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ABS TRACT

In the algebraic formulation the thermo-
dynamic pressure, or free energy, of a spin system
is a convex continuous function P defined on a
Banach space 55 of translationally invariant in-
teractions. We prove that each tangent functional
to the graph of P defines a set of translation-
ally invariant thermodynamic expectation values.
More precisely each tangent functional defines a
translationally invariant state over a suitably
chosen algebra O, of observables, i.e., an equi-
librium state. DProperties of the set of equili-
brium states are analysed and it is shown that
they form a dense set in the set of all invariant
states over Oly . With suitable restrictions on
the dinteractions, each equilibrium state is inva-
riant under time-translations and satisfies the
Kubo-Martin-Schwinger boundary condition. Finally
we demonstrate that the mean entropy is invariant
under time-translations.
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INTRODUCTION

The purpose of this paper is to continue the general analysis
1),2) and 3). 2) we

gave an algebraic formulation of the mathematical framework of quantum

of quantum spin systems which Wasnﬁiésented in In
spin systems and showed that the thermodynamic pressure, or free energy,

P could be considered as a convex continuous function defined on a
Banach space of translationally invariant interactions. Further it was
shown that the preséuré also served as a generating functional of equi-
librium states in the sense that the functional derivatives; i.e.,; the
tangent functionals to the graph of P, determined translationally
invariant states over a suitably chosen C¥* algebra Ob  of observables.
The states introduced in this manner play the same role as the more
conventionally used correlation functions or thermodynamic expectation
values. The results of 2) were, however, incomplete in the sense that

we could only rigorously establish that P genefated equilibrium states
under certain restrictive conditions. In particular it was shown that
iffthé interaction @ were such that the tangent functional to the

graph of P at @ was unique then this tangent functional determined

an equilibrium state. It was further shown that the equilibrium states

 obtained under such conditions described pure thermodynamic phases.
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This latter result was derived by establishing and using a variational

principle for the pressure which involves the mean entropy introduced

2)

each tangent functional to the graph of P determines an equilibrium

in 1). In the following we complete the results of by proving that
state, thus covering the situation when mixtures of phases can occur.
Further we establish a variational principle for the mean entropy which
involves the pressure and also show that every translationally invariant
state over Cﬂ; can be approximated by physicalnequilibrium states.
Next we extend the results of 3 by proving that if the interactions are
such that time translations correspond to a oné-paiameter group of auto-
morphisms of Ol  then the corresponding equilibrium states are inva-
riant under such translations and satisfy the Kubo-Martin-Schwinger
boundary condition. Finally, we demonstrate that the mean entropy is

invariant under time-translations.



It should perhaps be pointed out that whilst we work in an
essentially quantum mechanical setting the results we derive also have
relevance for classical spin systems and lattice gases. In fact the

1),2) 4),5),6)

framework; many of our present results can be directly transcribed to

analysis of was based on carlier works in a classical

‘this framework.

2. CONVEXITY THEOREMS

The aim of this Section is to derive twe mathematical theo-
rems concerning the tangent planes to the graph of a convex functiong
the physical application of these results will be dealt with in the

following Section.

Temma 17 ¢ Tet X and Y be complete metric spaces and let Y be

separable, If ZCXxY 1is a residual set, i.e., the compo-
nent of a set of first category, then there is a residual set
X,CX_such that for all x ¢X, the set 2 N(% xy xY) is a residual

set in  $ x% xY.

Proof : We ﬁay assume that 7 1is open and dense and then it is suf-
ficient to find X,C X such that zN(§x3 x¥) is dense in

§x1 xY for all x €X,.
in Y and define Wi by

Let a1,az... be a denumerable dense set

< R N P
WL = TLEZ,QZ.. ) d\ﬂz<z) ) OL.,/ < _\.—S
where TT1(Z),TTé(Z) denote the co-ordinates of =z and d(.;,) the
metric in Y. Clearly W, is open and demse. If X e Qwi it
follows that for each i there is a y ;€Y such that (xo,yi)e Z

~and d(yi;ai)<:€%. Then iyi% is dense in Y.
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Corollary : Let \7% be a Banach space and Y a subset of the closed

unit ball in. X which is a residual set. Tet we ¥

be a unit vector. It follows that for € > 0 there is a unit vector

w' with [||w-uw']l<&  such that

SN dyle Y, 1< g

)

LA

1

| e

ig a residual set in L— 1571

In the following we will need the notion of the tangent
functional to the graph of a convex function; a tangent functional
is essentially a tangent plane normalised suitably. If £ idis a
convex continuous function defined on a Banach space % an element
Iy e){“ is said to be a tangent functional to the graph of £ at

x if

: $ e w) f‘(x\? + Yelw) , We >€.

