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For a single nonrelativistic particle moving in a spherically symmetric potential, the existence of the
Hilbert space wave operators and S operator is proved and phase shift formulas for these operators are
deduced. The probability, P(f), for scattering into the solid angle @ is obtained from the time dependent
theory. The relation between P(Q) and the R matrix of the standard plane wave formulation of scattering
theory is established. For collimated incoming packets, it is shown that P(Q) can be expressed as an energy

average of the differential cross section.

I. INTRODUCTION

HE importance of the asymptotic behavior of the
field operators in quantum field theories has re-
cently motivated mathematically rigorous studies of the
asymptotic behavior of the solutions of the nonrela-
tivistic Schroedinger equation.’—® In these studies the
Hamiltonian operators of the free and interacting par-
ticle are defined as Hilbert space operators following
Von Neumann® and Kato,” so that the kind of con-
vergence involved in the asymptotic limits can be pre-
cisely specified. Suitable restrictions are placed on the
scattering potential V(x); for example, that V(x) be
square integrable over any finite region of three-
dimensional space, and that as 7 —  V(x) be 0(r~—¢),
where r is the radial variable in spherical coordinates
and €>0. It is then possible to prove that for every
Hilbert space element % (i.e., for every normalizable
wave function, %#(x)), there are elements %, belonging
to the continuum subspace of the total Hamiltonian A
such that as the time ¢ approaches ¥ o,

(1.1)

in the sense of strong convergence in Hilbert Space. In
Eq. (1.1) H, is the kinetic energy operator and H=H,
+V(x). Wave operators Q. are defined by the relations
uy, =%, and it is shown that they and their adjoints
Q.* obey the relations

exp(—iHo)u — exp(—iHt)uy

0,0, =1 (1.2a)

and

Q:hQﬂ:* = Pc, (1 .2b)

where 1 is the unit operator and P. is the projection
operator onto the continuum subspace of H. The S
operator is defined as the operator, which connects the
incoming and outgoing states associated through Eq.
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(1.1) with a given time-dependent continuum state. It
follows that

S=0_*Q, (1.3)

and that S is unitary. Equations (1.1) to (1.3) thus
provide a mathematically rigorous time-dependent
basis for scattering theory.

The present paper adds to the foregoing considera-
tions in three respects. First, Eq. (1.1) is proved for
potentials which are effectively 0(»—2*¢) rather than
O(r—+¢) as r — 0. Second, explicit phase shift formulas
for @, and S are obtained. Third, the experimentally
important formula for the scattering probability as an
energy average over the usual differential cross section
is deduced from the time-dependent Hilbert space
formalism.

The material is presented as follows. In Sec. IT a
well-known eigenfunction expansion for the Schroedinger
equation is stated so that it can be used to define the
Hamiltonian operators. In Sec. III, the Hamiltonians
are defined. In Sec. IV, Eq. (1.1) is proved and the form-
ulas for 2, and S are obtained. In Sec. V the formula for
the scattering probability is derived.

This section will be concluded with a statement of the
precise conditions imposed on V(r). It is assumed that
V() is Lebesgue integrable over any finite interval not
including the origin, that for 0<R< e

R
f rV(r)dr<oo, (1.4a)
0
f V(rdr<o, (1.4b)
R
and that either
f V(s)ds belongs to L*(R,), (1.5a)
orasr— «,
V(r)=0(r-¢). (1.5b)

The notation L?(a,b) designates the class of functions,
which are Lebesgue measurable and square integrable
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on the interval (a,b). Equations (1.4) are used to estab-
lish the eigenfunction expansion; one or the other of
Eqgs. (1.5) is joined to Eqgs. (1.4) in the proof of Eq. (1.1).

II. EIGENFUNCTION EXPANSION

In this section, the bound state and continuum solu-
tions, ¥V, (0,0)r Wi (r), of the Schroedinger equation are
used to generate a mean-square eigenfunction expansion
of the Hilbert space elements, », which is used in Sec.
111 for the definition of H and H,y. The expansion theo-
rem could be obtained as a special case of a general
theorem of Titchmarsh® by adapting his proof to the
conditions of Eq. (1.4). However, for the simple problem
under discussion, the elementary approach used here
serves its purpose in a direct way in terms of formulas
which the physicist will find familiar. For ease in refer-
ence in later sections, the angular and radial parts of
the expansion theorem are treated separately.

Let I? designate the Hilbert space of complex-
valued Lebesgue measurable functions, #(x1,%s,%3),
which are square integrable on — o <x; <, i=1, 2, 3.
Let u(rf,¢) be an abbreviation for u(r sing cose,
7 sinf sing, 7 cosf). Then 7(sin8)*u(7,8,¢) is measurable
and squareintegrableon (0 7< »,0<0<m, 0K ¢ < 2m).
Let V,.(8,¢) designate the normalized spherical har-
monics. As is well known, it can be shown that?®

r(sinf)*u(r,0,¢) = lii;m.z L(sinf)}Y .1 (0,6)ami(r), (2.1)
where

() = f P0a(0,6)r1(r,0,6)d. 2.2)

In Eq. (2.1) the notation Y ; stands for

L I

> .

=0 m=—1
The notation l.i.m. means the limit in mean square on
the interval (0<r<w, 06K 0<¢<27). In Eq.
(2.2), dQ stands for sinfdfd¢ and fir indicates integra-
tion over (06w, 0<¢<2r). The functions am(r)
belong to L2(0,) and have the property that

II“IPEI dxlf dxzj dxalu(xl,xg,x3)|2

=Z(,,f lami(r) |2dr.  (2.3)

Conversely, given any set {8mi(r)} of functions be-
longing to L*(0,) and such that the right-hand side
of Eq. (2.3) is finite, the right-hand side of Eq. (2.1)
exists and defines a function g(x1,%s,%3) belonging to L2.

