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Absrract.  For ay, ..., 6n a finite sequence of strictly positive integers, we denote by go{an, ..., an) the
denominator of the finite contimed fraction [@, .. ., o, ] written as aquotient of tworelatively prime integers.
We show that the sequence of functions log ga{a.. .., an), n = 1,2 ... have the formal properties of
a Hamiltonian for a one-dimensional lattice system, to which the methods of statistical mechanics can be
applied, and we investigate the properties of the system so defined.

1 Introduction.

We are going 10 discuss here a one-dimensional statistical-mechanical system constructed out of
continued fractions. We will write continued fractions with the notation [ay, . . ., aq] instead of the
typographicall v inconvenient
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From this definition, it follows easily by induction that

[y, ooyl tig] = [ag, ..oy (ag + [Gpgay . o-qaq|)] Torany k < n

In general, the entries oy can be elements of anarbitrary leld (but it is then necessary Lo pay allen-
tion 1o the possibility of encountering a zero denominator.) In our application, the a; will almost
always be strictly positive integers: the only exception will be that it is occasionally convenient o
let the lastentry gy be areal number > 1. Inthese cases, there are no problems with zem denomina-
tors. Infinite continued fractions are defined as limits of finite ones: It is well known that, if all aq,
iy, ... 15 & sequence of numbers all > 1, then the sequence of finite (“truncated ™) partial fractions
[@y,. .., 0y converges as 1 —» oo we denote the limit by [a,, ...

A finite continued Fraction [mr. ... @] with positive integer entries is a rational number be-
tween 0 and 1 we define pyia,, ... a,) and g, (a;, ..., a,) as the numerator and denominator of
the reduced-form representation ol this number:

Palor, ... o)
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...y =

with p. gy, relatively prime positive inlegers.
The starting point for the work reported here is the observation that the sequence of func tons
Halay, ..., an) := loggalan, ..., an)

can be taken tobe the energy functions for a one-dimenstonal classieal lattice system, with single-
site state space M, == {1,2,...}. In essence what this means is that this sequence of functions is
extensive inthe sense that

Hyymlog, oo oigem) 5= Hylog, oo ag) + Hplag i, - igem)

In the case at hand, the *#=" sign in the above equation can be aken to mean that the difference in
the two sides is bounded uniformly inn, m, and ay, ... gy (althoogh a bit less would sulfice
for the construction of a statistical mechanical system.) In many respects, this Hamiltonian defines
an extremely well-behaved statistical-mechanical svsiem: notably, the interaction is exponentially
decreasing. On the other hand, since the single-site stale space is infinite, this system isn’t quite
covered by the standard theory, and does indeed turn outto display a few — inessential — pathologies.

The investigation of this sysiemisthe subject of the second author™s Ph.D. dissertation {Eoedin,
1994). This dissertation contains results of two different Kinds: On the one hand, extensions ol
many standard results toa a general frame work adequate to cover the Hamiltonian Ay = log ge as
well as many others, and, on the other hand, proofs of a specific resulis for this Hamiltonian, We
will concentrate here on results specific w this svstem, referring 1w Ruedin {1994) for the general
theory.

This article is organized as [follows: Section 2 reviews a few [cts about continoed [ractions used
in the remainder of the article, and the most basic properties of the specific Hamillonian are estab-
lished in Section 3. In Sections 4 and 5 respectively, we summarize the properties of the canonical
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Figure I: The thermodynamic functions

and microcanonical partition functions, and we introduce some deas about “leting the size of the
svstem Aucate,” which are natural for applications w continued factions. The effect of lening
the size of the system uctuate is o fix the emperature at the particular value at which the pres-
sure vanishes: in the present case this wrns oul Lo correspond o inverse temperature [ = 2. By
applving ideas about equivalence of ensembles, we show that, among rational numbers between 0
and | with reduced-form denominators not larger than some given lamge integer g, an overwhelming
majority have continued Faction expansions i, .. ., ity | whose length n is approximately equal o

_“...!

12 log 2
gate the question of how thick the energy suface has 1w be made in order w get the microcanonical

ensemble o function for our model, and in Section 7 we show that our svstem has no zero-point
entropy, i.e., satisfies the third law of thermodynamics.

{€*) "' log g, for a constant ¢™ {which we later show is equal 1o 1" In Section 6, we investi-

In Section 8, we introduce a second observable (in addition to Hy), the sequence

Pl‘l'l.[u'l:"':ul'l:l — Ly I e I iy s

and we investigate the joint distribution of &, and #;, for large . The quantity &, has an inter-
esting interpretation: it is the depth in the Farey free enumeration of the rational numbers at which
[y, ..., 0y occurs (see eg. Kim and Ostlund {1989), §3). Tdeas about equivalence of ensembles
in statistical mechanics suggest that there should be a constant kg such that most rational numbers
[y, ..., 4y, (7 variable) with reduced form denominator g, = g have I, = kplogg. One of the
stimuli for this investigation was a considerable body of nume rical evidence that thisis nor the case
in Section 8, we show that, in fact, typical values of Fl, / log g, go 0 oo as g, does (i.e., loosely, that
kp = oo.) In Section 9, we introdoce an alternative representation for our system which is conve-
nient for some kinds of computation, and we evaluate the constant €* referied 1o above. In Section
10, we state — without proof — the solutionto the problem of maximizing the g, (a, ..., ity ) For fixed
roand ap e oay, and we use this result o determine explicitly the “set of compatible values of
Hy freand F /v Tor large n,” e, the set of points in the plane epresentable as limits of values of
(Hyfn, Fyfn) as n = oo

For completeness, we show in Fig. | the microcanonical and canonical thermodynamic func-

As we kearnad afier this work was nearly completed, sharper resulis inthis direction were proved more than twenty-
five years ago by L DL Dixen. See the discussion al the end of Section 5.
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tions for our system. Aside from a few qualitative features — eg., p{d) —» oo as 3 — 1 - which
will be explained in the course of the development, these graphs seem entirely unre markable.

The work reporied here certainly has some connection with classical ideas about “ergodic prop-
erties of the Gauss map,” as presenied, for example, in Cornfeld e al. (1982), §7.4. Exactly what
the connection is remains something of a mystery forus, we do not see any strict mathematical im-
plications in either direction. There is a more ransparent connection with the work of D. Mayver
(Maver, 1990}, who investigates an operator which turns out 1o be exactly the Ruelle ransfer op-
erator for our system and proves a number of siriking results about its spectrum. Mayer, however,
approaches the subject from a different point of view, and his resulis and ours seem 1w be more
complementary than ovedapping.

The first author thanks D. Ruelle for a number of helpful remarks in the course of this work and
H. Epstein for many [roitful discussion.

2 Continued fractions.

It is a standard fact from the classical theory of continued fractions® that, if we write pn (s as before
for the reduced-form representation of the rational number [a,, ..., a,, then the p, and g, both
salisly the same recursion relation, namely

Po = Gpfn-t t Paezi fn = @nifn-1 + ooz

Hence, given the a,'s, and given pg (or g, ) for two successive values of n, we can determine all
other p,'s (respectively g, 's) from the recursion elations. It is immediate that pye,) = 1 and
gilay) = oy Although my and gy are not defined by the above, it is easy 1o check that, if we set
o = Dand gy = 1, the recursion relations give the correct py and gy and hence all later ones as
well. Thus, we can aliernatively define the p,,"s and g,"s by:

Po = Gufgoqi+Peos =0, p=1,
Gn = Ggpfqq + - go=1 g =a,.

From these formulas it is clear that gy (i, . . ., aa) s & strictly increasing function of each of its argu-
ments, and that pyla,, ..., 6y) is independent of g, butstrictly increasing in all its other arguments.

The smallest value of g, (ay, ..., a,) is thus g, (1, ... 1), and these numbers are the Filvmaoed
seguence. To fix the normalization, we define the Fibonacci sequence [, by:

Fo=F, 1+ F, » wihfy=F =1:
it then follows from the recurrences for py, and gy, that

gl .., 1) = F,. andalso
F B PR 1) = F.,.

Reulis quoted in this section without proof o explicit citation can be found inany of the standand classical sexis,
e, Hardy and Wright | 19600, Chapier X




The Fibonacci numbers can be written explicitly via the Binet fomula

LA Vi Vo) i

¥

P = where v := ﬁil—l the golden numbe

Since v = 1, we get Fy =+ /5 for large n and, in particular,

1
F, = Er;r" for laige enough re.

We prove here asimple result which we will need later concerning exponential FallofTof depen-
dence of [ay. ..., @, onaguments “far w the right.”

Proposition 2.1 Ler

i !
P N TRRTL " T . B TN SOy - AP .

e twir sequence s of strictly positive intege s, both of length atleast n, which agree through the nih

place. Then
1

Gnfin

[yt

TP

1=

m'.

