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We investigate the time evolution of the correlation functions of a nonequilibrium system when the
size of the system becomes very large. At the initial time t = 0, the system is represented by an equilibrium
grand canonical ensemble with-a Hamiltonian consisting of a kinetic energy part, a pairwise interaction
potential energy between the particles, and an external potential. At time t = 0 the external field is
turned off and the system is permitted to evolve under its internal Hamiltonian alone. Using the “‘time-
evolution theorem’ for a 1-dimensional system with bounded finite-range pair forces;we prove the
existence of infinite-volume time-dependent correlation functions for such systems, lim p, (£; 41, 215 * * ;
gnsPn)s 38 A — 0, where A is the size of the finite system. We also show that these infinite-volume
correlation functions satisfy the infinite BBGKY hierarchy in the sense of distributions.

1. INTRODUCTION

The rigorous mathematical study of equilibrium
statistical mechanics during the last decade has
achieved many successes. This study concerns itself
primarily with the properties of equilibrium systems
in the thermodynamic limit, i.c., as the size of the
system becomes infinite at fixed temperature and
activity (or density). In particular, the existence and
analyticity of the correlation functions at small values
of the activity z has been proven for a wide class of
interacting systems.! The existence and convexity of
the free energy has been proven for an even larger class
of systems at all values of the activity.?

The comparable mathematical investigation of the
infinite-volume limit of nonequilibrium systems is
much more difficult and has begun only recently. The
results are restricted to 1-dimensional systems of
particles interacting by smooth, finite-range pair
forces, and they prove the existence for all times of a
“regular” solution of Newton’s equations of motion
for a “regular” initial configuration. A regular configu-
ration is, roughly speaking, one in which the number
of particles in a unit interval and the magnitude of the
momentum of any particle in that interval have a
bound of the form dlog R, where R denotes the
distance of the interval from the origin. It is shown in
Ref. 3 that, at equilibrium, if either the activity is
small or the interparticle potential is positive, the set
of nonregular configuration has probability zero.

A question left open by these results is whether a
state which at time ¢ = 0 is described by a set of
correlation functions can still be described by a set of
correlation functions when ¢ 3 0.

In this paper we investigate this question and prove
that, for certain classes of initial states, the time-
evolving state is described by correlation functions
and that these correlation functions satisfy the
BBGKY hierarchy in the sense of distributions
[see (2.9)].

The initial states we consider can be described as
follows: Suppose that the system is in equilibrium at
temperature f~* and activity z under the influence of
a pair potential and an external potential # which is
localized in a finite region I,. At time ¢ =0, we
switch off the external field and the system begins to
evolve. We prove that, if the activity is sufficiently
small (i.e., if we are deep inside the gaseous phase),
the system can always be described by a set of correla-
tion functions which vary in time according to the
BBGKY hierarchy. We are unable to prove even that
the time-averaged correlation functions evolve toward
the correlation functions which correspond to the
equilibrium state at temperature -1 and activity z
(in absence of external field), as would be expected.
We are, however, able to prove that the time-averaged
correlation functions converge to a limit satisfying
the stationary BBGKY hierarchy.

We note that initial states of the kind just described
suffice, in principle, for the study of transport
properties at low activity.

2. DESCRIPTION OF INITIAL STATE AND
SUMMARY OF RESULTS

We consider a 1-dimensional system of identical
particles of unit mass, interacting through a stable
pair-potential ®(g) which has finite range and is
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twice continuously differentiable. We denote

(2.1)

C = —inf (n‘lzd)(qi - q,)).
] Nsl1," s ln i<j

The condition of stability says precisely that C < oo;

it guarantees that the thermodynamic functions are

well defined.!