8 E. C. Titchmarsh, Eigenfunction Expansions, Part I1 (Oxford
University Press, New York, 1958), Chaps. 12 and 15.

¢ A proof is given in O. E. Lanford III, Thesis, Wesleyan Uni-
versit%r, 1959, Chap. II. This paper henceforth will be referred
to'as I.
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Moreover, if vymi(r) is the function calculated for
g(x1,%2,%5) from Eq. (2.2), Ymi(r) equals Bni(7) almost
everywhere. Equations (2.1) and (2.2) thus establish a -
one to one correspondence between the elements of L?
and the sets, {ami(r)}, of functions for which the right-
hand side of Eq. (2.3) is finite.

Since each an:(r) belongs to L2(0,), it can itself be
expanded in mean square on (0, ) according to

N
a,,.;(f)=l.i.m. Z amznl//zn(f)
N—w n=0

+1im. f Sm(BWi(r,R)dE, (2.4)
where ’

Cmin= f i (PWo1a (), (2.58)

and

st =Lim. [ Wi bdr. (25b)

Furthermore, for each (ml),
f [atmi(r) |2dr=2" |dman2+f | dmi(B)|2dR.  (2.6)
0 n=0 0

The ¢1.(r), n=0, 1, - - -, are the normalized eigensolu-
tions of the radial equation

="'+ QA D2+ 20V (N))u(r)=Ru(r), (2.7)

for £2<0. The function ¢,;(r,k) is the solution for £>0,
which is normalized so that

Yi(r,k) — (2/7) (sin(kr—Im/24-6:(k))

as r — o ; §;(k) is the phase shift. For all 2 the solutions
are 0(r*1) as r — 0. The scattered particle’s mass is u;
its total energy is k%/2u.

With each ani(r) belonging to L*(0,«), Egs. (2.4)
and (2.5) associate a function ¢.i(k) belonging to
L2(0,) and a set of constants am» such that the right-
hand side of Eq. (2.6) is finite. Conversely, given a
function x,.;(k) and a set of constants 8mi» with the
above properties, Eq. (2.4) defines a function Bmi(r)
belonging to L2(0,). If £.:(k) and ¥min are calculated
for Bmi(r) from Egs. (2.5), Bmin="Ymin for all # and
Emi(R)=%mi (%), almost everywhere. Thus Eqs. (2.4) and
(2.5) establish a one to one correspondence between the
ami(r) belonging to L2(0,0) and the sets {¢mi(k),tmin}
for which the right hand side of Eq. (2.6) is finite.

A proof of the radial expansion theorem stated above
has been given by Kodaira.!® In this proof it was as-
sumed that V(r) is continuous on (0,%), that V(r)
=0(r?t¢) as r— 0, and that V(r)=0(r"1"¢) as r — .
These conditions are equivalent to those of Eq. (1.4)
for physical applications, except that Eq. (1.4) allows
discontinuous potential wells of the kind which are

1 K. Kodaira, Am. J. Math. 71, 921 (1949).
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frequently convenient in practice. One of the authors
(T.A.G.) has proved the expansion theorem using Eq.
(1.4). The proof will be omitted.

Equations (2.1)-(2.6) jointly establish a one to one
correspondence between functions % (x,%s,23) belonging
to L? and the sets of functions and constants
{dmi1(k),amin} such that

E: P {f |¢mz(k)l2dk+§ 1amln!2}< ©. (2.8)
1=0 m=—1 0 n==0
Moreover, by Egs. (2.3) and (2.6)

L R NTRCIC S5 sy er

The set {@ni(k),amin} will be referred to as the trans-
form, Fu, of the Hilbert space element, %. This element
is then the inverse transform, F~{¢mi(k),ami.}, of
{dmi(k),@min}. It is easy to verify that the elements
{mi(k),amin} such that the right-hand side of Eq. (2.9)
is finite constitute a Hilbert space with a norm given
by the right-hand side of Eq. (2.9) and self-evident
rules for addition, etc. The transform depends on the
potential. It will be convenient to denote by Fou the
transform calculated with V(r)=0. In this case, there
are no bound states so no coefficients ami» appear.

III. OPERATORS H AND H,

The transforms introduced in Sec. II are defined in
terms of the solutions of the Schroedinger equation.
Hence, it is physically clear that H must be the operator
multiplication by (k2/2u) in the space of the transforms
{®mi(k),omin} and that H, must be the corresponding
operator for V(r)=0, provided that the operators thus
defined are unique and self-adjoint.

For a given V (r) and /=0, however, it is well known
that Eq. (2.7) belongs to the limit circle case at »=0.
This implies that ¥o(r,k) (and, thus, the transform) is
not unique; it also implies that ¥,(r,k) is not necessarily
0(r) as r— 0. Hence, a boundary condition must be
imposed to fix Yo(r,k) uniquely. That the boundary
condition Yo(r,k)=0(r) as r— 0 is the correct one is
suggested by physical considerations. It is required by
the physical interpretation of the quantum theory that
the free particle Hamiltonian H, be the self-adjoint
operator multiplication by |k|?/2u in the space of
Fourier-Plancherel transforms #(ki,ks,k3) of the func-
tions % (%1,%s,%3) belonging to L2, This follows from the
interpretation of |#(ky,ks,ks)|? as the probability den-
sity for momentum. It may be shown!! that the operator
multiplication by %?/2u in the space of transforms with
V(r)=01is identical with H, if and only if ¢, (7,k) =0(r)
asr—0.