The right-hand side of this ineguality 15 majon ed by ll."'l[ oy |] aned hence by 4y B lJI"ﬂr large
enough

Proof. Let _ _
[ TR for e = n
xr =
1] form =n
Then
[I'.I|.|.....I'.In_.....l'.Fm] — _511'--1511. I I’]:
and we can write [a,, ..., al ] similarly. The proof of the recurrences for p, and g, shows that
_ Ppt IpPg-g
[a, - -] = P2 TP0ct
G = Lfn-1
where py, and g, denote pgla,, ... 0] and golay, ..., a4, respectively. Hence
CIRT

[y, -ty
(P + 2pp—1 g + 2'gnor) = (o + 2 pao1 )@ + Tgn1)
(gn + TGn_1){(pa + F'pg_y)
TPn-19n + ' Pruln-1 = LPrln-1 = ' Po-10n
Eqn b Ly I}[:Pn T -":'.ir-'n 1]
(' — ) (Patin—1 = Pr1Gn)
(4n + TGn-1){Pa + £'Pr-1)
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Now |prga-1 —pn-1s| = land sinee 0 < . ¢' < 1, |2’ —x| < 1, and (gn -+ Tgn-1){pa+2"pa-1) >
U 50 the desired estimate follows. 0

Itis aclassical fact, and not difficult w prove, that gqlar, ..., ae) is symimetric under reversal

of s arguments, i.e., that

Proposition 2.2 g, (a. ..., a,) = golag, ... aq).

This equation follows easily [rom the Ewler brackes function representation [o7 §q, also knownas the
Euler-Minding formula. See Roberts (1977), Ch. XIIL or Perron {1954), §3. None of our proofs
actually depend on this fact; we mention it only (o avoid having o justify some otherwise odd-
looking choices for orders of arguments.

3 The statistical mechanical system.

We consider the sequence of functions
Hylay, ... 0y) = logg(ag,...ay) on N},

for = 1,2, 3, ... {The reversal ol the order of arguments on the right is inconsequential in view
of Prop. 2.2.) The first thing 1w be seen is that this system ol functions is “extensive,” in the sense
explained in the introduction. Once this has been established, we can interpret Hy as the “energy™
of a lattice system with n sites occupied by identical molecules with countably infinite state space.
We start by defining

Bglag,oooomg) = Hylag, ..., ) — Hyoy{ag, .. ay)

for o = 1 and
f:l[m] = l:‘:g{u:]

Then
Holag, ... a,) = hglay, . coag) + B (g, o ag) 0 4 Bylag ).

YWe now have

Proposition 3.1

(with gq = 1} and hence



Proof. By induction on n. The asserted formula is true for e = 1. The recursion for the gy gives

!.'n[un.---.u1]=u1q'n J[L‘n:---ﬂu] t Gy z[ﬂm---.ﬂ:]-

Dividing by gy gives

tn _ -
= i |
W1 Prie1
1
= a1+ —— by the induction hypothesis.
[az, .. - n] ¥ ypuo
1
= ———— by the definition of continued [raction.
LA Y

This proves the induction step and hence the formula.

We now split the energy into an sel interaction part H' and a remainder H'' by:

Hiu][u],...,un] = Mylag) 4+ hylag) + <o by lag)
Hy][u],...,un] = Hylay, ... 6q) Hi”][uh...u“]

= .I'L',:I]][u1:.-.u“:| f= o0 n o I:FT:'IZU:,, 15t ),

where
hg[]{u],.-.ﬂj} = hylay, . ..ay) = Rylay)
= loglay « [ag, ..., a4])
iy
= log -
“!’[r.n | _ﬂg,.--,uj]

= log(1 4 lay,- '{;]HEL']'

for j = 1and b (a,) = 0.

Proposition 3.2 We have
0<hDay, ... 0,) < log2,

and there 15 a constant ¢ such that, forallne > 1, and all pairs of sequence s

Gpgasnyligylyggyy-.ily Hﬂd I'.I|.....I'.In:l'.d.t|]|...ﬂ-:.n.||:ﬁ..‘

bty with length > n, and agreeing in the firsf n places, we have

. 1
B sy am) = B, )| < g

Proof, The first estimate follows at once fiom the formula

[ag, - -, um_]_

.I'L',:,]l][m ..... um]l = lﬂg[l |

k]



The second assertion [ollows from Proposition 2.1 and the preceding formula, together with the
observation that the derivative of the logarithm is < 1 on the interval [1, 2. O

MNote that it follows that
HY < H, < HY 4 n log?2

for all n.

The proof that the sequence of functions f,, is exiensive is now nearly immediate.

Proposition 3.3 The difference

i3 bownded uniformdy in 0, m,oan, o, Onpme

Proof. Since H\'' = HI 4 H" _ with the obvious arguments — we gel

Hn-m{ﬂ']1---1ﬂn|m] 'HHI::E']1"'1ET|.} Hm[{'l'.l'l.|]1"-un-m::l
— Hyflm[u:l:---:umm] H,E;]{ﬂln----uﬂn::l H,I:,{:'[unn:---.umm]
= (hi (@1, tmya) — A @y, @)

v o (4:5]-1'[511 I----ul'llﬂll:l ':“.E[:I{Eﬂ l‘uﬂ}]

D, (s ).

The modulus of the right-hand side s majorized by
f=u] i
log2+ 3 —.
=
which is finite and independent of re, e, and the ;. O

It is now also easy o give a potential from which the sequence ol H, s can be reconstructed:
We put

Cyyylag) = logay,
I [ .
Dyl . e) = .'J.L]_ﬂ][uj,.--,uk} Fe.JE:'J[uJ,.-.,uk i) forj <k,

and @y = ) for finite subsets J of Z other than intervals. Itis then easy o check that

Hylay, . ..aq) = % ®alaly),
Joqt,..n

and it follows from Propositon 3.2 that
18s]]os = Oy~ 2Rm),

and hence, in particular, that the intemction is exponentially decreasing.



4 The canonical ensemble.

The first observation we need 1w make is that the canonical ensemble only makes sense [orinverse
temperature [ = 1. This is already true for the finite system. The canonical partition function for
a finite svstem with n (adjacent) lattice sites is

jeu]

Za(8) = Z expl —FHy gy, ... aq)).

iy, .8l
We denote — temporarily — the corresponding sum for 5" by ZIY. From the inequalities
HY = g < HY 5. log?2,

it follows that
ZI(8) = Z,(8) = 27 Z10(B).

Bul
2(3) = zw’“ﬂm z‘,,]":cr;m}]",

]

and £ 4], the Riemann zeta function, goes o infinity as 3 decreases w 1. Henee, the same is true
[or the finite-sysiem partition function for any .

On the other hand, for 3 = 1, the finite-system partition function is finite for all re. Using the
bound on H,, — HIY it is easy to adapt the standard proof of the existence of the thermodynamic
limit of the canonical partition function for lamice systems — which assumes that the system at each
lattice site has only finitely many states, rather than countabl v many as in the case at hand — 1w show
that 1

pl8) = lim —log Za(f)

exists for any 3 = 1. The limiting function is convex on [1, oo}, since this is true before passing 1o
the limit. From the estimates proved above we get the bounds

log {(3) = p(A) = log {{3) — Blog 2.

It is a standard and simple [act that the zeta function has a simple pole with unit residoe s 1 from
this it follows that
pl) =log(# = 1)+ 1) as 3= 1.

Remark. The above lower bound can be improved — for 3 near its minimum value 1 — as follows:
Since

.flj[l’.li_f,...,{.l.n:] :lng{ﬂ.? I [u'.!“- """ E:i'rl]:l .:—:]q;[ui f 1]1
W el

Z,(8) 2 (3 )" = (C(8) - 1),



and hence 1

pla) = log(C(8) = 1) = logC(A) A

These estimates do not however tell us much about the behavior for 7 —» oc) the upper bound
goes 1ol and the lower bound is asymplotic 1o — 3 log 2. We will get better information about this
limiting regime later.

We will need here generalizations ol a certain number of resuls which are standard for one-
dimensional lattice systems with finite single-site state spaces o our model {which has N, assingle-
sile state space.) We referred above to one such result, the existence of the thermodyvnamic limit
for the canonical partition function. The generalization for that particular result is easy, but we will
require here generalizations of two other circles ol ideas — Gibbs states and the ransfer-operator
formalism — which are not quite so straightforward. These extensions have been carried out in all
detxl in BEuedin ¢ 1994, we sumimarize the resulis here:

Proposition 4.1 7. For each 3 = 1 there is a unigue Gibbs state o5, (which is then necessarily
franslatfon-invardans, } and
p(f) = s(og) - Beg,

where s(ag) is the Kolmogorov-Sinad entropy of o and ©5 the mean energy per lattice site of 0.

2. pl3) fs a reald-analyite funcitonof 3 on (1, 0] and {5 sirictly convex in the strong sense that is
second derfvative 15 everywhere strictly positive.