If f is differentiable at x the only tangent functional at x

is the derivative Dfxu

Theorem 1 : ILet f be a convex function defined. and continuous on a

neighbourhood of zero in a separable Banach space X .

Tet vy € ){1 be a tangent functional at zero to the graph of f.

It follows that v is contained in the weak*cloged convex hull

. of the set of tangent functionals T defined by T =_§ Z QX' 5
o [74

there exist xu« —0 (in norm) such that £ is differentiable at

each Xu and weak * “%m DEfXy =2 § o
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Proof : From convexity we may directly deduvce that for a sufficiently

small neighbourhood U’ of zero there is an M >0 such that

|2(x)-£(y)| & M|l x-y}| for =,y ¢/, 1In psrticular it follows that

H y||$M and || z“ ¢M for all =zt % . Kow assume the theorem is

false; then there exists a weuk¥continucus linear functional on X' |

N N . F N -
i.e., an element of X , which strongly separates y from éx .

s
<

In particular there exists a unit vector W& 2 and a real number

m such that y(w)>m and z(w)gm for all =z e%. Since %

]

is bounded we can replace W by aiy W' sufficiently close to it
and still obtain separation. But as f 1s convex it is differen-
tiable on a residual set and hence, using the preceding corollary,

we see that we may assume that f is differentiable at A for

all A in a residual subset of l____‘.ﬁ By weai«:*compactness we
can choose a net /\q -0 and ?\ud>,c such that f is differen:
tiable at each >\°L(JJ and Df,\w converges in the weak¥*topology
~ ! . . ’ . . \ .
on X . Since 1},\me>\4»\) € 2 we have 1%<me;“(”((0) Lm, i.o.,
-0 N .,
« N S D (1)

However, since Ay > O +the slope of any tangent to £{ Aw ) at
zero must be majorised by the left-hand side of (1). But, since y
is a tangent functional to the graph of f at zero, there is a
tangent line to the function X —-f{Aw ) at AN=0 with slope
y(w). Hence y(m)ém. But this contradicts our assumpiion

y(wW)ym, and thus the theorem is proved.

*
Lemma 2 ): Let f be a non-negative ¢ CO__ function defined on Rni

then the derivative Df of f satisfies the inequality

W (O IDHe <« 56 R
|ﬁ“2a.<ﬁ~K)hD¥H \ng(h¢3 , 0.€

*
) The proofs of this and the following lemma are based upon sug-
gestions by D. Ruelle.
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sl fefes men (Ll ) DHIG = ©
xe R"
where the H“ refers to the usual Euclidean norm on Rn which

is also identified with its dual.

Proof : We may assume HDf H >0 for HX Hga because the contrary
assumption leads trivially to the desired result. Now, let

x(t) be an arc in R° with x(0) =0 and such that

(0 = - 2 (o)

We note that for t)0 we have ||x(t)| <t ana

F@) = §e) + e d gl

i

foy - (ax oien)

Q

I~

) - (g _dt_
Fo) - min (enaInfla g

A simple rearrangement yields the desired result.

Iemma 3 : Let f be a convex continuous non-negative function defined

on R and let a >0 be given. There is an X &R-, with

JJX“ £ a and a tangent functional h to_the graph of f at x
such that (1+]|x|)]ln_ U<2fgo)/1og(1+a)

Proof ¢ Let yn be a sequence of positive c® functions of

compact support with the following properties

3 jo\x gala) =
2. Su %F — g uniformly on compact sets

3 (3“ « ) < 2§0)
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. . @
Now ~Yn*f is non-negative, C ;, and convex; therefore, there

exists an x with Hxnnsga such that
mxn &D ) g 28
( ) 5 Ir) s i“ﬁU"Q}

by lemma 2. Next, p0851b1y passing to a bubsequbnce, wWe can assume

x,—X% and hhzzDXn(),n*f)—eh . We then have

(+ sixtm}h,u < ”‘“

h Mq(l*u)

But, by convexity, we also have
ot )xs8) » (bl ha®) | BeR
and therefore

$xvs) r(ﬂ + b, (8)

le€ey h.X is a tangent functional to the graph of f at x. This

completes the proof of the lemma.