The boundary condition being thus determined, the
operator H is defined as follows: The element, %, whose

11 See Appendix A.
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transform is {@ni(k),@min} is in the domain D(H) of
H if and only if

) l
P
=0 m=—1

{ [ oA E el <. 6.1

Then, by definition,
Hu=F-{(B/20)mi (%), (k1r/ 28)tmin),

where ki.* is the eigenvalue of the eigenfunction y¥;,(r)
of Eq. (2.7). H, is defined analogously for V(r)=0. It
is readily wverified that H and H, are self-adjoint
operators.1?

Having defined H and H,, it is a straightforward
matter to define the unitary operators exp(—:H!) and
exp(—iHy), which determine the time dependence of
the scattered wave packet. This is done in Chap. IIT
of I with the expected result that if Fu= {¢,i1(k),amin},

exp(—iH!) f=F{¢m(k) exp(—ik%/2p),
Omin €Xp(—1ki2/2p)}  (3.3)

A corresponding formula is valid for Ho. Equation (3.3)
is the starting point in the derivation of Eq. (1.1),
which is carried out in the next section.

This section will be concluded with a few remarks
about the use of the eigenfunction transform as a means
of defining H. The method just presented can be gen-
eralized to non spherically symmetrical potentials and to
an arbitrary number of particles. The essential steps in
such a program have been carried out in Chapters XII
and XTIT of reference 8 where the existence of a unique'?
eigenfunction transform is established on the basis of
physically reasonable assumptions. The transform es-
tablished by Titchmarsh can be reduced in the problem
under consideration to the one established directly in
Sec. II.

The eigenfunction transform method of defining H
differs from that used by Kato’ although the two
methods must of course lead to the same final result.
In order to point up the difference, Kato’s method will
be briefly described.

The kinetic energy operator is defined as the closure
of the differential operator T, which is defined to be
—V2/2u on a suitably chosen linear manifold D,. It
is then proved that H, is equal to the operator, multi-
plication by |k|2/2u, in the space of Fourier-Plancherel
transforms. With H, thus defined, the potential
V (x1,%2,%3) is restricted sufficiently that Vu is defined
everywhere on the domain of Hy The total Hamil-
tonian, H, is defined as the closure of an operator H,,
which itself is taken to be —V2/2u-V for elements of
D;. 1t is proved that H=H¢+V, the domain of H being

(3.2)

12 See Chap. III of 1.

13 Tn footnote 8, the requirement that for V(r)=0 the Green’s:
function Go(x,y,E) be singular only at x=y accomplishes the:
same result as regards uniqueness as the kinetic energy argument:
used above.
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the same as that of H, Kato’s simple and elegant
method, which he has formulated for the many particle
problem, has the merit of guaranteeing a self-adjoint
Hamiltonian without requiring the introduction of
elgenfunctlon transforms.

Because in the problem under con51derat10n V(r) is
more singular than the potentials envisaged in Kato’s
proof, and because for a partial wave analysis the exist-
ence of the eigenfunction transform is essential to begin
with, the authors found it simplest to employ the
definition of H given in Egs. (3.1) and (3.2). When
Kato’s conditions on V(r) are joined to those in Eq.
(1.4), the two definitions of H yield the same operator.

IV. ASYMPTOTIC LIMITS

The purpose of this section is to prove Eq. (1.1).
Let # belong to L? and be such that Fu= {¢mi(k),0} so
that # is orthogonal to the subspace spanned by the
bound states.* Let #,=exp(—iHt)u. By the expansion
theorems of Sec. IT and Eq. (3.3),

r(sin®)?u,(r,0,¢)=1im. 3 1 (sind) ¥V .1 (0,0)s4mi(7,1), (4.1)
L—w

where

umz(r,t)=l£;r£. f ) exp(—ik%/2u)pmi(B)i(r,k)dk. (4.2)
[/}

The asymptotic behavior of ¥;(r,k) [see below Eq.
(2.7)] now motivates the consideration of the function
#4(r,0,¢) defined by

L4 (Sll’lO) *ﬁt(r;0)¢) = 1'1}_13 z L (Sino)i le (eyd’)ﬁml (f,t) H (43)
where

iZ,,.z(r,t)=l;§._'1B. f wexp(—ikzt/Zy)qsmz(k)xl(r,k)dk, (4.4)

and in Eq. (4.4), x:(r,k)=(2/7)} sin(kr—In/2+0:(k)).
It is easy to show using the theory of Fourier trans-
forms in L2(— 0, ) that @, (r,!) belongs to L2(0,)
for all ¢ and that

[ tamtrarar<2 f em(®)'dk. (4.5)
0 0

As the first main step in the derivation of Eq. (1.1),
it will now be shown that

lim |lu,— || =0. (4.6)
| t|—o0
By Eq. (2.3)
w0 1 g
lwe—adP=2 2 | |thmi(r,t)—Hums(r2)|%dr. (4.7)
=0 m=—1/y

Minkowski’s inequality applies to the integrals of Eq.
(4.7). Therefore, by using Eq. (4.5) and the correspond-

14 The elements, #, constitute what has been referred to as the
continuum subspace of H in earlier sections.
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ing equation for fo°|#mi(r,t)|2dr, which follows from
Eq. (2.6), it is seen that the convergence of the series
on the right-hand side of Eq. (4.7) is uniform with
respect to ¢ for — o <¢< . Therefore, if

lim fwluml(r,t)—ﬁ,,.l(r,t) |2dr= (4.8)

[#|—0
for all (/,m), Eq. (4.6) is valid.