5 The microcanonical entropy.

Onee again we nead an extension of some standard results w our slightl v-nonstandard wechnical
situation. The standard results can be found in Lanford (1973 ) an exiension adequate 1o the present
situation s given in Ruedin (1994 ). To formulate the result we need, we use the ollowing notation:
Let —oo < ¢ < e2 < o) then Voler, ez ) will denote the number of sequences ag, . .., aq of length
nowith

1
£ = ;Hn[uh---:un] )

Proposition 5.1 There is a non-negative concave function .u[r;:l. defined on an open inferval
{€rmins Cmu )y (Where € may be —oo and ey, may be 400} such that

{. limgeane !',l—tlﬁg'l-:'n (€1, 03) = 8UP,, coee, Sl€) for all intervals (¢1, ea) interseciing (€min, €max)

2. Valey, ea) = 0 for all suffictently large n for intervals (€, eq) whese closures do not intersect
the closure of (€min, Cma -
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The formulation of the preceding proposition is a little dense, and it may be helplul toelaborate on
ita bit. For purposes of this explanation, let us say that e is an asymprotcally exeluded value for
H,, /nifthere exists aneighborhood of ¢ which is disjoint from the image of H,, /n for all sufficiently
large n and an asymptotically allowed value otherwise. The set of asvmptoticall v excluded values
is manifestly open. The first non-trivial assertion of the proposition is that the complementary set
of asymptotically allowed values is an interval; its interior is the interval {€min, €ma) of the propo-
sition. We will accordingly — if not quite precisely — refer 1o (e, €ma ) 88 the allowed interval
The idea is then that, for any “sampling interval™ [e1, e2), the number Wy (e, e2) of configurations
with H, /n € (€1, €3) should be asympiotically — for large n — about exp(ns,, ), with a panicular
form for the dependence of the exponent =, , on the sampling interval. Part 1. of the proposi-
tion savs that this behavior does hold for sampling intervals which overlap the allowed interval,
and part 2. says that a natural — and rather strong — variant holds for sampling intervals which stay
away [rom the allowed interval. It wrns out, however, that the asserted exponential behavior can
[ail —or at least is much more delicate w prove — if the sampling interval touches but does not over-
Lap the allowed interval, ie., il £5 = £pn OF €; = €, the proposition savs nothing in these cases.
We remark that the prool of this statement depends not just on the “extensivity”™ of the sequence
of functions Hy in the sense described above! it is also necessary that they “grow at infinity™ in an
approprisie way so as 1o guaraniee, in particular, that W (e, eg) is finite for all finite n, e, and e
An appropriate general formulation of the growth at infinity condition is given in Ruedin (1994);
we note here only that, inthe case ot hand, adequate growth at infinity is guarantead by the fact that
H, > HIY and that k,{a) grows adequately fast as a — oo

The above proposition is a general result, using only qualitative properties of . In the case
al hand, we can be more specific.

Proposition 5.2 For Hyla,, ... ay) = loggg(ag, ... ag). we have:

— Epln = Loy (with, as above, 7 = ﬁzij.
o,

= Cmppy —

— s(e) i strictly increasing on (log v, 00), and s(e) — oc as e = 20,

Proof. We have already noted that
Gulty, ..o ag) = ge(l,.. ., 1) = F, = const 4",

Hence,

Val—oo,ex) =0 forlarge n, if e < log -y,
and

Val—oo,63) =1 forlarge n, ifeg = logy.

From these two assertions it follows that ¢min = log 7.

We now claim tha

sup s(e)] —+ oo as e — oo
[LRE



From this claim, it follows that s(e) is not bounded; hence, since it is concave, that it it is strictly
increasing on its whole interval of definition and goes w oo with ¢, and these are the remaining
assertions of the proposition

To prove the claim, we beginby considering the sequence g, (p, ..., p) forgeneral p € N, . By
the recursion relation

Gulps - Py = PPy 0] Guealp, - p)-

It follows om simple standard arguments — generalizing the derivation of the Binet formula for
the Fibonacci numbers, see also §10 — that

where 7p is the positive root of the quadratic equation t* — pt — 1 =0, ie,

1 .
Tp = 5[?-1 Fafpt 4+ 4)(m p  for p large.)

Thus, il ey = logp and nis lage enough,

ilﬁg%m caP) S,
and hence the same inequality holds for g, (e, .. ., e, ) provided that all the a; are < p. Thus:
Vopl=oc,6) > p"  fore; > log-y, and n sufficienty large.
Taking logarithms, dividing by n, and letting n —» oo gives
supsie) = logp Tore; > log

£y
letting e, decrease Lo log 3, gives

sup #(e)] = logp.
e<logvp

By letting p goto oo we see that s(c) is unbounded, as asserted, and this completes the proof of the
proposition. We can now in [act say a little more about the behavior of #(e) as ¢ —» oc. Now that
we know that s(e) is increasing, we can simplify the above lower bound 1o

s{log ) = logp,

On the other hand, 4 /p —» 1 as p — oo, 50 s(e) in fact grows al least as fast as ease = oo, O

The next step is w argue that p(3) is the Legendre transform of #(¢) and o deduce analyticity
and strict concavity for s(¢) from analyticity and strict convexity for p( ).

Proposition 5.3 s(e¢) fs real-analyile, strictly increasing, and setly convex on (€g, 00). The
Sunction 3(e) = — &€} maps (€qu. o0) diffeomaorphically onte (1, 00); its inverse ise[3) = ¢'(3).
Faorevery 3 between I and oo,

pld) = mjp[.ul:z] Be);

the supremum is taken on at € = € 3), and nowhere else.

12



Proof. The argument is standand, but we give it in detail anyway, since there are a few places where
special features of the situation at hand have w be invoked 1w rule out pathologies. We begin from
the fact that, since s(e) is concave, it is diferentiable except at most al a countable setof points and
15 derivative — where defined — is monotone decreasing. We define temporarily

s == Lli.ii se) and o = r l:.rls_] s'[e),

with the understanding that the limits are 1o be taken along the set where the derivative exists. Noth-
ing said so far rules outthe possibility that Fmin = Smax. Nevertheless, the microcanonical analysis
leads w0

Proposition 5.4 1. If B, < 5 < B then

pld) = 51{151[.9[1] e},
aned the supremum is taken on.

20 3 < Brig, then
lim 1 log Z.(3) = +oc.

TE=ki30 §

303 > Brawe then
I'-'[ﬁ::l — & .H‘-rn:lm

where sy denotes lim__ + se)?
min

Apain, we refer to Ruedin (1994) for the proof. The argument is essentially the standard one,
but a litle extra effort is needed w work around the fact that V, (¢, oc) is infinite.

It follows from 1 and 2, together with what we know about p(#), that f,, = 1. IT 8, were
finite, p{ ) would have w be linear from Fnay 10 oo, and this violates the strict convexity of P[3):
hence, 3., must be infinite. Thus, the Legendre transformation formula

pl3) = E1:p[al[¢.:] e

holds for 1 < 3 < oo, with the supremum taken on. Furthermore, except for at mosta countable set
of [@7s, the supremum is taken on ata single point. We denote this pointby e 3} il the supremum is
taken on at more than one point — i.e., on an interval of non-zero length — then e 3 is not defined.

For all relevant ¢ and 3, we have
p[3) + e < sle),

with equality for e = «(3). Out of this we can read the following: Let G, be such that of 5] is
defined; this excludes at most countably many values. Put eg = (). Then 3 v p{3) + S

IWe are in fact going o show in §7 that &, = 0, but we don't need this fact Tor the moment.

13



takes on its maximum at § = So, which implies p'{ %) = —eo. In other words: ¢(d) = —p'(3)
whenever [ 3) is defined. But the only way e[ F) can Fail 1o be defined is for the graph of 5{¢) w0
contain a linear segment with slope [, and this implies that ¢ 5] has a jump discontinuity there.
This, however, is ruled out by the fact that '[9} is real-analytic. The conclusion is that «[3) is
defined for all 7 € (1, oc), and that e{ 3} = —p'(F) for all these values of 3.

Substituting into an earlier formula, we thus get the parametric representation

sl P’[ﬁ}l] = pld) = Bp'(8),

which, ogether with the analyticity and strict convexity of p{ 3], ensures that s(¢} is real-anal viic on
the image of the mapping 4 v+ —p'(3). By continuity, this image is an interval. Since p(3) — oc
as [ —» 17 the same must be true of —p'(F), e, the image interval must extend o oo, On the
other hand, the fact that Fpee = oo means that #'(¢) goes 0 oo as ¢ approaches emin and hence
implies that there exists a sequence ¢, converging 1o ¢y, such that £, ) exists for all n. Denoting
8'eq) by By, we getthat s(e) — S,e takes on its supremum at ey, ie, thate, = ¢(3,) = —¢'[8.).
Hence, the image interval also exiends 0 €y,,, s0 the ahove formula represents s(e) over its full
range of definition. Thus, #(¢) is real-anal viic where defined, and differentiation of the formula
gives 5" () < 0 everywhere.

We have just argued that 5 v ef ) = —p'[3) sends (1, o¢) diffeomorphically onto (log v, o).
We denote the inverse mapping by 5(<); a standard caleulation shows that 3{¢) = s'(e). We then
have:

p(B) = sle(F)) + F-e(8) Toral Fe (1, 00).
This completes the proolof Prop. 5.3 O

Everything said so far has used only qualitative propertes of H,, = log g,. We willnow make a
first contact with “numbertheory.” The argument is the reverse of what we ultimately want todo —
we will use some classical facts from number theory o prove something about s(e). The argument
i5 also illuminating as a simple example of how 0 compule more concrele quantities in enms of
ale). The question we want 10 address is:

Question. How does the total number N{g) of sequences ay, ... ay with

ijnl:l'.!h..-..l'.!n} o i

{n vertable ) behave as g —» oo 7

Dietermining N (i) is almost the same as counting rational numbers between Dand | with reduced-
form denominator < . There isin [act exactly a factor of 2 difference between the two question:
A rational number has exacidy o continued fraction represeniations:

— the “standand” one — given by the Euclidean algorithim — which has the form [ay, ..., ay) with
a, =2, and

— asecond one [ay, ... a4, = 1,1]
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{e.g., 1/2 = [2] = [1, 1].)Furthermore, the number of mitional numbers between O and 1 with
reduced-Torm denominator g is exactly @[q), the Euler p-Tunction. Thus, we have the exact for-
mula

Nig) = z?mn.

By classical number theory (e.g. Hardy and Wrght, 1960, Theorem 330) this sumis asympiotical v
a constant multiple of ¢°. We now proceed o compute the asymptotic behavior of N (g) in terms
of the function s(e); comparing that answer with the one just obtained will 121l us something about

s(e).