The initial states we consider will be equilibrium
states, at inverse temperature § and chemical potential
4, for an interaction coming from the pair potential @
and an external potential 4(g) which is continuous and
which vanish outside some bounded interval I,. We
will assume that the activity z [= e##(2n/)t, in units
where Planck’s constant is unity] is small enough so

that the Mayer series converges, i.e.,
z < B(f) ™ exp (—pC — 1), (2.2)
where
BB = f dq lexp [—pO@] — 1. (23)

Under these conditions, the thermodynamic limit for
the correlation functions is known to exist for 4 = 0.1:4

Now let A denote a finite interval centered at the
origin and containing I, and let

Ha(@: Pis " 5 dns ) = 3 2 70 + 3 @00 — 45)
= i<j
24

denote the Hamiltonian for a system of n particles,
in the box A with periodic boundary conditions,
interacting by the periodized 2-body interaction ®@,.
(By @, we mean the potential obtained by periodizing
® with respect to A. In order that ®, be unambiguous,
we will assume that the length of A is at least twice the
range of ®.3) We let T4 denote the time-evolution
mapping in the periodic box A determined by the
Hamiltonian H, . Finally, we let

By, ) =z h(a).

Here it is convenient to introduce a piece of notation.

2.5)

and if
Dm =41 P15 " 5 dms Pm)»
we use (x),, U (»),, to denote

We also write d(x),, for dq, dp, - - - dq,, dp,,.
We now want to consider the following situation:
We start at time 7 = 0 with the equilibrium state in the-

box A with inverse temperature § and chemical
potential x (and the external potential / as well as the
interparticle potential ®@). We let the state evolve in
time with T}\ (without the external potential); we
write down the correlation functions for the time-
evolved state; and we study their behavior as A — co.
Physically, this situation corresponds to having a
system in equilibrium in the presence of an external
potential 4, turning off the external potential at £ = 0,
and watching the evolution of the correlations func-
tions as A — co.

Thus, we want to examine the correlation func-

tions®;
o Bulmtn)

)= SETC[ o),

Ham=0 m! Jaaxr

x exp {—B(Hy + DT, Y ()]},

2.6
where (26)
w fum

Er=Y— d(x'),, exp {—B(H, + B)(x),]}-

m=om! Jaxm™

2.7
Our main results can be stated as follows:

(i) If h is nonnegative, the limit as A — oo of
palt; (x),) exists for all # and (x),, .

(i) If 4 is not assumed to be nonnegative, the limit
as A — oo of p,(¢; (x),) exists in the sense of distribu-
tions in (x), for each ¢; the limiting distribution is
actually a locally square-integrable function of (x),,.
In either case, we will denote the limit by p(¢; (x),).

(i) The infinite-volume correlation functions
p(t; (x),) satisfy the BBGKY hierarchy in the follow-
ing form: For any C' function f(x), of compact
support on (R?)", we let

O I CORY O ONELY

Then p,(f) is a differentiable function of ¢ and

SoN=p(HSD=pf) 29
where
» (OH Of OH of
H, P s P) =2 | —— > ,
{H,f}4:, p, 40> Pn) igl (ap,- 20 24, api)
(2.10)
* o®(q, — d
fl(ql,pl;---;qn+1,pn+1)=Z—M—f—,
i=1 aqi aPi
(2.11)

H(gu, pis - 5 4o pa) = 3 2 00+ 200 = 4)).
= i<j3
(2.12)
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Equation (2.9) may be obtained from the standard
formal BBGKY hierarchy® by multiplying by the test
function f(x),, integrating over (x,), and putting the
g and p derivatives on the test function by integration
by parts.

(iv) If py(x), denotes the equilibrium correlations
with no external potential, then for all n,m>0

= p(t; 41 P15 " " 5 4> Pn)
X Po(qn+19 pn+1; s qn+m’ pn+m)- (213)

3. INFINITE SYSTEMS

Although we did not need the theory of actually
infinite systems to formulate our results, the proofs
depend on this theory. We will summarize in this
section the main results that we need. For more
details, see Refs. 1 or 3.

