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We investigate the ergodic properties of the discrete time evolution of a particle in a two-dimensional 
torus with velocity in the unit square. The dynamics consists of free motion for a unit time interval 
followed by a baker's transformation of the velocity. 

1. INTRODUCTION 
We are interested in the ergodic properties of dilute 

gas systems. These may be thought of as Hamiltonian 
dynamical systems in which the particles move freely 
except during binary "collisions". In a collision the 
velocities of the colliding particles undergo a trans-
formation with "good" mixing properties (cf. Sinai's 
study of the billiard problem 1). To gain an understand-
ing of such systems we have studied the following simple 
discrete time model: The system consists of a Single 
particle with coordinate 2: = (x,y) in a two-dimensional 
torus with sides of length (Lx, and "velocity" u = 
(v x' v), in the unit square Vx EO L 0,1], Vy EO [0,1]. The 
phase space r is thus a direct product of the torus and 
the unit square. The transformation T which takes the 
system from a dynamical state (1:,11) at "time" j to a 
new dynamical state T(r., 11) at time j + 1 may be pic-
tured as resulting from the particle moving freely 
during the unit time interval between j and j + 1 and 
then undergoing a "collision" in which its velocity 
changes according to the baker's transformation, i.e., 

(1. 1) 
with 

( B vx ' Vy - (2 _ 1 .! ') '< 1 (1.2) . v x ' 2 V Y + "2 , "2 v x • 

The normalized Lebesgue measure dlJ. = dxdydvxdv/ 
L L = drdvl L¥L in r is left invariant by T. We call x y - - h Y 
UT the unitary transformation induced by T on L2(dlJ.), 
UT(j) = qJ 0 T. Our interest lies then in the ergodic 
properties of T and in the spectrum of UT • 

We note first that the transformation B on the velo-
cities is, when taken by itself as a transformation of the 
unit square with measure d12, well known to be iso-
morphic to a Bernoulli shift. It therefore has very good 
mixing properties. The isomorphism is obtained by 
setting 

00 

v = L 2-ju., 
x j= 1 J 

(1. 3) 

with the u. independent random variables taking the 
values 0 a:nd 1 each with probability We then have 
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00 

(By)x = L 2-jv j+l = 2vx - up 
j:l 

00 
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(1.4) 

2. ERGODIC PROPERTIES 
The ergodic properties of our system which combines 

B with free motion turn out to depend on whether L;1 
and L:/ satisfy the independence condition (I), 

nxL;/ + nyL-:} i Z for nx and ny integers 
unless nx = ny = O. (1) 

Theorem 1: When (I) holds, the spectrum of Up on 
the complement of the one-dimenSional subspace gener-
ated by the constants, is absolutely continuous with re-
spect to Lebesgue measure and has infinite multiplicity. 

It follows from Theorem 1 that when (I) holds the 
dynamical system (r, T, IJ.) is at least mixing. We do 
not know at present whether it is also a Bernoulli 
shift or at least a K system. 

Theorem 2: When (I) does not hold the system 
(r, T, IJ.) is not ergodic. 

The proof of Theorem 1 has two parts: a general 
characterization of unitary operators with Lebesgue 
spectrum and a set of estimates. 

Lemma: Let U by a unitary operatory on a Hilbert 
space It, with spectral representation U = 
Assume that there exists a total set of vectors {qJ;} such 
that L:= 11 (un qJ j I qJ j) I < 00 for all i. (A set of vectors is 
said to be total if the finite linear span of this set of 
vectors is dense.) Then the spectral measure p(de) is 
absolutely continuous with respect to Lebesgue measure, 
i.e., if E is a Borel set of Lebesgue measure 0, then 
!jE) = o. 

Proof: We have 
(uncpjl qJj) = jejnfJ(E.(de)qJj IqJj), i.e., the function 

n"'(Un qJ j I cP j) is the Fourier transform of the measure 
(g(de)qJj I qJ j)' On the other hand,Ln I (un (j) j I qJ j) I < 00, 
so we can compute its inverse Fourier transform in 
the elementary way. By the uniqueness of the Fourier 
transform, we get: 

(E.(de)qJ;I"qJj) = e- jn9 (unqJ j lqJj), 

so the numerical measure (p(de)qJjlqJj) is absolutely 
continuous with respect to :Lebesgue measure. If E is 
a Borel setof Lebesgue measure 0, 
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But the vectors {qJ i} form a total set, so !:(E) = 0 as 
desired. 

Now the estimates: Let x(1) = 1, x(O) = - 1. For each 
finite subset X of Z, we define 

xx(v) = .IT X(u J.). - JEX 

The Xx form an orthonormal basis for Simi-
larly, the functions exp(ik 'r); {k = (k x' ky),kx = 21TnxL x' 
k = 21Tn L ,n and n integers}, form an orthonormal 

fof ThJ's, the functions qJx.1.!. = exp(i& 'r)' 
form an -orthonormal basis for L2(d/J.). We will 

prove that 
00 

nL;l I (U'T(Ilx l • co unless = &2 = 0, 
Xl = X 2 = O. 

By straightforward computation, 

U'j. cp X k = CPx +n (!Z) exp(i!i . r) 
I' -I 1 

X exp[it· (u + Bu + ... + Bn-1u)]. 