We start from the fact that the number of sequences of lengih i with log g, < ne is, by defin-
ition, V[ —oo, ). Unraveling the notation: The number of sequences of length n with g, < g is
Vol —ac, (logg) fne). Thus, the wial number of sequences — of arbitrary n — is

_In,lr[q] — Z 1;"{ o0, ]l:']!-_': I?,I'}.

L

Although we have written the sum as running o oo, theme are in fact only finitely many non-zero
terims for given ¢ gulay, ... a,) = Iy, so

log g
n

Vol —ax

V=0 for By =g,

i, for
ll:'z.f!"‘ ::-11 i
T 55n n g ¢,

i.e., for
Tt log g

log F, = logy

n > logg

I particular: The number of terms in the above sum is O{log g) for large g. From this, we want 1o
argue that for our purposes, if is adeguate fo approximate the above sum by s largest terme The
justification for this assertion runs as follows: For given g, let ne(q) be such as to make

logg
Fﬂ "1 s
iq'][ L n{q}]

as large as possible, and put

~ ntlg)
Then yig) is cenainly not much larger than 1/ log -y for large . We will argue later that 4(g) con-
varges o a finite non-zero limit a8 ¢ —» oo) for the moment, we accepl this without prool o see

how the mest of the argument goes. The largest term in the sum is then

Vit (55, ﬁn ~ exp(n(q)s(1/y(a))) = exp(t(g) logq)

15



where 1 g) denotes yig)s(1/yg) ). Taking logarithms and dividing by log g gives asequence which
has a chance of remaining of order unity as ¢ —+ oo, We can now justily the claim that the largest
term is an adequate approximation o the sum: We have

- u]

1 1 Lo g
< ¥ 3
— log Vo[ —0e, {lﬂl] < fogq {n IF,L[ o0, — ]}

1 log Log g
Vg (=00, —)+ O )
T ) logg

log g

- logg
sothe sequence built from the sum and the one built from its largest erm do have the same limiting
behavior in the sense that their difference poes w0 2ero.

We now make a heuristic argument, intended as motivation for a subsequent precise result: As-
suming that y{g) converges o a limit 3*, and assuming also the validity of an obvious exchange of
limits, we would expect that

log N{g) = ]:|.[|:

lim
g+ Lo g

1 L] L
il m-ﬁ] = y"s(1/y").

w0 log g

Furthermore, refg) was chosen o make the corresponding term in the sum as large as possible, and
4" is the limit of the re[g)/ log "5, so it should be at least plausible that

ws(lfy") = Elivyﬁlilfy}' = sup s(e)/e.

O the other hand, we showed above that

Nig) = const -¢° so lim log Nig) =2,

g0 log g
s0, finally, we expect that

yrs(liyt =2, e, 51{151 ﬂ =2

d

With this as introduction and motivation, we formulate the following result

Proposition 5.5 The finction p{ ) has a unigue zero, which we denote by 3*. The function s(e) fe
takes on its suprenum at ¢ = ¢ = e(3"). This is the only place where the suprenum is laken on,
and the function is sy inereasing to the left of ¢ and strictly decreasing 1o the right. We have,

Sfurthermore,
s(e]
2= =sup— = li r N
A =sup—— = lim - lozg (g,
where N{g) denotes as above the number of sequences ay, . . . ay (10 variable ) with
Guldi, ... dGn) < g.
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Proof. The logic is:

— We investigate first the problem of maximizing s(¢) /¢, We show that on the one hand the
supremuin is taken on exactly at e[ #*) and on the other hand the supremum is also equal fo

.

— We then fill in the gaps in the earlier heuristic analysis 1o show that
. 1 sle)
qhai ]l}!..'_fl.l ]l:']!._': J'"lr{q'::l = EI:]‘.: T :

— Comparing with the formula for N (g) interms of the Euler -function, we find

lim

i fogg BN =2

which completes the prool.

We will prove later — by gquite different methods — the explicit fonmula
v
- m

© T 12log2

That s(e) /e takes on its supremum at ¢, and that the value of the supremum is 5*, can be moti-
vated by putting the derivative of #(¢) /¢ equal to zero. For aproof, it is more convenient Lo proceed
less directly.® From the fact that p'{3) = —e(3) < = log-y < 0, it follows that p{ 3) — —oo for
3 v oo, We know, on the other hand, that p{3) —+ +oc for F — 1. Hence, there is a 47 such that

plF) =0,
and since [ 3] < 0 everywhere, this 3 is unique. From the Legendre transform
0=pa = 51:;1[.11[:] e,
and the supremum is taken on exactly for e = ¢*. In other words:
sle) < #¢,  with equality if and only if e = ¢°.
Since all relevant ¢'s are > €min = logy > (1, we can divide by ¢ 1o get

s(e)

—= < 47, withequality if and only ife = ¢*,
o
which is the desired assertion about where the supremumis taken on and what its value is. To show

that s(e) /e is strictly decreasing with increasing sepamtion from ¢, we use the general fact that
{strict) concavity of s(e) on [egn, o) implies (strict) concavity of

oy) = 9a(5) on (0,1/ena).

IThe arpument we afe aboul o give is gandard in the application of sististical mechanics to dynamical sysiems.
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This is true without smoothness assumplions, but can be proved particularly easily in the smooth
case by verifying that
") = s"(1/y)
= w
Since s(e) /e takes on ils supremum al an interior point of its interval of definition, the same is true
for gly): since gly) is concave, it is strictly monotone decreasing with increasing distance from the
place where it takes on its supremum, so the same is troe for s{e) /e

This completes our anal ysis of the behavior of s(e) /e; we wm now to the behavior of N{g) for
large g. We have already given an outling of the argument, what remains o be shown is

log Vaigy(—oc [:E} -

lng

{where, as before, nlg) denotes a value of n maximizing Vo[ —oo, logg/n).) The first step in prov-
ing this is:

Lemma 5.6 Let mefq) be a sequence of integers such that

log g .
-ir.rll:ij'] e [Emjm rx..]
Then | @)
_ Bg, __, 8l
log g B Viniy) (—ee i) ) £

Proof. Let ¢y < £ Then, for sufficiently large g, log g/m{g) > ¢, so

logg
Vgl (=00, ——) = Vg {—00, €1},

! rre.I:q}] z

apgain for sulficiently large g. Taking loganthms and dividing by logg gives

lﬁgq] » miy) 1 . .I;I:n].

] !‘J Pml:ﬂ'][ "_“:q_} = lﬁgif TFJ-'::!:::' lﬂ'ﬁ Pm[-l;l:l{ = L]:]

r

log g

Hence,

H[EJJ

. 1
]1‘511“51&]1' beg log Vi gy { =00,

:'rl:l::,r:l::I

This holds for all &) < £ and s(e) is continuous, so we can replace ¢y on the right by £ In exactly
the same way — starting with ¢; > € — we show that

_ logg, _ s(€) }'
l]f:]rs::p O i o E]"Jm[q]{ m[r,r]] £

and the lemma follows. It is clear that this argument also works, with the obvious modilication in
the formulation, i me(g) is only defined for a subsequence of ¢'s going Lo oo, O
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As a consequence of the lemma, we note that the sequence (log ¢) /ng) — with nig) defined as
above — cannot have any accumulation point in [eq., o¢) other than . Otherwise, letting 7i(g) be
a sequence such that (logg) /alg) = 7, we would eventually encounter a ¢ for which

vﬂ?( 4 l':'[: I‘]r] - vn.[q:ll:: lﬂ[ ‘;}

contradicting the assumed maximizing property of ng).

By the same sort of argument as used in the prool of the preceding lemma, we see that il

I'
llmsup —— < €nims

ghas m[qr]
then

. logg, . . sle) sle).
].li’uiLzl[] Py log Vinggy [ — oo, 'l’“-':i.l']'} ot t]:::l_l e < 81 up ==

milri
Thus, it is also impossible that {logg) /nlg) have an accumulation point in [0, €], so the only
remaining possible accumulation points for the sequence log g /re(g) are e and oo, ITwe eliminate
the second possibility, it will follow that log g /n(g) —+ " and hence, applying again the lemma, that

logg , s(e*)
a5 asseried.

Lemma 5.7 Let me(q) be a sequence such that

mlg) . 0.
Log i
Then . l
: Og o
].I.:II.LSLI.].Il Py log Vi p [ =00, m{q}l} < 1

Proof. Fix 7 > 1, and let B denote an upper bound for the 2 (4)Y™. For any m and any real
number r, we gel

HFTI.

I

zmimz E t‘lc[]l: ﬂHmI:r.n,-..,um}l]

- Y. =

Z {expl=FHy (0, ..., 0,)) : Hplay, ... 65) < rm}
exp( = Grm) V[ —oo, r),

ATENLY)

Vin[—oa, ) < exp(Grm) 8™

Thus,
T I:qr]

logg OB vm[q]{ :rn!-["-f]:I o5 5 b

log g
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The first term on the right drops out as g —» oo, 80 we gel

. liowe g
lims log V!  — ) =
lglm::p log g 5 mm[ -~ rre.l:q}] <8

Since this holds for all & = 1, the lemma — and hence also the proposition — is proved.

