can easily prove the Krein-Milman Theorem. Let X
be a compact convex set, and let X; be the closed convex hull of the set of
extremal points of X. Then K, is a compact convex set contained in X; we
want to sbow that it is all of K. Suppose not; let £ € X'\ X,. By the geometric
form of the Hahn-Banach Theorem, there is a continuous linear functional
¢ on E such that $(£) > sup {$(n):ne K,}. Letd = sup {#():{ e K]
Then {{ € K: $({) = A} is a support of K; hence, contains an cxtrct;nl point

of K Bxt by sowmptien K, coduips #ihe eoberal K.
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It remains to prove the lemma. This is an elementary exercise in the use
of Zorn's Lemma.

ZorN's LEMMA  Let A be a partially ordered set. Suppose that every linearly
ordered subset B of A has an upper bound (B is linearly ordered if, for all
x,f € B, eithera 2 forf 2 x. Anupper bound for a subset B is an element y
of A such that y 2 B for all Be B). Then if « is any element of A, there is
a maximal element y of A withy Z « (an element y € A is maximal if ' 2 y
implies y* = y).

We consider the set of supports of X, ordered by 4 2 Bil A « B. (Note
that, somewhat confusingly, supports are *‘large’ in the sense of the order-
ing if they are “small” sets, and that a maximal element”of the partially
ordered set is a minimal support, i.e., a support which contains no strictly
smaller support.) We will use Zorn's Lemma to prove that every support
contains a minimal support, and then argue that a minimal support must
reduce 1o a single point. To prove that every support contains a minimal
support, it suffices to show that any linearly ordered family of supports
has an upper bound in the ordering considered. We do this by arguing that
the intersection of a linearly ordered family of supports is again a support.
Let (A,) be such a family. Since the A,'s are all compact, and since the
intersection of any finite set of A,'s contains some A, ; hence, is non-empty,
it follows that (] A, is non-empty. Since (] A, is the intersection of a family

of closed sets, ‘i'( is closed; hence, compact. Finally, if &,, &, €KX, and if
Wi+ & e ﬂA,, then (3) £, + (§) &1 € A, for all «, so &, and &, are

in A, for all «, so &, and &, are in [} A,. Thus, (] A, is a support; it is

evidently an upper bound for {A,} in the ordering we have considered. Thus,
applying Zorn's Lemma, every support contains a support which contains no
strictly smaller support. Let B be such a minimal support. We want to show
that B consists of a single point. Suppose not; then there is a continuous
linear functional ¢ which is not constant on B (i.c., take two points of 8
and apply the geometric form of the Hahn-Banach Theorem to get a func-
tional which separates them). Let 2 = sup {$(§) : £e B} and let B’ = {{e¢ B
2 (&) = A}. Then B’ S B, and it is casy to check that B’ is a support of K.
This contradicts the assumed minimality of B and hence proves the lemma.

Il Integral Representations on Compact Convex Sets

A Introduction

We will be concerned, in this chapter, with thc problem of rcprcscntmg a

rovnaral wmatnt A AFANIRARY Aantay Aart An A~ L
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then casy to see that the extremal points are just the corners of the polygon,
and that, if §,, ..., £, are the corners, then any point of the polygon may be
L]
written § = a &) + -+ + a,ba, Withay, ...,a, 2 0and } «, = |. Indeed,
im1
since any point of a convex polygon is contained in at least one triangle
with vertices at the corners of the polygon, we may choose the «’s so that
only three of them are non-zero. Finally, if the polygon is a triangle, then the
«'s are unique, and if the polygon is not a triangle, then at least some of the
points of the polygon have more than one representation as convex combi-
nations of corners.

The above remarks gencralize easily to compact convex sets in finite
dimensional spaces. A classical theorem, due to Minkowski, states that if
X is a compact convex set in a p-dimensional vector space, and if £ €.Y,
then £ may be written as a convex combination of some set of p + 1 ex-
tremal points of X.

The generalization to infinitely snany dimensions is not quite so simple.
We are at least assured by the Krein-Milman Theorem that any compact
convex set X in a locally convex topological vector space has enough
extremal points so that cvery points in .Y can be approximated arbitrarily
closely by convex combinations of extremal points. Ou the other hand, we
should not be too surprised if, in passing to the inlinite dimensional case, we
had to consider integrals of extremal points rather than ordinary convex
combinations. The concept needed is that of the resultami, or barycenter,
of a probability measure (measure with total mass one) on a compact
convex set X. The resultant of u, denoted by r(x), is just the integral r(y)

= fédp(f), where the integral is to be understood in the weak sense, i.c.,

| €dug) is an element of E such that ¢(( £ d,,(e)) [ #(&) du(e) for a
continuous linear functionals ¢ on E. While it is casy to see (using the Hahn-
Banach Theorem) that this condition uniquely specifies ffd;:(f) if the
integral exists, the existence is less obvious. We will prove it shortly. The

equation & = ) «,& can be transcribed to & = r(z a,dh), where dy,
[]

is the unit point-mass at &, i.e., the Dirac measure at §,. We now want to
investigate generalizations of Minkowski's Theorem asserting thatevery point
of a compact convex set X may be represented as the resultant of a proba-
bility measure concentrated on the set of extremal points of X. From another
point of view, the results we will discuss are a more precise version of the
Krein-Milman Theorem: The Krein-Milman Theorem asserts that every
point of X may be approximated by resultants of measures with finitc support
concentrated on the set of extremal points of .Y; the results we will discuss
say that every point of X is equal (o thc rcsulnnt of a mc'\su5c (not ncccs-

sartly with futive suppor)
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The prototype of such results in the following:
THEOREM (Choquet) Ler X be a compact convex set in a Hausdorff locally

convex topological vector space. Let & denote the set of extremal points of X.
Assume that X is metrizable, i.e., that its topology has a countable base. Then:

i) e is a Borel subset of X and
ii) Every point £ of X is the resultant of a Borel probability measure u on X
which is concentrated on € in the sense that u(X\ ¢) = 0.

This thcorem has been refined in two directions. In the first place, the
requirement that X" be metrizable can almost be eliminated. The difficulty
in doing this lics in the fact that the set of extremal points of X may not
be a Borel set, i.e., may be pathological from the point of view of measure
theory, and the sense in which the measure u should be concentrated of the
set of extremal points is therefore somewhat complicated. In the second
place, an algebraic condition on Y is given which is necessary and sufficient
for every point of .Y to be the resultant of a unique measure concentrated

on the set of extremal points of .Y
The following notational conventions will be used throughout this

chapter.

1) All vector spaces will be vector spaces over the real numbers, and all
numerical functions will be real-valued.

2) X will denote a compact convex set in a locally convex topological vector
space E.

3) e will denote the set of extremal points of .

4) C(.Y) will denote the set of continuous, real valued functions on X,

5) § will denote the set of continuous convex functions on X; S = { fe C(X)
Slet+(l —a)p) Safé)+ (1 =) f(m) forall {,ne X, 05 xS L.
6) A = S n (—S) will denote the set of continuous affine functions on X,

If ¢ is a continuous linear functional on E, and if x is a real number, then
$(-) + a is an element of A (but not every element of A4 is necessarily of this
form).

7) Afr* will denote the set of positive Borel measures on .Y, and A, the set of
Borel probability measures on Y. Af* is contained in the dual of C(X); we
cquip it with the weak-* topology, thus making M, compact.

We now have to prove a few preliminary results.

ProrosiTiON II. A1 Let pe M. Then there exists exactly one element

r(u) of E such that
() = [ B8 du(®)

Coe all camtingnne linear (unctionals b oon E- I e M, . r(10) e X.
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Proof We first prove uniqueness: If
$E) = [HO du(®) and $(&:) = [$(8) dut®)

for all contipuous linear functionals ¢ on E, then
Pl - &) =0

for all continuous linear functionals ¢ on E, so &, — §; = 0. Also, if
peM,, and if §(§) S « for all feX, then

[ 48 dut®) s

by the geometric form of the Hahn-Banach Theorem, this implies r(u) € Y.
It remains to prove the existence of r{u). It suffices to consider ue M,.

If 1 is a measure with finite support (;; = Y «,d,, ), then r{u) exists and is
[
cqual to Y &, &. Now let u be a general element of M,. Then there exists
'

a net 4 of measures with finite support converging in the weak-* topology
to u. (This is just the approximability of integrals of continuous functions
by Riemann sums.) Each r{u'*’) exists and belongs to X. Since .Y is compact,
we can suppose (passing to a subnet if necessary) that the net {u'®') con-
verges. Then for all continuous linear functionals ¢ on E

b (lim r(a) = lim $(r(u')) = tim | $(&) du' (&)

= J (&) du(€) (by the definition of weak-*convergence),
so ¢ (lim r(,u"')) = f(l)(f) du(£), so we can take lim r{u'™) = r{u).

ProrosiTioN II.A.2 § — S is dense in C(X), I.e., any continuous function
on X may be approximated wniformly by differences of continuous convex
Sfunctions.

Proof By the Hahn-Banach Theorem, the continuous affine functions
A on X separate points. Therefore, by the Stone-Weierstrass Theorem,
polynomials in elements of . are densc in C(.Y). Thus, it will suffice to prove
that, if P(Z,,...,Z,) is a polynomial in »n variables, and if /1, ..., fn € A,
then £ + P(fi(D), ..., fo(£)) is the difference of two convex functions. Let
Y={(/itd)y ... fi(§)): £ € X} = R". Then Y is convex and compact.
If we can show

P2y, ..,2,)="P(2,,..,2)— P2\, .., 2Z,),

where P, and P, are polynomials convex on Y, we will done. Since a

febprdlQZ . 2.,) @ s om) § ke st Of7, 2,



TOPICS IN FUNCTIONAL ANALYSIS 127

is positive semi-definite on Y, we get a decomposition of the desired form
by writing

P(Zyy oy Z) = (P(Zyy oy Z) + MZ] 4 o + ZH) = X2+ -+ 2ZD),
with 4 sufficiently Jarge.

ProposiTioN II. A.3  Any ue M, can be approximated arbitrarily well
in the weak-* topology by measures with finite support having the same
resultant as u.

Proof Letf,,..,fmeC(X)andlete > 0. WehavetofindZ,,...,2, 20,
with ¥ 7, =1,and §,, .., fL € X, such that } /& = r(g) and
fm}

Iﬂ(f;) - ‘):. Af(E)|se for 1 Sjsm.

Since .Y is compact, there exists a finite set U,, ..., U, of open convex sets

in X, with | ] U, = X, such that each f; varics by less than £ on each U,.
i=1 [

Next, we can write g = Y. Ay, where each u, € M, and has support in
t=1

U,. (For example, if ¢, is the characteristic function of U,, we can take

fpty = d’:;‘ )

£,
Let &, = r(u,); then evidently r{u) = Y A,¢,. Since U, is compact and
convex, () € Uy, so '

| [ ety = 18
Therefore, for 1 S j S m,

lj‘lﬂfj - ‘_Zl 11[/('5«)' s lgl anfd/‘l./} "f/(fl) <e.

sSe foralli,j.

B The Existence Theorem

We will first outline the strategy for proving that every £eX is the
resultant of a measure concentrated on the set of extremal points. Given ¢,
we want to find a measure with resultant £ which is pushed out as much as
possible to the “corners™ of X. One way to tell how much a measure yu is
pushed toward the **corners” is to evaluate u(f) for convex f; the larger
u(f) is for fixed convex f and fixed r(x), the more we expect pt to be concen-
trated near the extremal points of X.

_a\\:’Hh ‘lhi’s in mind, wc‘d_cﬁ/)nc ??A.ord_cr‘o’n f.’:;?’l/‘ > i‘;;/%f), g _11('[) [o/r ,
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> 1is reflexive and transitive. The relation > is also anli-symmetric and
hence an order; if g« > v and v > u, then u(f) = »(f) for all f€ S, therefore,
for all fe S —~ S; therefore, since S ~ Sis dense in C(.X), for all fe C(.X).

Now let 4 > v and let f/ be a continuous affine function. Since both f
and —f are convex, we have

w2 () and p(=f) 2 (= [), so u(f) =(f).

In particular, llafl = p(1) = »(1) = |Ivl], and A(u) = r(¥), so two measures
which are comparable in the sense of > have the same total mass and the
same resultant. [tis thus casy to see thatu > 4, if and only if i is a probability
measure and r{g) = £.

We now have good candidates for measures with resultant £ which are
concentrated on the set of extremal points of X; they are the measures u
satisfying s > 8 which are maximal in the sense of >. An casy argumnent
using Zorn’s Lemma shows that such maximal measures exist. [t remains,
however, to determine in what sense maximal measures are concentrated
on the set of extremal points. For this purpose, we consider upper envelopes
of funciions: If fis a bounded function on .Y, we define the upper envelope
of f, denoted £, to be the smallest concave function which is everywhere
greater than or equal to f or, more precisely, as the infinum of all continuous
concave functions 2 . (Recall that the infimum of any family of concave
functions is concave.)

Unfortunately, / need not be continuous even if f is. If we forget this fact
for the moment, but remember that 7 is concave, we see that, to make s
maximal, we want to make u(f) as small as possible (keeping r(u) fixed).
On the other band, /' 2 £, so u(f) 2 u(f) for all ue M*. Thus, we might
guess that, in order to have 4 maximal we should bave u(f) = p(f) and it
turns out, in fact, that 4 is maximal if and only if u(f) = u(f) for all contin-
uous convex functions f. Since f 2 /; this means that g is maximal if and

only if s({&:7¢) > £(&)) =

for all continuous convex f, i.c., if and only if g is carried by (£:/(%)
= f(&)} for all continuous convex £, Finally, it turns out that the set of
extremal points of X is precisely the set of points on which every continuous
convex function is equal to its upper envelope, i.c.,

= ,ﬂs{s S = ().

The intersection is, in general, over a non-denumerable set of s, so we
cannot conclude that u(X'\€) = 0 for g maximal, or even that u(.¥'\¢) is
defined. Thus, it is reasonable to say that a maximal measure is concentrated
on &, but the sense in which the measure is concentrated on ¢ is a bit subtle.
If X is metrizable all these difficulties diappear: There is a single continuous

convex function f'such that o _ { & ’ﬂ,/‘,é) - f/g?
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so in this case every maximal measure is concentrated on e in the sense that
#(X\e) = 0. Combining all these results gives the theorem of Choquet

quoted in the introduction.
To give the proof of the existence theorem, then, we must prove four

things:
a) Every measure on X is majorized in the sense of > by a maximal measure.

b) A measure g is maximal if and only if u(f) = u(f) for all continuous
convex f.

Q)e = ’ﬂs{frf(f) = f(&)}.

d) If X is metrizable, there exists '€ S such that
s = (£:/(6) = f(8).

Points a), ¢), and d) are mrore or less routine; the subtle part of the argument
comes in the proof of b).

ProrositioN II. B. |. Every pe M* is majorized, in the sense of the
ordering >, by a maximal measure.

Proof By Zorn's Lemma, it suffices to show that any family (u)i, = M*
which is totally ordered by > admits an upper bound. For f€ S, (u,(/f)) is
monotonic, by the definition of >, and bounded since fu,] is independent of
i. Therefore, u(f) converges to something for all f€ S; hence, for all
feS — §; hence, since S — § is dense in C(X), for all f€ C(X). The limit
defines a positive measure (i.c., a positive linear functional on C(X)) which
evidently majorizes all the g,’s.

As we indicated above, we define the upper envelope f of a bounded
real-valued function f by f(£) = inf {g(£): g coucave and continuous,
g 2 f everywhere}. In other words, we define f to be the infimum of the
set of all concave continuous functions 2 f. Since the infimum of an arbitrary
family of concave functions is concave, f is concave. Although f need not
be continuous, it is the infimum of a family of continuous functions and is
therefore upper semi-continuous. The mapping f ++ f is:

i) increasing (If /i 2 /3, then f, 2 f,) and
ii) sublinear ().,}= A-fir 1z O;fn/*‘\fz sh+/)

For any positive measure g, we define (i(f) = u(f'). Then ¢ is an increasing
sublinear functional on C(Y), and g 2 p, i.e., fi(f) 2 u(f) for all fe C(X).
Furthermore, the functional j is continuous. First to prove that jt is contin-
wbis o 04
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where |gll = suplg(é)[. This is true since the constant function |ig) is
e

concave and Zg. Thus,
(e = 1u(&)] = lgh pu(l).

The continuity of ¢ at a general point of C(X) follows easily from continuity
at zero and subadditivity: For f, g € C(.Y),

A+ g) s BS) + Alg),
i(f) s i/ + g+ i(—g),
—i(=g) s iU + g) — (/) S lg),
[((f + &) = /(N S gl u(l).

Recall now that we are trying to show that u is maximal if and only il
w(f) = p(f) for alt convex continuous f, i.c., il and only if i = g on S.

S0

SO

ProrosimioN I1. B. 2 If ue M*, the following are equivalent
i)t = puons,
i) i = p on C(X),
ii1) g is linear on C(X).
Proof It is immediate that ii) implies iii) and that ii) implies i). To sce
that jii) implies ii), recall that (/) 2 a(f) for all fin C(X). But we can
equally well apply this inequality with f replaced by —f; then, since both u

and @ are linear, —(f) = i(—f) 2 u(—f) = —u(f).
So 4(f) S u(f), so g(f) = u(f) for all fin C(X). Wc have therefore only

to prove that i) implies i1). Nole first that, if g€ S, —g = —g (since —g

is already concave), so {(—g) = u(~g).
Now assume i), and let f, g € S. By subadditivity.

) S A(S—g) + f(+g) and (S —g) s i(f) + i(—g),
0
I8(f) — () S (S — 8) S A(f) + fi(-8g).
Using
) = p(f); di(g) = p(g)i  4i(—g) = p(-3g);
and the linearity of u, we get
H—g) sa(f—g) s (/-8
sofi=ponS —S Since S — S is dense in C(X) and since # and & are
both continuous, & = u on all of C(.X).

The key remark is the following lc&mn w hurh will allow e 1 pae fhot
1, 1 o ’ -



f/{‘f P“B¢M 'f‘w*"‘bum I%&sz&w{%

TOPICS IN FUNCTIONAL ANALYSIS 131

Lemma 1l B. 3 Let pe M* and let v be a linear functional on C(X). Then
the following are equivalent:

i) *(f) < i(f) for all fe C(X).
i)ve M*and v > pu.

Proof Let us assume i) and prove ii). Note that, since f/ = f for f con-
cave, ¥(f) S i(f) means »(f) £ u(f) for f concave, so »(f) S u(f) for [
convex, so v > u. It still has to by verified that, if £ 20, »(f) 2 0. It is
simpler to verify that /5 0 implies »(f) £ 0; indeed, this is immediate
since £ S 0 implies / < 0 (the constant function 0 is concave, continuous,
and 2 f), 50 i(f) = p(f) £ 0,50 (/) S {(f) £ 0.

Now assume ii). The fact we want to exploit is that »(g) < u(g) for all
concave continuous g. We will use this fact by remarking that / = inf {g: g
concave, continuous, and 2 f}. The set of concave, continuous functions
2/ is a decreasing net of continuous functions converging pointwise to
f: hence, by the generalized monotone convergence theorem for semi-
continuous functions (Theorem I. B. 3);

putf) = inf {u(g): g concave, continuous, and 2 f},
»(f) = infl {»(g): g concave, continuous, and 2 [}, so
Hf) S Wf) S (/) = i(f) for all fin C(X).
We are now ready to prove:

Tueores 1. B. 4 Let € M*. Then st is maximal if and only if ([} = p(f)
Jorall fe€S.

Proof Suppose first that u(f) = u(/) for all feS. Then i = g on C(X)
by Proposition I1. B. 2. If v >y, then »(f) S i(f) = u(f) for all fin C(X):
since s and v are both linear, this implies (/) = u(f) for all fin C(X). i.e.,
i = v. Therefore, g is maximal. (It is majorized only by itself.)

Now assume pu(g) *+ u(g) for some ge S; we will prove that g is not
maximal by producing v > pu such that v(g) = u(g) > u(g). Thus, we have
1o construct a measure, i.c., a positive lincar functional on C(X), so we will
use the Hahn-Banach Theorem. By Lemma II. B. 3, we have only to con-
struct a linear functional v such that »(f) S (/) for all /- We start by defin-
ing v(2g) = Afi(g); thisdcfines v on the one-dimensional subspace generated
by g, and »(2g) S i(2g) since ji(ig) 2 Ai(g) by the sublinearity of fi. Now,
applying the generalization of the analytic form of the Hahn-Banach
Theorem (Theorem 1. C. 6), we extend v to all of C(X), preserving the relation
v(f) S i(f) for all f. This is possible since i is sublinear. We are now
linished: since f) s (/) for all £, v > o by Lemma 1. B. 3, but » % 5t
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Now let f be a continuous convex function on .X. We dcfine B(/f)
= [{Ee X:f(§) = f(§)}, and any set of the form B(f), f€ S, is called a
boundary set of X. Since f is upper semi-continuous and f is continuous,
J — /is upper semi-continuous so, for all «,

{$e X: /(&) - f(§) <«}
is open. Hence

B(f) =) {$eX:f(&) — f(§) < l/n)

is a countable intersection of open sets and is therefore a Borel set. Since
S = 120, wehave u(f} = u(f)if and only if

#({E e X:/(&) > /(&) = 0.
If Y is a Borel subset of .Y, and if u e M*, we will say that u is carried by
Yif f(X\ Y) = 0. Thus we have:
PrROPOSITION lI. B. 5 A measure pe M* is maximal in the sense of the
order > if and only if it is carricd by every boundary set of X.

CoOROLLARY II. B. 6 Every point £€ X is the resultant of a probability
measure g on X carried by every boundary set of X,

COROLLARY II. B. 7 Any sum, or, more generally, any integral, of maximal

measures is maximal. The greatest lower bound or least upper bound of a
Sfinite family of maximal measures is maximal,

We now must investigate the relation between boundary sets and extremal
points.

ProposiTiON 1. B. 8 The ser of extremal points of X is the intersection of
all the boundary sets of X.

Proof We have to prove:
i) Any extremal point of X belongs to every boundary set.
ii) Every non-extremal point of X lies outside some boundary sct.

i) Let £ be an extremal point of X. Then the only probability measure with
finite support having ¢ as resultant is é;. But any probability measure
having & as resultant can be approximated in the weak-* topology by
measures with finite support having £ as resultant (Proposition 11. A. 3),
so the only probability measure having ¢ as resultant isd,. In other words,
il u > d;, then u = 6,. Hence, the measure 4, is maximal, i.e., is carried
by every boundary set of X, so £ belongs to every boundary set of X,

ii) Let & be a non-extremal point of X. Then

E= L%, 1n'% , wh 375



TOPICS IN FUNCTIONAL ANALYSIS 133

Choose a continuous affine f such that f(&,) + f(£;). Then f? is convex,
and

(A & + (12) £))°
= () (SN + (1) (SED) + AIDSE) /1)
= (1/2) (J/I&)) + (1) (S1&2))? — (14 (f(8) — f(£))

/\ .
Since (/) is concave,

UDE = D) E + (172 6) 2 1) (E) + (112 () (62
2 DFHED + U1 E) > /)
so SNE) > /0. so £¢ B

We can prove a somewhat more precise result if .V is metrizable.
ProrositioN 11. B. 9 If X is metrizable, then ¢ is a boundary set af X.

Proof We will use only the following consequence of the metrizability
of X: There exists a sequence f, of continuous affine functions separating
the points of .Y (This mcans that, if &, + &,, then f(£,) *+ f.(&;) for some
n). It is left as an exercise in gencral topology to verify that the existence of
such a sequence is equivalent to the metrizability of .X. By scaling the /s,
we can assume | f,| S 1/» (o each n. Since each f, is affine, £ is convex for

kel
cachn. Let f= 3 f1;
L]
then fis continuous and convex. We claim that f is strictly convex, i.e.,

that if
v+ &2, then f((1/2) & + (1/2) &) < (112) f(&)) + (1]2) f(£2).

Since
S &+ (12) &) 2 (WD) J(E) + (1) f(&:) 2 (1) f(8) + (1/12) f(¢2),

this will imply

S2) &+ (1/2) &) > f((12) &, + (1/2) &)
for all &, # ¢&,, i.e., that f(&) > f(f) if & is not an extremal point of X.

Thus, B(f) < ¢, and since we know that, in general, B(f) o ¢ for all contin-

uous convex f, we must have B(f) = ¢.
It remains to show that fis strictly convex. Let &, + £,, and choose 1 so
that £.(&,) # f.(£,). By the calculation in the proof of the preceding propo-

T D &+ 00D £) < (U2 F2E) + (12 12,

Sinee £= f';_'(’—; 1;_ and since, § g’ is convex s strictlv convex.
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Putting together the preceding results, we get the theorem quoted in the
introduction:

THeoREM II. B. 10 Ler X be a metrizable compact convex set in a Haus-
dorf] locally convex topological vector space. Then

i) € is a Borel subset of X and

if) Each & € X is the resultant of a probability measure on X carried by e.

If X is not metrizable, the situation is a little more cloudy. We have
shown that every point of X is the resultant of a maximal measure, and that
a measure is maximal if and ounly if it is carried by every boundary set of .X.
Since the intersection of all boundary sets is the set of extremal points of
Y. a maximal measure is in some weak sense concentrated on the set of
extremal points of .X. The sense in which a maximal measure is concentrated

on the set of extremal points may be clarified a bit; we quote by way of
illustration the following result, which we will not prove. (It is Lemma 18

of Choquet and Mayer‘'")

ProrosiTioN 1. B. 11, Let K< X be a countable union of compact
sets and contain the set of exiremal points of X, Then every maximul measure
on X is carried by K.

C The Uniqueness Theorem

We now turn to an investigation of the conditions under which cach
£ X is the resultant of a unique maximal measure. We have first to prove
several preliminary results. The first group of results concerns the upper
envelope of a function f and provides some new ways to compute il.