The rest of the discussion requires 2>0. For this
reason, functions #,;x(r,t) and #min(r,t) are defined by
restricting the & integration in Egs. (4.2) and (4.4) to
the interval [N-,N], (1<N< ). It is not hard to
prove (see p. 55 of I) that

fl“ml(’,t)—ﬁmz(f,t)[2dr—>0 as ¢ >
0

if
lim f (i) = () =0 (49)
for all N. Now .
Ui (1,8) = Fman (1,8) = exp(—1k%/2u)pmi(k)
UN
X [¢1(1’,k) —x (f,k)]dk. (410)

Also, for all r and N, ¢nui(k)(u(r,k)—x:(r,k)) is sum-
mable on [1/N,N]. Hence, the Riemann-Lebesgue
lemma shows that

lim [Mmuv (f,l) — N (f,t)]= 0

{2|—o

(4.11)

for all 0<r< . Consequently, if in Eq. (4.9) the
limit can be carried under the integral sign, the proof
that ||u;— || — O will be accomplished. Consider first

R
. f I UmIN (f,t) - ﬁmuv(f,t) lzdf.
0

For 0Kr<R and 1/NKEkEN, ¢l(rk)—xi(rk) is
bounded. Hence, by Eq. (4.10) |tmin(7,t)~ fhmin (7,2
<K for all £ and consequently, for all 1 <N < e and all
0<R<

R
im f | i (7,8) — Tmin (r,8) | 2dr

[¢]—
R
- f K |t (1) B (1) | 'dr=0. (4.12)
0
It is therefore sufficient to show that

lim f |t (7,) = Toiry (r,0) | 207 =0, (4.13)
~®J g

uniformly with respect to ¢ for — 0 <¢{< 0.
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One sufficient condition is readily obtained from the
asymptotic formula

¢l<r,k>—x,<r,k>=0[ ) V(y)dy]+0(1/r), (4.14)

r

for k>0 and r — . [Equation (4.14) is readily de-
duced from Eq. (4.16).] Suppose /;*| V (y)|dy belongs
to L?(R,) for sufficiently large R. Then the Schwarz
inequality applied to Eq. (4.10) shows that for all ¢
and sufficiently large 7,

[tman (7,8) — Toman (7,1) | 2< g (7), (4.15)

where g(r) belongs to L(R,=). Thus the condition ex-
pressed by Eq. (4.13) is satisfied. Consequently, Eq.
(4.6) is valid.

The above condition on V(r) can be replaced by the
condition, V{(r)=0(r"'"¢) as r — o, for some ¢>0. This
proved as follows. For 2> N—! and r> R(N,e), ¢:i(r,k)
satisfies the integral equation,

Yi(r,k) =x,(r,k)— l/kfw sink(r—s)
' X q(sWils k)ds,

where ¢(s)=I(l4+1)/5>+2uV(s). It follows from the
iteration of Eq. (4.16) that as r— oo,

Vi(r, k) =xni(r,k)4-0(r—(ntDe),

where x.:(r,k) is the function obtained by iterating Eq.
(4.16) n times. Given ¢, # can be chosen so that ze>1.
This suffices to make y:(r,k)—x.:(r,k) belong to
L?(R, ) so that the argument below Eq. (4.13) can be
applied to ¥i(r,k) — xn:(r,k). Furthermore,

(4.16)

4.17)

Xni(r,k)—x,(r,R) = f anGi(rr)x(r)=+- - -

+f drlf drz"'f draGi(r,r)Gr(ri,ra) - - -
r r1 Ta—1

XGk(rn—I,rn)xl(rn): (418)
where Gi(x,y)=—k7q(y) sink(x—y).
With reference to Eq. (4.10), now consider
N
2= [ exp(— i/ 2mi(h)
" X [&ui(r, ) —2a(r ) Ik, (4.19)

For all 7 and ¢, Eq. (4.18) can be substituted into Eq.
(4.19) and the % integral carried out first in each of the
terms of the resulting sum. Moreover, the products

k=7 sink(r—r1)- - - sink(r,-1—71,) sin(kr,—In/2+8:(k))

can be decomposed into a sum of 2? terms of the form
sin(kZ—lx/2+6,(k)), or cos(kZ—lr/2+8,(k)) where Z
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is of the form 2r;—2r;+—-+-. -4 In the definition
of Z, r;, 7;, etc., are selected from ry, 7o, 73, - - -, 7, and
each distinct combination of 0, 1, 2, - - -, p of them ap-
pears exactly once. Let

N
en(Z,)= f exp(— i1/ 20)bmi (B2
YN

Xsin[kZ—Ir/24-6,(k)1dk.  (4.20)

By the theory of Fourier transforms

o N
[ azis@olse [ Emlom@iar. @
0 1N

If 2,(Z,t) is defined by Eq. (4.20) with cos(kZ—In/2
+8:(k)) in place of sin(kZ—Ir/2+6:(k)), Eq. (4.21)
applies with %,(Z,t) in place of g,(Z,t). With the &
integrations done, £(,) is given in part by a sum of
terms of the form

j:wdnq (r1) [:Odrzq(rz). .. j: :ldnq( r)en(Z,0)

X f dresng(ris)- f dryg(ry), (4.22)
g p—1

where Z contains r; but none of the ; for /> 4. In addi-
tion, there are analogous terms with %,(Z,#) in place of
g»(Z,t). Finally, there are terms with g,(r,t) and %, (r,t)
which factor out of the integrals over the 7. By applying
the Schwarz inequality and Eq. (4.21) to the integrals
containing g,(Z,t) and %,(Z,t), and by noting that as
r— o q(r)=0(r"1"¢), it is readily verified that for all ¢
asr— o,