We can expand on the above argument o establish a statistical relation between noand g. Let

Emin < € < ¢ and let N'<1{g, ¢,) denote the number of n-uples ay, .. ., iy (7 variahle) with
lower g (g, o .
gl ... o0) < g and Bgalar, ..., an) < E,
i
iz, with

gular, .. a5) g and 0> () " logga(ar... .. a.).
The prool of PFroposition 5.5 can easily be generalized 1o show that
s{e) e’

j (=} - v}
5 logg BN @A) =P T <7

Hence, in particul ar,
Ni=lig, e
lim N (g er) =
=+ Nig)
The ratio N =g, e, /N{g) is the fraction of sequences a,, ..., a, with g, < ¢ which satisfy the
further condition that n > (1) " log g. Thus, we can say that, for g large, the overwhelming ma-
jority of sequences with g, < g have n < {e,) " log gy, and this holds for all ¢; < e

In exactly the same way, we argue that, for all ey > €7, the fraction of these sequences with
n < (eg) ! log g, also goes o zero as g —+ oo, Henee:

Proposition 5.8 Let ¢y < ¢* < ¢o. Then for g sufficiently large, an overwhelming majority of
configureat fons with gy < saifsfy

{e2) : logge < n < (e1) 11{:5':151.

Loosely formulated: For g large, neady all configurations with g, < g satisfy n == (") log g.
We have already observed that the number ol configurations with ge < g i8 twice the number of
rational numbers between 0 and | with reduced-form denominator < o) each rational number has
exactly two continued-fraction representations. The two representations of such a number have
lengths differing by one, which is unimportantat the resolotion st which we are working. Thus, we
can refonmulate what we have shown wsay: Forglange, nearly all rational numbers with reduced-
S denominator < g have continued fraction expansions of length = (") log g.

After we had obtained the resolt formulated in the preceding paragraph, we learned that a sharper
assertion had been proved in Dixon (1970). (See also Knuth (1981}, §4.5.3, for a readable survey of
work inthis direction.) Partol what Dixon proves can be formulated as follows: Forany ¢ > 0, and
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for g large, the overwhelming majority of rational numbers r between O and 1 with reduced-form
denominator glv) < g, have continued Fraction expansion with length n(r) satisfving

[n(r) = Mogg(r)| < (loggr))"/**,

where A denotes —5—12?1::.:*2. Loosely: For typical rational numbers v, with large gir), nfr) differs
from A log g(7) by something not much larger that (log g(+))""*, whereas our results show only that
the difference is typically oflog ¢+ ]}, Dixon also gives an estimate for the number of configurations
which do nor satisTy the asserted inequality. Although Dixon’s proof is based on dewiled estimates
in the spirit of analvtic number theory, rather than the general statistical mechanical ideas we have
used, there are many points of resemblance between his argument and ours.

6 Full entropy.

We are now going o explore the possibility of improving, e.g., Proposition 5.8 by replacing the
phrase “the overwhelming majority of configurations with g, < g~ by “the overwhelming major-
ity of configurations with g, == ¢.” This is a vesion of a standard problem in statistical mechan-
ics: How thick must the energy shell be 1o get the microcanonical ensemble o work properly? We
can formulate the question somewhal more precisely as follows: Suppose we choose, Tor each g,
a quantity 4{g) between zero and one, and we let Mg denoie the number of configurations with
g — dlgh- g < gn < g IT we can show that

: T 1
Jim 5 o log Ny) = lim logq log N{g),

i.e., il we can show thatthe setof configurations with g —d{g)-q < g, < g has “the same entropy™ as
the larger set of all configurations with g < g, then the argument of the preceding section applies o
show that the overwhelming majority of configurations with g —&{g) g < g, < ghave n = ¢* log g.
The question thus becomes: How small can d{g) be withoutexcluding oo many configurations? In
particular: Is 8(g) small and constant allowed?

We will cast this question in slightly more general terms: We consider two sequences ELI] and
e with
— el = ¢ for all n, and

— el e, with ey, < ¢ < 20,

and we ask for condition sufficing o guarantee

1

lirm
E1 e Te u] T

log 1’,1[:.':“]:', z,[f]]l = s(e).
The following proposition gives such a condition:
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Proposition 6.1 Let the general setup be as deseibed in the preceding paragraph, and assime that
el — ellY poes to zero, ifat all, more slowly than exponentially in n, in the sense that

Lol — (1)
lim sup Blen —n )
Ta=hxd TE

Then
lim — ]ﬂ!._,l-' [r':]:' 1]] = s(e).

Teekxl 1)

Proof. We note first that it is always true that

1 1 ;
]uuﬂup —lﬁb'l-’ (er [1] ':r] = l:|1|::| — log V[ —oo, r.'f-'] = &le),

=32 1L

s0 we have only o prove
lim L:r.LF log 1, [cm J]l'l = H[l’.:].

Tkl g

We can thus assume without loss of generality that /2 — e[V — 0. Fix & < « we are going 1o argue
that, for n sufficiently large, any configuration ay, ...,  of length e~ 1 with

logga g (ay, .. agq) < (re—1)E
can be extended, by proper choice of a,, 1o a configuration of length n with

r:t.',:,l:' < loggala, ... ) < -n.:,[:f:'-

This will imply
Fn[.:;:]1¢_::1"’]:] > Ve 1': ”‘-"-‘_-.L
and hence |
]unu]f l-:‘]f_-;'l-' [II:] [i]} = ].l]I.l — log Vg |{ e :] = .u[ ]

L=k 0 0 T

This holds for all € < e, s0
lim LI.LF ]ﬂh'l.-i' [:[1:' [!]}I > s(e),

E L el

which is what we want o prove.

It remains only 1o prove the assertion aboul exiension of configurations a,, ..., a,  with
loggaoq [y, - yig ) < nE
For any o, we have
(T (U R Y ' TR - S S B [ S P Sy

Clearly, by taking ay, large enough, we can make g, > exp(ne!''). We choose the smallest a,, which
accomplishes this and show that then g, < E}Lp[ru.',:‘!:']. provided that n is large enough. Note first
that - .
=1
= expin AN g 1,
PR (nfey’ —€))

On =
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which is > explan) for all sufficiently large s, for an appropriately chosen o = (0. Next,

qﬂ.{ull"'luﬂ ]|u'.r|.:] — J_ I J.

Gul@y, .. 8y g 0y = 1} iy — 14 %—f

< 1+ Olexp{—amn)).

Hence,
loggalay, ... ag) = loggelag, ... 0y — 1) = Ofexp —am) );

since — by the choice of a, —

and since, by assumplion,
r:,[ll] l’.l:n]:' e oexpl—ne)  for large n,

il follows that
log gulay, . .. aq) < net? for n large enough.

This completes the prool of the proposition. O

It is easy 1o translate this resolt w apply o the statistical relation between g and n:

Proposition 6.2 Ler 8(g) be a sequence in (0, 1] sueh that

lim sup M =1,
=00 lﬁg iy

(i.e, 8(q) goes to zero, If at all_ less rapidly than any inverse power af §), and let "'FI:{;] denaote the

number of configurations ai, .., dp with
(1= &{g)lg < gulam, ... 00) < g (4]
Then
Jim o log Vi) = sup oty )

Hence: Forany 5 = 0, and for large q, the overwhelming majority of configunat ions safisfving [:r}
have continued-fraction expansion of lengih between (1 — 0)(e* )" log g and (1 4 g){e*) " log g

We omit the prool: it is a strai ghtforw ard sdaptation of the proofs of Propositons 5.5 and 5.8, using
Proposition 6. 1. We remark that the condition that 8y} decrease less rapidly than any inverse power
ol g is also necessary for (1); this follows from the elementary upper bound

Nigl=2 % 7=00g"(q)).
F={1=d{qy
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7 The third law of thermodynamics.

We are going 1o show hene that

Proposition 7.1

li:._[|_1 s(¢) = 0.

L :ll'r|I|Ir|

In other words: Our statistical mechanical svstem has no zero-point entropy, Le., it satisfies the
third law of thermodynamics. There are available general methods for proving the third law: see,
For example Simon (1993) 51119 or Schader (19700, Although these methods could certainly be

used here, we will instead give a simple “bare-hands™ argument. In general terms, the argument
goes as follows:

— We show that our svstem has, ina particularly clean sense, aunique ground state and a “mass
Bap.
— From this, we argue that the unique Gibbs stale o5 converges to the point mass at the ground

state as 7 —» oo, Intitively, this means that the entropy of 75 should goto zero, and we show
that convergence takes place in a sufficiently strong sense that this expectation is realized.

— To finish the argument, we invoke a version of the “variational principle,” saving that the
entropy of o4 is equal o the microcanonical entropy [or ¢ = &5, where &5 means the mean
energy per lattice site in og. (For this conclusion, we need only the “easy™ hall of the varia-
tional principle, i.e., the fact that Gibbs states maximize the lree energy, and not the converse
assertion that states maximizing the free energy are Gibbs siates.)

The heart of the materis the “mass gap.” Recall thatthe Hamiltonianof an n-site finite system is
log gulan, ..., aq), and that g is strictly increasing ineach o separately. Hence, the unique ground
state of the n-site system is the configuration (1.....1). Something much stronger is true in our
case: [T we start from a non-ground state (@q, ..., a, ), pick any § for which a; # 1, and replace the
cotfesponding a; by |, keeping all the other a;’s lixed, then the energy decreases by al least a fixed
nonzero amount independent of n, €, and the configuration.