Lemma 1. C. Y Let f be a bounded real-valued function on X. Then
={(5.NeEx R:¢e X, 1 S [()

is the closed convex hull of

{(¢,De Ex R:te Xt 5 f(9).
(i.e., the region below the graph of [ is the closed convex hull of the region be-
low the graph of f)

Proof 1t follows easily from the concavity of /that I" is convex and from
the upper semi-continuity of f that I' is closed. Thus, I" is a closed convex
set containin

ne {¢,NeEx R:teX;r S f(H)).

If we let I"* denote the closed convex hull of the latter set, then [ < [,
and what we have to prove is that [ = I'. Thus,

ﬁ% y VWA ol T gt I o -

assume there is a (w, e ™ \f'
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hyperplane in £ x R strictly separating (&, fo) from I'. In other words,
there is a linear functional ¢ on E x R and a constant ¢ such that

$(¢o,to) <c; P& 2c for 15 f(8).

We claim that the hyperplane (£, 1) = ¢ is the graph of a continuous
affine functional on X, which is greater than f everywhere, but less than ¢,
at &,, thus contradicting the asumption that ¢, Sf(fo) To see this, note
that (&, 1) must have the form (&) — «r, where ¢ is a continuous lmcar
functional on E and &« € R, Since

(&) —atg < ;. P(p) —ar>c for t 5 f(&),

we must have « > 0. Letting

oo = PO ¢

X

we have y(&,) < to but w(&) > r for all 1 S f(). Thus, v is a continuous
affine function everywhere greater than f; it is therefore impossible to have
y(&e) < 1o S f(5,). so we have a contradiction and I = I as desired.

In the course of the proof, we have also proved the following:

Levma I1.C. 2 If h is any concave upper semi-continuous function on X,
thenh = inf{ged:g 2 h}.

LemMma I. C. 3 Ler fe C(X)and let t e X. Then
S =sup{u(f)ipeM;r(p) = &)
sup {p(f):p€ M,; () = &, u has finite support}.

i

i

Proaf Since f is concave,
f(f) g ‘ZI ’ll/‘(fl) 2 ’Zl )wf(ft) if ‘Zl )-afl =¢.

Hence, /(&) is not smaller than the second supremum. On the other hand,
Lemma Il. C. 1, translated into the language of measures with finite
supports, says that there exists a net of measures with finite supports

nie)

Z l(a) 6(a)

t=]
with {u') — & and liminf u'(f) 2 f(£). If p is any limit point of this

net, then Au) = ¢ and u(f) 2 F(£), so the first supremum is not less than
/(¢). But since any measure with resultant £ may be approximated arbitrarily
well in the weak-* topology by measures with finite supports and resultant u
(Proposmon II. A. 3) the two suprcrm are equal and so f(¢§) is equal to

Uit [ yedoe

-
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ProposiTION 11. C. 4 Ler [ be an affine upper semi-continuous function
on X, and let pe M,. Then

[ 1© dut) = £(r().

Proof In more picturesque form, we want to show that, if fis affine
and upper semi-continuous, then

[r@ dus = r(f & dus).

This is immediate if f is continuous, or if # has finite support. We get the
general case by a two-fold approximation. We first approximate x by
measures with resultant r(x) and finite support. If » is such a measure, and
if g is continuous, concave and nowhere less than f, we have

S(r()) = »(f) S Hg) S g(r(p)).

Since u is a weak limit of measures with finite support and resultant r(s),
we have .
4 S{r(p)) S u(g) S g(r(p)) (*)

for any continuous concave function g 2 f. Now [ is concave and upper
semi-continuous, so by Lemma II. C. 2, /= inf (g : g concave and contin-
uous, g = f'}. Thus, {g: g concave and continuous, g 2 f} is a decreasing
family of continuous functions with infimum f by the generalized Mounotone
Convergence Theorem for semi-continuous functions (Theorem 1. B. 3),

J.f(f) du(8) = inf {u(g): g concave and continuous; g 2 /}.

By (e), then,
Sr) S [ S dut) S St ),

so the proposition is proved.

We are now ready to formulate a condition on X which is equivalent
to the statement that every point of X is majorized by a unigue maximal
measure. To do this, it is convenient to suppose that .X is the base of a
convex cone K. By this we mean that there is a closed hyperplane in E
which intersects K in X, which does not pass through 0, and which intersects
each ray in K exactly once. We can always arrange this by replacing E by
E x R, identifying .¥ with .Y x {1}, and taking for K the cone gencrated
by X x {1}. In general, there may be many ways of realizing.Y as the base
of a cone, but any two cones obtained in this way are linearly isomorphic,
since any point of such a cone is uniquely specified as A£, where 4 is a positive
real number and ¢ €.Y. Thus, the algebraic properties of the cone X depend
only on the algebraic properties of X, and not on how .Y is imbedded in a
topological vector space. It is convenient to extend every numerical fynction

on X-to  positively hemogensous function swthe tone K by dho
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same symbol. Thus, for example, the condition that f be convex {on X)
translates into the condition

SE+n) s/ + /()  (onK).

By definition, the natural ordering of a cone K in a vector space is the
order in which ¢ 2 n means & — 5 € K. Also, a partially ordered set Y is a
lartice if, for any pair &, 57 of elements of Y, there exists a least upper bound
v 5 and a greatest lower bound ¢ A 5 for § and 5 in Y. By definition,
v 7 is an element of Y such that -

Evnz2t Evnzn and (2¢ and {2n implies (2 & vy

The clement ¢ v n is uniquely determined if it exists. The definition of
greatest lower bound is obtained by replacing *“ = " by ** £ " in the definition
of least upper bound.

We now say that a compact convex set X is a simplex if it is the base of a
cone which is a lattice with its natural ordering.

1t does not seem (o be altogether evident that this definition reduces to the
usual one when Y is finite-dimensional. To clarify the situation a little, let
us see why a circle is not a simplex. Let £ and 5 belong to the cone generated
by a circle, and suppose that they are not comparable in the ordering
defined by the cone. We will show that no least upper bound of & and 5
exists.

dee Sy

{2 ¢and { 2 nif and only if { belongs to the intersections of the two
cones with vertices £ and 5. A section of the figure by a vertical plane, perpen-
dicular to the plane containing the axes of the cones, and passing through the
lowest intersection point, is a hyperbola.
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The only possible candidate for the least upper bound of ¢ and 75 is the
vertex of this hyperbola. A cone drawn at this vertex, however, does not
contain all of the hyperbola, so therc are points which are greater than ¢
and greater than 7, but not greater than the vertex of the hyperbola. There-
fore, £ and 7 have no least upper bound.

On the other hand, the usual n-dimensional simplcx{(/'.,, oo Aagt) T

YA = l} is a base of the cone {(%, ..., 44): A 2 0 for all i} which is
1

certainly a Jattice with its natural ordering. The real justification for the
definition, however, is contained in the following theorem:

THeoreM 11. C. 5 Let X be a compact convex set. Then the following are
equivalent:

i) X is a simplex
ity For any f€ S, f is affine
iif) Every &€ X is the resultant of a unique maximal measure on X,

Proof We will show that if) = iii) = i) = ii). Everything except i) = ii)
is easy.

i) = iii}. Let ii) hold, let u,, , be two maximal measures an .Y both
with resultant &, and let /€ S. Since y, and g, are maximal,

mlf) = .“l(j‘); mlf) = /‘1(/‘)-
By hypothesis, f is affine, and f is always upper semi-continuous so by
Proposition II. C. 3
' m(f) = 7)) = f€) = mlf).

() = m()) = paf) = mal ),
Ay = pyonS, sopu; = pu; onS-S

SO

sO

s0 y; = 43 on C(X) (since S-S is dense in C(X) by Proposition II. A. 2).
Thus, there is only one maximal measure with resultant &. iii) = i). By
Corollary I1. B. 7, the cone of maximal measures is a lattice; the mapping
s+ r(p) is a linear isomorphism from this cone 1o the cone generated by X.

i) = ii). Let f be convex. We want to show that [ is affine. Regarding f
as defined and homogencous on X, we have

/‘(E+’7)=5up{2f(':l): (e k; Z(: =¢ +YI}

tw]

by Lemma IIL. C. 3. We will prove shortly that whenever we have £ + g
={, + - +{,, with the {, in K, we can decompose

Co=& + 1, where &,y €K }fj = & Er;e: n.
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Assuming this for the momeat, we have:

S+ ) supl;f(t,): LieK; 24:(‘=5+"]
sup [T/ (4 +m): i meks L& = & );n,=,,},

I

(This is just the decomposition lemma stated above.)

ésux>{§‘:f(6.):,‘§£; = 6] + sup [}‘:f(m):;m = n} = /(&) + f().

(Since fis convex.)

Thus,
s FE+n) S7E + 7).
QOun the other hand,

SE+ 2,85+ /()

since fis concave. Thus, for £, 7€ K,

FE+m =) + /0,
i.e., fis affine.

We still have to prove the following lemma.

Lemma 1. C. 6 Let K be a cone which is a lattice with its natural order,
let &, ne K, and suppose & + n =, + ... where ¢, ..., € K. Then
there exist &y, ..., Eas 11, ...una€ K such that {; = &+ n, for | SiSn,
and
6.+.-.+£.=E: y’l+...+y’.=y"

Praof It is easy to prove by induction that the lemma with n =2
implies the lemma for general n (Write £ + =10, + ({3 + - + {.);
use the lemma with n = 2 to decompose

(.=E.+m; (1‘1+"‘+’:.)=51+’71.
where

L+ =¢ m+n =7
Then iterate.) For n = 2, it is trivial to verify that

=0 A8, m=5=-0 ¢

§r=¢6-0, A E, m=4f{L—&+0 Ad

satisfy all the conditions except, possibly, 5, € K. But we can rewrite:
2= ({3 = &) + (i A é)
=@+ @ =) A(i+E—8)

Tznaﬁk



140 0. E. LANFORD i1l

In many applications to statistical mechanics, the following theorem
which bypasses the above characterization of simplices can be used.
TueoreM II. C.7 Let X be a compact convex set, Suppase there exists
an affine mapping & +» u; from X to My, such that r(ug) = & for all. Then
each & on X is the resultant of a unique maximal measure, and y, is that
maximal measure,

Proof We will show that, if r(») = £, then v <y, i.e., »(f) S p(f) for
all continuous convex f. Since v may be approximated by measures with
finite support and resultant £ it is enough to show that »(f) S p (/) lor all
v with finite support and resultant £ and all f€ S. But:

Wf) =L ASE) S Y hu(S)
(Since f is convex.)

= /‘,:; 1.5.(/)

Since & + 11, is affine. .
(Si Hei ine.) - ulf).

It C* Algebras

A Definitions and Algebraic Preliminaries

An algebra is a vector space cquipped with a law of composition (multi-
plication), usually written A - B or AB, which is:

Associative: A-(B8-C)=(4-B)-C forall A,B8,Ce?, and

Distributive: (x4 + fB) - C=a(A-B) + f(B-C) forall 4, B, CeN
C-(xA + fB) =a(C-A) + f(C- B) and all scalars «, §.
We will consider only algebras for which the field of scalars in the complex
numbers @©. A is commutative if A+ B = B+ A for all A, Be . An clement
rof A is an identity if1- A = A-1 = A for all A € U has at most one
identity element; if 1, I’ are both identities, then I =1 - 1" = I
A vector subspace @ of U is said to be a subalgebra il A- Be @ for all A4,

Bed,
aleftidealifA-BeABforall AeN, BeBandif B + Y,
aright ideal i f B-AeAloral AeWN, Be B and il F + YU,
a two-sided ideal if it is both a left-ideal and a right ideal.
If 6 is a two-sided ideal in %, then the quotient vector space U/€ may be

made into an algebra by defining A+ B = (A . B), where A is any element of
A and Bany element of 8 (Here, we are regarding elements of A/4 as subsets
of % of the form A + &; such a subset is denoted by ). The requirement
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that € be a two-sided ideal is just what is required to guarantee that the
product be well-defined (i.c., not depend on the choice of representatives

A, B of 4, B).
An involution of an algebra U is 2 mapping A ++ A* of U into itself such

that:
1) * is conjugate linear: (a4 + BB)* = &A4* + pB*,
2) reverses the order of products: (4 - B)* = B* - A*,
3)(4%)* = A.
If A, @ are algebras, a morphism ¢ : U — A is a linear mapping from A

to @ such that HAB) = $p(A) P(B)

forall A, Bin A If A and & are algebras with involution, we will assume
that any morphisms we consider preserve the involution, i.c.,

{*) = .
for all A in 9L A7) = $(4)
A normed algebra is an algebra % equipped with a norm || || such that
fA- Bl S Al - 1BY.

If the algebra N is complete in the norm, we speak of a Banach algebra.
If 9 is equipped with an involution, and if |A*)] = [|A] for all A€, we
specak of a normed algebra with incolution or (if U is complete) Banach
algebra with incolution. 1f A has an identity, we will always assume |Ijl = 1.
This is not really necessary, but it simplifies things, and, if it is not true,
% can always be given an equivalent norm which makes it true,

We can now define: A C* algebra is a Banach algebra with involution such
that JA*A| = [|A||® for all A€ . We shall see that this rather innocent-

looking condition is very restrictive.

Examples

1. Let X be a locally compact space; consider the set Co(.X) of continuous
functions vanishing at co on X. (A continuous function is said to vanish at
oo if, for every & > 0, there is a compact set X such that [f(x)] < & for

x€X\ K.) Define: 1/l = sup | f(x)

xe X
(f + ) (x) = f(x) + g(x)
() () = «f(x)
(/- 8)(x) = f(x) g(x)
S0 = ().

Then Co(X) is 2 commutative C* algebra. The equality: II'f‘fll = fI?
holds since If*fll = sup |f(x)I* = [ fII®. Co(X) has an identity if and
xe X
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only if X is compact: We will see shortly that every comimutative C* algebra
is isomorphic to Cy(.Y) for some locally compact space X, and that, more-
over, X is determined up to homeomorphism by the C*algebra Co(.X).

2. Let D={zeC:|z| <1}, and let (D) denote the set of bounded
analytic functions on D. Define addition and multiplication on > *(D)
pointwise (i.c., as for Co(X)); define

W= sur;lf(:)l
o) = 7).

Then X =(D) is a commutative Banach algebra with involution (A#=(D) is
complete since a uniform limit of analytic functions is analytic), but is
not a C* algebra; lor example, if f(z) = e, then || f]| = e but

S =€ttt =1, so WS SN =1 # U/
3. Let 2 be a Hilbert space, and let Z°(2F7) be the sct of all bounded opera-
tors on J¥. Define sums and products in the usual way, and let the norm be
the usual operator norm:

1A) = sup {148 e ¥ & 5 1}

Let * be the ordinary adjoint operation, i.e.,
(FrAsy) = (A8 )
for all &, ne . Then £ (A) is a C* aigebra:
NA*AN = sup {l4*A& : ée}; &) s 1}
sup {I(lA* A : éne X5 &1 S 10l S V)
sup {I(Anld&)]: & ne X 1EL S L linl s 1} = f4)°.

Evidently, any subaigebra of 2 (o) which is closed (and hence complete)
in the operator norm, and which is self-adjoint (i.e., contains 4* il it contains
A) is also a C* algebra. It turns out that this example gives all C* algebras,
i.e., that every C* algebra is isomorphic to a norm-closed self-adjoint
algebra of bounded operators on a Hilbert space.

It is worth making a remark about terminology at this point: The term
*C* algebra™ is sometimes (e.g., in Ruelle [1]) defined to mean a norm-
closed self-adjoint algebra of operators on a Hilbert space, and the term
** B* algebra is used for the more abstract object we have called C* algebra.
The distinction is not so very important since:

a) Every norm-closed self-adjoint algebra of operators on a Hilbert space

is a C* algebra.

b) Every C* algebra is isomorphic to a norm-closed self-adjoint algebra

Ropsasbors, sn'ti Hller~ stace.

i

i
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When we have occasion to distinguish between the two notions, we will
refer to a norm-closed sell-adjoint algebra of operators on a Hilbert space
as a concrete C* algebra.

The presence of an identity in an algebra is useful for many technical
purposes. Therefore, il we have to deal with an algebra with no identity,
it is useful to be able to imbed it in a larger algebra which has one. This we
can do as follows: Let 9 be an algebra; and let 9 be the set of pairs (4, A),
with /€ € and A € A. Instead of writing pairs (%, A), we will use the more
suggestive notation 21 + A, Define:

U+ A+ G+ By=0G+p)l +(A4+ B)
(0 + A)(ul + B) = ()l + (ud + 2B + AB).

[t is easy to see that, with this structure, A is an algebra withidentity /1 + 0,
containing A (the set of elements of the form 0 + A) as a twosided ideal.
{Note that the construction works perfectly well even if % has an identity,

but that, in this case, the identity of % is no longer an identity for U.) If

[ has an involution, we may extend it to %A by defining (Al + A)* = A1 + A°.
If 9 is a Banach algebra, or a C* algebra, we would like to extend the norm

of % to 9 in such a way that % becomes an object of the same sort. Defining
178 + Al = 14 + I4)

can easily be seen to make % into a Banach algebra if % is a Banach algebra,
but need not make 9 into a C* algebra if A isa C* algebra. We will give a
construction that does this, under the assumption that % does not already
have an identity. (There is another construction which works in the other
case; but we do not neced it. See Dixmier C*A4, 1.3.8.) The algebra 1 acts
by left multiplication on % (since Mis a leftideal in 9]); we will define |1 + A]]
to be the norm of this multiplication operator (i.e, [Al + Al
= sup (|48 + AB||: Be¥; |B| £ 1}.) It is immediate from the above

description that this expression defines a semi-norm, and that
M2+ A) (b + BY| £ AL+ A ul + B).
Forany A e, |01 + A| S | A4ll, but also

ol + A 2 A _ il so
A
101 + A} = [|All. We have still to check
NIt + A = 0implies A = 0and A4 = 0.
2) 1AL + A% = A1 + AJ.
- r . - 2
jﬁ{w!l(//.l:f' A)J(/.I f ,/( )n\= n,(i+ AR vy
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To prove 1: Since |01 + A|| = ||4], 100 + A]l = 0 only if A % 0. Hence,
we have to show that Al + A # 0if 2 + 0. By homogeneity, it suffices
to coosider the case 4 = 1. Thus, suppose 1 — Il =0. Then (1 — I) B
= B — IB = 0 for all BeW. In other words, [ is a left identity for U. But
then, for any Be¥, B (I)* = ((I) - B*)* = B, so (I)* is a right identity for
9%. Now :
I=1-1%=1°,
so [ is a two-sided identity for 9, contradicting the assumption that U has

no identity. This proves |.
To prove 2 and 3, consider:

1AL + AQ* = sup {Il2B + AB|*: 1Bl s 1}
sup (1B*G1 + A)* (A + A) B : 18] S 1)

i

S+ AL+ A).
Now in particular:

N0+ AP S HGE+ A GU+ A S G+ A)*J 1AL + A1,

so AL + Al S (Al + A)*|. The opposite inequality follows by replacing
1 + A by (A1 4 A)*, so 2. is proved. Also

1AL+ AP S DG+ A)* G+ A S IEE + A AL+ AL = JA+ A7,

which proves 3. To prove that A is complete, note ficst that 9 is complete
and hence closed in %. Since % is the kernel of the linear functional A1 + A
+ 4, this functional is continuous. Thus, if 4,1 + A, is a Cauchy sequence in
o, 2, is a Cauchy sequence in @, and hence A, is a Cauchy sequence in .
Therefore A, +Aand A,— A, s0 1 + A, = A1 + A.

The above construction provides a powerful tool for investigating C*
algebras without identity. Unfortunately, it does not solve all problems,
and keeping track of what happens in algebras without identity introduces
substantial complications into the theory of C* algebras. By and large, these
complications seem to be irrelevant for the application of C* algebras to
physics. We will therefore; in what follows, concentrate on algebras with
identity, and make only occasional comments about the general case.

B Spectrum and Resolvent

Let % be an algebra with identity. An element 4 of 2 is said to be in-
vertible if there exists an element 4-! of % such that
AA-” ,4‘/,4 =/
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The element A-! is uniquely determined if it exists; it is called the inverse
ol A. The resolvent set of A(R(A)) is the set of all complex numbers A such
that Al — A is invertible; the inverse (A1 — A)~! is called the resolvent of A.
The spectrum of A(o(A)) is the complement of the resolvent set. In general,
the spectrum or the resolvent set may be quite arbitrary, but we will show
that, in a Banach algebra, the spectrum of any elemetit is a non-empty com-
pact set.

ProposITION III. B. 1 Ler A be an element of a normed algebra . Then
lim || A*)}" exists and is equal to in[ || A*}}/". -

"o x n

Proof Chooseanym 2 1. Foranyn, writen = jm + i,, with0 S i, < m.
Then - R )
BAT N S AT R A S AT A

Since lim j,/n = 1jm and lim sup | A"*|"* = | (unless A" = O for some n,

in which case the proposition is trivial), we get

- lim sup A4*)"* S A~

LI ]

Fhis is true for all m, so

lim sup JA*)"/" S inf [|A4")'/".

But, trivially,
inf JA*"* < Liminf [[A*]'",

so the proposition is proved.

The limit whose existence is proved in this proposition is called the spectral
radius of A and is denoted by o(A4). The reason for this terminology is
the fact, to be proved shortly, that, if the algebra U is complete, p(A)

= sup {|A]: 1 € o(A)}.
Prorosrmion III. B. 2 Let U be a Banach algebra with identity, and let
A €N be invertible. If Be N is such that g(BA~') < 1 (in particular, if

1
1B <« ———1, then A + B is invertible and
"A"ﬂ)

(A + By = ALY (=1 (BA™);
a=Q

the series converges absolutely in the norm.

Proof The fact that the series converges absolutely in the norm follows
at once from the fact that the spectral radius of BA-! is < 1; the fact that
the sum of the series is an inverse for A + B is a straightforward compu-
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CoRrOLLARY III. B. 3 Let U be a Banach algebra with identity; les A e ¥,
If 2 is a complex number with|A| > o(A), then X is in the resolvent set of A,

and o .
(A=At =21y (-"-) .

. A=O 1
As A= o0, (Al = A)-'] — 0.
CoROLLARY II1. B.4 Let U be a Banach algebra with identity; let A € %U;

and let A be in the resolvent set of A. If |u] < _‘-—l'_-T—' then A + p
is in the resolvent set of A and G RO |
A+ = A" =@ =AY [—p@l — A"

a=0

In particular, the resolvent set of A is open (so the spectrum of A is closed),
and A ++ (A1 — A)~! is an apalytic %-valued function on the resolvent set of

A.
So far, we have not ruled out the possibility that the spectrum is empty.

ProrosiTioN 11I. B. 5 Let W be a Banach algebra with identity, and let
A € . Then the spectrum of A is non-empty.

Proof Suppose not. Then, for any continuous linear functional ¢ on A
¢ ((Al — A)~') is an entire function of A going to zero at infinity. Hence,
by Liouville’s Theorem, ¢((43 — A4)~') = 0. This is true for all continuous
linear functionals, so {11 — A)~! = 0, which is impossible.

Remark The above proposition is valid without the requirement that
U is complete (but it is necessary that % be normed). In the general case, use
the above argument to show that the resolvent set of A4 in the completion

¥ of ¥ cannot be all of @, and then remark that the resolvent set of 4 as an
element of ¥ is contained in the resolvent set of A as an element of 9.
TuroreM I1I. B. 6 (Gelfand) Let % be a Banach algebra with identity in
which every non-zero element is invertible. Then % = (A}:3e €}, ic., U
is isomorphic to C.

Proof Let 4 €% Then o(A4) + ¢, so A — Al is not invertible for some A.
This implies 4 — Al = 0,ie, 4 = AL
ProrosimioN 1II. B. 7 Let A be a Banach algebra with identity, and let
A € . Then g(A) = sup {|A]: A € o(A)}.

Proof We know from Proposition 111, B. 3 that g(A4) & sup {|2]:d € a(A)}.
Hence, assume that p(A4) > sup {IA}: 2 e o(A)}. Note that g+ (I — pud)™"

1
is analytic on < . Choose r so that g(A) > r
4 lul sup {JAl: 1€ o)

a(A)
> s (Mg leat AV Then, for any Mm@www Ponw
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$((1 — pA)~') has a power series expansion in u convergent for Jul S 1/r.
But we know that the expansion coefficients must be ¢(A") (since (I — pA)~*
= Zu"A" for |u| < (1/141)). Hence, ¢(A")/r* is bounded with respect to n
for all continuous linear functionals ¢. By the uniform boundedness prin-
ciple, this iroplies that [[(A/r)"] is bounded. This violates the assumption
that r < g(A4) and proves the proposition.

C Commutative Banach Algebras

In this section, we make a preliminary investigation of the structure of
commutative Banach algebras. Since the proofs are somewhat technical,
we will give a heuristic summary of the approach to be taken. The method
of attack is to try to realize, in one sense or another, such algebras as algebras
of complex-valued continuous functions. To see how to do this, we first
suppose we have a function algebra % and ask how we can recover the points
ofl the space on which the functions are defined. One fact about the points
of the space is clear: If x is a point, then evaluation at that point [+ f{x)
is a morphism from U to the complex numbers. Such a morphism (or, at
least, one which is not identically zero) we will call a character of 9. Thus,
given an abstract commutative algebra 9, we will try to realize it asan algebra
of functions on the set of its characters, suitably topologized. (Of course,
if we start from an algebra of functions, there may be characters which do
not come from points of the space on which the functions are defined. We
may, however, regard all the characters as points of some “completion™
of the original domain.)

The first technical problem which arises in this program is that of proving
the existence of characters. There seems to be no very good direct way of
constructing them in general. One therefore makes the remark that a charac-
ter, as 2 morphism from % to the complex numbers, is uniquely determined
by its kernel, which is a maximal ideal in 9. Thus, one wants to find maximal
ideals. Now one can make an argument using Zorn's lemma to show that
every non-invertible element of % is in at least one maximal ideal (Pro-
position I11. C. 2). Next, one has to argue that every maximal ideal is the
kernel of a character. This argument has several parts: First one shows that
a maximal ideal must be closed by showing that its closure must either be
an ideal or all of A and ruling out the latter possibility by showing that all
elements sufficiently near the identity are invertible so the identity cannot
be in the closure of any ideal. (Proposition II1. C. 4.) Next one shows that
the quotient of a Banach algebra by a closed ideal is again a Banach algebra.
Finally, one argues that, in the quotient of an algebra by a maximal ideal,
every non-zero eclement is invertible. (Proposition II1. C. 3.) Cowmbining
these two remarks with }hc theorem that the only Banﬂh iugcbra in which

shond tbho oria

Fooo L amar
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tient of % by any maximal ideal is isomorphic to ¢, i.e., that every maximal
ideal of % is the kernel of a chatacter. (Proposition I11. C. 5.)