A locally finite configuration of particles is defined
by giving a sequence (possibly finite) of positions
and momenta (g,, p;) such that each bounded interval
in R contains only finitely many g,. However, since
the particles are supposed to be identical, we identify
configurations which differ only by the labeling of the
particles. Thus, a configuration may be thought of as
subset of phase space R? with multiplicity, where the
subset is just the set of occupied points and the
multiplicity of each point is the number of particles
at the point. We will let & denote the set of all such
configurations. If X'and Y are configurations belonging
to X, we let X U Y be the configuration obtained by
adding the multiplicities for X and Y. Also, if A < R,
and if X € X, we let X N A denote the configuration
obtained from X by omitting all particles whose
positions are not in A. The set of configurations with
all particles in A will be denoted by L(A).

We will say that a function f on XL is measurable in A
if

JX)y=f XN
for all X € L. There is a simple way to construct such
functions. Let v be a function on R? such that
w(g, p) = O for g ¢ A. Then define

C v(X) = ; v(4:, P,

where X is determined by (g,, p,). If A is bounded,
there are only finitely many nonzero terms in this sum.
Clearly, > y is measurable in A. We give X the
weakest topology such that 3 u is continuous for all
continuous y(g, p) whose support in ¢ is bounded. It
can be convincingly argued that states of classical
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statistical mechanics should be identified with Borel
probability measures on X (see Ref. 6).

If A is a bounded open subset of R, the mapping
X—X nNA is Borel from L to X(A). A Borel
measure ¥ on &L defines therefore a measure y, on
L(A), i.e., a sequence y, , of symmetric Borel meas-
ures on (A X R)*, n=0,1,2,---., If each y, 4 is
absolutely continuous with respect to Lebesgue
measure, we define density distributions f,(x), by

dy'n.A = fA(x)'n d(x)n/n! ’ (31)

where f)(x),/n! is the probability density of finding
precisely n particles with positiong,, * -, ¢, in A and
momenta py,- -, p,.

For any symmetric continuous function % on
(R%", with compact support, we define a function
> pon & by

2 wX) = Z 'P(qt'p Piys "t 5 iy Pin)s (3.2)
71 <ig<<ig
where the configuration X is defined by (g, p). If ¥
is a measure on X such that 3 y is y-integrable for all
such p(x),,, then

w*fdy(Z v)

is a positive linear functional on the space of contin-
uous symmetric functions on (R*)" of compact
support, i.e., a symmetric measure on (R%)". When
this measure exists and is absolutely continuous with
respect to Lebesgue measure, so that it can be written
p(x), d(x),/n! , we say that p(x), is the nth correlation
function of y. To recapitulate: The correlation func-
tion p(x), is defined by the relation

f P(X)np(X), d_(f')“ = f S pX) dy(X).  (3.3)

It is not hard to see that, if 9 has correlation func-
tions of all orders, then density distributions exist and,
for%, v 9anA’

p(g1s Prs* " * 5 s Pa)
< dq; dp; - - - dq,, dp,,
=3 R
m=0 JIAXR) m!

Conversely, if there exists a constant # such that, for
all A and n,

f nd(x)?"P(x)" S [UV(A)]”, (3-5)
(AXR)

V(A) being the length of the interval A, the density
distributions can be reexpressed in terms of the
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correlation functions by

Sl = 2:0 m! Jiaxr

m==

- d(Y)mp(x)n Y (P)m). (3.6)

It has been shown? that, for activities satisfying (2.2),
the infinite-volume limits of the correlation functions
for finite-volume equilibrium ensembles exist; they
have the form

P(qla pl; Tt qna pn)
= p(qr, " "> ) exp (—30(PF 4+ - + Pl (3.7)
where, for some real number £,

PG, 1 q.) S & (3.8)

for all n, ¢;,°+*,q,, and hence they satisfy an
estimate of the form (3.5). Thus, a measure on L may
be reconstructed from this set of correlation functions;
we denote this measure v, and call it the infinite-
volume equilibrium state. It follows easily from the
estimates in Ref. 7 that, if  is a bounded Borel
function on X measurable in some bounded set, then

J' dyey = lim (3.9)

A= Jy(

dyys
A)

where y(,) is the finite-volume grand canonical
ensemble density [regarded as a probability measure
on L(A)].

4. THE EVOLUTION THEOREM

In this section we summarize the results of Ref. 3
in a form convenient for our purposes.