Lemma 7.2 There is a strictly positive number eg such that,

]ﬂ!-'_;"ln[u]u---nu-t |.'|El:”i|]|"'ﬂﬂ.:|Elﬁgqﬂ(u|1"'1ﬂl |:l:”i|]|"-”!1:| I f]l:

Seralln, all i between I and n, and all configurations (ay, . .., an) with a # L

Proof. Since golay, ..., @, ..., 0 i nondecreasing in ay, it suffices w consider gy = 2. We will
write gy for gy{@y, ..., 01,1, 8541, ... a;) (with the obvious simplifications for j < i + 1), and we
put

dy = gylay,..., i1, 2olypq, o 0y) =gy Tor § > i and

di (= 0 forj<i



Sifce

Uil:ﬂh----ﬂi 1:2}' = g+ oy and
f.[i|:f-!11---~ﬂi 1:1}' = W= 7 iz
we gel
iy = iy

The d; ,; satsly the recurrence

diphe = Qisktipk-1 + diph-2,

i.e., the same recurrence as the gelag ., ..., ity i) In view of the initial condition
di-1 =0 and di =g,

{which differs only by a factor of g, for that for gy (g, .., k) ), e see

U!HJ::!.I': |I1'1-[U-:|| ----- ﬂl|k}'-

Hence, setting 1 + & = n,

s0 we have only 1o show that

i ][Lli1.....,r.|:| ]]:,rn {[u‘:||.1"-1ﬂ'|1}
!.',-,_[l’.li-|:___:|'_|;1: |..1.I-I-1:|l,...r.r.n:| |:'+'::|

15 bounded away from zero.

MNow let §, and g denote gy (g0, o o) and pylage, . oo o) respectively. The g and f,
satisly the same recurrence as the giek, but with inital conditions

1 g.,.=0
0 pa=1

g &
I

It follows that
Givke = GiGe + Gi- 1P
Setting k& = n — 4, we see that we can ewrile («) as

G- 1Gn-1 _ 1
Gign-i + Gi-1Pn-i i gi-1 % Pni /G-
1 .

= - — snée gy = iy Ll P

1+ gie2/giz1 + Prei/Gn-i : ¢
1

B N CTIRTRUUTt) [ ARV (in)

. 1
3:
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a0 the assertion is proved O

The next step will be to show, using this lemma, that as § —» oo the Gibbs siate converges
Lo the point mass on the unique ground state configuration in a strong enough way w ensure that
the entropy of the Gibbs state poes w 0. We first need 1o recall the definition of entropy in the
present context. Let p denote a translation-invariant probability measure on {1,2, ... }%, and let
plag, ... g q) denote the p-probability of the configuration [ay, ..., 6y, ) in the finite subset
{0,...,n — 1} of the index set (“lattice™) Z. We then define

Salp)= X plag, . o i) logp(ag, ... a1}
e ayilin =1
with, a5 uwsual, the convention Dlogd = 0. Then 5, is a subadditive function of n, so

ity yae = Sulp) exists and is equal to inf, S, (pu): the common value is the entropy s(g) of p.
We can now formulate:

Proposition 7.3 Let o denaote the untgue Gibbs state with inverse tempe rature 3. Then s(og) — 0
when [§ = oo

Proof. We are going to show that, in the notation of the preceding paragraph, 5 |#4) converges o
0 as F — oo since
0 < s(og) < - < Salop) < -+ < Si(oal,

the assertion follows. We will need some notation related to Gibbs states. For A any subset of Z, we
denote by Xy the set of configurations in A, e, ol mappings A — {1,2, ...}, For A ajfinfre subset
of E, the interaction gives rise i a function W, , defined on X, = X, with the intempretation that
Wy iy, g0 ) is the sum of the sel f-energy of the finite configuration a, and its energy of interaction
with the outside configuration aye." A Gibbs state with inverse temperature [ is a probability mea-
sure on Xy with the property that, for any finite A, the conditional probability of finding a, inside
A given that the configuration outside A is aye is

expl = FW s (g, aps))
(3, aps)

with

Zy(Ban) = ¥, expl—fWy(al, as)).
ﬂ-':.,[-fn

It follows from the considerations of §3 that
Walaa, ane) — 3 loglay)

([
is bounded (for fixed A.)

We apply these considerations in the very simple case A = {0}, We define
I’r[l'.ﬁjl':t::l ES 'I'{u}'[“-:lu‘i] w{u}[l&}l
where G denotes a general configuration of Z {0}, Then

B Although these individual energies are nol unambi guously defined, the sum is unambiguous, a1 keast upio an ad-
ditive constant.
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- Vil,a)=10
- Viag, a) = ¢g forag = 1, by Lemma 7.2

- Viag, &) — logay is bounded.

We put
Zol(B8.a) := 3 exp(—=0V{ag,a)) =14 3 exp(—#V{ay, a)).
ag 1 ag=1
By the preceding remarks, exp( — 3V (g, a)) converges o zero for any fixed ag > 1 and is further-
mofe u,u"""rl {Tor example) Tor any sufficiently large ay, all uniformly in a. Hence, in particalar,
2ol a) =+ 1as F —» oo, From the definition of Gibbs state, the conditional probability of finding
ity @l the origin given the configuration @ away [rom the originis

expl — 3V [ap, d))
Zy( 3, a)

a2

which converges to | for gy = 1 and to O for gy > 1, and is bounded by a, ™ for all sufficiently

large ag, again uniformly in a.

MNow let 75(ay ) denote the probability, with respect 1o the unique Gibbs siate a5 of having ag at
the origin. Since this probability is a convex combination of the above conditional probabilities, it
fol bows that

aall) = 1, aalag) -0 for ay>1, as 73— oo,
and
aalog) < ay™  for all sufficiently large ay.
Hence,
Talag) log oglay)
converges o zero with 3 = oo, for all g, and furthermore is < a I3 for all sufficiently large oy
(since —tlog ¢ < £V for ¢ positive and sufficiently small.) From this it follows that

L

Silog) = Z galag) logaglag) —» 0 with 3 —» oo,
agml

O

It remains to relate s(a4) W the microcanonical entropy. To avoid confusion, we will, for this
section, denote the microcanonical entropy by s,..(¢): & without subscript means the entropy of a
translation-invariant measure, as defined above.

— [rom Proposition 4.1,
plA) = slag) — FE(B),

where £ ) denotes the mean energy per lattice site in the Gibbs state og.
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— [rom the theory of thermodynamic limits for partition functions and the Legendre transform,
we have
P(B) = sme(e(8)) — Ge(B),

where ¢ 3) is defined as the unique ¢ for which s,.(¢) — Fe takes on its supremum,

— and finally, from a standard argument using Propositions 4.1 and 5.3
fd = «(3),
Futting all this wgether, we see that

slag) = smele(3))-

As 3 b oo, onethe onehand s(ag) —+ 0 - by what was shown above —and on the other hand, <)
iscontinuous and strictly decreasing, and converges 10 e, ,. This completes the prool of Proposition
7.1

8 Joint distribution of log ¢ and the Farey depth.

We consider here, in additionto Hy, = log g, (ay. ..., a,), the function
Folag, ... o) = ay + -+ ay

on M. As noted in the introduction, B, has a number-theoretic signilicance: It is the level in the
Farey-tree representation of rational numbers at which [a,, .., 0] appeas. We will accordingly
refer to I, a8 the Farey depifi. The sequence of functions £, is trivially exiensive; il interpreted
as an energy, it corresponds 1o a non-intemcting system. We puat the two quantities log g, and Iy,
together and regard them as componenis of asingle B -valued extensive quantity

Gl .., iy ) = (loggalay, ... an), Fala, ..., iy ) -

The theory of the microcanonical entropy of such vector-valued extensive quantities is developed
undertechnicall v favorable assumptions in Lanford { 1973 ) and has been generalized 1o apply 1o the
present situation in Ruedin ( 1994). To formulate the results, we willuse the follow ing notation: For
Jasubsetof B andn =1,2,.. ., V. el J) will denote the number of configurations (a,, ..., ay,).
of length n, with

y’l{ﬂ]1 . Eﬂ:|

T

e .

The main results are &8 follows:

Proposition 8.1 There exisi:

— a (non-empty ) convex open set D, pin B and
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— i dent-ne gaiive concave funciion sgF on Dy p
gueh pha:

— IfJis an open convex subset of B with J D g # 0, then

1
lim —log Verin, J) = sup sor(r).

=400 1 zedrhy g

— if J is anopen convex set whose distance from Dy p i stricily positive, Hien Fq_p[rl, ) van-
ishes for all sufficientdy large n.

The intuitive meaning is: I (e, f) € D, p C F*, then there exist, for arbitrarily large n, con-
figurations with — simultaneously — log g, & e and £ 5 n [ the number of such configurations
is furthermaore = explns, ple, f)). I on the other hand, e, f) is outside the closure of T g, then
(ree, e f) is excluded as a value for (log g, Fy) for large . As in the single-observable case, this
proposition evades the potentially delicate question of the behavior of ¥V, (1, J) when .J has dis-
tance zeto from Iy F but does not actually intersect it Comparing the defining properties of sy F
with those of the single-observable s, we see that

sle) = El}p .uqlp{i., Fi!
Furthermore, 5, ¢ has the following interpretation: IT 1 is any interval for which

sup H'Ipl{!’..,‘,r] < ale),

fer
then, for large i, among configurations of length e with g, = exp(ne), only a vanishingly small
fraction have I /n € 1. Somewhat less precisely: For large n, among configurations with g, =

expire), the values of Fy, /n are strongly concentrated around values of f where s, p(e. [} is max-
i1l

The precading proposition is a version of a result which holds with great generality. A first
special feature of the particular siluation we are considering is

Proposition 8.2 Ler (e, fy) © Dy p. and let fi = fo- Then (e, fi) € Dy F. and .uq.lp{t.u,_ﬁ] -
H?Ip{f.u.._‘lru:l.