Now one topologizes the set of characters conveniently and associates
with each element A of % the function A on the set of characters of A which,
at the character y, takes 4(y) = y(A). This gives a morphism of A into the
algebra of continuous functions on the set of characters of %. This morphism
is not very satisfactory in general: It need not be norm preserving (or even
injective) and it nced not take the involution on 9 (if one exists) to complex
conjugation. In the next section, we will see that the situation is much better
if % is a commutative C* algebra.

We now turn to the technical details, starting with some remarks valid
in general normed algebras: Let 9 be a normed algebra, € a closed two-
sided ideal in % For A e /¢, define |l = inf {4} : A € A). It is not
hard to verify that this defines a norm on W/€ (If | Aff = 0,i.e., il A contains
elements of arbitrarily small norm, then, since 4 is closed in %, 0¢e A, ie.
A = 0 in %) making %/ into a normed algebra. If % is complete, so is
A/€. (This is a general fact about Banach spaces: Let (.4,) be a Cauchy
sequence in %/%. It suffices to show that a subsequence of (A,) converges.
Choose a subsequence 4., so that [A,, — Al S 1/2 for m 2 n,. Then
N A., — A, I S 1/2/. Choose representatives 4., of A, such that

NAa, — Aa,, I S 12071, 'I'hcn"zl 4., — 4., .l < ©,"s0 (4.)) converges

to, say, A; hence, A,, converges to 4).

If % is an algebra with involution, and if * = ¢, then we can make
9/¢ an algebra with involution by defining (A + €)* = A* + €. The
involution is compatible with the quotient norm on %/¢. (If W is a C*
algebra, and if € is a closed, two-sided ideal, then ¥ is automatically self-
adjoint and %A/¥ is a C* algebra. We will not prove these facts; they are
contained in Proposition I. 8.2 of Dixmier C*4.)

_ Next, we investigate ideals in algebras:

ProposiTioN III. C.1 Let N be an algebra with identity and let € be a
(left, right, two-sided) ideal in U. Then € is contained in a maximal (left,
right, two-sided) ideal.

Proof Order the set of ideals by inclusion. Let (%,) be an increasing
family of ideals; then |J %, is an ideal containing all the €,. (U ¢, cannot

be all of ¥, since I cannot belong to any ’6',,). The proposition follows
by Zorn's Lemma,

ProPOSITION III. C.2 Let N be a commutative algebra with identity,

and let A €Y. Then A tbelongs to some maximal ideal of N if and onlv if A
. v ad o~ e kDS
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Proof 1If A is invertible, then it cannot belong to any ideal of ¥. If A4
is not invertible, then % - A is not all of A (it cannot contain 1); hence, is an
ideal of U; hence, is contained in a maximal ideal of .

ProposimoN 111. C.3 Let U be a commutative algebra with identity,
€ an ideol of . Then € is maximal if and only if € is a field (i.e., if and
only if every non-zero element of U[€ is invertible).

Proof Suppose U/ contains a non-invertible element different from 0.
Then A€ contains an ideal different from {0}. The inverse image of this
ideal under the canonical morphism A — W€ is an ideal of A properly
comtaining ¢. Thus, ¢ is not maximal. Conversely, if € is not maximal,
there is an ideal / in U properly containing €; the image of / in U/¥ is
an ideal which is not equal to {0}; any element of this ideal must be non-
invertible.

So far, we have been doing pure algebra. We now lock specifically at

Banach algebras.
Prorosimion 111. C. 4 Let N be a Banach algebra with identity, and let
C be a (lef1, right, two-sided) ideal in R. Then & (the closure of €) is also
(left, right, two sided) ideal in N. Every maximal (left, right, two-sided) ideal
in€ is closed.

Proof We consider the case of € a left ideal. Let A €€ and let Be ¥;
we want to show that B- A € €. Let A, be a sequence in € converging to A;
then B - A, is a sequence in € converging to B - A. Hence, B+ A €¥€. Thus,
all that remains to be shown is that & is not all of %. By Proposition III.
B. 2, if |4 — 1)} <1, then A is invertible and heace cannot belong to €.
Thus {A:]A4 — U = 1} is a closed set containing ¢ and hence €, so
1¢%. A maximal ideal is closed since, if it were not, its closure would be
a strictly larger ideal. .

ProrosimoN II1. C.5 Let A be a commutotive Banach algebra with
identity. If € is a maximal ideal, then WIS is isomorphic to @.

Proof 1f ¢ is a maximal ideal, then /€ is a Banach algebra in which
every non-zero element is invertible; hence, by Theorem III. B. 6, is iso-
morphic to C.

A character of a commutative algebra U is a non-zero morphism of A
into the complex numbers. If % has an identity, and if y is a character of %,
then x(I) = 1. The kernel of a character of a commutative algebra with
identity is a maximal ideal of the algebra. Conversely, by Proposition 111.
C. 5, every maximal ideal of a commutative Banach algebra with identity

is the kernel of a character. Thus, characters are, in this case, in one-one
i B ~ ” Vel
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ProrosiTioN IIL. C. 6 Ler W be a commutative Banach olgebra with
identity, and let A € . There is a character x of W such that y(A) = A if
and only if A € 6(A). In pariicular, for any character y of U,

(Al = e(4) = 4]

Proof There is a character y such that 3(4) = 1 if and only if 4 — Al
is sent to zero by some character, which is true if and only if A — Al is not
invertible (Proposition II1. C. 2), i.e,, if and only if 2 € a(A).

A character y of % is in particular a linear functional on %; the above
proposition says that y is bounded and has norm not greater than 1. (The
norm of a character is in fact equal to 1, since y(1) = 1.) Thus, the set of
characters of U is a subset of the unit ball of the dual %* of . We claim
that it is in fact a closed subset in the weak-* topology. Let x, be a net of
characters converging in the weak topology to the linear functional x;
since r,(1) = 1 foralla, x(1) = 1;if 4, Be ¥, then

2(AB) = lim 1,(AB) = lim x.(A) - lim x.(B) = x(4) - x(B),

so x is a character. Hence we have:

ProrositioN I1I. C. 7 Let N be a commutative Banoch algebra wish identity.
Then the separate set of characters of W is compact in the weak-* topology on
the dual of W

The set of characters of ¥, as a topological space, is called the spectrum,
or maximal ideal space, of W; we will denote it by S(¥). If 4 € ¥, we may
define a function 4 on S(W) by A(x) = y(4). We collect in the following
proposition the elementary properties of the map A ++ A, which is called the
Gelfand transform.

Prorosimion 1I1. C.8 Let A be a commuiative Banach algebra with
identity. The mapping A ++ A is a morphism af the aigebra % into the algebra
of continuous complex-valued functions on S(N) with the pointwise operations.
The range of A is precisely the spectrum of A; in particular, | A] = sup |x(A)]
= o(4) S [4]. oS

The functions A separate points of S(Y), i.e., given x,, 11 € S(M), 1, + 22,
we may find A € % such that A(x,) + A(x,).

Proof The fact that A is continuous for all A e % follows tautologically
from the choice of the topology on S(W). The mapping A +» A is certainly

Py
linear; also A - B(x) = y(AB) = x(4) x(B) = A(x) B(x), so A+ 4 is a
morphism. The fact that the range of 4 is the spectrum of A is Proposi-
tion 1]. C. 6. The statement that y, : yy means v,{A) h v.( 4N Far ecnma 4

1.8, [%:A_ga/xl\
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The Gelfand transform generalizes, in a certain sense, the Fourier trans-
form. Let /'(1) denote the space of two-sided sequences of complex numbers
(...yd-3,d.y, 49, ay,...) such that } |a| < . If A4 =(a,), B =(by,

define (A4 - B), = Z a;*b,_,, i.e., define products by convolution. Then it
J

may be verified that /*(1) is a commutative Banach algebra with ideantity.
It turns out that the spectrum of /'(}) may be identified with the complex
numbers of absolute value | with the usual topology; the character ideiitified
with e sends A = (a,) to ;/_ a, ¢". Thus, the map A +» A is just the classical

Fourier transform. In this case, the range of the Gelfand transform is not
all continuous functions but the set of continuous functions with absolutely
convergent Fourier series, and the supremum norm of A4 is generally strictly
smaller than the norm of A.

D Commutative C* Algebras

At the end of the Jast section, we saw an example of a commutative Banach
algebra with identity in which the Gelfand transform sends % to a dense sub-
algebra of C(S(X)). The point of the present section is to show that for C*
algebras the situation is better. Specifically, we will prove:

ThueoreM 11I. D. 1 Let N be a commutative C* algebra with identity.
Then the Gelfand transform is a norm-preserving isomorphism of U onto the
algebra of continuous functions on S(¥).

Before proving this theorem, we will establish some terminology, make
a few remarks, and establish a subsidiary result. An element A4 in an algebra
A with involution is said to be self-adjoint if A* = A and normal if A com-
mutes with A*. For any 4, 4*A is self-adjoint. Any element A of an algebra
with involution may be written uniquely as A = A, + i4, with 4; and A,
A— A

self-adjoint; indeed A = %(A + A*) + i( . A is normal if and

only if A, and A, commute. If A4, B are self-adjoint elements of %, then 4 - B
is self-adjoint if and oanly if A and B commute.

Prorosimion 1I1. D. 2 Let N be a C* algebra, A a normal element of
W. Then g(A) = RA|.

Proof
AZN2 = AT AT = [(AA)) = (A A P = = A AN = A"

Thus
' HADN T a-sh b W I [ WS L) PRTE LIy YA
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Proof of Theorem I11. D. 1 Since A is commutative, every element of U
is normal, so ||| = o(A) = || 4| for all A €¥, i.c., the Gelfand transform
is norm-preserving as a map from % to C(S(N)). We will show that, if A is
self-adjoint, 4 is real. This will imply that {4: A* = A} is a norm-complete
(bence, norm-closed) algebra of continuous real-valued functions on S(¥)
containing the constants and separating points. By the Stone-Weierstrass
Theorem, then, every continuous real-valued function is the image under the
Gelfand transform of a self-adjoint clement of %, so the Gelfand {ransform
is surjective and thus an isomorphism. ( :tl y

Let A € U be self-adjoint. Define exp (id) = Z

LI ]

. It is straight-

forward to verify that [exp (+id4)]* = exp (—iAd) and that exp (+i4)
x exp (—id) = 1. Hence, [exp (£id)|? = |lexp (£id) exp (Fid)| =
Thus; for any character y of ¥,

x ( fo 1/n! (tmr)’ = io 1nt (ix(A)

I 2 [x(exp (2id))} =

= Jexp (tix(D),
so y(A) is real.

Let us look briefly at what happens if % does not have an identity, Then
we can imbed % in 9. The Gelfand transform for 9 then maps A isometrically
onto a subalgebra (in fact, a maximal ideal} of the algebra of continuous
functions on S(‘f[). Now every multiplicative linear functional y on % cxtends
uniquely to a character 7 on U by §(A1 + A) = A + x(A). Conversely, every
character of ¥ restricts to a character of % except for the character f,
defined by #,(A1 + A) = A (which restricts to the zero functional). Thus,
the set of characters of %, which we will again denote by S() and equip with
the weak-* topology, may be identified with S(20) | {x=} (which is a locally
compact space since it is obtained by deleting one point from a compact
space). Moreover, an element A of A belongs to U if and only if 7,(4) = 0,
so the Gelfand transform for ¥ sends ¥ to the algebra of all continuous
functions on S(Qb vanishing at 7, i.c., the Gelfand transform for U sends 9
isomorphically and isometrically onto the algebra of all continuous functions
vanishing at infinity on the locally compact space S(%).

With the detailed information we have about commutative C* algebras,
we can easily analyze morphisms of such objects. Let 9, & be commutative
C* algebras with identity, and let @: % - & be a morphism such that
¢#(lw) = lg. If y is a character of @, then y o ¢ is a character of A. Thus, we
may define a2 mapping ¢* : S(F) — S(Y) by ¢*(x) = xo@. It follows directly
from the definition of the topologies on S(‘ZI) and S(F) that ¢* is continuous.

Conversely, if p* is any continuous mappmg of S(@) into S(), then A+ Aop
N 7 ond~ . lonC /s N e t/ta P
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uous functions on S(&), i.¢c. ,a morphism from % to B. Thus, morphisms from
A to @ sending 1y to lg are in one-one correspondence with continuous

mappings of S(#) into S(N).

ProrosiTioN H1. D. 3 Let W, @ be commutative C* algebras with identity,
» a morphism of W into B sending 1y to lg, p* the associated mapping from
S(F) to S(N). Then ¢ is injective if and only @* is surjective, and @ is surjec-
tive if and only if p* is injective. If p is injective, then |q(A)| = I A] for all
Ael

Proof Since p* is continuous and S(@) is compact, p*(S(H)) is compact
and hence closed in S(). Now q(A) = 0 if and only if y(7(4)) = 0 for
all yeS(4), i.c., if and only if A = 0 on *(5(B)). This shows that p is
injective if and only if zero is the only continuous function on S(Y) vanishing
on p*(5(4)). Since p*(S(A)) is closcd, this is equivalent to *(S(F)) = S(W).
If @ is injective, then Jp{A)] = sup {],((r;(A))l z € S(#)} = sup {lp*(x) (Al

iy € S(B)} = sup {Ix(Dl: y € SQO} = |41

The morphism @ is surjective if and only if, for all Be3, there is an
A€ Wsuch that Aop® = B. Il p* is not injective this is clearly not possible
since, if ¢°(y,) = ¢*(x2), no B separating z, from x, can be so obtained.
On the other hand, if @* is injective, then it is a continuous one-one mapping
from the compact space S(4) to the compact set ¢*(S(#)) = S(¥). But such
a mapping has a continuous inverse (it sends closed sets, i.c., compact sets,
to sets which are compact; hence closed, so the inverse image under its
inverse of a closed set is closed.) Thus, all we have to do is to extend the
continuous function & o (p*)-!, defined on p*(S(F)), to a continuous func-
tion A on all of S(¥). The Tietze Extension Theorem asserts the existence
of such an extension, so the proposition is proved.

E The Spectral Theorem for Bounded Normal Operators on Hilbert Space

As an example of the power of the methods we have been discussing, we
will show that they lead to a very quick proof of the spectral theorem for
bounded normal operators. Let ) be a Hilbert space, and let 4 be a bounded
operator on J¢ which is normal, i.c., which commutes with its adjoint. (In
particular, 4 can be sell-adjoint or unitary.) Let U be the C* algebra gene-
rated by A and ), i.e., the norm closure of the set of all polynomials in 4 and
A*. %is a commutative C* algebra, and hence is isomorphic to the algebra
of all continuous functions on a comnpact space. (It is worth remarking that
in this case, S() may be identified with the spectrum of A, regarded as a
subset of €. The proof is as follows: Consider the mapping S(U) - C
defined by y +» x(A). This is continuous by the definition of the topology

on S(%), and its image is cnclly the spectrum of A. Since y(4*) = y(A)
A A, "10""/3;- R AR Y SNy U S AR ntulwlv Y APR
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functional, two characters which agree on A agree on all polynomials in 4
and A* and, hence, by continuity, are equal on W. Thus, the mapping
% +* x(A) is continuous and one-one from S(‘ll) to a(A4). But we have already

observed that a continuous one-one mapping between compact spaces is a

homeomorphism, so S(¥) is homeomorphic to a(A4)).
Now let us assume, temporarily, that % has a cyclic vector, i.c., that thcrc

is a vector ¢ €5, which we may take to have norm one, such that {B¢: :

Be W) is dense in #. We will define a linear functional u on C(S(%)) by
p(B) = (¢ BE). We claim that u is positive and hence defines a measure on

S(%U). To see this, suppose that § = 0 everywhere. Then v B(V/ denotes the

positive square 1oot) is again a continuous function on S(%) and hence is

the Gelfand transform of a self-adjoint element of QI,_YVhich we will denote
by \/B, and which evidently has the property that (\/8)’ = B. Then

w(B) = (&1 88 = (¢|VB-VBE) = (VBENBE) 2 0.

This shows that u defines a measure on S(%); we will also denote the me-
asure by u. We now claim that we can define a unitary mapping of X into

Lty BE ++ B,

It is not clear at the momeunt that this mapping is well defined, but we have,
for B,Ce9,

(BE( CE) = (£] B*CE) =fd,;§2 = [duBiC.

50 the proposed mapping preserves scalar products, so it is well defined and
length-preserving; since it is defined on the dense subset %£ of A and has
range the dense subset C(S(Y)) = £3(u), it extends uniquely to a unitary
operator U from 5 onto £*(u). Now let B e ¥ be arbitrary; we have

AB = UABE = UAU-'UBE = UAU-'8, —

so UAU-! is equal to the operator M ; of multiplication by 4 on the dense
subset C(S(U)) of £%(u); since both operators are bounded, they must agree
on all of #3(u). Stripping away the details of the construction, we see that
we have proved the following: If ¥ has a cyclic vector, then A is unitarily
equivalent to the operator of multiplication by a continuous function on
£*(u), where ps is a Borel measure on a compact space (Moreover, the space
may be taken to be 6(A4) and the function to be the co-ordinate function z.)
We now must remove the requirement that % have a cyclic vector. To do
this, we use the fact, to be proved later, that if % is any concyete C* algebra
containing the identity operator on a Hilbert space o, then ¥ may be

decomposed into a direct sum of subspaces ¥ = @ 2, such that each
tef

2, is mapped into itself by each element of % and such that the restriction

d . siviedie e

PR NVAE 3
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of UrAn each J;: ha< ~ oyfic verfor (See Propasitiont|. F 2\ e e cac
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use the above argument to show that A, restricted to any J¢,, is unitarily
equivalent to the operator of multiplication by 4 on #*(u,) for some me-
asure y; on S(%). We may now construct a (possibly very large) space .4 by
taking the disjoint union of one copy of S(¥) for each i € I and defining a
Borel measure u on this union by requiring that its restriction to the i**
copy be just u,. Then £ ?(u) may be identified with @ £*(u,), and this

tel
identification makes A unitarily equivalent to the operator on Z*(u) of
multiplication by the function whose restriction to each copy of S(¥) is
just A. Thus, we can formulate the following theorem.

TuroreMm I11. E. 1 Let A be a bounded normal operator on a Hilbert
space. Then A is unitarily equivalent 1o the operator of multiplication by a
bounded continuous function on £* of a Borel measure on a locally compact

space.

The realization of A as a multiplication operator may be thought of as
“diagonalizing” A. We may easily deduce from this statement the version of
the spectral theorem expressing A in terms of a projection-valued measure:
Let A = UM, U-!, where M, is multiplication by f on #2(u) and let S
be a Borel subset of €. Let U-'P(S) U be the operator of multiplication by
the characteristic function of {x: f(x)e 5} on # (u). It is casy to check that
§ ++ P(S) is a projection-valued measure on € and that, for any ¢ € ¥,

(E1M,8) = [ X1 dPA) &).
C

If A is self-adjoint, then f is real so the projection-valued measure P is
concentrated on the real axis, and we get the usual representation of a
bounded self-adjoint operator in terms of its spectral resolution.

In the classical versions of the spectral theorem, it is shown that, if A is
self-adjoint and if B commutes with A, then B commutes with the spectral
projections of 4. We can prove this a follows: Let F be any closed set in the
spectrum of A. Then there is a non-negative continuous function C(1)
on a(A4) equal to one on F, aid strictly less than one on the complement of
F. Cis the Gelfand transform of an element C of %, Since, by assumption,
B commutes with A, it commutes with all polynomials in A, and hence with
all elements of U; in particular, B commutes with C. By realizing 4 as a
multiplication operator, and applying the monotone convergence theorem,
we sce that C"¢ converges to P(F) & for all £ € ¥, Thus

BP(F)¢ = lim BC*t = lim C*BE = P(F) B¢

Lind -] A=* o

for all ¢ €, i.c., B commutes with P(F) for all closed F< o(A). It is easy

to see that the collection of subsets G of o(A) such that P( mmutes
s - D ¥ bl prasn Ay s 3 bm
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it contains all Borel sets, i.c., P(E) commutes with B for all Borel subsets £

of a(A). s

One advantage of the derivation of the spectral theorem that we have
given over the more classical ones is that it shows that any collection;
finite or infinite, of commuting self-adjoint operators can be simultancously
diagonalized, i.c., realized as multiplication operators on an #? space.
The proof is the same; one has only to replace % by the C* algebra gencralcd

by the family of operators in question.

F Generalities on Representations

Let U be an algebra with involution. A representation of % on a Hilbert
space ¥ is a morphism of W into the C* algebra £(¥") of bounded operators
on o, (Thus, we are defining “‘representation” to mean ‘‘representation
by bounded operators”. We will see later that, if % is a Banach algebra with
involution and identity and if 7t is any morphism of % into the set of (pos-
sibly unbounded) operators on a dense domain in a Hilbert space with
adjoint defined in the obvious way, then 1(A) is bounded for all A € % and,

indeed, i
a0 s AL,

Two representations :x and ' on Hilbert spaces " and 2" are said to be
unitarily equivalent (% = x') if there is a unitary operator U from ¥ to X"

h that
suc a U_| :!r(') U = -’l(‘).
Let (z1))1er be an indexed set of representations of ¥ on Hilbert spaces
(o). If, for each A € ¥, sup §a,(4)l < oo (In particular, if 9 is a Banach
]

algebra with identity, by the remark made above), we can form the direct

sum representation @ 1, on the direct sum Hilbert space @ 2, as {ollowS'
tel let

e 2, is the set of indexed families (£,) with &, € 5", such that ; &4 < 0.

For A € ¥, the operator $ a,(A) is defined to take (¢,) to (-r,(A) &)

If ot is & representation of 9 on A, and if > is a linear subspace of ¥,
we say that X! is an invariant subspace for n if a(A) #' = ¥ for all
A e If o' is invariant, so is its orthogonal complement X#'4, since if
te N, ne#'L and 4 € ¥,

Ela(A)n) = (2(A%) £ n) = 0.
Now if #! is closed and invariant, and if P, is the projection onto .X"?,
we have PerA(A)E = Pt A(AY Por & + Poes st(AY (1 — P} &
= a(d) Pord
since () Prde X! and al) (b — P, ée X't
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Thus, P, commutes with 2(4) for all A € A. Conversely, if P.er commutes
with s1(A) for all A € U, then ! is invariant. Thus: A closed subspace #°!
of X is invariant for st if and only if P.: commutes with n(4) for all 4 € 2

There is a particularly trivial kind of representation for any algebra %,
that in which n(4) = 0 for all 4 e . We want to split any representation
into a part of this kind and a part in which such pathology is entirely absent.

PropositioN 11I. F. 1 Let A be an algebra with involution, x a representa-
tion of W on a Hilbert space X. Then =t splits into the direct sum of {wo
orthogonal invariant subspaces X'\ and X'y; )X, is the closed linear span of

{((A)¢é: 4N Eer),

and
Hy={teX:a(d)¢ =0 forall Aed}.

If W has a identity, then aQY) is the projection onto X°;.

Proof Let X, and ¥ be defined as in the statement of the proposition.
We have to show that ¥, = X'}, First note that, for a fixed A, the ortho-
gonal complement of the range of x1(A4) is the null space of t(A*). This is
true since 7 is orthogonal to the range of a(A) if and only if (7| 2(4) §) =0
for all £ e, which is true if and only if (a(A*) ] &) = 0 for all £ eoX,
which is true if and only if t(4*) n = 0. Thus, the orthogonal complement
of O, is the intersection over A € % of the aull space of n(4*), and this is
what we have called ;. It is clear that O, is invariant, so X, is also.
If % has an identity, then (1) is the identity on 2, and zero on 5¥,, so

a(1) is the projection onto ;.

With the notation of the above proposition, we say that 1 is non-degenerate
if #; = {0}. A vector ¢ is said to be a cyclic vector for x if {n(A) §: 4 € U}
is dense in X and a1 is said to be a cyclic representation if it admits a cyclic
vector. From the above proposition it is clear that a cyclic representation
is non-degenerate. The converse is not true, but we have;

ProrosiTioN 111. F. 2 Let U be an algebra with involution. Then every
non-degenerate representation of W is a direct sum of cyclic representations.
To prove this, we need the following:

Prorosition I11. F. 3 Let % be an algebra with involution, x a non-
degenerate representation of W-on X, and & € #. Then a(N) & is a closed in-
variant subspace of X containing §.

Proof of III. F. 3 1t is clear that a(%) £ is invariant; let P be the projec-

tion onto this subspace. Then P commutes with 1(4) for all 4€¥, so
0= (1= P)a(A)t = a(A) (I — P)E, so (I — P)¢ =0 by the non-degeneracy
————————



&

Proof of III. F, 2 We use Zorn’s Lemma. Consider the collection of all1
sets {5’} of pairwise orthogonal closed invariant non-zero subspaces of;
¥ such that the restriction of &t to each °; has a cyclic vector. Order this |
collection by inclusion. It is nearly obvious that the hypotheses of Zorn's
Lemma are satisfied. Thus, there exists a maximal collection {#,}(,r. The‘f
maximality implies that there is no non-zero cyclic subspace orthogonal to !
all the 5Z,. By II1. F. 3, this means that ¥ = @ ¥,. (Otherwise, there would i

lel
exist & # 0 orthogonal to all the #°,’s; then (%) & would be a cyclic subspaoc i
orthogonal to all the #,’s.)