E(r)=go(r)O(r=)+hp(r,)0(r9)+0(r#0+9),  (4.23)

for all fixed [, m, and N. In Eq. (4.10), ($:(r,k)—x:(,k))
is now written as (Yi(7,k) — xni(r,k) )+ (xni(r, k) — x:(r, ).
It then follows from Eq. (4.17) (with ne>1) and Eq.
(4.19) that as r — o,

u"LlN(r’t) — Umin (r;t) = E(”t)+0(r_l_e) (424)
Finally, Egs. (4.24), (4.23), and (4.21) show that as

R— o,

f |ty (7,0) — T () |P=O(R=9)  (4.25)

for all ¢, !, m, N, and ¢. Therefore, Eq. (4.13) is satisfied
and the validity of Eq. (4.6) is established.

The last step in the discussion is the proof that as
t— o, ii(r,t) approaches its outgoing and incoming
parts, respectively. Let ¢mi{k) be the function in Eq.

1 If p is even, sine functions are obtained; if p is odd, cosine
functions occur. If the number of factors 7;,7; is even, r enters
with a plus sign.
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(4.2) and by definition let
r(sind)*u,=(r,0,4)

=lim. Y (sinf)}V i (0,0)mi(,0), (4.26)
where o

Ui E(7,8) = l.i.m.f exp(—1k%/2u)pmi (k)
W0 0

5 (2)~ exp[ki (kr— (14 U)m/24+-8:(k)) Jdb.  (4.27)

The #%,,=(r,t) belong to L?(0,%) for all ¢ and their
norms satisfy Eq. (4.5) without the factor of two.
Moreover, by comparing Eqgs. (4.3) and (4.4) with
Egs. (4.26) and (4.27) it is seen that

W= ustui. (4.28)
It will be shown at the end of this section that
lim ||ut||=0 (4.29)

t—Foo

Therefore, by Eqs. (4.28), (4.6), and the definition of
u, above Eq. (4.1), if Fu={¢mi(k),0},

lim ||Cexp (—iH?) Ju—u,*(| =0,

t—rfo

where .+ are defined by Eqgs. (4.26) and (4.27).

The desired asymptotic limits follow directly from
Eq. (4.30). Let g belong to L? and let Fog= {xmi(k)}.
Equation (4.30) applies to g in the form in which H is
replaced by Hoand the #*, are replaced by functions g+,
which are defined by replacing ¢mi(k) by xmi(k) and
setting 8;(k) equal to zero in Egs. (4.26) and (4.27).
Now let go=F"{xmi(k) exp(=15,(k)),0}. The applica-
tion of Eqs. (4.30), (4.26), and (4.27) to each of these
functions shows that

(4.30)

lim ||e~Htg, — e iHotg|| =0, (4.31)

t—F o

Thus Eq. (1.1) is established.

The phase shift formulas for the wave operators can
be given concisely in terms of F and Fy. In order to do
this, the element {6,;(k)}=Fou is identified with the
element {6..;(),0} of the Hilbert space I' consisting of
all {¢mi(k),emin} such that the right-hand side of Eq.
(2.9) is finite. With this convention, F and F-! establish
a one to one correspondence between L2, and I' while
Fq and Fg! establish a one to one correspondence be-
tween L? and the continuum subspace of I'. The for-
mulas for Q. are now very simple. By the definition of
Q; below Eq. (1.1) and the definition of g, below
Eq. (4.30),

Qu=F"exp(Fi8:(k))F,. (4.32)

By using (4.32) and the norm-preserving properties of
F and F\, it is easy to show that

Qu*=Fi'[exp(Fid;) JP.F, (4.33)
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where P, is the projection operator for the continuum
subspace of T, (P{bmi(k),amin}={dmi(k),0}). Equa-
tions (1.2) follow directly from Egs. (4.32) and (4.33).
Finally, from Eqs. (1.3), (4.32) and (4.33) it is seen that

S= Fo‘l[exp (216[(k))]F0 (434)

The relation of the Hilbert space operator, S, to the
R matrix of the plane wave formulation of scattering
theory will be taken up in the next section. This section
will be concluded with an outline of the proof of Eq.
(4.29), the complete details of which are given in
Chapter IV of I.

By Egs. (4.26) and (2.3), Eq. (4.29) will hold as

t— oo if
o

limi if | thmi—(7,2) | 2dr=0.

E2® g m=—1

(4.35)

The series in Eq. (4.35) converges uniformly with re-
spect to ¢, so it remains to be shown that the integrals
tend toward zero. This is done by approximating
omi(k) exp(—1i6,(k)) (Eq. (4.27)) in mean square by a
step function zero near the origin and zero for large %.
This reduces the problem to the consideration of
integrals of the type

)
where 0<a<b< . For sufficiently large ¢, and all 7,
it can be shown that

[
f dk exp(—ik/ (2u)—ikr)|%dr,  (4.36)

2

f dk exp(— k1) (2u) —ikr)| <A(P+B), (4.37)

where 4 and B are positive constants, Moreover, the
integral over k tends toward zero by the Riemann-
Lebesgue lemma. Thus the lim(t — «) can be taken
inside the integrals over r in Eq. (4.36) and the limit
is zero. Therefore Eq. (4.29) is valid insofar as %, is
concerned. The proof for 1— — e« is obtained by an
identical argument.