(i) The existence of a solution of the equations of
motion has not been established for arbitrary initial
data in X, but only for a special set X of configura-
tions. This set o may be written as the union of a

family of subsets li‘,‘,, where & runs through the
positive real numbers. We have

T, > Xy, 626

Each Ii‘,,, is compact in L. The sets {ta are large in the
sense that

vol@) =1, ie, limp(X\&E,) = 0.
3=+
In fact, a slightly stronger statement is true
lim @A) N ) =1

uniformly in A for large A.
(ii) The crux of the existence of time evolution is
contained in the following statement: There is a 1-

parameter group of mappings T of & onto itself such

that, for any continuous function y on X which is
measurable in some bounded interval,

lim p(TL (X N A)) = p(T'X)
A=

for X € &. The convergence is uniform for X in any
fixed L5 and ¢ in any bounded interval.® For any fixed

4, (¢, X)— T'X is continuous from R x Iil,, to L. If
an appropriate labeling of the particles in

TX = (ql(t)a Pl(t)’ q2(t)’ ot )

is chosen, then the (g,(r), p,(r)) solve the differential
equations
dg(1) dp(1) '
it (1), o j*i‘l’ (1) — g5(1).

(iii) The mapping (X, X') - X U X’,sending L x L
to X, is continuous. If X e{il,, and X ’e.‘f:,,,, then
XYuXe i}aw.

(iv) Every point in (R?)" determines a point in L
representing a configuration of exactly » particles.
We will usually fail to distinguish between (x), as a
point of (R?%)" and the corresponding point in X. The
mapping from (R?%)" to X so defined is continuous
and the image of each bounded set is contained in
some &L, .

(v) The equilibrium measure y, on L (more pre-
cisely, the measure obtained by restricting y, to If:) 18
invariant under T for all ¢; i.e., if E = Xis a Borel set,
then

Yo(E) = yo(T™'E).

5. INFINITE-VOLUME LIMITS OF TIME-
DEPENDENT QUANTITIES

Proposition 1: Let ¢ and y be functions on X, both
measurable in some bounded interval 1. We assume ¢
to be continuous and v to be a Borel function. We
also assume that, for some real number «,

1$(X)| < exp [«N(X)],
lp(X)] < exp [N (X))

5.1
(5.2)

[where N (X)is the number of particles in the interval
I for the configuration X]. Then

(i) p(Y)$(T*Y) is y, integrable and
[anmwmaa)

= lim
A- o0 Jy

wdm(Y)«p(Yw(TzY). (5.3)
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(i) If ¢ is further assumed to be bounded, then,

for any (x), € (RY)", p(N)HT* (Y U (x),)) is y, integ-
rable, and

L dy(V)p(Y)HT' (Y U (x),))

~tim [ dya(MNETLY V@D (654

The integral varies continuously with (x),, .

Proof: There exists a real number & such that the
nth correlation function of y,), pa(x), satisfies

pA(X), < E" exp (—%ﬂ 2 p?),

(x)n = (CIla D1 54y, p'n) (55)

for all n, (x),, and all sufficiently large A. This
inequality persists for the infinite-volume correlation
functions. By (3.6), the probability of finding precisely
N particles in 7, with respect to any ¥, ,, or with respect
to y,, is majorized by

() [EQn]BRVDI" exp [EQmBRV )] (56)

It follows that exp [aN(Y)] is square-integrable with
respect to each y,) and with respect to y, and that
its square-integral has an upper bound which is in-
dependent of A. By (5.1) and (5.2), ¢ and p are
both y, square-integrable and, since y, is invariant
under 7%, y o T* is also y, square-integrable. By the
Schwarz inequality, then, ¢(Y)@$(T*Y)is y,-integrable.
Similarly, if ¢ is bounded, p(Y)H(T" (¥ U (x),)) is
¥o Integrable. By 4(ii)-(iv), T* (Y U (x),) varies con-
tinuously with (x),; hence,

| f Ay V)p(HT (Y U (x),)

is a continuous function of (x),, by the Lebesgue
dominated-convergence theorem.