If % is an algebra with involution and T is a representation of U on a
Hilbert space >, we say that =t is irreducible if the only closed invariant
subspaces for  are {0} and . The term *‘topologically irreducible” is
sometimes used for this concept, the term *‘irreducible’ being defined to
mean that the only invariant linear subspaces, closed or not, are {0} and .,
We will not have occasion to use the stronger notion; anyway, it turns
out that, for A a C* algcbra, they are cquivalent. (See Dixmier, C*4,
Corollaire 2.8.4, p. 45).

ProposiTion 1II. F. 4 Let % be an algebra with involution, 7t a represen-
tation of W on a Hilbert space X°. Then the following are equivalent. '

158 - 0. E. LANFORD 11

i) = is irreducible.
it) The only orthogonal projections on X commuting with a(A) for all
AareQandl.
iii) The only bounded operators on X commuting with a(A) for all A are

scalar multiples of 1.
If z is non-degenerate, these are all equivalent to

iv) Every non-zero vector & € X is a cyclic vector for n.

—

Proof i) and ii) are equivalent, since we have already seen that a closed
subspace of ¥ is invariant for 1 if and only if its orthogonal projection
commutes with a{A) for all A. Clearly, iii) implies ii); we now show that ii)
implies iif). Thus, let ii) bold, and let T be a bounded operator commuting
with all n(A4)'s. Then [n(A), T*] = [T, n(A*)]* = 0 for all 4, so T* also

. . o .
commutes with all 1(4)’s. Hence, T +2 T and T — also commute with

2i

all a(A)'s so if we can show that, if T is a self-adjoint operator commuting
with all (A4)’s, then T is a scalar multiple of 1, we are through. But if T
is self-adjoint and commutes with all z1(A)’s, then the spectral projections
of T must commute with all a(4)’s; hence, by ii), must all be zero or L
This implies that T is a scalar multiple of L.

Now let =t be non-degenerate and irreducible, and let fe#°, & + 0. By
Proposition 1L F.3. a0 £ is a non-zern claced invariant sullammms:
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hence, must be all of 5, so £ is a cyclic vector for zx. Thus, i) implies iv).
Conversely, suppose = is not irreducible, and let § be a2 non-zero element of
a proper closed invariant subspace, J¥,. Then a(¥) § = ¥, & ¥, so §
cannot be a cyclic vector for zt. Thus, iv) implies i) and the proof is complete.

G Positive Linear Functionals and the Gelfand-Segal Construction

We saw in the last section that every non-degencrate represeatation of
an algebra % with involution may be written as a direct sum of cyclic re-
presentations. We are now going to show how to describe a cyclic represen-
tation of Y by a linear functional on U of a special kind. Thus, the study of
representations is reduced, in a certain sense, to the study of the so-called
positive linear functionals on . The definition of positive linear functionals
is motivated by the following remark: Let U be an algebra with iavolution,
st a representation of U on a Hilbert space ¢, § a vector in . Define a
linear functional ¢ on U by ¢(A4) = (£|:(4) §). Then, for any A€ Y,
P(A*A) = (£ |a(A°A4) &) = ((4) & 2(A4)8) = 0. We are thusled to define:
A positive linear functional on an algebra % with involution is a linear
functional ¢ on % such that ¢(A4*4) = 0 for all 4 € Y.

The study of positive linear functionals is largely based on the remark that,
if ¢ is a positive linear functional on %, then we can define something which

is almost an inner product on % by
(A | B) = ¢(A*B).

We have thercfore to review some elementary facts about spaces with inner

products.
Let E be a vector space over the complex numbers. A sesquilinear form

on E is a mapping (£, 1) + (€| n) from E x E to C, such that
Caf + B i) = alk 18> + fnl ),
Gl +pn) =018 + LT

for a,fe @, & nleE. A sesquilinear form is positive semi-definite if
(& &) Z 0for all § € E, and positive definite if (5| €Y > Ofor¢ € E, & + 0.
A positive-definite sesquilinear form is also called an inner product. A vector
space equipped with a positive semi-definite sesquilinear form is called a
pre-Hilbert space; if the sesquilinear form is positive definite, we speak of a
strict pre-Hilbert space. Elementary arguments show that a positive semi-
definite sesquilinear form is hermitian, i.e.

Kty =<l

and satisfies the Schwarz inequality

{re s wvm  ~ 0 ve s




> e <l

0. E. LANFORD 11l

If we define ¢} = \/(5 | &) then ||| is a semi-norm on E; the semi-norm is
a norm if E is a strict pre-Hilbert space. Any strict pre-Hilbert space may
be completed, i.e., linearly iinbedded as a dense subspace of a Hilbert space

in an inaer-product preserving way.
There is also a standard way of constructing from a pre-Hilbert space E,

{1, a strict pre-Hilbert space: Let
I={¢ecE:(§]&) =0},

Since ||-] is 2 seminorm, 7 is a linear subspace. If § — £* and 5 — 5" belong
to /,

IET = K& ' M s I = &Il + [ g = 'l s Inl e — &1
+ 1E M — n'll = 0.

Thus, (& | > only depends on & + 1, + I. In other words, the sesquilinear
form (- |-) may be regarded as mapping E/I x E/] to C; this mapping is
casily seen to be a scalar product on E/I. We shall speak of E/I with the
scalar product constructed in this way as the strict pre-Hilbert space as-

sociated with E, (- 1+).
Returning to positive linear functionals, we have:

Frorosimion 1. G. V' Ler N be an algebra with incolution, ¢ a positive
linear functional on M. Then, for &, ne W,

$ET) = $n*6);
I mI* S $(E*E) - ¢(n*n).
If N has an identity, then
$(€°) = ¢(¢);
[P S P(E%E) - ().

Proof Everything follows from the fact that (¢ [ n) = $(£*n)is a positive

semi-definite sesquilinear form.
We now come to a less trivial result, that positive linear functionals on

Banach algebras with identity and involution are automatically contin-
uous.

ProrosITION I11. G. 2 [er N be a Banach algebra with identity and
involution, and let b be a positive linear functional on . Then ¢ is continuous

and 1l = ¢(1).

Froof Let &€, and assume £ < 1. We will prove that

F(EE) < (D).
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Then, by the Schwarz inequality .
1N S B(E%E)-d(1) s $(1)?

if 1€l < I; thus, ¢ is continuous and ||| < $(I). The other inequality is

iinmediate; |¢| = (1) since 1] = 1.
To show that $(£*£) < ¢(I), we prove that I — £*£ has a positive square-

root. Consider the series
€8 _ .
3!

e 22
ey - 11D

! 113
2 22 20 2122

7=1-
(We haveinserted £*£ for = in the Taylor series for v/ 1 — 2 about z = 0). The
scrics converges since V1= zis analytic for |z] < 1 and since ||£*£) < 1.
Also, nis self-adjoint since it is a sum of self-adjoint terms. Exactly the same
calculation as that required to show that

Thus
0 < ¢(n') = d(1) — d(£°8), so (1) 2 H(£°E).

Remark For C* algebras, one can prove by a different argument that
every positive linear functional is continuous without the assumption

that % has on identity, See Dixmier, C*4, 2.1.8.

We define as state of a Banach algebra with involution to be a continuous
positive linear functional ¢ of norm one. If % has an identity, we may remove
the requirement that ¢ be continuous, and replace the requirement J¢] = 1
by ¢(1) = 1. Notice a peculiar property of the norms of positive linear
functionals: If & is an arbitrary Bavach space, and if ¢, y are linear func-
tionals on &, then {|¢ + yJ is normally strictly less than [¢] + flyll. For

example, if & is a Hilbert space, then
I + vl = Il + Nyl

only if ¢ and y are linearly dependent. However, if ¢ and ¢ are positive
linear functionals on a Banach algebra with identity and involution, then

¢ + y is also positive, and
e + wll = (@ +v)(1) = H(1) + w®) = Idl + {lyl.

By this remark, the set of states of a Banach algebra with identity is convex.
Using the above proposition we can prove a result about the continuity

of representations.
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ProrosiTion 111 G. 3 Ler % be a Banach algebra with involution, nt a
morphism of Winto the algebra of all linear operarors on a pre-Hilbert space

2, such that, for £, ne¥
Elad)nd = (4*) Elnd.

Then a(4) &} < N1 AL 1], for all £ e X",

Proof If % hasno identity, extend x to ® by defining 51(1) to be the identity
operator on 2¢°, Thus, we may assume that ¥ has an ideatity. Now, for
any &€, define a linear functional ¢, on ¥ by ¢, {A4) = (£ |a(4) &).
¢, i3 positive, so, for any A € 9,

BaCe) & ~ Elala* ) & = (A% A) S LA (d1))

= {417 1607

We are now ready to construct a representation associated with a positive
functional. The idea is as follows: We begin with a positive linear functional
¢ on an algebra N with involution and identity. We make ¥ itself into a
pre-Hilbert space by (A4} B) = §(A*8). Let I = {4 eWM:P(A4*4) = 0}.
For each .{ e 91, we define a linear mapping ., of % into itself by L, 8

= 4 B.
Evidently, L, I, = . 4 and

L RICY = (B LCH.
We want to show that each I, induces a linear mapping on the quotient
space W/I. To do this, we have to shosw that
$(B°B) = 0 implies G(B*A*4B) = 0.
To do this, we note that ¢(") = $(B*() B) is a positive linear functional,
and hence, by the Schwarz inequality, we have: e
[$(BeAABN = |dp(A* AN S ¢a(1) - Pp((A°4)7)
= $(B*B) $»((4°A4)’) = 0.

Now Jet x”, denote W[/, 7,(A) deuote the linear operator induced on
.,Y" by L,, and £, denote 1 + ]s;t", Then we have:
Turorem 1. G.4 Ler ¢ be a positive linear fimctional on an algebra %
with involution and identity. Then there exist a strict pre-Hilbert space X,
a morphism 7, from W 1o the algebra of all lincar mappings of X'y into itself,
and a vector &, € X, such that:

DAY = (17,04 ¢8,) forall AU

i) (F(A) E 1) = (8] 4,(A4%) ) forall 4%, E, r]e}i”

iii) X‘, = 7,(M &,.



TOPICS IN FUNCTIONAL ANALYSIS 163

’

Finally, these objects are unigue up to unitary equivalence, le., if X', n
and &' also satisfy i), ii) and iii), then there exists a mapping U of X, onto
', preserving inner products, such that

Ut =) U = 3,()
Uf‘ = 6'-

Proof Conditious i), ii), iii) are straightforward verifications. To prove
the uniqueness statemeat, show, again by a simple computation, that
U

dy(A) &g+ ' (A) &

preserves inuer products (aund is therefore well-defined) and bas the desired
algebraic properties.

CoroLLARY III. G. 5 Let « be an automorphism of U such that ¢(xA)
= ¢(A) for all A € Y. Then there is a uniquely determined unitary operator
0 ,(«) on A, such that

0 (x) &, = &,; Uy(a) 5,(4) 0.',,', = f,(cA) forall Aded.

Proof Apply the umqucncss pmt of the preccdmg theorem with Jt’,
=X, &, = §, and—r‘ a =,

We may regard Jt", as a dense linear subspace ofns completion J#,, and,
il ° is a Banach algebra, Proposition II1. G. 3, assures us that each :7,(A)
may be exteuded to a bounded linear operator n,(4) on ,. It is worth
proving the theorem in this form, allowing for representations by unbounded
operators, since it gives the Wightman Recoastruction Theorem in field
theory. Let S(5) be the set of all sequences (f*'),n = 0, 1, 2, ... such that
S© is a complex number, f* is a smooth, rapidly decreasing complex-
valued function on (R*)* and f™ = O for all but finitely many n's. S(5) is
a vector space in an obvious way, aud we define

L]
(f. g)(.) (Xl p veoy XI) = Jzofuy(xl » oy XJ) g(hn(x,({l » evey X.)
(S ey eeey ) = [0, ooy 1),
These operations make S(%) into an algebra with involution and identity
(but not a Banach algebra). Representations &t of S(&) with reasonable

continuity properties may be thought of as specified by an operator-valued
distribution $(x) by

a((f) = zj ...jdx,... A, Oy, oo %) Blxy) oo D).

Thus, a scalar Wightma ﬁcld dcfr?:s a rcprﬁscntnuon of /(&). Co vcrscly,
n sef Wi Wn (%) ~Mn 1hé) o ¥
of Wighthnza A posivie
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tional on # (%) by
) =3 ‘ (dr, ety [y, LX) F A, e X
L b

so the above theorem enables us to reconstruct a Wightman field given a set

of vacuum expectation values.
We now restate the above theorem specialized to the case in which %

is a Banach algebra with involution and identity, taking advantage of the
fact that the 7,(.4)'s arc automatically continuous.

TuroreM 111, G. 5 [et o be a Banacl algebra with involution and identuty,
and let $ be a positive lincar fimctional on N, Then there exist a Hilbert space
Xy, arepresentation vy, of Mon ¥, and a cyclic vector &, for v, such that

F1) = (5,1 a,(A) f,)
Sorall Ae N If ' ' L are another triple of objects satisfying these condi-
tions, there exists a unique unitary operator U mapping X 10 X such that
UE, = &; Un () U =a'({) forall Ae¥.
If « is an qutomorphism of W such that (ecA) = $(A) for all A €U, there 1s
o unique unitary operasor U («) en X, such that
U2V &, — &, Ude) 1 () Uy}t = (o d).

We will speak of (X', a,, &,) as the canonical cyclic representation of
N associated with ¢ the construction of this representation is called the

Gelfond-Segal construction,

H Pure States and Irreduciblie Representations

We continue our investipation of the relation between positive linear
functionals and representations by determining when the cyclic represen-
tation associated with a positive functional is irreducible. Suppose we start
with a functional ¢ and construct the cyclic representation (¥, a,, &,),
and suppose that this representation is not irreducible. Let P be a non-
trivial projection commuting with 1 ,(A) for all .4 € A Consider the~func-

tional o(A) = (P&, | 2,(4) PE,).
This is certainly a positive, and
PO = o(d) = (Gl 2,0 &) — (PEIPa(A) &) = (&1 p(A) &)
— (P a4 E) == P, |a,010¢E,)
= (1 = P&, [a,(0)A=-)E),
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so $(A) — p(A) is again a positive linear functional on 9. Next, we claim
that g is not simply a numerical multiple of ¢. Suppose the contrary is true,
i.c., 0(A) = (2)(A) for all A € U. Using the fact that P commutes with 1,(4)
for all A we compute that

(14(B) &4 | Pay(A) &,) = o(B*A) = Ap(B*A) = A~ (7,(B) &4 | 14(A) &)

Since vectors of the form 1 (B) £,(B € M) are dense in ¥, this equality implies
that P = Al, which contradicts the assumption that P is a non-trivial pro-

jection.

We now make two definitions: If ¢ and o are positive linear functionals
on an algebra % with involution and identity, we say that ¢ majorizes
o(h 2 o) il ¢ — g is a positive linear functional. We say that a positive linear
functional ¢ is pure if the oaly positive functionals majorized by ¢ are scalar
multiples of ¢. What the above argument shows is that if the representation

71, is not irreducible, then ¢ is not pure.
Let us next try to prove the converse: Let g be a positive linear functional

majorized by ¢. We note that
lo(B*A)N* S o(B*B)o(A*A) S H(B*B) d(A*A)
= [ (B) £, 17 - iy (A) €401
Thus, there exists a unique linear operator T such that
(14(B) &4 1 Ty (A) &) = o(B*A).
If o is not a scalar multiple of ¢, then T"is not a scalar multiple of 1. More-
over, T7is positive
((1g(A) £4 | T y(A) &) = o(A*4) 2 0),
and ITIS 1. For A, B, Ce ¥,
(71 (B) &4 | Tr (C) ,(A) &,) = o(B* CA)
= ((C*) 74(B) £4 | Tay(4) £4),
so [T, 21,(C)] = 0. Thus, T commutes with (). But if any operator which
is not a scalar multiple of } commutes with (%), 7, is not irreducible. We

have thus shown that, if the functional ¢ is not pure, the representation 7,
is not irreducible. We have, in fact, proved the following proposition.

Prorosition 111. H. 1 Ler W be a Banach algebra with involution and
identity, let ¢ be a positive linear functional on U, and let (¥,,7,, &,) be
the associated cyclic representation. Then n, is irreducible if and only if ¢
is a pure positive functional. Moreover, there is a one-one correspondence
between positive functionals on W majorized by ¢ and positive operators on
S, of norm not greater than one commuting with n,(A) for.all A€, the
correspondence being defined to associate with the operator T the functional

A+ (TE, [ 1,(A4) &,).
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Suppose, now, we consider states of ¥ (i.e., positive linear functionals of
norm one) and ask when a state ¢ is pure. We claim that this is the case if
and only if ¢ is an extremal point of the set of states of . Suppose first that

¢ is not extremal; then we can write
¢ = b + $a,

where ¢, is a state different from ¢. Then § ¢, is a positive functional on ¥
majorized by ¢ but not a scalar multiple of ¢, so ¢ is not a pure positive
functional. Conversely, suppose ¢ is not a pure positive functional, and let
g be a positive functional majorized by 4 but not a scalar multiple of ¢.

Then:
(") (P-0)()
$C) = o)+ (b~ ) () = o) EL 1 (1) — o(1) =822
) DO =l gy D
and since ~—~— g() (47 Q)() are states of %, we have displayed ¢ as a

(l) (4’ -

noan-trivial convex combination of states of 9 and hence have shown that
¢ is not an extremal point of the set of states of 7L We thus have:

Cororrary I 1.2 Ter S hea Banach algebra with involution and identity,
and let ¢ be a state of N Ther v, is irreducible if and only if ¢ is an extremal

roint of the set of states of L

Remark  The sct of states of Wis a weak-* closed subset of the unit ball
of the dual of ; henee, is weak-* compact, If fis separable, then the set of
states of Wis metrizable in the weak-* topology. We may therefore use Cho-
quet theory to decompose general states of ¥ into integrals of pure states.
His decomposition is closely connected with the decomposition of the cor-
responding cyclic representation as a direct integral of irreducible represen-
tations. The decomposition of states into pure states is, however, usually
noa-unique. It may be shown that the set of states of a C* algebra % with
identity is a simplex anly if 9 is commutative. (Dixmier, C*4, Exercise

2.12.17, p. 7).

I Morphisms of C* Algebras

In this section, we will prove some technical results about morphisms of
C * algebras. Specifically, we will show that any morphism of C* algebras is
norm-decreasing (in particular, continuous), and that any injective mor-
phism is norm preserving, These two results imply that the normon a C*
algebra is unique.
Prorosition HI. 1. U Ler N be a Banach algebra with involution, # a C*
algehra, and v a morphism from N 1o B. Then

WO <
fir il Ae L el = 41
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Proof We can assume that & has an ideatity (If not, adjoin one). If %
does not bave an identity, or if it does have an identity but it is not seat by =
to the identity of &, adjoin an identity and extend = to send Iy to le. Thus,
we can assume that % and & both have identities and that = sends Iy to
l4. Let A € 91; we claim that the spectral radius of 2(A) is not greater than the
spectral radius of A: 4

e(1(4)) s o(4).

Indeed, if 4] > p(A), then 2ly — A is invertible in U; since v sends identity
to identity, (Mg — A)~') is an inverse for Mg — (A), s0 1 ¢ o(n(A)).
Now for A e ¥,

1407 2 MA*A)] 2 o(A*4) 2 o(a(4°4)).

But a(A4*A) is a self-adjoint, and hence normal, element of the C* algebra @,
so its norm is equal to its spectral radius, i.c.,

e((A4%4)) = [a(4° Al = [a(A)* a(AH = |a(A)0*

Combining these relations gives
140% 2 la)l.

ProrosmoN I11. 1.2 Let N, B be C* algebras, and let 71 be an injective
morphism of Winto &. Then a(A) = [[A]] for all A e U.

Froof We have already proved this result if %, @ are both commutative.
€ * algebras with identity and if :x sends identity to identity (Proposition I11.
D.3) We will reduce the general statement to the commutative case by
using relation JA*A] = JA}?. We first have to fix the identities. If % has an
identity, then n(ly) is an identity for 7(¥); replacing @ by =(X) if pecessary,
we can assurne that & has an identity and that =t sends identity to identity.
Suppose ¥ has oo identity; then, since x is injective, 14 (which it may be
necessary to adjoin) cannot belong to 1(%); then we can extend x to a by
a(lg) = Iy without spoiling the injectiveness of n. Thus, we may assume
that % and & have identities and that & sends identity to ideatity.

Now let 4 be a self-adjoint element of ; then n defines an injective
howmomorphism from the commutative C* sub-algebra of U generated by
A and ly to the commutative C* sub-algebra of @ generated by n(A4) and
l4. Since we already know the result for commutative C algebras,

(D = A1
for A self-adjoint. Now let A be as general element of U; then |A||2 = | A*A]}
= ||2(A*A)| = [|7(A4)[|?, so the result is proved.

We can now see that the norm on a C* algebra is uniquely determined.
The crudest form of this assertion is the remark that, if 9 is an algebra with

LA FAL TN RO B L N
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the identity mapping is a morphism from W with || || to % with § | and hence,
by the first proposition, [.4}}" S ||4}. Interchanging the roles of || | and
fi 1" gives the opposite incquality and hence proves that i | = || II'. The se-
cond proposition enables us to prove a somewhat more subtle form of
the uniqueness of the norm. Let % be a C* algebra with a norm | {f, and
let |}’ be another norm making A into a normed algebra with in-
volution and satisfying | A* AN = (JAN')?, bur with respect 10 which U s
not necessarily complete. Then the completion % of % with respect to the
prime norm is a C* algebra; the identity mapping is an injective morphism
from A to W, and is hence norm-preserving by the second propasition. Thus,
I = f I In other words, if % is an algebra with involution, and if it admits
one norm making it into a C* algebra, then it admits no other norm with
the right algebraic propertics to make it a C* algebra, i.e., the topofogy of U
is buift into its algebraic propertics.

There is another consequence of the above propositions which is someti-
mes useful. Let a: N — 2 be a morphism of C* algebras. Then, since
is continuous (first proposition), ker (1) is closed in U, and, by general
algebra, ker () is a scll-adjoint two-sided ideal of M. We have already
quoted the fact that the quotient of a C* algebra by a closed, seif-adjoint, two-
sided ideal is a C* algebra. 1 induces an injective mosphism 3 ; ker (7) -+ B.
By the second proposition, 3 is norm-preserving, so its image is complete and
hence closed in A. But the image of 7 is the samie as the image of 7, iec.,
the image of any morphism of € * algebras is closed.

J Positive Elements of C* Algebras
In this section, we will show that every C* algebra is isomorphic to a norm-
closed self-adjoint algebra of operators on a Hilbert space. By Proposi-
tion HI. 1. 2, it suffices to show that every C* algebra admits an injective
(i.c.. Maithful) representation. The maia iogredient of the proof is the fact
that, if A is any element of a C* algebra, then A* .4 has specttum contained
in the positive real axis. We need first:
Lessia HILJ 1 Ler % be an algebra with identity, A, Be W If A 4 0 is in
the resolvent set of A - B, then 2 is in the resolvent set of B - A (i.e., the spec-
trunm of A - Bis the same as the specirum of B - 4 except possibly for 0).
Froof Wecan assume 1 ~ | by scaling, say, .4. Thus, we have to show that
I - B.disinvertibleif ¥ — 4 Ris. Thiswedo by exhibiting anexplicit formula:
(= RO ' =1+ BU — AB) ' 4.
It is trivial to verily that this formula is correct; the formula may be re-
membered by noting that, if §.4} < 1, |8} < |, then

(1 = BA)"* = Sj (BAY =1+ BA + AB + (4B)' + ..)- A

A=g

=1+ B — AN 4.
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Now if % is a C* algebra, we will say that an element A of U is positive
(A Z 0) if A is self-adjoint and if the spectrum of A is contained in [0, co).
The set of positive elements of % will be denoted by 4,.

Remark Let A be a self-adjoint element of ¥4, and let & be the sub C*
algebra of % generated by 4 and 1. We claim that A is positive as an element
of %if and only if it is positive as an element of &, and, more generally, that
the spectrum of A as an element of % is the same as its spectrum as an element
of 4. Certainly, the spectrum of 4 as an element of % is contained in the
spectrum of A as an element of @, since an inverse for (Al — A) in @ is an
inverse in 9. In particular, the spectrum in % is contained in the real axis.
Let 2 be a point of the spectrum of 4 as an element of 4. Realmngﬂ as an
algebra of continuous functions, we see that

lim J((X + ie) 1 — A)'| = 0.

0
But if 2 were not in the spectrum of A as an element of %, we would have
to have hm ((/1 +ie)l — A)-' = (21 — A)-*; this is impossible by the

above, so l is in the spectrum of A as an element of %, i.e., the two spectra
are identical.

ProrosimionN [11. J. 2 Let N be a C* algebra with identity. The set of
positive elements of U is a conrex cone in the set of self-adjoint elements of
M with Uas an interior point, and A, N (—9N,) = {0}.

Proof Itisclear that, if 1 > 0 and 4 € %, then A4 € U,. Thus, to prove
that 91, is a convex cone, it suffices to show that

{Ae¥, :)A4] < 1) is convex.

Now let A be sell-adjoint. We can identify the C* algebra generated by 1
and A as the algebra of continuous functions on a compact space, It is then
clear that, il 4} < 1, then A is positive il and only if 4 — 1] < 1. The set
of such A's is clearly convex, so {4 € U,: Al 5 1} is convex. Furthermore
I is an interior point of %, in the set of self-adjoint elements of Y. Finally, if
A e, n(—9%,), then since o{4) = {0} and A is self-adjoint, 4 = 0.

The key technical result is now the following.
ProposiTiON 111. J. 3 Let U be a C* algebra with identity. An element of
W is positive if and only if it can be written as A*A, with A € .

Proof The “only i[" is trivial; any positive element of % has a positive
square root. Thus, what we have to show is that A*4 e ¥, for any A€ .

This is clear if A is self-adjoint. In the general case, by realizing the sub-
algebra generated by A*A and I as an algebra of continuous functions, we

see that we can write
A*4 =R - C, with B, Ce?N, B-C ~C-B=0;
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we want to show that € = 0. We have:
(ACY* AC=C(B-C)C = ~C?e - U,.
We can also write
AC = § + 7T, § and T self-adjoint, so
(ACY {C) = (S - iN(S+iT)y =S + T* +i[S, T).
(ACY(4C)* = ST + T? — i[5, T], so
UOY(HCY = - (AC)* (HC) + 2A(S? + T e, since

(ACY* (4CYe — N, ; S*eN,, T2 e A, ,and A, isaconvex cone.