Roughly: s, ple. [} is non-decreasing in [ for fixed «.

Proof. For purposes of this argument, we denote by Hjle. f) the open square of side-length 24
centerad at ¢, [} € B*. We are going Lo argue:

Cladm. For sufficiently large n,
.L-I'IF{T: T J': R.ﬂﬁiﬂu ..r]:]} 2 F-lillp[f": Ihiiﬂl ..lrl.:'::l}
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Befome proving the claim, we show how it implies the proposition. In the first place, it follows
at once that (g, fi) must be in the closure of Dy p. otherwise, for small enough 8, V, p(n
1, Kuslen. f1)) would have o vanish for large n whereas Vo r(n, Hs(eg, fo)) is non-zero. By ap-
plying the same argument, with eg moved a little, we see that a nef ghborhood of (eg, f,) Hes insdde
the closure of Dy p. But D, p is a convex open sel, so this implies that (e, i} itsell is in D g. Tt
then follows that s, g is continuous at [eq, fi) (as it is at (eg. fy)). Thus,

Hq:pl:Lu: Ji) = inf lim log Fqlp[ﬂ- F 1, Ryl [i)),

o) Tt T | ]_

but, on the other hand, applving the claim again,
lim

R=h32 pp | 1

2 :}upi n+ 1 log FE‘.F'[H= LHE )

= Eup{H‘.Ipl{f.,f] Z '{fq Jr:] £ fr-u'[f'l.h JFU}]'
:_:' ﬂq:F(Eﬂ: f':l:]‘

s0 the proposition follows from the claim.

log Vo r(n + 1, Raslea, f1))

Proof of Claim: Let (ai, ..., ap | be a configuration with

~(loggn(ar, .. .an), Fafar, ..., an)) € Ri(co, fo.

We are poing 0 make a configuration of length re + 1 by adjoining a single large a, and show that,
for sufficiently large n, the augmented configuration al ways has

1 .
o l[lﬂﬁﬂnn(ﬂh---1E-n||}':f"n'[ﬂ-:|.---ﬂn|1}'] € Raslea, fi):
this will establish the claim. We choose agpyq 10 be the smallest integer with @ + . ..+ an +ang1 >
(e 1) f;. Sinee ay + ... + g /= nfy, it is easy o find upper and lower bounds for ag ., both of

which go o infinity linearly with n (We need to assome here, as we may without loss of generality,
that § is chosen small enough so that f + 4 < f,.) Since

I.'nu{ﬂ:l..-..um:l:l:ﬂmlt.rn F =1,
Wi gl
Uppifn < Guyn < [“-.nn | 1]‘&:1
and hence — in view of the growth rate of the a, s -
log g1 = logge + Olog ).
Since .
;]ngq,l g I:m &, ey 4 E}I:
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it follows that, for n sufficiently large,

1 24 - 24
] Of gni1 € [fo L E0 1,

which completes the argument. O

This gives us al least a rough picture of D p: We know Trom the outset that it lies to the right
of the vertical line {& = e, b, since smaller values of ¢ are asympiotically excluded without any
condition on £, Tt also extends arbitrarily far to the right, since s(¢) is defined for arbitrary large .
In view of the preceding proposition, it is a union over ¢ of semi-infinite vertical lines:

-D'LP = {[E= f}' L l'-'mlr|.1,|||l o fmhnl:L}]'.

The function foale) defined in the preceding formula is convex — since its epigraph T, g is — and
hence continuous. Ttis not difficult o see that f, () is monotone non-decreasing and not constant;
hence, by convexity, that it goes o oo with «. We will in fact determine [, (e) explicitly in §10;
somewhat surprisingly, it wrns out to be piecewise linear.

We turn next 1o the canonical ensemble. We s

En[:?,';.'}l = Z 1"_1:[1[ ,HHn{uJ,...,um] ’lrf'}.lir.n,-..un]}l.

b P |

In view of

H, = loga; + -+ loga, + bounded,
Fo = a4 iy,
ilis easy 1o see that the sum converges for all 3, positive and negative, for v > 0 for 3 > 1 for

T = (1 — the case already studied — and not at all for+ < 0. We refer 1o Ruedin (1994) for the prool
of the following result, which involves only straight forward generalizations of standard results:

Proposition 8.3 1. Fars =1,

1 ;
lim — log Zal 3, 7) =: per(F.7)

Ti=b3I T}

extsts, and is given by the Legendre transform of sy e :
per(B.7) = sup{syrle. f) — Be —1f (e, [) € Dyp.)

2. p.rl(3,7) is a real-analytic and stricty convex function of (3,4 in {v > 0}

By “Legendre duality,” 2, g is the inverse Legendre tmnsform of py g. To be precise:

For (e, f1 € Dy p,
”q:Fl::E: .” = gg F'q',F“'[.H1 T} f3e 'Tf:
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the infimum on the right-hand side 15 — oo for [-r., f:l oud side the closure of Ty p.

{There are a number of versions of “Legendre duality.” The preceding assertions follow from The-
orem Lo.4 of Simon (1993) and the [ollowing observation: We have taken the definition domain
of sg F 1o be open. IT we exiend sy r tothe closure of the domain by defining it st boundary points
Lo be the lim sup of values at nearby interior points, then the subgraph of the extended function is
convex and closed. Hence, except for a sign, the extended function and the closure of the original
domain form a Fenchel pairin the sense ol Simon ( 1993).)

In particular, if we define

wr(8,7) = "L B.2), fup(Bin) = - B (B.),

For = = 0 and 3 arbiteary, then p{ 2, )+ Begr( Ba, ) + v for [ Fo, o) has vanishing gradient — and
therefore a minimum — at § = &, v = v, Hence, by Legendre duality, (e, (.70}, forlfa, 1))
is in the closure of T, g, and this holds for all {3y, ) with g > 0. By strict convexity of p, g, the

mapping
(8, %) o (egp(B.7) Sor (B, 7))

15 open and injective. s image must therefore lie in T P, not just in its closure, and we have

Sq. pleqr(B.7) for(E, 1)) = p(B.7) + Beg (3 7) + vforl{ 3. 7).

The right-hand side is a real-analvtic function of {3, ), and the inverse of
(3, vh = (e r (3. 7), for(3.1))

is real-analytic by the inverse function theorem, so s, g is real-analytic and, by a straightforward
computation, sirictly concave on the image 'Dg_:'}; af the upper half plane {~ = 0} under

(A7) = (egp (3, 7). S rl 3, 7))

Our next task is w determine the image domain Dﬂ—',. of the “analvtic”™ Legendre transform. We

do this in a way which produces some extra information which we will nead later.

Lemma 8.4 Forany v > 0 and any ¢ > emin, there Is a unigue 3 with
e r(f. ) =
We will denote this 3 by 3(e, 7).
- fisa real-analytic function of €, .
- fq:pl:ﬂ'[c, ), ) is strietly decreasing in .
s N
- B (e, foelBi)) = 7.
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— Fore ™ €min. ﬂ"I:L "r} " H[L] as ¢ = 07 convergence is uniform on compact seis in
(€min, 2]

. fmin(e) TR oo
= Sor(Bley).v) —+ 4 F(Ble)) =0 ) > 2
o, v :rﬂl:ﬁl::]':_:ﬂ.
Here, f{[#) means the means value of F, /n in the Gibbs state with inverse temperature (3
fand v = (L)

Proof. For fixed v, e, g4, ) is a sirictly decreasing real-anal viic function of 3. We are going 1o

argue that it converges 1o ¢, as 3 — oo and oo as F —» —oo; continuity then implies that it takes

on every intermediate value exactly once, i.e., that ﬂ(z, +)is defined. For this argument, we usethe

Fact that eg (3, v) is equal to the mean value, in the unique Gibbs state for (3, ), of the function
loge ([, g, - . -]

— An easy extension of the aiguments of §7 shows that, as § —+ oo with fixed 7, the corre-
sponding Gibbs state converges 1o the point mass at (... 1,1, ..}, in a strong enough sense
1o allow us o conclude that ey (3, ) = = log([1, 1, ...]) = ¢min.

— The difference between — log([ay, .. .|} and log ay is bounded, so it is enough to show that
the mean value of log as goes 1o oo as F — —oc. By the arguments of §7, the Gibbs sute
assigns a probability w ay which can be written as

e1 () expl—yaq — Slogag + e, ag))

with ez 3, aa) uniformly bounded in ap, 3. From this form, itis clear that, as 3 — — oo, the
probability distribution becomes concentrated on large values of ay and hence that the mean
value of log ay goes Lo oo.

Thus, the existence of ﬁ'[c: <) is established: real analyticity follows from the inverse function the-
orem (using the strict convexity of p, g( . .} Strict positivity of the derivative of f (3¢, v),7)
with respect to -y follows from the strict convexity of py (-] by a straightforward computation.

The formula 3
-]
%(Eq.r[ﬁ‘ W Serl B =

holds for all (7.7} by the elementary properties of the Legendre transform: inserting # for 4 and
remembering how 3 was defined gives

T (e Sur (i) = .