Because of the boundedness of the square-integrals,
replacing d by —1if ¢ < 2, ¢if ~A <P <4, and 1
if ¢ > 2 with A large, makes a change in

f dynp(@ > T)

which is small uniformly in A. Hence, in proving (5.3),
we can assume that ¢ is bounded. In this case, (5.3)
is a special case of (5.4). In a similar way, we see that,
in proving (5.4), ¥ may also be assumed to be bounded.

To prove (5.4), assuming % bounded, we choose
€ > 0 and then choose d large enough so that

" A,({IZ(A)\.',i:,,) < ¢, for all sufficiently large dA,
(5.7)
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and
7o(LNTp) < €
this is possible by (i). Now, by 4(ii)-(iv), the mapping
Y= (T (Y U (x),))

. . 2 A . 0
is continuous on X, and &L; is compact in L. The

collection of all functions on .‘ila , which are restrictions
of continuous functions on X measurable in bounded
intervals (the interval may vary with the function), is

an algebra of continuous functions on &; containing
the constants and separating points. Hence, by the
Stone-Weierstrass theorem,® there is a continuous
function ®; on X, measurable in some bounded
interval, such that

[61(Y) — HT (Y U () )] < € (3-8)
forall Ye .‘IAI,,. We can also assume
lrlle < fiplls - (59

Because
l{if:j(f A (Y YU (x),] NA)) = (T (Y U(x),))
uniformly for ¥ e &£; (by 4(ii))we have

[$(Y) = HTA (Y U D <e  (510)

for all sufficiently large A and all ¥ & L, N L(A).
Now

L dy(V)p(V)H(T* (Y U (x),))

- f dyap(NTL (Y U (3))
x(A)

< f BT (Y U (),) = (V)]

+

L dys(DW(Nho(Y) — fmwdyw(r)«p(nsél(n]

+ ‘ f dy(Np(N[$(Y) — $TA(T U (%))
T(A)

(5.11)
The first term on the right of (5.11) is majorized by

f L ORI (V0 (90) = (D)

+ UL\ i,adVo(Y)w(Y)W(T’ (Y V(x).) = ¢1(Y)]]

Slplloe + ellylle Qo) = e llplo (1 + 2ll)

[We have used (3.7), (5.8), and (5.9).] Similar argu-
ments show that the same quantity majorizes the
the third term on the right of (5.11) provided that A
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is large enough so that (5.10) holds. Finally, the
middle term on the right of (5.11) approaches zero
as A — oo by (3.9). Hence, for A sufficiently large,

] f n (MBI (Y U ()

~ [L s DHDHTL Y 0 @)
L(A)
< 3e il (14 2 16],)-
Since € > 0 is arbitrary, (5.4) follows.
Corollary 1: Assume the external potential A is

nonnegative, and let the time-dependent finite-volume
correlation functions be defined as in (2.6). Then

A—

exists for all # and (x), and the convergence is locally
uniform in (x), . Furthermore,

lim pat; (x),) = & fmdyo(Y)

x exp [—f > T (Y U(x)))]
x exp {—p[H(x), + W((x),, )]}

x (Ldyo(y)e—mm)_l, (5.12)

W(x),, Y) = 3 $(d; — 47);

where

Y = (¢}, p}), and the limit is a continuous function
of (x),.

Proof: From the definition of p,(¢; (x),) and the
fact that

HyoTX = H,
(conservation of energy), it follows that
s () = [ (1)
L(A)

x exp [—8 3 W(TL(Y U (x))]
X exp {—ﬂ[H(x)n + W((x)vu Y)]}

—1
X Umwde(Y)e‘””"Y ’) ; (5.13)

the corollary then follows by straightforward applica-
tion of Proposition 1.

Corollary 2: Let the time-dependent finite-volume
correlation functions be defined as in (2.6), and let
the external potential # be any continuous function of

compact support. Let f(x), be any continuous func-
tion of compact support on (R*)". Then

fim [ 4%

A= oo n!

pA(t; (x)n)f(x)n

- f dyo(Y) exp [— B (T VIS L))

% ( f dyof Y)e—li):h(Y>)_1;

moreover, there exist locally square-integrable func-
tions p(¢; (x),) such that

(5.14)

lim f dx), palt; (X)) f(x),

A= n!