V. RELATION OF S TO THE R MATRIX OF THE
PLANE WAVE THEORY AND TO THE
SCATTERING CROSS SECTION

In this section, the probability P() for scattering
into a given solid angle, Q, is computed from the time
dependent formalism. The conditions under which
P(Q) can be described in terms of the R matrix are then
discussed. Finally, a mathematically nonrigorous, but
physically convincing argument is given, which shows
that for wave packets of the type used in conventional
scattering experiments, '

P(Q)=0s(2)P(a), (5.1)

where o(Q) is the usual scattering cross section averaged
over energy, and P(a) is the two dimensional proba-
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bility density for the incident particle to strike the
point, a, where the scatterer is located in a plane per-
pendicular to the motion of the incident particle. This
is the result which one would desire for it guarantees
that when multiple scattering and interference effects
can be neglected the average number of particles scat-
tered into  for N incident particles is equal to Ntps (),
where ¢ is the target thickness and p the number of
scatterers per unit volume.

The formula for P(Q) is obtained as follows.
Let V(Q;a,b) designate the region (0<a<r<b< »,
00<6< 601, $o<P< o). Let uy=exp(—iHt)u, where Fu
= {¢n:(k),0} as in Sec. IV and consider the probability

Pi(Q; ab)= || 2dx

V(Qa,b)

(5.2)

that the scattered particle be in V(Q;a,b) at time :.
From Egs. (4.26), (4.27) and (4.30) it is easy to see that

lim

t=>400

Pt (Q ) a‘7b) - f l uti(r;0;¢) ‘2dx) = 0) (5'3)
V(Q;a,b)

and that for all ¢

L 1 L T
[ weespli-tinr £ = 5
V(Qa.b) L-w (=0 m=--1 =0 m'=—1

b

X f le(0;¢) Ym’l' (0,¢)dﬂf U™
Q a

(D)0 E(r,0)dr, (5.4)

the convergence of the series being uniform with re-
spect to £. From Eq. (4.27) and the theory of Fourier
transforms

0
f UmE (1)l v (1 1) dr

—o0

= [ ewlitout1—o0 B~ (=D)r/2)]
° X i (B) e (B)E. (5.5)
Furthermore, for any finite ¢

f Uit (7, T (r,8)dr

—0

=f Uit (c—S$, Dlm v (c—s, D)ds, (5.6)
0

where, by Eq. (4.27),

uml+(c_5) t)
= l.i.m.f exp(—1k%/2u)pmi(k) (27)~* exp(ikc)
w0 0

expli(—ks— (4 1)r/2+8,(k) Jdk.  (5.7)
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Now, to within a factor exp[Z(kc— (I4+1)m+26,(%))],
Unit(c—s,t) has the same form as u,;(s,t). Hence,
it is easily seen from the arguments below Eq. (4.35)
and the Schwarz inequality that, for all finite ,

<

1im Ui (#,1) tr T (7, )dr=0. (5.8)
—00
The same kind of argument applies to %, (r,f) for

t— — o, Therefore, by Egs. (5.2), (5.3), (5.4), and
(5.8), for all 0 a< 0,

lim P.(Q;a,0)
v

—hmZ Z Z 2

L-® 1=0 m=—1 /=0 m'=—1"+/

le (07¢) Ym' v (0y¢)d9

x f expLLi(6,(k) v (B)— (I=1)w/2)]
X¢ml(k)¢;m l'(k)dk
= hm f dk

dQI Z Z le(0)¢)¢ml(k)
=0 m=—I
For finite ¢ and b the limit is zero. Thus, the scattered
particle is asymptotically outside of any sphere of
finite radius a.
The probability, P(2), for scattering into the solid
angle Q should clearly be defined by the relation

P(Q)=1imP,(Q,a,=).

t—wo

Xexp[2i(6i~ir/2) ]2 (5.9)

(5.10)

Equation (5.9) then provides a formula for P(Q) in
terms of the phase shifts and the properties of the in-
cident wave packet. The formula can be rendered more
concise in terms of the Fourier transforms of the incom-
ing and outgoing wave packets. As was shown in
Sec. IV, as t— o, u,— exp(—iH¢)u*, where Fou*
= {¢pmi(k) exp(18;(k))}. Furthermore, as is proved in
Appendix A, the Fourier-Plancherel transforms #%(k,6,¢)
of u* satisfy the relation

L i
k(sinf)}i+(k0,6)=lim 3 3 (sinf)}Vni(6,¢)

L—owo =0 m~—1

X (—1) pmi(k) exp(£18,(k)). (5.11)
Consequently, by Egs. (5.10), (5.9), and (5.11)
P@Q)= i+ (k,0,0) | 2R2dRAQ. 5.12)
@=[ [lawas) (

The physical interpretation of Eq. (5.12) is straight-
forward. The probability that the particle be scattered
into © is equal to the probability that the momentum
vector of the outgoing packet lie in Q. This well-known
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result, which has just been shown to be a rigorous con-
sequence of the time-dependent formalism, is the basis
for the physical interpretation of calculations in
which #*(kf,4) is obtained from a time-independent
formalism.