Theorem 2 ¢ Let f be a convex continuous function defined on a sepa-

rable Banach space X and let h.e.X' have the properties
that h(x)<f(x) for all xe€¥ ., It follows that h is contained

in the weak*clooure of the oet of tangent functlonals to the graph
of f, ,

Proof : We can suppose, without loss of généfdliﬁy, that"H;;O. Now
let W, mb,..;,ujn e.X{ and é,>'O'hbeigiveh}”.Wémhave to
find an x e ¥ and a tangent functional Iy to the graph Ofa“f at
x such that Iyx(lﬂi)l‘< €, for i=1,2...,n. Now by the Hahn-Banach
extension theorem, it suffices to find an x in the linear subspace
'i of X% spanned by Lo1,...9u) and a tangent functional
F.e %' such that |F (w,)

effectively, assume that )6 is flnlte dimensional. The proof of

for 1=132500e9n, 1lecsy We can,

the theorem is thus immediately given by lemma 3.
68/533/5 - -



Note that =z and She vaugery funcsloneal Y, cen be chosen
such that we not only have lyv(uki}’< & for i=71,2,,.-yn Dbut
: L -
A P . . a . .
also Iyx(x/ga,t o Thig remari, wiaich will be of importance in the

next Section, follows from the estinete given in lemma 3.

3. EBQUILIBRIUM STATES

In this Section we apply the Ioregoing results to the charac-
terization of the equilibrium states of a quantum spin system and o the
derivation of certain properties of these states. The c%aracterization
we obtain completes earlier results obtained in 2) and 3’, We bezin oy
recalling the mathematical framework associated with a quantum spin

system.

A quanium spin system is described in terms of a simple sepa-
rable (¥ algebra JL of gquasi-local observables and a collection
%Cﬁ(/\)% of (©* subalgebras of Obh , where A takes values on
the finite subsets of ° . Elements of the Ch(A) arve called
strictly local observabics. $ie algebras O and OL(A ), A 9

satisfy the following properties

1. Ch{Ayc GLlh) 52 A i,
2. Ol is the norm closure of })ZJ(TL(AE
[N :
5 [otty, o) =0 w2 Aah, = ¢
M

4, the group 7Z of space translations is a subgroup of the
automorpghism group of Tl and the action of these automorphisms

is such that
Ne GURN) ~—— oA e GL(A+x) L oxeZ?

and
. = J
H[Aytﬂ*ﬂ” =2 O , ABeOl ana xeZ
5. for each ANcz', OW(A) is isomorphic to the matrix algebra
of bounded operators iy (QQA) on a finite dimensional Hilbert
space 7&% .
68/533/5



The states, i.e., the normaiized positive linear functionals

N !
over 01)',. form a weakly compact convex subset E of Ol and the
translationally invariant states,; i.e., the states such that

7

A A d
\J(LxA> = ¢l A) AeQl |, xel
J '

form a weakly compact convex subset E GL’B of E. The extremal

elements E(E ﬂL;'o ) of this latter subset enjoy many remarkable
7) and d which

allow the physical interpretation that they describe single thermo-

properties of an ergodic nature |see for cxample

dynamic phases. If we conbider a state ‘\‘3 restricted to any sub-
slgebra GU(A) +then, by property 5. above, the state defines a
positive operator Ca on ‘3%,\ such that

v

nd Y‘M’ (Q A\ ("“

]

Tr@f,‘ (?A\ = |

for Ae OL(A) T[here and in the sequel, we tacitly identify(l(A) and
/\):] The density matrices j,\ are related by certain compati-
blllty condltlons, but for our present purposes it suffices to note that

we can deflne a local entropy Se (A) of a state via
“'/‘ = ‘T Op ,0>
Sj( ) r‘%ﬂ(%"\ "‘6(3_)"

end, if § is an invariant state, i.c., yeEOL;‘, s a mean entropy
via

S{J°‘)= L :9(/\\) - Lr\r bn(’\;
B AZDN(AY N N(l\;

where N(A) is the number of points in the set Ncz® and, for sim-
plicity, here, and in the following, we take the limits over parallele-
pipeds whose sides each tend to infinity. The mean entropy defined in
this manner is a non-negative affine upper semi-continuous function on