= f ADn ot; (), f ()0, (5.15)

n!
for all continuous f of compact support.

Proof: Again, by the definition of the finite-volume
correlation functions and the conservation of energy,
we have

[ %2 s 90109,
= f dy(Y) exp [—8 3 h(T5)] 3 A(Y)
X ( f dm(Y)e—W’)‘l;

thus (5.14) follows from Proposition 1. The existence
of the infinite-volume correlation functions p(z; (x),)
as locally square-integrable functions (and not merely
as measures) follows from the fact, easily verified, that,
if Q is any bounded open set in (R*)", the mapping
f— 2 ffrom the space of continuous functions with
support in Q to the space of continuous functions
on X extends to a continuous mapping from
L¥Q, d(x),) to L*X,'dy,). Hence, since e =*") ¢
L2(X;, dy,), the mapping

(5.16)

f—lim

A—+o0

[ 2 )t 1)

extends to a continuous linear functional on L2(2)

and is therefore given by a function square-integrable
on Q.

6. THE BBGKY HIERARCHY

Theorem 1: Let v be a nonnegative function on I
with

f WD) dn(n) =1 and [p(0fdp(¥) < .
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Let y denote the probability measure y(Y) dy,(Y) on
&, and let y* be the time-evolved measure defined by

f $(Y) dy(Y) = f $o THY) dy(Y).  (6.1)

Then y* has correlation functions of all orders, and
these correlation functions are locally square-integ-
rable. Moreover, for any function f which is infinitely
differentiable and of compact support on (R?%)",
§ dytY fis a differentiable function of ¢, and

d t _ t_ ¢
G Ere =[san ey ~[3 far 6
where the notation is defined in (2.10)-(2.12).

Proof: By a simple calculation, using the invariance
of y, under 7%, we have

dy' = (y o T') dy,,
fdyo lpo TY? =fdyo 9] < oo,

Thus »* is obtained from y, by multiplication by a
square-integrable function. The arguments used in the
proof of Corollary 2 show that this implies that »* has
locally square-integrable correlation functions of all
orders. On the other hand,

f S fdyt = f 3 [fo TON(Y) dyo(Y). (6.3)

It follows readily from:ﬂ(‘ii)ithat, for any infinitely
differentiable fand Y € &,

43 1) = SAHDIY) = 3 AT (64

The right-hand side of this expression may be verified
to be y,-square-integrable; hence, its absolute value
is y integrable, and the integral is a bounded function

of ¢t. The complement of I has y-measure zero. Hence,
by standard theorems about differentiation under the
integral sign,

d ¢ _ ;
DI Ll DXUSHED FALANCD
which is just Eq. (6.2).

Corollary 3: Equation (2.9) holds.

Proof: The p(t; (x),) are the correlation functions
of the measure obtained by evolving in time the
measure

e—ﬂl‘.h(Y) dyo(Y)/J.dYO(Y,)e_ﬁme,)

[by Sec. 4(iii)], and e FEMY) js yo-square-integrable.

7. CLUSTER PROPERTIES
Let 7, denote the operation of translation by a,
acting on X, ie., 7,(g;,p) = (¢ + a,p). The
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equilibrium state y, is invariant under =, and has
strong cluster properties under the action of 7,. For
a detailed discussion of these cluster properties, see
Ref. 1; we will need the following fact, easily deduced
from the results in this reference: 1f y and ¢ are func-
tions on X which are y,-square-integrable, then

dyo(Y)p(Y)§(7,Y)

- f dyo(Y)p(Y) f dyo(V)p(Y). (1.1)

Using this result, we will prove the following:

lim

[a]=

Theorem 2: Let the p(t; (x),) be defined as in
Corollary 2, and let py(x), denote the nth correlation
function of the equilibrium measure y,. Then, for
continuous symmetric functions f(x),,, g(»),, of com-

pact support,
lim

Jim d(x)p, AV f(X)n8Pmp (85 ()5 Y 7(1)m)