The connection of the Hilbert space formulas with
the R matrix can now be readily deduced. Let P_(Q)
designate the probability that the incident particle be
scattered into @ in the absence of the scatterer. [ Use
A~ (k,0,¢) in place of 4+(k,0,¢) in Eq. (5.12).] Let

P@Q)= f - f | 4+ (k,0,0)— 4 (k,0,0) | 2k?dkdD.  (5.13)

It is easy to prove that
| P'(@)—P@)| S P-(@)+2(P-@)P@)!. (5.14)

Therefore, if the incident beam is appropriately colli-
mated, the scattering probability can be calculated
accurately from P’(Q) except near the forward direction.
Now, by Eq. (5.11),

k(sind)}(4+(k,0,6)— 4~ (k,0,4))
=1.i.m.§ Zl: (sind)}Y ... (6,0)
L—ow =0 m=—1

X[exp(2i8:(k))—11(—1)'pmi(k) exp(—i&i(k))

1 . ‘* TR
1}11’._.12. 41'k(SIlIIB) RL(07¢) 0 7¢ ) k)

Xa-(k,8 ¢")dY, (5.15)
where
RL(0:¢; 0I;¢, ’ k)
L 1
=L T Yul0d) Tuil®' 8 Lerp(2isi(0)~1],
= é (4m)"1(2l41) P1(cos®)
=0
X[exp(2:8:(k))—1]. (5.16)

In obtaining Eq. (5.16), the addition theorem for
spherical harmonics was used. The angle © is the angle
between the vectors k’(k,6',¢’) and k(%,6,¢). Aside from
a multiplicative factor, R.(0,¢;6',¢"; k) is just the sum
of the first L terms of the series for the scattering
amplitude which appears in the stationary-state formu-
lation of scattering theory for monochromatic incident
plane waves. Suppose that the series (5.16) converges
to a function R(0,¢; 6',¢’; k) in such a way that

lim [ Gin) R0 08's Wi (k' )it
4x

_ f k(sin6)R(0,6;0'.¢'; B)d-(ES)IY  (5.17)

4z
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for almost all (k,0,¢). Then, the limit functions in Eqgs.
(5.15) and (5.17) are equal almost everywhere, and

ﬁ+(k’0’¢) - ﬁ~(k707¢)

- f R(O,0;0¢; Byi-(k0',#)d.  (5.18)
4r

In this case, the scattering probability can be calcu-
lated from the incoming wave packet through Egs.
(5.18) and (5.13). The relation of R(8,¢; 8 ,¢"; k) to
the R matrix is the following. The R matrix, R(k,k’), is
defined by the formal relation'®

ﬁ+(k)0:¢) - ﬁ_(k,07¢)
=fff(—ZWi)R(k,k')é(E—-E')ﬂ‘(k')dk’, (5.19)

where E=#%2/2u and 6(E—E') is the Dirac delta func-
tion. Equation (5.19) means

at(k,0,¢)— 4= (k0,6)
— — 2miky f R(kK)-(K)de, (5.20)
4x

where k| = |Kk’|. By comparing Egs. (5.20) and (5.18),
it is seen that the R matrix is defined on the energy shell
whenever the limit R(8,¢;6,¢"; k) of R.(0,0;0",¢"; k)
exists and Eq. (5.17) is valid.

From the physical point of view, there is no point in
discussing potentials for which Eq. (5.18) does not hold,
because if the series in Eq. (5.16) does not converge
fairly rapidly, the phase shift approach will be useless
for computation anyway. It is possible, of course, to
contemplate potentials for which the series (5.16)
diverges for ®=0 since in practice the calculation of
nonforward scattering using Egs. (5.13) and (5.18)
need not require integration over ©®=0. The con-
vergence of the series (5.16) and the validity of Eq.
(5.17) can be tested by using the Born approximation
for the phase shifts.!” As is well known, it is sufficient
for convergence for ®0 that asr — o V(r)=0{r"2"9),
€>0.%8 The stronger condition V(r)=0(r—%"¢) is suffh-
cient to guarantee absolute and uniform convergence
for 0oL .

The usual formula for P'(R) in terms of the dif-
ferential scattering cross section is obtained by special-
izing 4~(k,0,¢) so that it conforms to experimental
conditions. This has been done by Ekstein,'¢ Eisenbud,®

18 See, for example, H. Eckstein, Phys. Rev. 101, 880 (1956).

7D. S. Carter, Thesis, Princeton University, 1952 (un-
published).

8 L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com-
pany, Inc., New York, 1949), 1st ed., p. 187, problem 5.

17, Eisenbud, Thesis, Princeton University, 1948 (un-
published).
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and Jauch.® An alternative formulation, based on the
same physical arguments, is presented below.

Suppose that the scatterer is located at the point
whose cartesian coordinates are (@,22,0) in the reference
frame in which the scattered beam is directed along the
positive x3 axis. If the change of location of the scatterer
from the origin to (a,,a,,0) is taken into account in the
usual way, it follows from Egs. (5.13) and (5.18) that

P’(Q)=jd9f dk
Q 0 9

Xexp(ik'-a)id— (k0 ¢")d | .

f R6;0''; B)

4r

(5.21)

Now, with a typical beam (beam diam ~1 cm, mo-
mentum ~10% cm™), 4-(k,0’,¢") goes to zero strongly
outside a forward cone of apex angle ~10~8% rad cen-
tered on the x5 axis. Thus, in cases of physical interest
R(0,0;0',¢"; k) can certainly be replaced by R(6,4;0,0; &).
This leads to

Pl(@)~ j; dQ fo " dhor6.0)

[ 4 2x
(2m) f f exp(ik'- )~ (k8 &)
1] 1]
2

X k? sinf’d6’'de’ | ,

X

(5.22)

where

or(0,8)= | S (2141)P(cosh) exp(ida(k)) sinbu(k) |2,
=0 (5.23)

It will be recognized that o+ (8,¢) is the differential cross
section as usually defined. Equation (5.22) can be fur-
ther transformed by noting that with k~10% and
6'~1078, it will be a very good approximation to write®

(27)1 f f exp(ik’-a)d—(k,0',¢') k? sind'de’d¢’
0 1}

o0 00

~ (2m)t f f exp(ik’ - a)d—(ky,ko,k)dRidk,

0

~ () f exp(—ikas)u-(ar,00xe)dxs.  (5.24)