Thus 

so we assume !i1 = !i2 = @.. Also, 

J dy.(U'Tcpx
l
.0)WX2 .0 = 0 unless X 2 = Xl + n, 

so the result is trivally true for k = O. We therefore 
assume k '" O. -

Now 

(L xL y)-l J )(Px 2 • 

= JdY.Xx
l
(BnY.)XX 2 (y.) exp[i&(y' + By' + ... + Bn-1!Z)], 

00 

(Bjy')x = L. u j +i 2- i, 
i=l 

n-1 n-1 00 00 I 00 

:6 (BjU)x = 6 :6U'+i 2-i = L: Ul 2-i= L:u 10!7 
j=O j=O i=l J 1=1 i=lV(I-n+1) 1=1 

(where this equation defines 0!7), 

00 

(BJv ) = L;2-iu J'+1_i, - y i=l 

n-1 n-1 00 

(Bjv) = L: L; 2- iu j +1-i 
j=O - y j=O i=l 

n -1 n-l 
00 

= U1 :6 2-i = L: u1f37· 
1=-00 i= 1'1(-1+ 1) 1=-00 

Then 
n +1 1- 1 

U'T(Ilx l • k' Cf'x 2. & = 1= +1 exp[i(0!7 k x + f37k ylul] 

x Un of the uz's for l ri (Z2,n + [1)]' 

By independence, the integral of the product on the 
right is the product of the integrals, and the unspecified 
function of the U z' s, l ri (z 2, n + ll) is no greater than 
one in absolute value, so 
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n +11-1 
::; IT 1![exp(i0!7k x + f31 k ) + 1]1. 

1= 12 + 1 

For l's within the limits of the product, we have 
I 

O!n = :0 2-i = 1 - 2- 1, 
I i= 1 

n -1 
f3n = L: 2-i = 1 - 2-(n-l). 

I i=1 

Thus, for most of the terms in the product, 0!1 
(37 1, and the number of terms is n - const for large 
n. In particular, if we put 

y = ilexp[i(kx + k)] + 11< 1 
(by our fundamental assumption), 

I (U't qJ x k I qJ X k)< yn/2 for all sufficiently large n, 
I' - 2' -

we have 

as desired. 
The fact that the multiplicity is infinite is trivial. 

We have L2(dv) c L2(drdv), and we already know that 
the spectrum UT restricted to L2(dy) has infinite 
multiplicity. 

To obtain a proof of Theorem 2, we note that ergo-
dicity is equivalent to 

1 N-1 _ 

AT nL;o J d/J. 
= (jd/J.cp)(Jd/J.'f), (Il, E L 2(d/J.). 

For qJ or orthogonal to the constants we must then 
have Cesaro convergence to zero when the system is 
ergodic. We prove that the system is nonergodic by 
finding cp or orthogonal to the constants such that the 
above integral converges (strictly) to a nonzero number. 

Let nX,n y be such that nx/Lx + n/L y E Z and nx and 
ny are not both 0, and let kx = 21Tnx/ Lx, ky = 21Tny/ L y• 
We set qJ = = qJo. k and compute as before the relevant 
integrals: -

In = Jd/J.(U'tCf'o,&)(Po.!?= Jdy' 
00 

= Jdy' IT exp[i(kx 0!7 + k (37)u 1] 
1= 00 y 

00 

= + exp(i0!7k x + f37 k )]. 

Here 
I (n -1)/\ (/-1) 

0!1 = I' 2-i = 2-1 I' 2m = 2-1(2n/\1 - 1) 
i=1V(I-n+1) m=O 

for l> 0 and vanishes for 1 ::; 0, and 

n -I n-1 
f37 = L: 2-i = 21-1 :0 2- m = 20/\1 - 21-n 

i=lV(-I+l) m=OVI 

for l < n and vanishes for l 2: n. 
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We thus have found that 
o 

In = HI + exp[i(21 - 21- n)k yJ} 

n-l 
X IT ·HI + exp{i[ (1 - 2-/)k + (1 - 2- (n -/»k ]}) 

1=1 " Y 

x fi -HI + exp[ik (2-([-n) - 2-1)]} 
l-n " 

with 
00 

Fl(k);= Fl(k ) = IT MI + exp[ik (2- m - 2-(m+n»]}, 
n - n y m=O y 

n-l 
= i]1 t(1 + exp{i[(1 - 2-1)k" +(1- 2-(n-z»ky]})' 

Since k" + k y E 21TZ, we have 
n-l 

F2(k) = IT -HI + exp[- i(k 2-1 + k 2-(n-/»]}. n _ 1= 1 "y 

We now assert that (for k" + k y E 1TZ) 
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lim Fni (k) = (]/i;.o 0, 
n-+OO -

i = 1,2,3. 

This is verified by observing that the log (!!) co-
verage to a finite limit, thus completing the proof. 

(If k" and k are such that some of the terms at the 
beginning of the series which one obtains from the 
log are singular, one easily removes the difficulty 
by an appropriate change in the functions qJ and >J1 intro-
duced at the beginning of the proof of Theorem 2. We 
also note that for the case where L,,/ Ly is rational we 
can find explicitly a nonconstant function f which is left 
invariant by U T' From the fact that U B (v" + 2v ) = 
2vx + Vy it follows that f(x - y - v" - 2v ) is iri'variant 
if f is doubly periodic with periods Lx and L y ' so that we 
can construct an infinite family of orthonormal invar-
iant functions fn :f,. = exp{(i27m/L)(x - y - Vx - 2v y )} 
with L:jr = Lis = L, rand s integers.) 
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