Thus, the spectrum of ({C) (4C)* iscontained in [0, @), By Lemma lll. J. 1,
this implies that the spectrum of (4C)* (AC) is contained in [0, w} i.e., that
(AC)* (AC)e N, . Since we already know that (AC)* (4C) = —C’e -, ;
we have —C? e, i~ --M,, s0 C* == 0,50 C = 0.

Once we have this result, we know that a linear functional on % is positive
if and only if it is positive on A, We can therefore prove:

ProposiTioN HL. J. 4 Tet W be a C* olgebra with identity, 8 a sub-C*
algebra containing 1, ¢ a positive linear functionol on R. Then ¢ maoy be
exrended to a positive linear finctional ¢ on N, and we have 1§ = |$l.
If § is a pure siate of B, then § may be taken 10 be a pure state of 9.

Proof Consider the set %, of self-adjoint elements of % as a real vector
space; U, is a convex cone in ¥, with 1 as an interior point. The extension
theorem for positive functionals (Sec. I. C.) tells us that the real-linear
functional ¢ on @ N A, positive on # n U, may be extended to a real-linear
functional ¢ on %, positive on ¥,. Extend ¢ to a complex-linear functional
on % by $(A + iB) = F(4) + if(B). Then § is positive and cxtends ¢.
Also I = &1) = ¢(1) = [I¢|; the middle equality holds because le 4.
It remains to prove the last assertion. Let ¢ be a pure state of & (i.c., an
extremal point of the set of states of #), and let & be the set of all positive
linear functionals on % extending ¢. Then &P is a non-empty convex subset
of the uait ball of the dual of %; mereover, & is wenk-* closed and therefore
weak-* compact. By the Krein-Milman Theorem, & hag at least one extremal
point$. We claim that ¢ must be a pure state of A To sec this, let
¢ = (P, + $;), where F, and §, are states of U, Then ¢, = ¢, | @ and
$3 = §3 | F are states of B, and (P, + ;) = ¢. But by assumption ¢
is a pure state of &P, so b, = $, = ¢. Hence, §, and ¢, are both extensions
of ¢, i.e., §, and F; belong to Pb. Since § is an extremal point of B, and since
b, +F;) =&, wehave . = &, = & so Fis an extremal point of the set
of states of %, ic., a pure state of o,
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From the above extension theorem, we get:

ProrOSITION I11. J. 5 Let N be a C* algebra with identity, and let A € %,
A # 0. Then there is a state ¢ of U such that $(A*A) > 0.

Proof Let® be the sub-C* algebra of U gencrated by I and A*A4. Since
A*A4 # 0; there is a character x of @ such that y(4*4) > 0. Then y is a
state of &; we may therefore extend y to a state ¢ of %

Now, finally:

Tueorem [11. J. 6 Let A be a C* algebra. Then U is isomorphic to a norm-
closed self-adjoint algebra of operators on a Hilbert space.

Proof By adjoining an identity of necessary, we can assume that %
has an identity. Since an injective homomorphism of C* algebras is norm-
preserving, we have only to produce a representation &t of U such that, if
40, a(A4) 4 0. For each state ¢ of U, construct the associated cyclic
tepresentation (X, 1, £,), and let 1 = @ z1,. We claim that zx is injective.

¢

Let 4 € A, A 4 0; then by the preceding proposition, ¢(A*A) > 0 for some
state . This implies that Ja,(A) &7 = (&, |7,(4°4) &,) = $(4°4) > 0,
5o 1,(4) + 0,50 a(4) + 0.

IV Yon Neumann Algebras

A Introduction and Preliminarjes

We have scen that C* algebras may be regarded as algebras with involu-
tion which are isomorphic to norm closed algebras of bounded operators on
Hilbert space. We now want to investigate von Neumaunn algebras, i.c.,
scif-adjoint algebras of operators on Hilbert space which are closed in the
weak operator topology. Unlike C* algebras, which have many important
propertics which can be investigated abstractly, i.e., without realizing the
algebras concretely on Hilbert space, von Neumano algebras are very
closely tied to the Hilbert space on which they act, and their study is based
largely on Hilbert-space techniques.

Let > be a Hilbert space; we are going to define various topologies on
the set Z(o¢) of all bounded operators on .
1. The strong operator topology on Z(5¢) is defined by requiring that a net
A, converges to A if and only if, for all £ € #°, A,£ — A& in the Hilbert space
S, Alternatively, we say that a set G < Z(5¢) is open in the strong operator
topology if, for all A € G, there exists a finite set £,, ..., &, of elements of ¥
and an & > 0 such that G cootains {Be Z(¥): B — A& S & for
I < i 5 n}. Note that this condition imposes no constraints at all on what
B does on the orthogonal complement of the subspace generated by &,,...,¢.,
s no non empty strongly open set in 2°(¥7 is bounded in the norm.
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2. The weak operator topology is defined by requiring that a et A, converges
to A if and only if, for all £, ne 5, (n| AE) — (n ] AE). As before, we can
also describe explicitly the open sets: A set G < L(5¥) is open for the weak
operator topology if, for every A € G there exist &,, &,,n, ..., 7. € ¥ and’
& > 0 such that (9, B) ~ (| AéM) S efor 1 Si S nimplies BeG.

"It is clear that a net which converges in the norm, or uniform, topology
on 2Z(¥) converges to the same limit in the strong operator topology, and
that a net which converges in the strong operator topology converges to the
same limit in the weak operator topology. In other words, the uniform
topology is stronger (finer; has more open sets) than the strong operator
topology, which in turn is stronger than the weak operator topology.

We can now make the essential definition: A von Neumann algebra is a
self-adjoint algebra of operators on a Hilbert space, which contains the
identity operator and is closed in the weak operator topology. We will see
shortly that it is equivalent to require that it be closed in the strong operator
topology. Requiring that the algebra be strongly closed is, however, much
more restrictive than requiring that it be norm closed. For example: Coun-
sider the algebra of all continuous functions on [0, 1], regarded as multi-
plication operators on 2'! of lebesgue measure. This is a norm-closed
algebra of operators, but it 1s not closed in the weak operator topology.
Its weak closure is the algebra of all bounded Borel functions modulo
functions which are zero almost everywhere, these functions again being
regarded as defining multiplication operators on 2%,

There are two other topologies on (") whose usefuluess is less imme-
diately evident, but which turn out to be very important for technical

purposes:

3. The wltrastrong operator topology is defined by rcquiring that a net 4,
converges to 4 if and only if, whenever (£,) is a sequence of elements of ¥

such that
YU < o, T NAE — AEN? - 0.
7 ]

Roughly speaking, to approximate an operator A in the strong operator
topology, one must be able to approximate it on any finite set of vectors
simultancously while to approximate it in the ultrastrong topology one must
be able to approximate it on a countable set of vectors simultancously but
the approximation an most of the vectors need not be very good.

4. The ultraweak operator topology is similarly defined by requiring that a
net 4, converges to .{ if and only if, whenever (£,) and (#,) are two sequences
of vectors in ¥, such that

?: Bl -l < ooy 3 (| A E) — ;(m | AL).

It is nearly obvious that the ultrastrong operator topology is weaker
than the uniform topology, but stronger than the strong operator topology,
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and also stronger than the ultraweak operator topology, and that the ultra-
weak operator topology is stronger (i) than the weak operator topology.
Note, however, that a bounded net A, which converges to A in the strong
operator topology also converges in the ultrastrong operator topology:
Let (£,) be any sequence of vectors such that Z 1&* < o0, and assume
|4, € M for all a. We want to show

limy B A5 — AS)? =0
a i
given that

lim A5 — A5 =0 forcachi.

El

Now »
limsup ¥ 145 — ALN Slimsup ¥ 14,5 — A&)?

. i . =1
+ X AMTNER = Y AME IR

tlmn+ |} lmn+)

This is true for all n, so

limsup 3 4,8 — A& =
a {

We may re-express this remark by saying that the strong and ultrastrong
topologies on Z () agree on bounded sets. A similar argument shows that

the weak and ultraweak topologies agree on bounded sets.
There is another way of looking at the ultrastrong and ultraweak topolo-

o«
gics which is sometimes useful: We form the dircct sum @ ¥ of countably
(=1

many copies of ¥, and we represent Z(¥) on @ ¥ by the direct sum of

fm]
countably many copies of the identity representation. More concretely,

given A e Z(¥), we define an operator 4 on @ H# by A(E) = (AE).
=1

It is nearly trivial to verify that a net A, converges ultrastrongly (ultra-
weakly) to A if and only if A, converges strongly (weakly) to A. It is also
o

sometimes uscful to identify @ ¥ as ¥ @ 12, where I? is the space of all
fml
scquences (@.aw1.z2.., with 3 [a,|* < co. The identification may be carried

out by mapping (§) to Y & ® I, where [, el? is the sequence with zeros
t=y

everywhere except in the i'® place where there is a one. With this identifica-
tion A corresponds to the operator A ® 1.

The ultrastrong, ultraweak, strong, and weak operator topologies all have
some unpleasant features with respect to the algebraic operatiobs. Consider,
for example, the mapping A ++ A*. This is continuous in the weak operator
topology: A net A, converges to A if and only if (n] 4,8) ~» (n | A¢) for all
£, ne ¥, taking complex conjugates gives (£ An) - (£| A*n), which
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implies that 42 converges weakly to 4°*. A similar argument shows that
A+ A* is ultraweakly continuous. On the other hand, this mapping is not
continuous with respect to the strong or ultrastrong operator topologies:
Assume for simplicity that ¥ is separable and has a complete orthonormal set
($1). Define an operator Son # by S, = 0; Sy -, fori=1,2,3 ..

For any E=Y Abet,
St= Y A, so SR = Y AR
' lwat !

+

{=a

which goes to zero as n goes to infinity. Thus S converges strongly to 0 as
n goes to infinity. On the other hand, it is easy to check that §* is given by
S*P, = ¢br. i = 1,2,3... and hence that

[ (S 2 = |5 Febef = S

5o (S*) does not converge strongly to zero as i1 goes to infinity. Since the
sequence (S¥) is bounded, and since the strong and ultrastrong topologies
agree on bounded sets, this same exauple shows that .4 + 4* is not contin-
uous in the ultrastrong topology.

Furthermore, the mapping ( f, #)++ .4 - B is not continuous in any one
of the four topologics we are considering (i.c., multiplication is not jointly
continuous). This is easy to sce for the weak topology: The sequence §”
constructed in the preceding paragraph converges strongly to zero and hence
also converges weakly to zero; since taking adjoints is continuous in the
weak operator topology, ($*)* also converges weakly to zero. But S*(S*)*
= 1 which certainly does not converge weakly to zero. The argument for
the strong operator topology is a bit more subtle. We note first that, if a
sequence A, converges strongly, then [A,£[l is bounded in n for each &,
and hence, by the uniform boundedness principle, [A4,] is bounded in n.
Now let 4, be sequence converging strongly to A, aod let B, be a sequence
convergiog strongly to B; we will show that A, B, converges strongly to 4 - B.

Thus, let £ € #°; then
fABE — ABE 5 i4.B.f — ABE| + [ A.BE — ABE|
S Al H(Ba = BY &+ (s — A) (BH] - 0.

Nevertheless, the product is not jointly continuous in the strong topology.
(And this shows, among other things, that one can make mistakes by
arguing about sequences rather than general nets.) Indeed, if W is any strong
neighborhood of zero in 2(#), we will show that there exist 4, Be W
such that A - B = L. By the definition of the strong topology, I contains a
set of the form

{[Ce LNt se for 1 SPS/).
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Here, {,, ..., {, arc clements of 2’ and & > 0. Let
M

M = sup ——
T
We again assume for simplicity that J is separable, and we construct the
operator S as above. Since (S™) converges strongly to zero, we may choose n
so that
IS0 < {7 for i=1,2..Jj.

Let A =M-5,B= ~—:;— (S*)y. Then

A °
{7 e for i=1,2 ...J

DALl = M-S0 s

so 4 e W, and
1 1 .
1B = T HS*y (il = v I s8 for i=1,2,../

(by the choice of M), so Be W. But A4 - B = S7(5*)" =1l as asserted. A
similar argument shows that the product is not jointly continuous in the

ultrastrong topology. .
The pathologies of the operator topologics are somewhat mitigated by the

following remarks:

1. The product is continuous in each variable separately in any onec of the
operator topologies. We will prove this for the weak operator topology:
Let 4, be a net converging weakly to A4, and let B e £(>¢). Thep, for any

§.neX, (| ABE) — (n] ABE),
so A B converges weakly to AB, and
(1 BAE) = (B*n| A8) = (B*n | AL) = (n| BAY),

so BA, converges weakly to B- A.

2. The mapping (4, B) ++ A - B is jointly stroogly continuous on bounded
sets in (). Let A,, B, be bounded nets converging strongly to A, B
respectively. Then, for any § € ¥

148,86 — ABLI 5 14,88 — ABL| + 4B — ABE]
S WA 1B.& — BEN + | 4.(BE) — A(BEI -~ 0O

so A, - B, converges strongly to A B. (Incidentally, we needed only the
boundedness of 4, to make the above argument work). Since the strong and
ultrastrong topologies agree on bounded sets, multiplication is also jointly
continuous on bounded sects. We have, however, already given an example

which shows that, even on bounded sets, multiplication is oot jointly contin-
uous in the weak operator topology.
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We summarize the state of affairs in a table:

Topology Ay AT Multiplication
Uniform Continous Jointly continuous
Ultrastrong Not continous  Separately continuous
strong Not jointly continuous ,
Jointly continuous on bounded sels
Ultraweak Continuous Separately continuous
weak Not jointly continuous cven on bounded sets

It should be remarked that the negative statement made above are correct
only if the Hilbert space on which the operators are acting is infinite-
dimensional. If the Hilbert space is finite-dimensional, all the operator
topologies coincide. We also add a remark about terminology. One com-
monly says “‘weak topology', or “strong topology’, rather than **weak
operator topology™ or ‘‘strong operator topology™. This language is
somewhat unfortunate, since, for example, the term *‘weak topology”
ought to be applied to the weak topology of Z'(¥) as a Banach space (which
is oot at all the same as the weak operator topology). Nevertheless, it is
frequently convenient to use expressions like **weakly continuous’ instead
of saying “continuous in the weak operator topology’. We will use the
imprecise terminology freely, except in places where it secms to lead to

serious ambiguities.
We will review here a few ideas from operator theory which will be needed

later. Let ¥ be a Hilbert space, X', and A", closed subspaces of J¥°. An
operator U on ¥ is said to be a partial isometry with initial subspace ¥,
and terminal subspace ¥ if:

i) U¢ = 0if § is orthogonal to oY,

i) U, restricted to ¥,, is an isometry from ¥, onto 2 (i.e., U is unitary
from ¥ to ¥,). If U is a partial isometry with initial subspace ¥, and
terminal subspace o'y, then it may be verified that U* is a partial isometry
with initial subspace 2¥; and terminal subspace ¥, and that

UtU =P, UU* = Py,

Conversely, if U is any operator such that U*U = P, then U is a partial
isometry with initial subspace ¥, (and terminal subspace Uo¥,).

Now let 4 € Z(); then 4*4 is a positive self-adjoint operator, and
therefore has a unique positive square-root, which we will denote by |A|.
For any f e,

BAENY = (A4S A8 = (§] A*AL) = (&) A1 &) = 1A} &1,
Thus, there is a unique unitary operator U, from the closure of the range of
}.4f to the closure of the range of {4 such that

Ut =
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We extend U, to a partial isometry by making it zero on the orthogonal
complement of the range of [A|. Note, incidentally, that the orthogonal
complement of the range of |A| is just the null space of |A4], which is the
same as the null-space of A. Thus, any bounded operator 4 may be written

uniquely as A = U A|
- A 1]

where |.1] is a positive operator vanishing on the null-space of 4 and U,
is a partial isometry with initial subspace the orthogonal complement of the
null-space of A and terminal subspace the closure of the range of A. This
way of writing A is called the polar decompasition of A. From the uniqueaess
statement, it follows that, if W is any unitary operator such that WA W-!
= A, then W[AJW-' = |A| and WU, W-' = U,, (since A = (WU ,W-")
x (W|A|WV-') is another polar decomposition of A). Thus, any unitary
operator commuting with A also commutes with (4| and U,. It is not
necessary for the contruction that A map a Hilbert space into itself. If A
is a bounded operator from ¥ to ¥, then A can be written uniquely as
A = UJAl; where |A| is a positive operator on ¥ and U, is a partial
isometry with initial subspace the orthogonal complement of the oull-space
of . (in ") and terminal subspace the closure of the range of A4 (in ).

We also need some facts about increasing nets of operators: 4 net A, of
self-adjoint operators is increasing if A, 2 A4, whenever « 2 8. If [|A,] is
bounded, then for each £ €., (£ ] A,¢) is a bounded increasing net of real
numbers and hence converges. The polarization identity gives:

O 1 A48 = HIE + gl A8 +m) — (6 —nlALE - )

so (n | A,8) converges for all &, n € #. The limit is a bounded bilinear form;
hence, defines a bounded operator A, and we have shown that A, converges
weakly to 4. It may also be shown that A, converges strongly to A: Let
& e, and consider (4 — A,) &2 = (] (4 — A)? ).

The sesquilnear form (& n) = (§] (A — A,)n) is positive semi-definite, so
the Schwarz inequality holds. Inserting (4 — A,) £ for n, we get

(1A = A)E) = (A = A)E S VI (A = A)E[(A-A)E)
VETA =AYV ET A = AP ).

The first term goes to zero and the second term remains bounded, so
lim (4 — A,) &l = 0, i.e., A, converges strongly to A.

In particular, let (P)io¢ be a family of mutually orthogonal projections,
and consider the net of finite partial sums of this family. This is an increasing
net of projections, and hence converges strongly to a limit, which may
casily be scen to be the projection onto the subspace generated by the union

of the ranges of the P,. We will write this limiting projection as ). P,.
tal

More generally, if (P)is is any family of projections, not pecessarily
mutually orthogonal, we consider the net, labelled by the finite subsets

I
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(iy, ..., iy) of I, defined by Py, . .1y = P, v, ..., vP,, i.c. the projection onto
the subspace generated Ly the union of the ranges of Py, , P,.. This is
again an increasing net which converges strongly to the projection onto the
subspace generated by the union of the ranges of all the P,’s; we denote this

limiting projection by V P,.

fel

B Linear Functionals on Operator Algebras

Before we can begin the study of von Neumann algebras proper, we nced
a few more technicalities having to do with linear functionals on operator
algebras. Since the various operator topologies we have introduced are all
weaker than the uniform topology, we do not expect, in general, that all
norm-continuous linear functionals will be, say, strongly continuous. We
want to sec what can be said about special properties of functionals which
are continuous in one or another of the operator topologies. The basic fact
is that such functionals can always be written as sums (possibly infinite)
of functionals of the form 4 4+ (£ ] Ap) with £, ne ¥,

Prorosimion IV. B. U Ler (&), () be two sequences of elements of X
such that Y 150 - Il < oo Then the mapping A v+ Y (n,} A&) is ultra-
i t

weakly, and hence ulrastrongly, continuous. Conversely, if W Is a linear
subspace of 2(2¢), and if  is an ultrastrongly continuous linear functional
on A, then there exist o sequences (&), (1,) as above such that

PlA) o= 24 (ol A48).

In particular, $ is wliraweakly continuous, i.e., a linear functional is ultra-
weakly continuous if and only if it is wultrastrongly continuous. The above
statements remain (rue with “ultrasirong’ replaced by “‘strong”, “‘ultra-

weak" repluced by ‘‘weak’, and infinite sequences replaced by finite ones.

Proof The first assertion is immediate: By the definition of the ultra-
weak topology, if a net A, converges ultraweakly to A, then

;(771 | AED) — ‘Z(Ul | A&),

i.e., the linear functional ¥ (0, | A£,) is ultraweakly continuous.
[}

Now let ¢ be an ultrastrongly continuous functional. By the definition
of the ultrastrong topology, there exists a sequence (&) in 5¥ such that
SHEN? < co and such that ¥ A& < & implies [$(A)] < 1. Regard ()
] oy 1

as an element of @ ¥, and consider the linear subspace {(4£,): A e A} of
@© i=1
@ . On this subspace, the correspondence (AZL,) ++ P(A) is well-defined

{=]
and continuous, since v HALN? < e implies f(A4) < 1.
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Extending by continuity, we get a continuous linear functional on the

closed linear subspace {(4¢&): A€ 91} of @ J¥. By elementary Hilbert space
[N

theory, a continuous linear functional on a Hilbert space is always given
by taking the scalar product with an element of the space, so there exists

an clement of @ ¥, i.c., a sequence (y,) with ¥ [n,* < oo, such that
tm [}
$(A) = Y (9,1 A&) for all A e Y. This, then, proves the assertions about
!

the ultrastrong-ultraweak topologies; the proofs for the strong-weak topo-
logies are similar.

Remark It follows from the above proposition that the ultraweak
topology could have been defined as follows: A net 4, in Z(o¢) converges
to A in the ultraweak topology if and only if $(A,) converges to ¢(A) for all
ultrastrongly continuous linear functionals ¢. In other words, the ultraweak
topology is the weakened topology associated with the ultrastrong topology.
Similarly, the weak operator topology is the weakened topology associated
with the strong operator topology. It is a general fact about topological
vector spaces that a locally convex topology and its associated weakened
topology have the same closed convex sets (although the initial topology
may have many non-convex closed sets which are not closed in the weakened
topology). We will prove this result for the case at hand; the proof is valid in
general.

ProvosinioNn IV. B. 2 If K is a convex set in L(X), the strong operator
closure of K is the same as its weak operator closure, and the ultrastrong
closure of K is the same as its ultraweak closure.

Proof 'We will prove only that the strong operator closure of X is the same
as the weak operator closure. The weak operator closure of X is a strongly
closed set containing X, hence, contains the strong operator closure of K.
If we show that the strong operator closure of K is weakly closed, we get the
opposite inclusion and thus finish the proof. Replacing X by its strong
operator closure, which is again convex, we assume that X is closed in the
strong operator topology but notin the weak operator topology, and attempt
to derive a contradiction. Let A be in the weak operator closure of X but not
in K. Since K is convex, and closed in the strong operator topology, we may
apply the Hahn-Banach Theorem to show that Amay be separated from X
by a strongly continuous linear functional, i.e. there is a strongly continuous
lincar functional ¢ such that

Re {}(A)} > sup {Re{ $(B)}: Be K}.
But since ¢ is strongly continuous, it is also wecakly continuous, and the

above incquality contradicts the assumption that there is a net A, in K

Convereing seadb o1y f
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Remark There do exist convex sets which are ultrastrongly closed but
oot stroogly closed, e.g., the kernel of a linear functional which is ultra-
strongly coatinuous but not stronogly continuous. ’

We next want to see what happens when the functional ¢ is assumed to
be positive: '
PropPoSITION IV B. 3 Ler N be a self-adjoint subalgebra of Z(X), cont-
aining the identity operaror, and let $ be an ultrastrongly continuous positive
linear functional on M. Then there exists a sequence ({|) of vectors of X such
that ¥ 0.1 < o and such that

i

$(A) = ‘Z(C: (1))

or all A€ If ¢ is strongly cantinuows, the sequence of {,'s may be taken

to be finite.

Proof We will consider only the ultrastrong topology; the proof of the
assertion for the strong operator topology is best obtained by repeating
the argument with appropriate modifications. Furthermore, we may replace
A by its norm closure, i.c., we may assume that [ is a C* algebra.

We know two things alteady:
1. Since ¢ is ultrastrongly continuous, we may wiite $(4) = (| 4¢),

where £, ne @ X (Wc have used the fact that, if £ = (£),n = (n,),
1=1

(n!.48) = z"j(m l 45.))-

2. $(4) 2 0 for 4 2 0.

We want to combine these to show that ¢(4) = (| A) for some e B .
fe

Oue might hope to prove this simply by being careful in the choice of 5, but
it turns out to be easier to use a trick. Consider the positive linear functional
v(.1) = (£ + )| A 4 u)). Let A be a positive operator in A; then

w(A) = (E1AD + (p]dn) + 2(n | AE) 2 25(4).
Hence, the positive functional v majorizes ¢. Consider the cyclic subspace of

£+ yin @ ¥, ic, the closure of [.-T(S + n): Ae¥), and the.represen-
f=1
tation of U defined by restricting cach A to this cyclic subspace. By the

uniqueness of the Gelfand-Segal construction, this representation is uni-
tarily equivalent to the cananical cyclic representation associated with the
positive linear functional ¢. Since y majorizes ¢, we know by Proposition
IT1.H.1 that there is a positive operator T on the cyclic subspace, commuting
with g for each A €9 such that

BA) = (T + ) | AE + ) = (VTE + )| AVTE + ).

Fetting & = (L) \’/.I_'(f b we have the desiced cesnlt.
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Now let ¢ be a ultrastrongly continuous positive linear functional on a
self-adjoint sub-algebra U of Z(o¢) containing the identity operator. We
know that we can write:

$(4) = ¥ (€1 AL), where L'V,IIC.IIz = ¢(1) < .

Define a lincar operator p on X by
of = Z {8 18).