EnIf"Za (for details, and proofs of these statements, see 1)).
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79

Physically we consider the points xeZ as sites of particles

or "spins", which interact togethier. In our rather abstract setting we

2

introduce an interaction ¢ as a function from the finite sets X< zY

to  Ob with values e OL(s We agasume
X
PN
1. PIXYy  is Hermitian
h ~ thi ey
2e Ib{‘f‘ rey = o ‘rt"(“\ for G& Z
1Al < ( ‘ _
and 3. {“ if)\; S sl‘/) ‘IN c oy ol
X30 \}(/a\

With respect to the norm introduced in the last conditions the inter-
actions @ form a separable Banach space E\B . The finite range inter-
actions, i.e., those interactions such that for X 30 @(X)=0 unless
XCA for some finite /N , form a dense subset % ¢¥ . It is conve-
nient to introduce an auxiliary Banach space 81, wm.ch we leave arbi-
trary up to the assumption that {»:o‘“‘ (51 ¢ B and ‘50 is dense in 5,’.
The interaction energy of a spin system confined to the finite set N

is defined for g e 8,‘ by
Ly
U¢, (M = 2L P00
KCA

We also introduce the "interaction energy" at the origin by
= X
f%¢ Tl (:;

oo NOO

The following theorem gives information concerning the equili-
brium states of spin systems with interactions @ € "81; in part the

. ‘ . .2
theorem summarises results already derived in o

Theorem 3

1. If @ec 81 then the thermodynamic pressure

PUO) = {3 o T ()

68/533/5



10.

68/533/5

exists. The function @-P(#) dis convex continuous on the Banach

space 351 and

\P(g) - P < id-wlt | b,

1f <%¢6 Eﬁ is a tangent functional to the graph of P at @, di.e.,

Plo+¥) 5 P(p) - xg(¥)  ror all Ve B

A

then 0(¢ determines a state J}VG.ErWLéb through the relation

hs (W) = T (A)

The states §¢ defined in this way will be called equilibrium

states.

I£f T <:g% is the set of @ such that the graph of P has a unique

tangent functional at @ then T is a residual set in 331 and

for @PeT the equilibrium state O, determined by the tangent

¥
iEEEEional,mwﬁg ig ergedic i.e., ?ﬁéiiﬁ(E-ﬂL;a ). __Further we
have for feT the relation |
, \ . i —_— -Ud(/\\ \ 2
ok (‘5(\?)\ =0 gﬁ( A ‘P\ = _..:._,,._L.._.:_,.A__nw. f‘/‘?)(’ (Q " Qk,"(/\\ ( )
J ' A9ﬂ3'hvfigik@v) A N (A

LAY

The pressure P, the mean eatropy S and the set of equilibrium
2 gl

states are related ag follows

' A w9 5 i) - oA : -
P(B) = Sl -eliad = 2,256 SRS geB )



11

where ?ﬁ is any equilibrium state associated with @. The supre-

mum in the last expression is reached by a unique state 4@% if,

and only if, @e&T.

5o The pressure P, the mean entropy S, and the space 231 of inter-

actions are related as follows

S ?3 = Ln¥ > HEOR ‘\{Lﬁkj for yé.y Nigv
./' - - p
6. The equilibrium states are weak¥*dense in the set EtﬁLzo of all

translationally invariant states over ObL ,

Proof : Statements 1. and 3. together with parts of statement 4. are

proved in 2), In particular it is shown in this reference that
the maximum principle (3) holds and that, for @&T, the tangent
functional (A determines an ergodic equilibrium state \? ; the
relation (2) is valid, and Ew gives the unique supremum in (3).
However it now follows directly from thcecorem 1 that a general tangent
functional Mﬁ determines an equilibrium state _? ;3 1n the present
context theorem 1 states that a tangent functional cx¢ with ﬁng
can be approximated weakly by convex combinations of tangent func-
tionals ¢  with YemT. The facts that in general Pg gives
the maximum in (3) and that this maximum is unique only if geT

2) 3),

prove statements 5. and 6.; we begin with the latter.

follow from considerations reproduced in and It remains to

Let e Ef%L;; be any invariant state; then from (3) we
see that

P@) 5 SO -2(A) 5 - 5(Ay)

68/533/5



where we have used the non-negativi

ty of 8 1o c¢btain the second inequa-
lity. Thus the function @— A(g) = Q(Aﬁ) ig linear and its graph lies
below the graph of P. Hence by theorem 2

<

of the set of tangent functionals to

o lies in the weak¥closure
above theorem we

P and thus by statement 2. of the
obtain the desired result.