= f d(X), f(5)aplt; (),) f AP mpo V- (1.2)

Proof: Let g,(¥), = g(7.(»),n), and let X, be the
function on X defined by

1
:I;a((qi’ pi)) - (n + m)!u

X ga(qinﬂ’ T pi,,+m), (7'3)
where the sum ' is to be taken over all (n + m)-
tuples of distinct indices. Since f and g both have
compact supports, for sufficiently large a,

VAU ,pz-")ga(qim, T ,Pi,,“,,) =0

ifany i, 1 <k <m,isequaltoanyi,,n+1<e<
n + m. Hence, for such a,

yintm

Xa((qia pl)) (n + )' i z f(lL, SR Piﬂ)
X Z/z . ga(qznﬂ’ T pi,.+,,.),
L (Y) = ( ot S DNE D). (T4)
If we let

_1
’l,l)(Y) — e—ﬂEh(Y)(fdyo(yr)e—ﬂzh(lf’)) , (75)

then Corollary 2 and the definition of correlation
functions gives

1 .
g f () AP f DI (85 () U Ta(3)u)

= | dy(NWT*NTLY)

_n!m! _
= dyo(Nw(T™Y Y 7Y
&1 f Y(MY(T*V)E /) )(Zg)(( 6;
7.
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for large a. Since any power of g, 3 f, or 3 g is yor
integrable, it follows from (7.1) that

lim (4, 400 9180)np (1 (e V7))
= ntm ( f DN D 3 S0)

x (farn &h)

([20orenetc; @)

x ( f d(y)mg(y)mpu<y>m),

which is just (7.2).
8. REMARKS

We have seen that the infinite-volume correlation
functions p(#; (x),) are the correlation functions for
a measure obtained by multiplying the equilibrium
measure y, by y o T, where y is defined in (7.5).
We may define time-averaged correlation functions

T
AT, (x),) = T f dp(®)); (8D

these are the correlation functions of the measure
obtained by multiplying y, by

T
Pp = T“‘f dtyo T 8.2
0
By the mean ergodic theorem,® %, converges in
L3(y, dy,) to some limiting function ¥, which has
ye-integral unity and is invariant under T* As in the
proof of Corollary 2, the measure ¥, obtained by
multiplying p, by ¥, has locally square-integrable
correlation functions g(x),. Trivially, we have

[ %2 10,509, =
n!
Jarepo 5 r=tim fargs3 s

=tim [ 2 100, 575 (), (83)
T-w n!

ie.,
Pol(X), = lim p(T; (x),) (8.4)
T
in the sense of distributions.
Moreover, the measure 7,, is time invariant and is
obtained by multiplying y, by a square-integrable
function. Hence( Theorem 1) its correlation functions

must satisfy the stationary BBGKY hierarchy. We
have thus shown that the time-averaged correlation
functions tend, as T — o0, to stationary correlation
functions. Unfortunately, we do not know that these
stationary correlation functions are the equilibrium
ones.*! This would follow if it could be proved that
the equilibrium measure y, is ergodic with respect to
T*. The ergodicity of the low-activity equilibrium
measures is the outstanding problem in the theory of
the time evolution of 1-dimensional systems, and no
serious attack has yet been made on it.

Recently, Ruelle'® has shown that, for a large class
of potentials (the so-called superstable potentials)
and for arbitrary temperature and activity, the finite-
volume correlation functions satisfy an inequality of
the form (5.5), where & may be chosen to be inde-
pendent of A. One can construct infinite-volume
equilibrium measures by taking limits along subse-
quences of boxes converging to infinity; the equi-
librium measures obtained in this way need not be
unique (i.e., they may depend on the particular se-
quence of boxes chosen), but any one of them is

concentrated on &, invariant under 7" and has corre-
lation functions satisfying (5.5). It is easy to see
that all our results, except those in Sec. 7, extend with
appropriate modifications to apply to states obtained
by making local perturbations on these equilibrium
states.
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