Then g is positive as (¢ | o) = Z I, ] E)I2. Also, if (£,, ..., &) is any finite
orthonormal set in ¥,

TG let) = ¥ TIGIEN S TR = 40,

The bound on Y (§,1p&,) which is independent of n implies that the
l=1

operator p is of trace class.
By the properties of ({,), we have for any complete orthonormal set (£,)

and : A€,
MY AET ) = L) = Y (61 A G 8
=) (& | dpé,) = Tr(4p).

e, f(4) = Tr (Ap). Thus we have:

Prorostrion 1V.B.4 Ler A be a self-adjoint subalgebra of ¥£(°) containing
the identity operator, and let ¢ be a positive ultrastrongly continuous linear
Sunctional on A. Then there exists a positive linear operator g of trace class

such that
$(4) = Tr(Ag)

Jor all A eN. Conversely, if ¢ is a positive linear operator of trace class,
A Tr (dp) is an ultrastrongly continuous positive linear functional on

2L(H).
It remains only to prove the converse statement. By the spectral theorem,
we may write p& = Y (¢, | €), where the £, are eigenvectors of ¢ and the

corresponding eigenvalue is I, ]1%.
By the finiteness of the trace of g, Z I¢i)1? < 0. We have
¢

Trod) = ¥ (& ledE,) = Z'(falC.) (i1 48)

= E‘:(Cl | ALy,

(Here (£,) is any complete orthonormal set in ¢).
Thus A ++ Tr (pA) is a positive ultraweakly continuous linear functional
on LSOy Mate facidentally that the £, are mutnally arthogonal, so
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Proposition 1V.B.3 can be refined by adding the requirement that the {; be

mutually orthogonal. _
We will refer to p as a density matrix determining ¢. It is not, in general,

uniquely determined by ¢ (but is uniquely determined if A = 2(¥)).

Note A positive linear functional ¢ on a von Neumann algebra U is
said to be normal if, whenever P, is an increasing net of projections in %
(this means P, 2 P, when a Z fi) converging to P (i.c., P is the projection

onto the closure of U P,o¥"), we have

$(P) = lim $(P,).

Since P, converges to P in the ultrastrong topology, any ultrastrongly conti-
nuous positive linear functional is normal. It turns out that the converse
is true: A positive linear functional on a von Neumann algebra is normal if
and only if it is ultrastrongly continuous. (We will not give the proof that
normality implies ultrastrong continuity; it is sketched in exercice 9, p. 65
of Dixmier AvN.). The uscfulness of this result lies in the fact that it is fre-
quently easier to verify that a functional is normal than that it is ultra-
strongly continuous.

To summarize: A positive linear functional on a von Neumann algebra
is normal il and only if it is ultrastrongly continuous, which is true if and

only if it is given by a density matrix.

C The von Neumann and Kaplansky Density Theorems

We have defined a von Neumann algebra to be a weakly closed self-
adjoint algebra of bounded operators on a Hilbert space containing the
identity operator. In this section, we give a more algebraic characterization

of von Neumann algebras.
Let A be any subset of £(#); we define the commutant of M, written
M’, to be the set of elements of ¥(X) commuting with every element of

M.
ProrosiTion 1V.C.1  For any subset M of L(X), (M U M®) is a von
Neumann algebra.

Proof 1tis clear that (M U M *) isan algebra of operators, and that the
identity operator belongs to (M U M?*), If A € (M U M*), then

[4*, B] = ([B*, AD)* =0 forall Be(MuU M?®*), so (MuAM®)

is self-adjoint. Finally, (M w M *) is weakly closed. If 4, is a net in
(M u MY converging weakly to 4, and if Be A v M*®, then

(4, 8] = AB — BA = lim (4,B — BA,) = lim0 = 0,

by the separate continuity of multiplication, so A € (M U M*)'.
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pProvosimioN 1V.C.2 If M, N are any subsets of L(), and if M <= N,
then M' o> N', and M < M.

Proof If M < Nand 4 € N’, then A commutes with every element of N;
hence, with every element of M, so Ae M'. If Ae M, and Be M’, then A
commutes with B, Hence, A commutes with every element of M’ iec.,

Ae M.
We now come to the crucial:

Tueorem 1V.C.3  (von Neumann Density Theorem, Bicommutant Theorem).
Let N be a self-adjoint subalgebra of (X containing the identity operator.
Then the ultrastrong, strong, ultraweak, and weak closures of % are all the

same, and are equal 10 A",

Thus, a von Neumann algebra could alternatively have been defined as a
sell-adjoint subalgebra of () equal to its bicommutant,

Proof We know that A" is a von Neumann algebra, and that 4 > %A
If we can show that 9 is ultrastrongly dense in A", then, since A"’ is ultra-
strongly closed, it is equal to the ultrastrong closure of %. But A" is also
strongly, weakly, and ultraweakly closed, so the ultrastrong closure of YU
coincides with the strong, weak and ultraweak closure, and with %", The
problem, then, is to prove that U is ultrastrongly dense in €”, i.e., that, given
any Be A, any sequence (£,) in X such that ) {1¢,{7 < oo, and any s > 0,

[
there exists A € % such that Z [BE, — ALY? < &. We now use the trick of
thinking of (£)) as an clcmcn( £ of Q) 2 and note that what we have to
(=1
prove is precisely that B¢ is in the closed linear span of {A¢: 4 € U}. Let P
denote the projection from & 2 onto this closed linear span; then what
i=1

we have to show is that PRt = BEf. Regard A + 4 as a representation of U;

then the projection P onto the cyclic subspace 9¢ commutes with A for
every A € U (since the cyclic subspace is invariant). Thus, Pe . Let us
admit, without proof for the moment, that Be %", Then

PBE = BPt (since Pe W and Be @)
= BE, (since & belongs to the cyclic subspace 9£),
50 we are through, except for the verification that Fe 9", To carry out this

verification, we note that any operator C on @ X, is defined by a matrix
(Cy,) of bounded operators on ¥, so that  '~!

(CH), = Z Cuf/-
]
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(Warning: The conditions on the matrix (C,,) required to make it the matrix -;

of a bounded operator are very complicated; we do not need to investigate

them since we are starting from a bounded operator C). Now Ce A if and -

only if Y AC,,£, =3 C,,AE, for all i and all (¢), i.e. if and only if C,, € w,
J 7

for all ¢, j. Reversing the above calculation shows that, if Be %, and if

C,; €%, for all i, j, then B commutes with Ci.c., that Be A"

We can now read out some consequences. Let A be any element of a von
Neumann algebra 2. We may write A4 = A, + i4;, with A, and A, self-
adjoint. In the proof of the spectral theorem we showed that the spectral
projections of any sclf-adjoint operator are strong limits of polynomials in
that operator. In particular, the spectral projections of A, and A, belong to
9. But on the other hand, any self-adjoint operator can be approximated
arbitrarily well in norm by finite linear combinations of its spectral pro-
jections. Conclusion: Let % be a von Neumann algebra; then the set of
finite linear combinations of projections in A is dense in . Thus, an operator
A’ is in W if and only if it commutes with all the projections in 2. If Pis a
projection, then 2/ — 1 is a unitary operator, so we can similarly conclude:
An operator A’ is in W if and only if it commutes with all the unitary
operators in M. So far, we have not used the bicommutant theorem. We
use it by remarking that, since 90 is a2 von Neumann algebra, % = A", so we
may interchange the roles of % and W', to get:

ProrosiTioN IV.C.4  Ler A be a von Neumann algebra; then if Be (X))
commutes with all unitary operators commuting with all operators in W, then
B¢ W In parucular, if 4 €W, and i we write the polar decomposition

A= U4},
then |A| and U, belong 10 A.

It is worth knowing what happens when we take closures of algebras
without identity. Thus, let ¥ be a self-adjoint subalgebra of £(#°). Regard-
ing W as a representation of itself, we may use the general decomposition of a
representation of an algebra with identity into a non-degenerate part and a
trivial part (Proposition II1.F.1) to decompose X = #°; @ #,, where

Ny ={feX: 46 =0 forall AeW)

and ¥, = closed lincar span of the union of the ranges of the operators in A.
Let P be the projection on #,; then, for all A €U, P4 = AP = A, so
P eW. It then turns out that the strong, weak, ultrastrong, and ultraweak
closures of A all coincide; the closure contains P, and is obtained by restrict-
ing all operators in % to 5’ , taking the bicommutant (in #(5#,)), and then
extending by zero. Thus, an arbitrary weakly (or strongly, etc.) closed sclf-
adjoint subalgebra of Z(¢") splits into the direct sum of a von Neumann
algebra and the zero algebra.
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We sketch the proof of the above assertions. It is clear that the closure
of A in any of the topologies is obtarned by restricting to #°,, taking the
closure in the corresponding topology on #(5,), then extending by zero.
Since P restricted to 2, is (he identity, we have only to prove that Pis in the
ultrastrong closure of A and then to apply the bicommutant theorem to the
ultrastrong closure of U restricted ¢, .

To prove that P is in the ultrastrong closure of U, we note that P is the
supremum of the projections onto the ranges of the self-adjoint elements of
. First, let A be a single self-adjoint operator in 9L It follows easily from the
spectral theorem and the dominated convergence theorem that, if P(2)
is a sequence of polynomials which is uniformly bounded on the spectrum
of A and which converges pointwise to the function equal to 1 for z + 0
and to zero for z = 0, then the sequence of operators P,(A) is uniformly
bounded and converges strongly (hence, ultrastrongly) to the projection
onto the range of A. It is is clear from the Weierstrass Approximation
Theorem that such a sequence of polynomials can be found and that,
morcover, they can all be taken to have constant term zero. Then P (A) e A
for all n, so the projection onto the range of A is in the ultrastrong closure
of % Now suppose A, A4, are two sclf-adjoint ¢lements of M and let R, , R,
be the projections on to their ranges. Then R, v R, is the projection onto
the range of R, + R, which, by the above argument, is a strong limit of a
bounded scquence of operators which are obtained as polynomials in R,
- R, with zero constant terin. Thus, R, v R, is in the ultrastrong closure
of L, and it is clear how to extend the argument to show that, if A,, ..., A,
is any finite sct of elements of U, then the projection onto the closed linear
span of union of the ranges of A, is in the ultrastrong closure of 9. Thus, P
is a limit of an increasing nct of projections in the ultrastrong closure of A
and therefore belongs to the ultrastrong closure of %A.

We next prove a general principle asserting that, to approximate a self-
adjoint operator, we can take the approximants to be self-adjoint.

ProrosiTiON 1V.C.5 Let E be a vector subspace of L(H) which contains A*
if it contains A, and let B be a self-adjoint operator in the strong closure of
E. Then there is a net of self-adjoint aperators in E converging strongly to B.

Proof Let A, be anetin E converging strongly to B. Since taking adjoints
is continuous in the weak operator topology, A3 converges weakly to B*
= B. Hence, § (A, + A?)converges weakly to B. In other words, B is in the
weak closure of the set of sclf-adjoint ¢lements of E, and we want to show
that it is in the strong closure. We do this by invoking the result that, for a
convex sct in ZL(F), the strong closure is the same as the weak closure
(Proposition 1V.B.2). ’

If A is a sclf-adjoint algebra of operators containing I, the von Neumann
Density Theorem asserts that, given any A € 9", there exists a net A, in U
converging strongly to A. It does not, however, rule out the possibility that,



[YeIv] O. E. LANFORD 1

to approximate a given elesnent A of A, it might be necessary to use an
unbounded net A,. This is unfortunate since, if the net A, is unbounded and
converges to A, we cannot be sure that, for example, A2 converges strongly
to A2, We will now prove a refinement of the von Neumann Density Theorem’
which eliminates all such problems:

THeoREM 1V.C.5 (Kaplansky Density Theorem) Let U be a selfad_/oml
algebra of operators on a Hilbert space 3, and let W denote the strong clo:ure
of U. For any element A of U, there exists a net A, in % such that:

D) 140 5 140 for all a. ;
if) A, converges strongly to A. :
iiiy A® conrerges strongly o A*.

Iy A is self-adjoint, A, may be taken to be self-adjoint.

Proof We will first assume that A is sclf-adjoint. By scaling, we can as-
sume that §4] = 1. Also, since any scif-adjoint element of the norm closure
of U may be approximated arbitrarily well in norm by self-adjoint elements
of U of smaller norm, we may assume that % is norm-losed, i.c., that A is a
C* algebra (but we are not assuming that % hag an identity).

Consider the function Y 2

1) = = .
/() o l
— 4t
f

Its absolute value is nowhere greater than one; it sends zero to zero; and it
maps the unit interval monotonically onto itself. Hence there exists a
continuous function g on the unit interval such that

s(gl)) =+ for 1l 5 1.

Realizing the C* algebra genecrated by A as an algebra of functions, we may
construct B = g(A) which is self-adjoint and which satisfies:

A = 2B(l + BY)',
Since B is in the C* algebra generated by A, B is in ¥, 5o there is a net B, of
self-adjoint elements of ¥ converging strongly to B. The plan is to show
that the net 4, = 28,(1 + B})~' of self-adjoint clements of ¥ of norm not
greater than ope converges strongly to A. Thus, we look at:

A — A, =2B(1 + BY)~* —28,(1 + B!
=21 + BH-'[(} + BY)B — B(1 + BY)I(l + BY)-!
=21 + BB~ B, + BB — B.B*(1 + B!
=21 + B)"'[(B —~ B) + BB, — B)- BI(1 + B!
=20 F Bh-* (8 - BY( + BY)!
+ 2B.(} + B}~ (B, — B) B(l + BY)-!



TOPICS IN FUNCTIONAL ANALYSIS 187

Now (8, — B) (1 + B?)~! converges strongly to zero, and [[(1 + BX)~'[ 5 1,

1281 + B)-*] S 1, s0 A — A, converges strongly to zero, as asserted.

That, then, completes the proof if A is self-adjoint. To deal with the general

case, we use a trick: Let %,((%),) be the self-adjoint algebra of operators
A .

H A.;)' with Ay, Ay3, 421,
_ _ _/_‘Il All _
Azy in A(N). It is casy 1o see that (U;) = (U),. Let A be an element of %;

0 A\. .. =
then ( ) is a self-adjoint element of U, with norm equal to {|4]l. Hence,
(a) (a)
there exists a net (A“"" j"_’,) of self-adjoint elements of U, with norm not
n An
greater than || Aj) converging strongly to (2. ‘;) But then [|A$3'] S 1Al for

on X @ X given by matrices of the form (

all x, (413)* = AP, A}y converges strongly to A, and A$ = (A4{3)*
converges strongly to A*, proving all the assertions of the theorem.

It is worth remarking that, if ¥ is scparable, we may replace **net’ in the
above theorem by **sequence’. We will prove something slightly stroager:
we will show that bounded sets in Z(X¥) are metrizable in the strong topology
it X is separable.

PROPOSITION 1V.C.6  Let X be a separable Hilbert space, # a bounded set
in £(X). Then the 1opology induced on # by the strong topology on £(X) is
metrizable. More precisely, there exisis a norm ||| - ||| on L(X) such that a
bounded net A converges sirongly to A if and only if lim |||A, — A||| = 0.

Proof l.et (£,) be a countable dense set in ¥, such that no &, is zero,

and define

144l
All = ) —- .

At Z PA T
11~ 11l is clearly a norm on Z(X), and |[|4]]| S |l|All. We claim that, if 4,
is a bounded net in Z(¥), then A, converges strongly to A if and only if
lAa — Alll = 0. (Warnipg: It is definitely nor true that a general net A,
converges strongly to A if |||A, — A||l = 0; the strong operator topology is
not given by a single norm.) By passing to the net A, — A, we can assume
A = 0. Now let A, be a net converging strongly to zero, and assume
{14, S M for all a. Then

N @
limsup {J]4,]]| S lim Sllp( Y 52%%) + limsu ;H —Zl:l'lil‘%i;—"-

The first term on the right is zero since | 4,£,]| — 0 for all n; the second term

N R

on the right is £ — since ——— < A for all n,«.
27 €.l



188 0. E. LANFORD 111

Thus, ¥
lim sup |[|.4L0] S ;: for all N, so lim sup [|4,]] = 0.

Conversely, let A, be a uet satisfying 4| S A for all x, and suppose
HIA] — 0. We will show that 4, — Ostrongly. Thus,let §e #and lct s > 0.

Choose n such that b El <,
and choose a4 such that
£
< if
AN 5 St if e 2 0.
Then, for
! " 1 w.-" £
* 2o, S SN S S
TN CJE
s0
S e,
Hence, bl s e

DALEN S BA.8 — ALl + DAL S M-8 — &l 48 = (M + 1)e.
Since (M + 1) e may be made as small as desired, we have:
lim §A,5) =0,

i.e., A, converges strongly to zero.
As a corollary, we bave:

CoROLLARY 1V. C.7 Let U be a self-adjoint algebra of operators on a
separable Hilbert space, and let A be in the strong closure of W. Then there

exists a sequence A, in ¥ such thas
D §4.0 S 1A for all n.
2) A, converges strongly to A.
3) A3 converges strongly to 4°*.
Proof By the Kaplansky Density Theorem, we can find for each n an
operator A, in A such that {|A,] £ §A4] and such that

1

do = AU S A I42 — A%l 5 -
n n

Then A4, converges strongly to .{ and 42 converges strongly to A*, by the
preceding proposition.

D Comparison of Frojections in a von Neumann Algebra

We will begin with some motivation: Let % be an algebra with involution,
cta representation of 9 on a Hilbert space 2, and let & be the von Neumann
algebra x(A). We will study the multiplicity of the representation . To
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begin with the most elementary of considerations, we note that a projection P
is in 4 if and only if the subspace P is invariant for =, i.e., that the closed
invariant subspaces for & are parametrized by the projections in &. Let P
and P’ be two projections in #. The representation n( -) | P is unitarily
equivalent to a( - )| P’ if and only if there exists a unitary operator W
from PX¥ to P'5¥, such that () W = Wn(-) on Po¥. Extending W to be
zero on (1 — P) ¥, we get a partial isometry with initial subspace P> and
terminal subspace P’2¥, and this partial isometry commutes with a1(4) for
all 4, ic, belongs to @. To summarize: The representation (- ) | PoF is
unitarily equivalent to z( - ) | P’ if and only if there is a partial isometry W
in {2 with initial subspace P.¥ and terminal subspace P'¥. We thus make
the following definition: Let & be a von Neumann algebra, P and P’ two
projections in &#. We say that P is equivalent to P'(P = P') if there is a
partial isometry W in @ with initial subspace Po¥ and terminal subspace
P, ie, if there is an operator W in & such that W*W = P; WW* = P’.
(If B = 2(X), two projections arc equivalent if and only if their ranges have
the same dimension.) We extend this definition slightly by defining P < P’
or P' > P to mean that Pis equivalent to a subprojection of P’ (i.e,, to a
projection in @ whose range is contained in the range of P’). It is important
to distinguish between P’ 2 P (P is a subprojection of P’) and P’ > P (P
is equivalent to a subprojection of P’). The relation P’ < P clearly defines
a pre-order on the set of equivalence classes of projections; the following
proposition asserts that it actually defines an order:

Prorvosition IV. D.l  Let @ be a Neumann algebra, P and P’ two pro-
Jections in @ such that P > P and P > P, Then P ~ P’.

Proof We have P =~ P{ S P'and P' = P, £ P. Composing the partial
isometry W taking P to P; with the partial isometry W’ taking P’ to P, gives
partial isometry taking P to a subprojection P, of Py, i.e,, P ~ P,; Simil-
arly, we get P* =~ P;. The partial isomelry taking P’ to P, takes P’ — P|to
P, — P,(i.c., therange of W/(P' — P{)is P, — P;)so P’ — P{ =~ P, — P,,
and similarly, P — P, = P| — P;. We may represent the situation schemati-

cally by a diagram:

P, is
P -

N
PL. .
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Lines sloping downward to the right indicate the action of the partial iso-
metry W taking P to P;; lines sloping downward to the left indicate the
action of the partial isometry W' taking P’ to P, and opposite vertical ends
of parallelograms represent equivalent projections. We may continue the
diagram downward by defining P, as the range of W/’ P;, P; as the range
of WPy, etc. We get thus two decreasing sequences of projections:

P2P 2P 2..
P 2P 2P 2.

such that the range of WP, = P/, and the range of W'P{ = P{,;. Then

Po— P =Py =Pl =Py =Py Pl =P fori=01,2 ..

(Welet Py = P; Py = P’). Furthermore, let
Py =1iP, and P, =il =iP{,,.

w©

Since the range of WFP, is P/, the range of W - P isexactly P, ic., P, is
cquivalent to P,,. We may now write:

P =Pyt (P = P) =Pt (P~ P+ (FPy— P+

~ ~ ~ ~ ~

p

PL+ (Py = P+ (P = Pt (Py — PO+ (Py = Fy) 4

A simple argument (which we omit) shows that P is equivalent to P,

E Disjointness of Projections and Central Projections

We have indicated that our investigation of the structure of von Neumann
algebras will be motivated by regarding the von Neumano algebra & in
question as the commutant of a representation = of some algebra ¥, and
translating questions about subrepresentations of n into questions aboul
the von Neumann algebra 4. Let us claborate on this approach a little by
asking what the situation is if % has the property that every representation
may be written as a direct sum of irreducible representations. (This will be
true, for example, if % is finite-dimensional). In this case, every projection P
in @ can be written as a sum of mutually orthogonal projections onto
irreducible subspaces, and two projections P and P’ are equivalent if and
only if each irreducible representation of % appears the same number of
times in () | PX as in a(:) | P’or’. Thus, the structure of the set of equi-
valence classes of projections is entirely transparent. If we drop the require-
ment that every representation of Y decompose into a direct swn of irre-
ducible representations, the situation becomes much more intricate. For
example, the algebra of continuous functions on {011 prperconteatd -~
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multiplication operators on #? of Lebesgue measure on [0, 1], has no
irreducible subspaces. Much more peculiar things can also happen, e.g.,
there exist C* algebras % and representations :t of A which are not irre-
ducible, but which have the property that any two non-zero subrepresen-
tations of % are unitarily equivalent. (In fact, this is what occurs in quantum
statistical mechanics for the cyclic representation of the algebra of quasilocal
observables associated with an equilibrium state representing a pure phase
at non-zero temperature.)

We will approach the general situation in the following way: We look for
propertics of subrepresentations of st which have a straightforward inter-
pretation if 7 can be decomposed into a direct sum of irreducible representat-
ions, but which can be formulated without mentioning irreducible represen-
tations. We then translate these properties into properties of projections in
the von Neumann algebra & = (%), and make them into definitions which
no longer depend on regarding @ as the commutant of a representation. Of
course, there is no way to sce at the outset which properties of subrepresenta-
tions of x can fruitfully be translated into definitions in general von Neu-
mann algebras.... -

We have already scen one example of this procedure: Unitary equivalence
of subrepresentations of x translates into the definition of equivalence of
projections in a von Neumann algebra. As a second example: If every
representation of I decomposes into a direct sum of irreducible representa-
tions, we will say that two subrepresentations of v are disjoint if no irre-
ducible representation appeating in one of them also appears in the other.
This we translate into: Two projections P and P’in avon Neumannalgebra &
are disjoint if no non-zero subprojection of P is equivalent to a subprojection
of P’. Conversely, we say that P covers Q (P> > Q or Q < < P) if no
non-zero subprojection of @ is disjoint from P (Intuitively, if every irreducible
contained ina() | Q¥ is contained in n(-) | Po¢) and that Pis quasi-equicalent
to Q(P ~ Q) if P covers Q and Q covers P. One can thus think of quasi-
equivalent projections as corresponding to subrepresentations which are the
same except for multiplicity.

The key to analyzing the notion of disjointness is contained in the following
proposition, which is really just a variant of Schur’s Lemma.

ProposiTioN IV. E.l Let P and Q be projections in a von Neumann
algebra 8. In order that P be disjoint from Q it is necessary and sufficient that
PBQ = 0forall Be . Inparticular, if Pis disjoint fromQ,then PQ = 0, i.e.,
P is orthogonal to Q.

Proof Assume first that P is not disjoint from @, and let W be a non-zero
partial isometry in @ with initial domain contained in Q¥ and terminal
domain contained in P¥, Then W = PWQ, so PWQ %0, i.e.,, W is an
element of & such that PWQ + 0. Next, assume that, for some Be &,

j iy T sl

PEA# 0 Thew P ERB ook we nay wre the colot

1
i



192 0. E. LANFORD 11

PBQ = W-|PBQ| where W is a partial isometry with initial subspace the
orthogonal complement of the null-space of PBQ (which is contained in Q.¥
since PBQ =0 on (1 — Q) #) and terminal subspace the closure of the
range of PBQ (which is contained in PX¥’). Moreover, W is in & since it is
the partial isometric part of PBQ which is in &. Hence, Q is not disjoint
from P (since the initial subspace of W is equivalent to the terminal subspace

of ).

In any algebra the cenrer of @2, denoted by 8(&), is the set of elements
of @ commuting with all clements of &, I€ & is a von Neumann algebra,
we may equivalently define §(F) = @ ~ B'. Thus §(&) is a commutative
von Neumann algebra contained in 8.

COROLIARY IV.E.2 [er & be a Newnann algebra, P a projection in 2.
Then P is disjoint from \ —~ P if and only if P e 3(2).

Proof Suppose first that P e (7). Then, for all Be 3, PB(} - P)
=B-P-(1 — P)=0, so " is disjoint from 1 — P. Converscly, if P is
disjoint fromt — P, then O = P-8-(I — P}y = PB — PBPic,PB=PBP
for all Be 3. Taking adjoints gives

R*p - PB*P = PR*
tocall Be d, so B*F -: PR* tor all B¢ .4, so P e J(.4).

COROLLARY IV. E3 Ler 3 be a ton Neumann algebra, P a projection
i A, Let (Q)ier be a ganuly of projections in B each of which is disjoint
Srom P Then N Q, is disjoint from P

1

Proof Since QBP =0 forall Be ¥, (VQ‘) BP = Oforall Be ¥, so VO,
is disjoint from P. ! !

ProrosiTion 1V. E4  Let £ be a projection in a von Neumann algebra ¥.
Then there exists a unique projection Q € B, Q & P, such that P is quasi-
equivalent to Q and disjoint from | — Q. Furthermore, Q € §(¥).