To prove statement 5. we note that by (3)

A AN e ol N~
SCOIRRT! 6) - S(¢) 7 O

(4)
) . -
for @ e‘@1 and §eENL .

However, given
#e B, end (g such that

€ >0 we can choose

/

55(3) +

(5)
and |

> s

1\) ‘ﬁ“

(6)

Here we have used the upper scmi-continuity of
end of the proof of theorcm 2.

S5 and the remark at the

Combining (4), (5) and (6) we find with
this choice of #

This establishes the desired property and compleies the proof of the theo-
rem.

In the feoregoing we have lett a certain arbitrariness in the
definition cf the Banach space ii. In the following, however, we will
consider one specific Banach space which we define as the set of inter-
actions g & B which have the property that

68/533/5



13.

I = 27, o0l epdnNedy < v o0 (7)
X30
For this space of interactions it is possible to discuss the time develop-
ment of the spin system. In particular, for cach @ & 31 there exists
a one-parameter group of automorphisms of the algebra Gl of quasi-
local observables corresponding to time translations. We denote the
action of this group by AeJL - t%u,& GL for teRr; the action is
defined by '
' ot UanA -t Ugdn) , N
CC"S/\,.—. Lum é,tU“’(\Ae_ e te R AeCL, ¢eB,
AN=>00 ’

3)
3)

‘The existence of this limit was established in for a dense subset of
§31, Ruelle 9) has shown that the arguments of

establish the existence for all ¢ € Eﬁ{]

can be improved to

Theorem 4 : If ¢e;§51, the space of interactions whose norm is given

by (7), then any equilibrium state T'D,'z” defined by a

tangent functional to the graph of the pressure P at @, has the

following properties:

1. —-§¢ is invariant under time-translations, i.e.

S’¢{C K = j¢(ﬁr for all AeCh teR

2. ~__satisfies the Kubo-Martin-Schwinger boundary condltlon.
) 4
Explicitly, for A,B & OL , the function t- o,,(A(t B))

extends to a bounded continuous function on the strlp

0<Im$t% € 1 which is analytic on the interior of the strip,

and we have

o0 (A (el B)) = 5 ((='B)A)

68/533/5



14.

Proof : TLet T:if§1 be the set of iunteractions at which the graph of
P has a unique tangent plenc. For @ in T +the properties
stated in the theorem have alrecady been proved in 5 ; we will ob-
tain the general statement from this result by an approximation
argument using theorem 1. It is casy to see that weak limits of
convex combinations of states satisfying 1. and 2. again satisfy
1. and 2.3 hence, by theorem 1, it will suffice to prove the
theorem in the special case in which
\74) = ‘q&m \\ dy

where @, is a net in T converging in norm to ¢ and Bﬁx
is the state determined by the unique tangent plane to the graph of
P at ¢Wx . Moreover, we can assume that A and B are strictly
local; the assertions for general elements of (J], are then obtained

by a straightforward limiting argument.

It follows easily from the estimates in 9) that
4 - R s .Py N i -
‘“;q “‘ ST ('.(t; ﬁg{ e o
uniformly for + in any bounded interval. Hence, using the inva-
riance of ¥ under fﬁﬁw , we get
1 s t
‘ / / ‘ ! / ’ A i
T b L an) o (AN
33¢L?tA* iL(A)\ < ;\w{ch} o (2T +
- - N } fri

rand the right-hand side goes to zero as K - ® . This proves 1.

68/533/5



15.

To prove 2., we first remark that

9%_‘; ot ; )

di" - E ¥
where - -

=zl L) Vo Ay T

~UO\' = L [RE14) !“"'7‘L it \ o

,\‘ =l A ok

and that || Bl || is bounded with respect to o for any fixed B.
Hence,

is a net of continuous functions on the strip 0« Im 3%% < 1 which
are holomorphic on the interior of the strip and whose derivatives

are bounded uniformly in ¢ and in +t. Since

it ¢, ( A {f 2% B) \3 = \4, ( A ( =2 B))
o o '

for all real %, this nct converges pointwise to a function conti-
nuous and bounded in the closed strip, holomorphic on the interior

of the strip, with the right boundary values, so 2. 1is proved.