~—00

Finally, with conventional collimation, it should be
possible to describe the beam in terms of packets of the
form
™ (21,%2,%3) = g (x1,%2) e (%3). (5.25)
2 See the first article of footnote 2. In this discussion the energy
spread of the incoming packet is not considered.
21 The final result in Eq. (5.24) is obtained from the theory of

Fourier transforms and implies physically harmiess mathematical
restrictions on %~ (xy,x2,%3).
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In this event, Eq. (5.22) becomes
P'(Q)~P(a) f da f dkon(6,0)|6(R) |7, (5.26)
Q 0

where 2(k) is the Fourier transform of e(x;)[2(k)=0
for £<0] and P(a)=|g(a1,as) |2 Since u~(x1,20,43) is
normalized, J2* S ..°P(a)daida,=1and fo|é(k)|*=1.
Equation (5.26), which because of Eq. (5.14) is prac-
tically equivalent to Eq. (5.1), is the final result, It
shows how the cross section is to be averaged over the
energy spectrum of the incoming beam, and shows ex-
plicity through P(a) how the scattering decreases when
the target is not in the center of the beam.
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APPENDIX A

In this appendix, the relation between the Fourier-
Plancherel transform, #(ki,k2,ks), of %(x1,25,23) and the
transform, {¢mi(k)}, for V=0 is established. Let
u.(r,8,6) be equal to u(r0,¢) for 0<r<xn and zero
otherwise. Because of the norm-preserving properties
of both transforms and because #, — % in mean square,
fn— 4, and Pmin (k) — dmi(k) in mean square. ({¢min ()}
=F,.) Since 4, and # belong to L2 they possess ex-
pansions of the form given in Egs. (2.1)-(2.3). Let
Ymin(k) and ymi(k) correspond, respectively, to the
quantity called ami(r) in these equations. Clearly,
Ymin(E) — Ymi(k) in mean square. Furthermore,

Yoin(B) =k f ' f "7, 6800

n x 2x
. f dy’ f f exp(—ik-V)u(r 0',6)d, (A1)
0 0 L]

where k is the radius vector to the point (k,0;,4). In
Eq. (A1), the order of integration can be reversed and
the exponential can be expanded in terms of spherical
harmonics and Bessel functions. In this way, there
results

oia )= (=) [ ' S ' ) " ) s h)

X Vi (0,0)r0(r,0,0)drdQ
= (—1)"¢min (k). (A2)

The last equality in Eq. (A2) follows from Egs. (2.2)
and (2.5) and the fact that for V=0y,(r,k) is equal to
(k) 1,4 (kr). Tt follows from Eq. (A2) and the con-
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vergence of Ymin(k) and ¢min(k) that
’le(k) = (_l) "omi (k) (AS)

almost everywhere. Furthermore, from the definition
of ymi(k) it is easy to see that for any finite K and p>0

K k4 27
f f f k2| 6(k0.6) | Rdkd0
0 0 0

© K
—5 5 [ Elem@) . (A2)

1=0 m=—1dJ

By taking p=4, it follows that [[k%4|| <« if and only if
Eq. (3.1) is satisfied. (Note that V(r)=0.) Further-
more, from Eq. (A3) and the bi-uniqueness of the trans-
forms in question, it follows that when |[k*4]| <, the
function whose Fourier-Plancherel transform is (¥2/2u)%
is identical with F¢{ (k¥*/2u)¢mi(k)}. Hence, Hy, as de-
fined by Egs. (3.1) and (3.2), is equal to the operator
multiplication by #?/2u in the space of Fourier-
Plancherel transforms.

To see that the foregoing is true only with the bound-

ary condition ¥o(x,k)=0(x) for x— 0, consider the"

radial part of the transform for /=0 without this con-
dition.?? For any function #(r) belonging to L2(0,c )

wn=lim [ o pe®E 49

where

s=lim [elpus (a0

2 E. C. Titchmarsh, Eigenfunction Expansions Associated with
Second Order Differential Equations (Oxford University Press,
London, England, 1946), p. 59.
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The function ¥=(,k) is given by

2% cosa
yb“(x,k) =

——sinkx
7* | (cos?a+£? sina)?

k sina
—————Coskx } (A7)
(cos’a+ A2 sin%a)?

For a=0, y*(x,k) reduces to the function ¢y(x,k) which
figures in Egs. (2.4)-(2.6). Now consider the function
g(x1,%2,23) = exp(— pr). It belongs to L? and it is readily
verified that S S S |k2g(k1,ksks)|2dk < . Therefore,
g belongs to the domain of the operator, multiplication
by %%/2u in the space of Fourier-Plancherel transforms.

Let x*(k) be the transform of g defined by Egs.
(2.1)-(2.6) for V=0 using the y*(x,k). (Only the term
with /=0 contributes.) In this case the function %(r)
in Egs. (A5) and (AG6) is 2r*r exp(— pr). Direct calcula-
tion now shows that as 2 — <,

xe(k)= (2V2/E)(1+0(k72)); sinaz=0,
=0(k3), sina=0.

From Eq. (A8) it is clear that E2x=(k) belongs to
12(0,) if and only if sino=0. Therefore, g(x1,%s,%3) is
in the domain of the operator, multiplication by #%/2u
in the space of the transform defined by Eqgs. (2.1)-
(2.6) if and only if sina=0. Thus, the domains of the
operators, multiplication by #k%/2u in the space of
Fourier-Plancherel transforms, #, and multiplication by
k2/2u in the space of the transforms Fox are identical
if and only if sina=0.

(A8)