Proof lntuitively, we may think of Q as the projection onto the subspace
generated by all irreducible subspaces equivalent to an irreducible subspace
comtained in P, and t — @ as the projection onto the subspace generated
by all irreducible subspaces which are not equivalent to an irreducible sub-
space contained in P. The latter description gives the key to constructing Q;
we define 1 — Q to be the supremum of all projections in & disjoint from P.
Then § — Q is disjoint from P, and thus in particular orthogonal to P, by
the preceding proposition. By the construction of O, no non-zero subprojec-
tion of Q can be disjoint from P (otherwise, this projection would be in
1 — Q). so Pcovers Q. On the other hand @ 2 P, so Q covers P and thus Q
is quasi-equivalent to P. This proves the existence of (0. Morcover, Q is
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disjoint from 1 — Q, so Q€ 8(F). To prove the uniqueness, let Q' be
another projection such that P is quasi-equivalent to Q' and disjoint from
1 — Q'. Then Q' must also beloag to 2(Z), so Q'(1 ~ Q) is a projection.
Now Q'(1 — Q) is covered by P (since it is a subprojection of @) and disjoint
from P (since it is a subprojection of 1 — Q.) The only possibility, then, is
that 0'(1 — Q) = 0, i.e., Q' = Q'Q. Interchanging the roles of @ and Q' we
see that Q = QQ’, so Q = Q' and uniqueness is proved.

The projection @ constructed in the preceding proposition is called the
central support of P. There arc some other ways to characterize it:

ProrosiTioN IV. E.5 Let P be a projection in the von Neumann algebra #,
and let Q be its central support. Then if Q' is any projection in 2 () containing
P, Q' 2 Q (ie., Q is the smallest projection in Z(@) containing P). Q is also
equal 1o the projection onto the closed linear span of the set of vectors obtained
by applying elements of @ 1o elements of P (we denote this closed linear span
by [(APX ).

Proof Let Q' be a projection in Z'(#) which contains P. Then QQ" is a
central projection containing £ and contained in Q; hence it is quasi-
cquivalent to Q (we have QO > > QQ' 2 P > > Q). On the other hand
Q- 00 s 1 - QQ and is therefore disjoint from QQ'. Thus we have
Q — QQ’ is covered by QQ’ and on the other hand Q — Q@' is disjoint
from QQ°, so we must have Q — QQ" =0,i.e. Q = 0Q',i.e. Q' 2 0.

Now let P' denote the projection onto (FPX]. Since [FPIF] is invariant
for @, P' e B Il Qis the central support of P, if Be @, and if £ € X, then
QBPE = BOPE (since Qe 2(X)) = BPE (since Q 2 P); hence Q 2 P'.
To prove that @ = P’, we have thus only to show that P’ e Z(&), and we
already know that P’ e @', Thus, what we have to show is that [PX] is
invariant for @ (since this will imply P’ e (®') =@.) But if B'e ¥,
Bed¥, and fe PX¥, B'BE = BB'te[BPH)] since B'P¥ < PX. Thus,
B’ maps [BPH] into itself, so P e H, s0 P' = Q.

CoroLLARY IV. E.6 Let P be a projection in a von Neumann algebra 3,
and let Q be the central support of P. Then, for B’ € &', B' |PH = 0implies
B'|Q# = 0;ie., the mapping B'|QX ++ B'| PX defines an isomorphism
of the algebra B'|QX 1o the algebra B'| P

Proof If B'| P¥ = 0, then, for any Be4d, B'BPH¥ = BR'PH =0,

so B’ | QX = 0.
We can now analyze more or less completely the structure. of the set of

quasi-equivalence classes of projections.

1) Every projection is quasi-equivalent to a central projection, its central

support.
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2) If Q, Q' are central projections, then Q covers Q' if and only if 0 2 Q
(and hence Q is quasi-equivaleat to Q' if and only if 0 = Q')

Proof Suppose Q covers Q°; then since (1 — Q) - Q” iscontainedin(’ and
disjoint from Q, it must be zero, so Q' = QQ’, i.e.,, Q 2 Q'. Conversely, if
Q 2 ', the Q surely covers Q.

3) Combining 1) and 2) we sce that every quasi-cquivalence class of
projections contains exactly aonc central projection, i.c., the quasi<equivalence
classes of projections are parametrized by the central projections and the
relation > > just translates into the relation 2.

4) If P,, P, are projections in /8, then P, covers P, if and only if, for .
B e®, B|P.¥ =0 implics B'| P,st" = 0, and P, is quasi-equivalent
to P, if and only if the mapping 8| P, 5t 4+ B} P,5¢ dehnes an iso-
mosphism from &P, | X 10 &' P, | Y.

From remark 4), it is a short step, but not a trivial one, to the following
characterization of quasi-cquivalence: Let o be an algebra, = a represen-
tation of ¥, 4 = a(A"), P, P twa projections in &, Then P is quasi-
equivalent to P’ it and only if there exists an isomorphism ¢ from the von
Neuwmann algebra on Po¥’ gencrated by () | Po¥° to the von Neumann
algebra on P generated by a(M) ] ¥, such that $(a(d) | PX)
=a(A)| X for all A€ A To prove the “only if" statement from
remark 4), we have only to show that the von Neumann algebra generated
by a(A) ] Po¥ is just :8' | Pox’, and this tollows casily from the bicommutant
theorem. To prove the *if” statement, we have to show that if ¢ is
an isomorphism from B | P2 1o @ | PO extending the mapping
a(ANPH +v a(A) P, then ¢ must be given the same formula on all of
@' | P5¥. This follows easily from the fact that an isomorphism of von
Neumann algebras is ultraweakly continuous, which we will not prove
(See Dixmier, Av N, p. 57, Corollaire 1.)

There are some remarks to be made about the significance of the center
2(8) of a von Neumann algebra &, First let P be a projection in &#’. Then,
since P3¢ and (1 — P).¥ arc both invariant for &, we may decompose
X = P @ (I - P)st” and get an analogous decomposition for every

B . . .
element of B: B = (0' (; ) We can now ask what will be special about this
1

decomposition if P is in Z(2), i.c, if itis in B as well as in @". It is not hard
to sce that P is in 2(3) if and only if the entries B, and B, in matrices

B, 0 . . w: “

(0' 5 >rcprescn(|ng clements of 2 are independent. By “independent’” we
2

mean that, given any two clements 8,

of @ such that

B” in 4, we can find an clement B

B|PX# = B | P¥
BI(} — PY# = B|(} — PL¥.



TOPICS IN FUNCTIONAL ANALYSIS 195

In other words, if P is in the center of &, then @ is isomorphic to
B PX¥ B H(N — P)A. Thus, we can study the von Neumann algebras
4| PA and @) (I — P) H separately, then reconstruct & from them. The
algebras 4| P and @ | (I — P) are smaller than &, and ought to be less
complicated. In particular, if it happens that P and I — P are the only
non-trivial projections in Z(¥), then it is easy to see that the centers of
F|PH and B| (1 — P)# are both trivial, i.c., consist only of the scalars.
A von Neumann algebra & such that 2(d) = {21} is called a factor, so what
we have just shown is that, if & is a von Neumann algebra whose center is
generated by a single non-trivial projection (i.e., whose center is two-dimen-
sional), then @ may be decomposed into a direct sum of two factors.
Evidently, this argument extends trivially to any von Neumann algebra with
finite-dimensional center (if 2(H) is n dimensional, & may be written as a
direct sum of n factors) and ecven to a Neumann algebra whose center is
generated by a countable set of mutually orthogonal projections. The center
of & nced not have this property, however, and it is therefore necessary to
pass from direct sums to direct integrals. Very crudely speaking, the general
situation (subject to certain technical restrictions) is the following: Starting
from a Hilbert space o and a von Neumann algebra # on #”, one can find
a measure space (.Y, #), and, for each x € .Y, a Hilbert space 5, and a factor
4, on A, such that:

1) The Hilbert space " may be recalized as the space of **all” functions
A Eoeox such that f du(x) || £,I* < oo. The word **all” is in quotation

marks since we really only want to consider only fuoctions which are in some
sense measurable; the way in which " measurable” should be defined is not
at all obvious since the Hilbert spaces o, for different x are to be thought of
as different spaces.

2) In this realization, the elements of & are in one-one correspondence
with functions x +» B, € 8,, where these functions are subjected to the
condition sup || B,f] < o and to some measurability condition; the corre-

x

spondence is defined by (B¢), = B.&..

The above theory, known as reduction theory, in some sense reduces the
theory of general von Neumann algebras to the theory of factors. It has
however two disadvantages: It is valid only under some restrictions on the
size of the von Neumann algebra (these restrictions are not too serious for
physical applications since they are always satisfied if the space on which @
acts is separable), and applying it frequently leads to unpleasant problems
of measurability. For many purposes, therefore, it is both simpler and clearer
to make arguments directly about & itself rather than invoking the de-
composition of & into factors. Nevertheless, thinking of a general von Neu-
mann algebra as some kind of generalized direct sum of factors is frequently
aninvaliable heurictic device
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F The Comparability Theorem nf

We now want to get some idea of what the collection of cquivalcm?é
classes of projections in @ looks like as a partially ordered set. For on'cntzi'.
tion, we go back to the pictures of 4 as the commutant of a rcprcscnta!nonn
of a C* algebra ¥ and we assume, for heuristic purposes, that every rc-
presentation of A may be written as a direct sum of irreducible rcprcscnm-
tions. Let 7 denote the set of equivalence classes of irreducible representas
tions of %. For each projection P e @ = a(M)’, we associate an indexed set
(141 Of cardinal numbers, n, being the number of times the rcprcscnmuonl
appears in a direct sum decomposition of a(-) { P2¥. If P’ is another pro-
jection, and (7)) isits set of multiplicities, then P >~ P if and only if n; 2 n,
for each i. Hence, the relation > does not lincarly order the set of projections
in &, unless 1 is a direct sum of copics of a single irreducible representation.
Morcover, in the simplified case we are considering, ;7 is a direct sum of
copies of a single irreducible representation if and only if no two non-zero
projections in & arc disjoint, i.c., if and only if the only central projections
in@ are 0 and I, i.c. (since Z(A) is generated by its projections) if and only
i @ is a factor. We arce thus led to the general conjecture that, if & is a factor,
the set of projections in .8 is lincarly ordered by ». In this conjecture of
course, all mention of irteducible representations has disappeared. To prove
the conjecture, we will prove the following slightly stronger result, which is
also easy to interpret in the simplified case considered abaove:

TueoReM IV. F.1  Ler B be a von Neumann algebra, P and Q two projec’-
tions in B. There exists o central projection R such that RP > RQ; (I — R)
O > ( = R)P. In particular, if B is a factor (so either R=1or1 — R = 1),

we have either P >~ Q or Q > P. In other words, any two projections in a°

Jactor are comparable.

Proof The idea of the proof is simple: We first find projections S 5 P,

T £ O which are equivalent and as large as possible; we then see what can .

be done with what is left over. To carry out the first step, we form the set
whose elements are sets {(S,, T,)} of pairs of non-zero projections in & such

that

1)S S P, T, < Q forall i,

2) S, ~T, for all i.

3)Ifi % j, S, is orthogonal to S, and T, is orthogonal to T}.
Since the elements of this set are sets (of pairs of projections), we can order
the set by inclusion: {(S;, T} S {(Si, 7%)} means that eachl(S,, T) is cqunl
to (S, 7}) for some k. It follows at once from the dcﬁmllons that the union

of a linearly ordered family of such sets of pairs of projections is again such
a set of pairs of projections; hener by Zorn's Lemma, there exists a maximal
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such set {(5,,T)}. Let S=Y S§;T =37, Then SS P, TSQ, and
[) ]

S =~ T. Furthermore, P — S is disjoint from @ — T; (If this were not true,
there would exist a non-zero projection S, § P — S which is equivalent to
To S @~ T; then {(S;, T} U {(So, To)} properly contais {(Si, T)}rur
and therefore violates maximality.) In a facter, po two non-zero projections
can be disjoint, and this implies that ¢ither P — S = 0(ie., P =S =T 35 0,
0} <ot T-Q=0(e, Q=T=>SgsPsoP>0)s0oil Bisa
factor, cither P < Q or Q < P. To deal with the general case, let R be the
central support of P —- S. Then R(P - S) =P - S,and R(Q-T) =0
since @ — T is disjoint from P — S. Thus:

RP =RP—-S)+ RS=P -5+ RS,

while

RQ = R(Q — T) + RT = RT.

But since Re Z(#) and S =~ T, RS =~ RT (Proof. Let W be a partial iso-
metry in & with initial subspace SH# and terminal subspace T#. Then
RIWR is a partial isometry in @ with initial subspace RS# and terminal

subspace RTX¥). Thus, RQ < RP. Similarly,
A-RP=(U-RP~-SH+0-RS=(1=R):-S,
T-RO=U-RE-NH+{d-RT=0-T+ (1 -RT,
S0 -RP<U-RQ.

G Finite and Infioite Projections

Let 22 be a representation of an algebra W with involution, and assume that
every representation of ¥ can be written as a sum of irreducibles. We will say
that z is finite if it contains at most finitely many copies of each irreducible
representation of ; otherwise, we say ¥ is infinite. It is easy to see that
a representation is infinite if and only if it is unitarily equivalent to a proper
subrepresentation of itsell, Translating, in the usual way, statements about
representations into statements about projections in von Neumann algebras,
we say that a projection P in a von Neumann algebra @ is infinite if there
exists a projection Q in @; @ § P, such that 0 =~ P, and we say that a
projection P is finite if it is not infinite. Note that, if P is an infinite projec-
tion and if P’ 2 P, then P'is also infinite (If Q is a proper subprojection of
P equivaleat to P, then P’ = (P~ P)+ P = (P'— P)+ Q) We say
that the von Neumann algebra @ is finite (infinite) if the projection 1 is
finite (infinite). The algebra £(¥) is finite if and only if & is finite di-
measional.

For some purposes, it is useful to have a strengthening of the notion of an
infinite projection. In the simple case where % is an algebra all representations
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of which can be written as direct sums of irreducible representations, w&‘
have defined a representation 7 of % to be infinite if it contains infinitely many;
copies of at least one irreducible representation. In the same context, we
will say that a representation is properly infinite if every irreducible reX
presentation which appears once in it appears there infinitely often. We thus”
make the following definition: a projection P in a von Neumann algcbr'iu
is praperly infinite if, for cvery central projection R of @, cither RP = 0

or RP is infinite. ST
There is another distinction, related to finiteness, which has no analogue

in the irreducible representations example: We will say that a projection P
in a von Neumann algebra & is purely infinite if every non-zero subprojec-
tion of P is infinite and semi-finite if every non-zero subprojection of P.
contains a finite non-zero subprojection. We will say that a von Neumann©
algebra is properly infinite (purely infinite, semifinite) if the projection Il is
properly infinite (purcly infinite, semifinite). It is not at all evident at this

point that purely infinite von Neumann algebras exist, N
We next show that every vou Neumann algebra can be split uniquely

into a finite part, a properly infinite but semifinite part, and a purely infinite
part. g

ProrosiTion IV. G.} Ler <@ be a von Neumann algebra. There exist three
central projection R,, R, , and R, such that | = R, + R, , + R, and
such that R, _is finite, R, , issemi-finite, and R, ispurely infinite. Further-
more, these projections are uniquely determined. )
)

Proaf If (R)ier is a family of mutually orthogonal finite central pro-.
jections, ;’1 R, is finite. (Proof I SITs Y R, andif ST, then

e ]

SR, $ TR, for some i, so TR, is an infinite projection contained in R,,;
contradicting the assumed finiteness of R,.) Hence, Zorn's Lemma gives thc_'

existence of a maximal finite central projection R,. Also, if (R} is a’
mutually orthogonal family of purely infinite central projections, then
Z R, is purely infinite. (H‘Q S Y Ry, then QR # 0 for some i, so QR

{el
is a non-zero subprojection of the purely infinite projection R,, so QR, is

infinite, but QR, £ Q, s0 Q is inﬁnitc). Again by Zorn's Lemma, there

exists a maximal purely infinite central projection R, ., and clearly R, , R,.,
being both finite and purely infinite, must be zero, so R, S 1 — R,.
Dcfine R, , =1 - R, — R,,. Then R, , is properly infinite (It is &
central subprojection of the properly infinite central projection 1 — R,),
but it contains no purely infinite central projection. Now if Q is any purely
infinite projection, the central support of Q is also purely infinite. (Any
subprojection contained in the central support of Q has a non-zero sub-
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projection equivalent to a subprojection of Q; hence, must be infinite.) Thus,
R, ;. contains no purely infinite subprojection, i.c., is semifinite. The uni-
queness is proved by remarking that R, must contain every finite central
projection and that R, , must contain every purely infinite central projection.

Lemma IV. G.2 A projection P in a von Neumann algebra & is infinite
if and only if there exists a mutually orthogonal sequence of non-zero pro-
Jjectians (Q,) such that Q, S P for all n and Q, =~ Q. for all n, m.

Proof If projections (Q.) exist, then i 0.=Y 0, s0Y Q. is
@ am} A=} ')
infinite, so P 2 ). Q, is infinite,

e |
Now let P be infinite, and let ¥ be a partial isometry in & with initial
subspace Po¥ and terminal subspace P,#, where P, § P. Define a decreas-
ing sequence P, of projections by P, ¥ = WP X, Then W(P, — P,,,)
is a partial isometry with initial subspace (P, — Py,,) 9 and terminal
subspace (P4 — Piy2) X hence Q, =P -~ Py = Q, =P, — P, =Q,
= P: - P_| “se

We now come to what scems to be the most delicate point on the theory
of comparison of projections: The proof that the supremum of a finite
number of finite projections is finite. The key to the proof is contained in
the following lemma:

Lisima IV, G.3 Ler (P, P;) and (Q,, Q,) be two pairs of projections in
the von Neumann algebra ®. Assume that P, is orthogonal to Py, that Q, is

orthogonal to Q,, and that P, + Py = Q, + Q,.
Then there is a central projection R in & such that

RO < RP,(1 = R)Q: < (I = R) P,.
(If B is a factor, so R = 0 or 1, this implies that either Qy < P, or @, < P;.)
Pfoor We define projections Py, Py, Oy, O3, by:
Pyp=P AQ,+ P AQ:+ Pi,
Pr=P, AQL+P1AQ:r+ Pa,
Q=0 AP +0 AP+ 0,
0, =0, AP +0; AP + 0.

We will show that P{, P;, Qi, and Q; are all equivalent. Let us first show
how this implies the lemma. Assume first that & is a factor; then either
PyAQ:<PrAQuor Py AQy <Py AQ,. If the first relation holds,
then

Po=P, A0 + P AQy+ Pi<PAQ+ Py AQy+ 01 =0y
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if the second relation holds, a similar argument shows @0, < P,. If .‘2;
is mot a factor, then P, A @, and P; A Q, may not be comparable, but*
Theorem IV, F.1 shows that there is a central projection R such that o

R(Py A Q)< R(P, A Q). (1= R)(Py A Q)> (= R)(Py A Q), %
and then a straightforward modification of the above argument completes
the proof. It remains to prove the equivalence of P;, P;, Qi, and 0},
Consider first the operator P;Q;. We will show that its null space is exactly
the null space of Q;; since its range is clearly contained in Pjo¢, this will
imply that its polar decomposition gives a partial isometry in @ with initial
subspace Q12¢ and terminal subspace contained in P2¢, ie., it will show
that Q) < P{. Now if the null space of P{({ is not contained in (I — Q;) X,
it must contain a non-zero vector in Q1. Thus, suppose £ € Q1% ; and
suppose that P{Qi& = Pi{¢ = 0. Now the projection Q) is SQ,; hence,
0.8 = 0,50(0y A P,)¢ = 0. Similarly, since Q] is orthogonal to P, A Q,,
(P, AQ)t=0. Since Py =P, AQ, + Pr A Q; + P{, PLE=0. Since
QiSO+ Q= P, + P;, wemust have (P, + Py) & = £, ie., Py = §,
so £ € Pyo¥ A Q,5¢. But Q; is orthogonal to P; A Oy, so & = 0. This then,
shows (f < P;. Interchanging the roles of Py and P, gives Q] < Pj;
interchangiog the roles of Q, and @, gives Q3 < P{, Q3 < Pji; interchanging
the roles of P's and the Qs gives P| =~ P} = Q; =~ Qj as desired.
TueoreM IV. G4 Ler P, ..., P, be a finite set of finite projections in the
von Neumann algebra ®. Then ' P is finite.

fw]

Proof By induction, it suffices to consider n = 2. Next, we reduce to the
case P, and P, orthogonal. Let P; = P, v P, — P,. Then P,P; is in-
jective from P3¢ into P,0¢, so its partial isometric part has initial subspace
P;X and terminal subspace contained in Py, so Py > P;. Since Py is
finite, P, is finite, and P, v P{ = P, + P} = P, v P,, so we may replace
P, by Pj, i.e.,, we may assume P, is orthogonal to P;. Thus, let P;, P, be
mutually orthogonal finite projections in &, and suppose P, + P, is not
finite. Then, by Lemma 1V. G.2 there exists a mutually orthogonal sequence
S, 52, ... of pairwise equivalent non-zero projections all contained in
P+ Py Let Qi =81 +S55...; Q=P + P, —Q, 2S5+ S5, +
Evidently, 0, and @, are mutually orthogonal, and @, + @; = P, + P,.
By Lemma 1V. G.3, there is a central projection R such that

RO, < RP, S P,
M~RQ<U-RPy S P,

Since P, is finite and RQ, = RS, + RS, + -+ is the sum of infinitcly many
mutually orthogonal, mutually equivalent projections, we must have
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RS; = 0for all i. But then
Pr2(0-RP,>U1-R;,2(N~-RS;+U-RS¢+ -
=5; + S+
contradicting the finiteness of P, and completing the proof.

H Tensor Product Decompositions

We have already scen how to decompose a von Neumann algebra into
smaller picces by using central projections. In this section, we will discuss
another technique for breaking up von Neumaon algebras into smaller
picces. The starting point here is a family (P,)i,; of projections in &; (the
index set may be finite of infinite); we assume that these projections are
mutually orthogonal, pairwise equivalent, and add up to the identity
operator. Let P be some fixed projection equivalent to cach P;. We will
show that the Hilbert space A on which @ acts may be decomposed as a
tensor product ¥ = X ® X, : #,,where X bas Hilbert space dimension cqual
to the cardinality of the index set J, ¥, = P, and ¥ goes over into the
von Neumanan algebra generated by £(¥)® 1 and | @ PRP: Here PP
denotes the collection of all operators on P> obtained by restricting to
P# operators B e @ satisfying B = PBP, i.c., operators in & which are
zero on (I — P)A# and whose range is contained in P, It is easy to
verify from this description that PBP is a weakly closed self-adjoint algebra
of operators on PX', containing the identity operator, i.c., that PEP is a
von Neumann algebra on P2¥. This decomposition is particularly interest-
ing wben P is a minimal projection in @, i.c., when there is no non-zero
projection of @ contained in P except P itself. In this case, the voo Neumann
algebra P@P contains no no-trivial projections; hence, consists only of the
scalars, so # = .T(J?) ® 1, ic., @ is isomorphic to 2’(.2?’). Let us expand
a bit on this point before proceeding to the proof of the existence of a
tensor product decomposition. Let @ be a factor and suppose & contains a
minimal projection P. (We say that a factor which contains a minimal
projection is of rype 1.) By Zorn's Lemma, there exists a maximal collection
(P )ie1 of pairwise orthogonal projections, such that cach P, is equivalent
to P. We claim that U = J_ P,. To sce this, let P’ = I — 3 P,. Then cither

] i

P> Por P> P, P 4 P. The first alternative is ruled out by the maxi-
mality of the family (P)e s, and the second alternative implies P’ = 0 by the
minimality of P. Combining the above remarks, we get:

ProposiTioN1V. H.1 Let @ be a type I factor on a Hilbert space >,
Then A& may be decomposed as a tensor product X = K ® ¥y, in such a
way that B corresponds to the algebra of operators of the form A ® 1,

A € LAY,
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D et

We now proceed to the construction of the tensor product dccomposmo k)
We first state the sesult precisely:

Prorostrion [V. H.2 Let @ be a von Neumann aigebra on a Hilbert spacé'

. Let P be a projection in @, and suppose that we can decomposel = Y. P,
led N

where the P, are mutually orthogonal pr0]€C1107L\' in @ each of which is equl—

valent 1o P. Then there exists a Hilbert space #, with Hilbert- -space dimension’

equal to the cardinality of I, and a unitary operator W from X 1o #® (PJ!"), :
such that WEW-* is the von Neumann algebra generated by £(X#) ® |

and | @ PAP. (In other words, @ is unitarily equivalent to the tensor product

of Z(#) and P:IP.)

Proof We will construct the tensor product decomposition in two steps,
First, we note that the decomposition 1 = ) P, gives a decomposition
3

XK =@ P, The subspace P¥ are all unitarily equivalent to P2, and
: ¢

the unitary operator may be taken to be in . More precisely, we can choose

for each i a partial isometry U, € @ with initial subspace Pi¥ and terminal

subspace Po¥. Using this family of partial isometries, we can identify each

P with P and thus transform the decomposition @ P.2¥ into a realiza-
{

tion ¢ = @ FX. To be completely explicit, we can define a unitary
let
operator U: ¥ — @ P# by Uf = (U,8) (Note that, since U, has initial
ted
subspace P, QUL = ||P&f, so Xl: Uit = Z: 1P = Bé1%)

The second step is to transform the direct sum represeatation X = @ Pt
laf

into a tensor product representation. This is a standard coostruction; we
let ¥ be a Hilbert space with an orthonormal basis (¢,) labelled by 7, °
anod we define a unitary operator V: @ P.?!’—o)t’@ PX by V: (6,)

fal

++ Ztﬁ, ® &,. Now, of course, we define W = V- U.

Tbc next step is to compute what happens to various operators on ¥
when they are transformed by W. Tracing through the definitions, it is

casy to see that WU,‘U,W" _ U., ol
where f/” is the operator on X defined by
Oiby = ¢y U =0 if k+j.

It is also casily verificd that the only operators on # ® PH commuting
with U/, ® I for all i, j are those of the form

1 ® A, with AeLPXH).
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Next, suppose B’ € &', Then it may be seen that
WB'W-' = 1 ® (B'| P¥).
Finally, if Be PP, then | ® B = WEIW-1, where
B= ; U'BU, eZ.