4. CONSERVATION OF ENTROPY

Theorem 5 : Let ¢ é‘%%__gnd let §> be a translation-invariant_ state

over &. Tor any teR, let the state Py over OL -
J

defined by

()
+
—
=
—_
1
~~
o~
TS
>
~—

68/533/5
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Then, 5(0 )_s(gu) for all +%.

Proof : By reversibility, it will be sufficient tc show that s( Dt)
> s(o), and, since s is upper semi-continuous, this will

follow if we can show that can be approximated arbitrarily

t
J
well by states with the same entropy as

J

If a

-
[}

strictly positive integer, we let

<,

/\(O”\ - (é {»‘ﬂ,‘ )Q\;.\J(:Z\; , T a <. 41 )
Ny = K@) = QoY

i , g / Y P
| o - % (Lﬂg’l) S 2:1,)@) AL VU YL,Q».Z_%

and we let x1,x2,... be an enumeration of the elements of \r]a'

Define a one-parameter group of automorphisms a'Cg of Ol by

~ N
atf(/ﬁé\ = L @Y} L_J T LSS,J\I\ch o -

N =20 L

1S

ST J
? Tl Ty Udp("'\(aﬂs

3=

A

This one-parameter group of automorphisms corresponds to an inter-
action which differs from that defined by @ only in that all inter-
actions between translates of /\(a) by different elements of r’a

are suppressed. Note that:

o

| ._1 . e A e CT{'L(X\(J‘;_ ?;i’(/\\ - enp 'LtU({. (A jA %ﬁ b U {A@)

B .
2. It X & ‘CL ’C’xﬁt‘(b - Uatj)t;

68/533/5



17,

Let
[N /A\‘ \/J \\_(,I;(,L\\\
RSaY SRS ALY
J
then Qt is a state over
,I
of 7Y

Fi
we define

a
Therefore, 1if
4
. 3 \ ! R e -
v \ -
\>t< 11'!. ) . :

0L invariant under the subgroup
and its entropy is equal to that of ©

Ot is invariant under Z .

see that all we have to prove is that

L rT{Aﬁ
a0 )

and has the same entropy as ?
Taklng into account the remarks at the beginning of the proof we

(M
for all strictly local A in (4
By the translation invariance of

& o
- '-\-/ 9
a ._»
7 (A)

o

Ge ( o g:i“C"("L\E\?)
-y (23]

o it will suffice to prove

b L 27

7 _‘-\.',k_f,/; {’,.»
Coy T .
400 \)(z\\ Xe | ’\ £ h

- - EﬁjéAB
Since A

is strictly local, the terms in the sum on the left with
o (A) ¢ Gl(A(a)) become negligible as
the left-hand side by

a-,
Lo

s0 we can replace
0= 00

N(QY) Re R

:?iJ “%yu(tlJ(A@ ‘ﬂ\f\ﬁﬁy> #Lm(A@Q X 3

68/533/5



18.

Thus, to complete the proof it will suffice to prove the following

assertion: For any AeCi , any t, and any £ > 0, there is a
N !

finite subset f\ of 7" such that, whenever f\3>/\ R

Hexpézi‘ Ui,{f\‘\‘,‘fa_Aex?(‘r,.g;‘}jé(p\’}f\ rf(/@“ (€
! L ’ J L g e -

i

Thig assertion is equivalent to the assertion that, for any +t, any

. . cx 5 ¥
A, and any increasing sequence /\n of finite subsets of Z

whose union is all of 2 Y 9

' Lum e.wg ot Uﬁf!"nf‘;g; exp Z -t {,3,’,3(!\“\

4‘?\“ ('b
YL ¢ K

,§ . A
For + small and A strictly local, this follows from-the power
series expansion for Z?%(A). For t small and general A, the
assertion follows since a sequence of isometries on a Banach space
which converges strongly on a dense subset converges strongly every-
where. Pinally, the assertion for general t 1s proved by remark-
ing that, if a sequence of isometries on a Banach space converges
strongly, the sequence of nth POWEYS converges stronély to the

nth power of the limit.
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