Now using the fact that the commutant of PEP is exactly @' | Po¥, we
sce that the operators on ¥ @ PH# commuting with U, @ I for all §,
and with 1| ® B for all Be P@P arc precisely the operators in W@ W-t,
Thus:

1) Forany A € Z(#), A @ L e (WA'W-'Y = WRW-'.

2) The bicommutant of (.Y’(Jl;’) ® 1)U (1 ® PRP) is the commutant of
W' W=t ie., is IWEW-', so W@W-' is the von Neumann algebra gepe-

rated by Z(#) @ 1 and 1| @ PEP.

I Classification of Factors

In the preceding section, we defined a factor to be of type I if it contains
a minimal projection. We then showed that, if & is such a factor, there is a
tensor product decomposition of the Hilbert space ¥ as f@ >, such
that ¥ = .2’(.7;’) @ L. In particular, & is isomorphic to ...“.’(J(;). Coaversely,
ifa von Neumann algebra @ is isomorphic to .?’(J{:’) for some Hilbert space
5, then @ is a factor and contains a minimal projection (any one-dimen-

sional projection is minimal in ...“.’(J!;)); bence, is a factor of type 1. Therefore,
a von Neumaann algebra is a factor of type I if and only if it is isomorphic
to the algebra of all bounded operators on some Hilbert space. If that
Hilbert space is finite-dimensional and of dimension n, we say that the
algebra is of type I,; if the Hilbert space is infinite-dimepsional, we say that
the algebra is of type I, .

At the opposite extreme from factors of type I are factors of type IlI; a
factor @ is said to be of rype II7 if every non-zero projection in it is infinite.
Finally, a factor @ is said to be of type II of it is neither of type I nor of
type 111, i.e., if it contains no minimal projection but does contain a non-
zero finite projection. A finite factor of type Il is called a factor of type I1,;
an infinite factor of type Il is called a factor of type I1,,.

The decomposition theory of the preceding section provides a convenient
way of passing from factors of type 1l to factors of type II;. Let & be a
factor of type Il,,, and let P be a finite projection in &, We will prove shortly
(Proposition V. 1.1) that there exists a mutually orthogonal family (P) of
projections in 4 equivalent to P, such that 1 = ) P,. Thus, we may write

{
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X xHQ P>, and @ is the von Neumann algebra generated by ...“.’(J(’)@ 1
and U ® PAP. It is nearly immediate that PP is a factor (if A € Z(PQP),'
then L ® A€ 2(F),so | @ A is a scalar, so A is a scalar) and that PEP iy’
finite (If W is a partial isometry in P@P with initial domain P¥ and termi-’
nal domain strictly contained in P2, then since W is the restriction to P
of a partial isometry in & which is zero on (I — P) 2, P is equivalent (in &)
to a strictly smaller projection, and this violates the assumed finiteness of P).1
Furthermore, PZP certainly cannot contain minimal projections (since it
can be regarded as a subalgebra of &), so P@P is a factor of typeIl,,
Thus, a type 11, factor can be decomposed into a tensor product (in a sense
which should be clear frons the above) of a factor of type I1,, and a factar
of type I,. Conversely, starting with a factor of type II,, one can form a
factor of type Il by taking the tensor product with a factor of type I,.

In the above discussion, we make use of the fact that the identity in a
type I, factor can be written as a sum of infinitely maoy mutually ortho-
gonal, pairwise equivalent projections. The following proposition generalizes
this assertion:

ProrosmoN 1V, L1 Let @ be a fuctor, P and Q projections in & with
P finite and non-zero and () infinite. Then there exists a family (P)ier of
mutually orthogonal projections in @ such that Q = ): P, and such that
P~ P foralli.

To prove this proposition, we first prove the following lemma:

Lesma IV. 1.2 Let @ be a fuctor, Q a projection in B, and (S])ier an
infinite mutually orthogonal family of pairwise equivalent non-zero projections
contained in Q. Then we can write Q = 3. S, where each S, Is equivalent to
each S;. Jes

Proof of LemmalV. 1.2 By using Zorp's Lemma, we may extend
(S)iar to a2 maximal wutually orthogonal family (S;),,s of pairwise equi-
valent non-zzro projections coantained in @ (i.e,, we make (S}),,s by ad-
joining to (S,)1.s as many projections orthogonal to each other and to each
Sy, but also equivalent to cach S, as possible.) Let Q' = @ — ¥ S). If

JeaJ

Jo is some element of J, then, since & is a factor, either Q' < qu or Q' > Ste.
If the second relation were true, we could adjoin to (S});s a projection
§” S @ which is equivalent to S}, and thus cootradict the maximality of
the family (S;),,s. Thus, we must have Q' < Sj,. Now:

Y Si=S,+ Y S>>0+ Y S
Jat I o J¥Je

(we have replaced Sj, by the smaller projection Q')

=Q+§$
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(since J\ {j,} and J bave the same number of elements)
=0,
50 f_; S; > Q. but, on the other hand,
g Y5/ 50, so ) 8§ <0.

jed JaJ
Thus, ¥ S} =~ (0, and this means precisely that Q can be written as a sum
JaJ

of a mutually orthogonal family of subprojections labelled by J each of
which is equivalent to each §;.

Proof of Proposition IV. 1.1 Let (P})e; be a maximal mutually ortho-
gonal family of subprojections of Q equivalentto P, andlet Q' = Q ~ 3 P;.
3

The maximality of ()i, implies, as in the above lemma, that Q' < P.
In particular, Q' is finite. If the family I were finite, then we could write
Q=P,+ P, + -+ P_+(Q,soQ,as a finite sum of finite projections,
would be finite. Since we have assumed Q to be infinite, this cannot be the
case, 5o (P})ier is an infinite family of subprojections of Q equivalent to P,
and the proposition follows from the lemma.

We can also use Lemma 1V. 1.2 to prove

ProPOSITION 1V, 1.3 Let @ be a factor on a separable Hilbert space. Then
any Iwo infinite projections in & are equivalent.

Proof Let P and Q be two infinite projections in &. Then there are
sequences S, (T.) of mutually orthogonal pairwise equivalent non-zero
subprojections of P(Q). Since & is a factor, either S; < T}, or S; > T,
for all m, n. Assume for definiteness that the first alternative holds. Then
P and Q each contain an infinite mutually orthogonal family of projections
equivalent to, say, S;. Thus, by Lemma 1V, 1.2, we can write

P='§Pl; sz.Z;IQJv

where each P, and cach Q, is equivalent to S{, and where the index sets /
and J are both infinite. Now, on a separable Hilbert space, any infinite
mutually orthogonal family of noa-zero projections must be countable, so
the index sets I and J can both be taken to be {1, 2,3, ...}. Thus, we have

P = .Z.P";Q =.; Q. and P, ~ Q,foralln,so P=Q. ~

CorolLArY IV, L4 Let B be afactor of type 1] on a separable Hilbert space.
Then any two non-rero projections in @ are equivalent.
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J Dimension Theory for Projections in Type II Factors ’

Let o be a separable Hilbert space, and consider the algcbra £(o¢).
For any projection P € #(¥), we define the dimension of P, dim (), to be
equal to the dimension of the range of P if this dimension is finite and to be
co if the dimenosion is infinite. Then the dimension function has two impor-

tant properties:
a) P = Qifand only if dim (P) = dim (Q).
b) If P is orthogonal to @, dim (P + Q) = dim (P) + dim (Q).

It is easy to see that these two properties determine the dimension function
uniquely up to multiplication by an overall constant factor. Since the
equivalence of projections is preserved under isomorphisms of von Neumann
algebras (P =~ Q in & if and only if there exists W e @& such that W* IV = P;
Wi* = @), and since every lypcl factor on a separable Hilbert space is

isomorphic to .Z(Jl”) where # is separable (but may be finite dimensional),
we see that every type I factor @ admits a dimension function satisfying a)
and b) which may be normalized to take on the values {0, 1,2, ..., n} if
Bisoftypel, or (0,1, 2,..., 0}, il @is of type I,. The point of the present
section is to prove that, if < is a type 11 factor on a separable Hilbert
space, @ again admits a dimension function (a positive real-valued function
on the set of projections of ¥ satisfying a) and b)), that this dimension
function is again uniquely determined up to multiplication by an overall
constant but that this time the range of values is a closed interval [0, al,
where a is a finite numberif @ is of type II, and is 4 co if ¥ is of type Il
Thus, from the present point of view, the difference between a factor of
type Il and a factor of type I is that the dimension function for a factor of
type 1I takes on a continuous range of values, while the dimension function
for a factor of type I takes on a discrete set of values. (A factor of type 111
on a separable Hilbert space also admits a dimension function, but it is
not very interesting. Since any two non-zero projections in such a factor are
equivalent (Corollary IV, 1.4), condition a) implies that a dimension
function must take on exactly one value other than zero, and coadition b)
forces this value to be + .) It should be remarked that the condition that
¥ be separable is not essential to the discussion; it can be eliminated by
allowiog the dimension function to take on values which are infinite cardinal
numbers and thus to distinguish between different infinite projections.
Before constructing the dimension function on a factor of type II, we
ptove some results about the comparison of projections in general von
Neumann algebras. These results enable us to do simple *‘arithmetic
operations’* on equivalence classes of finite projections. By this, we mean
the following: Suppose we have two equivalence classes of projections {P]
and {@]). (We will use [P] to denote the set of all projections equivalent
to P.) If we can find P e [P)and Q € [Q] such that P is orthogonal to Q, we
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define [P] + [Q] to be the equivalence class of the projection P + Q. This
definition is unambiguous since, if P, € [P), 0, € [Q] and if P, is orthogonal
to Oy, then P, + Q, =~ P + Q. (Note, however, that [P] 4+ [Q] may not
be defined; this is the case for [P] = {Q] = {l] in a finite factor.) The
next thing we want to show is that, if [Q] is a finite equivalence class and
(P} < [Q], then [Q] — [P] is well-defined. Thus, we want to prove:

ProrosITION IV, J.1 Let @ be a von Neumann algebra, Q, and Q, equi-
valent finite projections in B, P, and P, equivalent projections in @ such that
PL2QPiSQ.ThenQ, — P, =Q; — P,.

Proof Let us first assume that @ is a factor. Then, by Theorem IV. F.1,
cither @, — P, > Q; — Pyor Q; — P; > O, — P,. Assume for definite-
ness that the first relation holds but that Q, — P, is not equivalent to Q,
—~ P;.ThenQ, — P, isequivalent to a projection S which is strictly smaller
thanQ, — P,. Butthen Q;, 2 Q, =(0; ~ P;)+ Py =S + P, 5 Q, and
this violates the assumed finiteness of Q,. If 4@ is oot a factor, then, again
by Theoren IV, F.1, there is a central projection R such that

ROC, = P)>RQ; — P)i (1 = R)(Q: — P)) > (1 = R)(Qy = Py).
Straightforward modification of the above argument then yields:
R(Qy — P) = R(Q, = P1)i (1 = RY(Q: — P)) = (1 — R)(Q: — Py),

and hence Q, — P, = Q, — P,.

Secondly, we want to prove that, for a finite equivalence class [P} in &,
() [P) is uniquely defined if it makes sense at all. Specifically, we want to
prove:

ProrosmioN1VY.J.2 Ler P,, P;,Q,,Q, be finite projections in a von
Neumann algebra #. Assume that P, and P, are mutually orthogonal and
equivalent; that Q, and Q, are mutually orthogonal and equivalent; and that
Py + P, is equivalent 0 Oy + Q,. Then Py == Q,.

Proof Assume first that & is a factor. Then we bave either P, < O,
or 0, < P,. Assume for definiteness P, < Q,. Then, if P, is not equivalent
to @, we have P, =~ Q; 5 Q,. Since P, = P; and @, = Q,, we also have
Py~ Q330;. Thus, @, + O, ~ P, + P, = Q) + 0330, §0,. But
by assumption @, and Q, are both finite, so @, + @, is finite, so Q, + Q,
cannot be equivalent to a proper subprojection of itself; hence, P, =~ Q,.
Now, if @ is not a factor, there is a central projection R such that
RO, < RP,; ! — R) P, < (1 — R) O, (Theorem 1V. F.1). The above
argument can easily be reworked to show that RQ, =~ RP,; (1 — R)(Q,
~( =R)P,s0Q, =~P,.

We now restrict ourselves to factors of type 11, and show that dividing a
finite equivalence class by two always makes sense.
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PrOPOSITION IV. J.3  Let P be a projection in a factor @ of type II. Theiy
we can write P = P, + P,, where P, and P; are mutually orthogonal and
equivalent. )

Proof Consider the set of all collections of pairs of non-zero subs
1

projections of P {(Q,, 0;)} in &, where |

1) Q, = @, for all i.
2) Q, is orthogonal to Q, for i + j.
Q; is orthogonal 10 Q; for i + J.
3) Q, is orthogonal to Q; for all i, ;.
By Zorn's Lemma, there is a maximal such family {(Qy, @)}. Let P, =Y 0,;
[]

P = Z‘Q;. Then P, and P, are equivalent mutually orthogonal sub-

projections of P. If we can show P; + P; = P, we are through. Suppose
not. Then P — P, — P, is a non-zero projection in #. Since & is of type I,
P — P, — P, cannot be a minimal projection, so we can write P — P, — P,
= Qo + Qo, where neither Q, nor Q, is zero. Either 0y < Q, or o < Co»
and we can assume the former is the case. Then if Qg is a subprojection of
0, cquivalent to @y, {(Q,, @)} u, {Qs, Qp} satisfies 1), 2), 3), and hence
violates the maximality of {(Q,, @i)}. Thus, P — P, — P, = 0, so we are

through.
By induction, thcn if [¥] is a finite equivalence class of projections in a

type 11 factor, there is a uniquely defined equivalence class (3)* (P] for eachn,

and hence a uniquely defined equivalence class %’:— [P) for any integer m .

between 0 and 2% If # is of type I, then we may write | as a sum of 4

sequence of mutually orthogonal projections P, such that each P, is equi- :
valent to P (Proposition IV. I.1). Thus, there is a uniquely defined cqui-

valence class —=[P] for any mtcgcr m. Spcc:ﬁcally, the statement 0 e—— [P] g

means that we cao write @ = E Qi P= Z P, with Q; e« P, for all L]
We define separately O[P] = [0] for all P It |s lmportant to recognize that the

statement QE%- [P] has nothing to do with any assertion relating the
projection Q to the linear operator obtained by multiplying the projection P

m
by the real number 7 We can now define the dimension function on pro-
jections in #.

a) If @ is of type 11,, and if P is a projection in &, we define

dim (P) = sup {—2"—: :-i"—:-[|]< [P)}'

Then dim (P) is a real number in [0, 1].

L= ——
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b) If @ is of type 11, we choose an arbitrary finite non-zero projection
P, € 3, and we define for an arbitrary projection P € &

dim (P) = sup {'3"- (ol < u’l}-

This time, dim (P) is a real number or +o0; it is +co if and only if P is
infinite (Proof: If P is infinite, then by Proposition IV. L.1, P may be written
as a sum of-infinitely many mutually orthogonal projections each of which
is equivalent to Py. Thus, [P] > m[P,] for all integers m, sodim (P) = +co.
Conversely, if P is finite, then a maximal mutually orthogonal family of sub-
projections of P cquivaleot to Py must be finite,so P = Py, + -+« + P + P’
where P’ > P,. Thus,

(P} <{(m + 1)[Py], so dim(P)Ssm+ ] < o).

The choice of P, in this construction amounts to a choice of a normalization
for the dimension function. Another choice of P, would have given a di-
mension function differing at most by multiplication by a constant. Simi-
larly, in the construction of a dimension function for a type Il factor, there
is an arbitrariness in the normalization, but we have made the natural
convention of defining the dimension of | to be one. In order to have a
unified notation for the two cases, we will sometimes write P, for | in the

I1, case.
ProvositioN 1V, 1.2 Let B be a type 11 factor, P a finite projection in 8.
Then [P)] > g’- [Po) if and only if dim (P) 2 zﬁ . In particular, dim (;—"— (Po))

HE

Proof From the definition of the dimension function, it follows that
dim (P) 2 % if [P} > ;— [Ps). Conversely, suppose it is not true that
ﬂ ’
2~’

dim(P) s —'2—':— To prove the final assertion, note that -’2"—- S dim (—g—:- [fol)

(P} > _;'i (Po]. Then, if iz"— 2 2 itis not true that [P] > —;"- [P,], so

but that, if% > -'2’—' then it is not true um%-[r.,] <—2"-:-[Po](by the

finiteness of -g:— [Po]), so ;"—_- = dim (%:— [Po]>. Thus, we have also

% 2 dim (L;— [Po])>, so equality holds.
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ProPOSITION 1V. J.3  Let P and Q be mutually orthogonal prajectio;
type I factor B. Then dim (P + Q) = dim (P) + dim (Q). L

£
Proof If cither dim (P) or dim (Q) is infinite, then P + Q is infini(cR

dim (P + Q) = @ = dim (P) + dim (Q). Thus, we have only to consigh
the case where dim (P) and dim (Q) arc both finite. For each integer in',. ...

exist integers m, m’ such that .
m m+ 1 ' ’ ) g
Pl < 121 < T s (Pl < 101 < ToE

In other words, we can write

P=P, + P, with P,e%[!’o] and [P;]<(%-')[Po]'.{'\i

Q0 =0, + Q. with Q.e%[}’o] and [0 <<%> [i.’?],'

Then, since ,
P"'Q=p-+Q-+P;+Q-i
since
P- + Q- Ew (Pl)]
. 2"
and since
[P+ Q)< (3" [Pl
we have:
m+2-'m §dim(P+Q)§m+’;+2-‘ ‘ ;

’

As n ~ co, LG-.-—* dim (P); %—» dim (Q), so we get

dim (P) + dim (Q) = dim (P + Q). e
ProPoSITION 1V. 1.4 Let P be a projection in a type Il factor B, and}‘u}_’ )
dim (P) = 0. Then P = Q. LTt

Proof By induction, we can find a sequence Py, Py, ...
orthogonal subprojections of P, with

Pre@IPo;  Pre@®(Pol,w eGPl oo

Since dim (P) = 0, we cannot have [P] > (') [Po] for any §, and, since'anyys
two equivalence classes of projections in a factor are comparable, we m.l{”
have {P] < (') [P,] for each i. Thus, for each i, we can find a subprojecti

S, of P, which is equivalent to P. The finite projection P, therefore cqnlall}?
a mutually orthogonal sequence of projections all of which are cqu:vg!cg
to P. This is possible only if P = 0. (Lemma 1V. G.2). Rl
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;)pos1110N 1V. 1.5 Let 9 be a type II factor on a separable Hilbert
Pspace. Then iwo projections P and Q in & are equivalent if and only if dim (P)
b dim (Q)-

it~ Proof 'The definition of dim (P) depends only on the equivalence class
®3f P, so two cquivalent projections have the same dimension. Counversely,
f suppose dim (P) = dim (Q). If the dimensions are infinite, then P and Q are
E both infinite, and hence are equivalent (Proposition 1V. 1.3). (This is the
Bonly use we make of the assumption that the Hilbert space on which &
® dcts is scparable.) We can therefore assume that the dimensions are finite.
¥ Since @ is a factor, we have cither P > Q or Q > P, and we can assume that
R the first alternative holds. Thus, there is a projection Q* equivalent to Q with
Q' s P. Now dim (P) = dim (Q') + dim (P — Q') by Proposition IV. J.3,
Ew dim (P — Q') = 0. Hence, by Proposition1V. J4, P — Q' = 0,50 P is
gcquivalcnt to Q.

.-

x- Combining the above results, we get:

fTHEOREM IV. J.6  Let @ be a type Il factor on a separable Hilbert space.
¥ Then there exists a function P +» dim (P) on the set of projections in X, with

} values in [0, o), such thar:
i
:3: 8) P =~ Q if and only if dim (P) = dim (Q).

?_‘j'b.) If and Q are orthogonal, dim (P +‘ Q) = dim (P) + dim (Q).

[
! Moreover, the dimension function is uniquely specified up to multiplication
. by an overall constont foctor by conditions a) and b).

Proof We have already proved the existence statement. To prove the
uniqueness statement, let dim’ be another function satisfying a) and b).
We first claim that P is finite if and only if dim’ (P) is finite. Suppose P is
any projection; then we can write P = P, + P, where P, is cquivalent
to P, (Proposition 1V. 5.3). Thus, dim’'(P) = dim’ (P,) + dim’ (P;)
= 2dim’ (P,). Now if P is finitc, P is not cquivalent to P,, so dim’ (P)
#2dim’ (P,), so dim’(P,) < 0, so dim’ (P) < co. Conversely, if P is
lnﬁnltc, then P, must also be infinite (otherwise P would be the sum of two
finite projections). Thus, P ~ P, (Two infinite projections in a factor on a
Scparn_ble Hilbert space are equivalent.) This implies dim’ (P,) = dim’ (P)
= 2dim’ (P,). This implies dim’ (P,) = o0, so dim’' (P) = co.

ow consider the projection P, which we have chosen to have dimension
one: Since P, is finite, dim’ (Po) # 0, and since Py # 0, dim’ (P,) #+ 0.
;{,""‘x- by multiplying dim’ by a suitably chosen constant, we can arrange
wlm (Po) = 1. Having done this, we no longer have a normalization free, so
di‘:"‘,“““ prove dim’ (P) = dim (P) for all finite P. We can of course regard
as A function on the set of eauivalence classes of proiections. Repeated
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application of properties a) and b) of the function dim’ gives: Y

Now if P is any finite projection in ¥, and if n is any positive integer, we
can find a non-negative integer m such that i

m m 4+ 1 )
22 ol < [Pl < =——[Pa]. -ﬂ

\.
LD Qs

Condition b) implies that dim’ is an increasing function on equivalence

classes of projections, so i
i

m . m . . m o+ 1 m+ 1

— = dim'{ — [P} ) S dim’ (P) £ dim’ Pyl = -

2 (2' ! 01) - " = ( 2 [ 01) 2 5

Since, as n -+ o0, '7"_— approaches dim (P), we get

-

dim’ (P) = lim %”- = dim (P). :
We have not yet shown that the dimensioa function takes on all values in
[0, 1]if @ is of type 1L, and all values in {0, o] if @ is of type [1,. This fact
is casily obtained from the following proposition, which is of interest in its
own right since it gives a continuity property of the dimension function.

AT el e .-

PROPOSITION 1V, J.7 Let (P.) be a mutually orthogonal sequence of pro-
Jections in a type II factar. Then Y
® o i
dim ( )} P.) =3 dim (P). A
ne1 e 0
oo
{In other words, the dimension fimction is countably additive.) Co!

o N
Proof Z. P, 2 Zl P, forall N, so
= ' ,

dim ():l P,) > dim ( _il P,) 5.2’5; dim (P,)

for all N, so
dim (Z P,,) 2 Y dim (P.).

Let us assume that
Y. dim (P.)) < dim (Z I’,)
LEN Am

and derive a contradiction. Choose Q so that

f dim (P,) < dim(Q) < dim (i P,).
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We may take, for example, Q & r[Py] with r an appropriately chosen dyadic
rational). We now define inductively a mutually orthogonal sequence
(0,1, 01, -..) of subprojections of @ such that Q, =~ P, for cach n. This we do
as follows: Since dim (@) > dim (P,), we can find @, S Q with @, =~ P,.
Then
dim (Q) = dim(Q,) + dim (Q — @,) = dim (P,) + dim(Q ~ Q)

But dim {Q) > dim (P,) + dim (P;), so

dim(Q — @,) > dim (P;), sothercexists 0, S Q- Q, with @y~ P,.
Continuing in this way we get the desired sequeance (Q,). Then, on the one

hand, £0.50. so dim (F0)) s dim (0);

on the other hand,
Y Q.= P, so dim (Z Q.) = dim (Z P,) > dim (Q).

We have therefore obtained a contradiction and hence proved the propo-
sition.

CoroLLARY V. J.8 Ler (2, be a decreasing sequence of finite projections
in a type Il factor, and let Q. be the infimum of this sequence. Then
dim (Q4) = lim dim (Q,).

Proof We can wiite 0, = Qu + (@) ~ Q) + (Qa — @) + - Thus,
dim(Q,) = dim (Q,) + dim (@, — OQ;) + dim (Q; — @Q3) + ---
= lim [dim (Q,.) + dim(Q,) ~ dim @, + dim (Q,) — --- dim (Q.)}

L Rad ]

lim {[dim (@) + dim (Q,) — dim (Q,)]

s~ o

so dim(Q,) = lim dim (Q) as asserted.

- x

I

Bibliographic Note

Tn this section I will attempt to provide some indication of when to look for
more information about the subjects treated in these notes. The listing is
incomplete, unsystematic, and subjective; the works mentioned are some
of those I have found useful in my own study.

Chapter I There arc numerous excellent textbooks oo general topology
and measure theory; I have referred to Kelley [1] on topology and Halmos
[1} on measure theory. The summaries of these subjects in the books of



Loomis {1} and Naimark {1} are also uscful in providing a unencumbered t
exposition of the essential points. For more complete discussions of the'}
theory of topological vector spaces, sec Kelley and Namioka (1] or Kdthe [1]) 1

Chapter IT The version of Choquet theory presented here is largcly base&l
on the review article of Choquet and Mayer [1], which is comprchcnsnvc*
but rather condensed. A more leisurely presentation of the subject may bcq
found in the book of Phelps [1]. , 1ol

q

Chapter III The most useful single source is the treatise of Dixmier,
(Dixmier [2], referred to in the text as C*A). In particular, the first t""
sections of this work give in sixty pages an excellent and complete ex-
position of the general theory of C* algebras. The books of Loomis [1);’
Naimark [1), and Rickart {1] are also useful.

Chapter IV Here again, the standard reference is the treatise of Dixmier
(Dixmier {1), referred to in the text as AvN). A more traditional exposition is
given in Schwartz [1), and an excellent presentation of the clementary
theory of von Neumann algebras, on about the same level as the present set
of notes, may be found in Chapter VII of Naimark [1]). The exposition given
in these notes of the comparison theory of projections and its relation to
multiplicity theory of representations is based largely on Chapter ] of
Mackey [1]. For a brief survey of the theory of von Neumann algcbras,

see Kadison [1].
n
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