Ay —» 0 with dfixed > 1, e, g(. ) —+ e{F) and the convergence is uniform for § is any
compact set in (1, oc). Hence, for fixed ¢ > ey, and any 3, < 3(e) < 34,

e r( . 7) = e[B) > egp(By, ) forall sufficiently small .
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For « small enough so that these inequalities hold, 3, < _{?i{q., ) < 32 this shows that 3¢, )
converges for v —+ 0% w ), and it is easy 1o see that the convergence is in [act uniform on
compact subintervals of (eq,, o¢). It is also easy tw see that, for v —» 0, f{3,~) converges 1o f(3)
for 3 > 2and o oo for 1 < 3 < 2 the convergence is uniform on compact subsets of (1, o).
Hence, also for v — 0, fq:pl:ﬁ(t':“r':l,":l'::l converges o f[3(e)) for ¢ < ¢ and to oo for ¢ > ¢, as
asseried. O

Proposition 8.5 I’:ﬂ- ={le.fleEDyrp:ie>corf < flaie)}. Fore = e, [ v sgrle, f)
is strictly increasing and real-analytic on ( foa(e), 00); for eqe < ¢ < &, f w0 5 ple f) is
real-analyite and siricily increasing on | fonie), f[_ﬂ[f.] V). Bt emistant — egual to s{e) — for [ >

Fi8(e)).

Proof. The image under the inverse Legendre transformation of the parameirized curve

v (Fe 7))

is a vertical segment above ¢ in the (e, ) plane which evidently lies Dﬂ.. As v runs from O
to oo, the segment is traversed downward, The [-coomdinate of the upper end of the segment is
I ot fq:plzﬂ[cu, 1,7}, which, by the preceding lemma is oo for ¢y, > ¢ and f{3(e)) otherwise.
We temporarily denote the lower end of the segment by [eq, foo]). S 18 evidently = [ln(eq): we
want 1o show that equality actually holds. To see this, we note that [ v~ s Flen, [ is concave
and nondecreasing on { fumleg), 00). At f = fur(#eg) 7). its derivative is equal to . Hence,
as [ —» f1 the derivative goes to oo, This is not compatible with concavity unless [0 = [
Furthermore, in the case ¢, < ¢*, the derivative approaches 0 as [ — f{3(e)): coneavity and
monotonicity then imply that the function must be constantfor [ > F. As aconsequence: Ifeq < ¢
and [ > f,then (e ) cannot lie in the image ‘ij', of the analytic Legendre transform, i.e., the
sel of points above ¢ in ‘Dﬂ, are exactly those with fi.(eq) < f < f(#(eq)). Together with the
analvticity and sirict monotonicity of the analytic Legendre transform onto ﬂg.':;]:. this proves allthe
assertions of the proposition. O

Our intuition about statistical-mechanical systems suggests that fixing the energy — in the ab-
sence of phase transitions — determines all other extensive quantities. In the present context, this
suggests that fixing log go /n — within some appropriste thickened energy surface — ought o deter-
mine F /fn statistically. We will argue here, on the basis of the above resulis, that this is not the
case, il we allow the size of the svstem o Auctuate. What happens instead is that the wvpical values
of F/n goto infinity as the size of the system goes o infinity.

We consider a g — which will tend 10 oo — and a fixed parameter y and denote by plg, y) the
fraction of set of configurations — of whatever length — with g, < ¢ which also satisly £, < g log .
Since configurations with g, < g nearly all have logge & logg, this means roughly the set of
configurations with £,/ logg, < . The kinds of arguments used in the prool of Proposition 5.5
show that
sq.F(e, ey) sle)

log plg, y) = sup ———— — sup —-,
€ e PR

lim
g-ree log g
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provided that i is large enough so that the line [ = ye intersects Dy p. We ae going 1o argue that
the right-hand side is < 0 for all values of g, i.e., the probability that F, [ log g, is < i — given that
fp < g —becomes exponentially small at ¢ —» oo for all y. The argument goes as follows: It is

always true that
sp ple, f) < sle),

and it follows from Proposition 5.3 that s"(¢] —+ 1 for e —+ oo and hence that #{¢) /e —+ 1 inthe

same limit. Hence, il

Bup h—.‘?f[{' e)
[ [

isnol taken on at a finite ¢, then itis < 1, whereas sup, #[¢) /¢ was shown earlier 1o be equal 10 2.

Thus, the assertion is proved if the supremum is not taken on. Suppose now that the supremum is

taken on, at, say, ¢;. IFe;, 7 ¢, then

ﬁq_P(f-l:yf-l] < s(e1) - ”'["‘:':

£ L1 i

the last inequality is strict since s(e) /e akes on its supremum only at ¢, Thus, the assertion is also
proved il the supremum is aken on at any ¢ other than «*. Finally, if the supremum is taken on at
", then we have

sqFle", yet) - sle*)
L L

L4
since [ b s, p(e*, ) isstrictly increasing on [ fi. ("), 0o) with asymplotic value s(¢*). Thus, the
assertion is proved in this case wo, s0 all cases are coverad.

[

9 The continuum representation.

We describe here a neat and convenient representation for the Ruelle ransfer operator for our sys-
tem. We deviate here from Roedin (1994), where the theory of the transfer operator is e xiended o a
general class of systems including the one we are reating. This extension trns out to be echnical
and complicated. What we do here is 10 use the special [eatures of our sysiem o give asimple, il
limited, treatment.

We start from the observation that the mapping
[u'ﬂ:ul:"':ll }:EEHE]I"']
sends the space of semi-infinite configurations
,:={1,2,..}"
bijectively onto the irrational numbers in [0, 1]. We will use this mapping to transport various ob-
Jects from the configuration space to the unit interval, where they may be easier o work with. We
start by looking at

— the Gibbs state of the semi-infinite system (index set {0,1,...})
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— the Gibbs state for the two-sided infinite svstem (index set £ ) projected onto the semi-infinite
configuration space.

These are both probability measures on £, ; the second of them is shifi-invariant and the first pre-
sumably not. However, as Ruelle observed, the Gibbs state for the semi-infinite system has the ad-
vantage of satisfving a relatively simple equation. This comes about as follows: We can construct
the semi-infinite Gibbs siate by

— Constructing the semi-infinite Gibbs state “with one fewer latice site,” i 2., on configurations
labeled by 1,2, 3, .. rather than 0, 1,2, 3, . .. Because ol uniqueness, this is the same as the
semi-infinite Gibbs state of 01, shified one place to the right.

— appending a new lattice site at the left-hand end,

— assigning weights proportional to expl — A (ay, @y, . . .)} o the possible state ay at the new lat-
lice site, and

— normalizing.

[n other words, the assertion is that
e e e ay(day, dag, .. ) = Aoy (dag, day, dag., ... ). ()

Hera,

— o, denoles the semi-infinite Gibhs state

— Alag, ay,...) denotes — 3 loglag, a, .. ] (or = 3 loglag, . . .| + Tag, ifwe are talking about the
Iwo-observable siluation.)

— the da; s appeanng inside o, are “symbolic,” butthe dag on the left stands for counting mea-
sure on {1,2, ...}

— A —or perhaps its reciprocal — 15 the normalizing [actor.

The lefi-hand side of {«) defines a linear operator £7 from measures on 11, 1o measures on 11,
() says that o, is an eigenvector for £ with eigenvalue A Tterating () e times corresponds o
adding n sites 1o the left. Itis easy o see, using standard ideas from the theory of Gibbs states, that
the semi-infinite Gibbs state o is the unfgue probability measure satisfying (+), i.e., the unique
probability measure which is an eigenvector of £°. The same set of considerations shows that the
partition function Z, (3, ) admits upper and lower bounds of the fonn ¢A®, ¢ a strictly positive
constant independent of n: hence, that

pl8, ) =log A

We now transport this whole picture to the unitinterval. We will generally use the same notation
for objects on the sequence space and the corresponding trans ported objects on the unit interval: for
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example, oy will also denote the measure on the unit interval obtained by ransporting the semi-
infinite Gibbs state. We recall that the lefi shift

I:ul.:'1ﬂ']1u".il' - :] e {E]1u".il .- :]

carries over 1o the Gauss map
1
b fIFM:LI:E]-

The construction on the right-hand side of («) translates into the following: Given a measure p
on [0, 1] {assigning measure zero o the rational numbers), we construct a new measure £*pu by
specifying that the £ p-measure of any set contained in one of the intervals {1/ [ay + 1), 1 fag) is
the integral of ¢ /{ay + t}7 over the preimage of the set in question under £ +» 1/{ag + t). Then
oy is characterized as the unique probability measure transformed into a multiple of isell by £

We noww have:

Proposition 9.1 For 3 = 2 and v =1,

— oy 15 Lebesgue measure on [0, 1], and

— The transported projected two-sided infinite Gibbs state o (s the CGauss measure ]Elfflit
- T
12 log 2

Proof. o is uniquely characterized by the fact that it is ransformed into a multiple of itsell by the
operation ol the precading paragraph. To prove the first assertion, itistherelore enough o show that
Lebespue measure is unchanged by this operation. Concretely, it is enough o show that Lebesgue
measure isell and the transform ol Lebesgue measure assign the same measure 1o any interval Jf
contained insome oneof the intervals {1/ (ay + 1), 1/ag),ag = 1,2, ... In other words, we want 1o
show that the length of .J is the integral of the function {ay + )~ over the preimage of the interval
undert v~ 1/{ay+ 1), and this follows at once from the fact that the absolute value of the derivative
of t v~ 1/ {ay + £) is (go + €)%, Thus, the wransform of the one-sided Gibbs state is identified with
Lebespue measure, and the rescaling factor A is shown o be one.

We now turn o the determination of the image of the projected Gibbs measure for the doubly
infinite system under the mapping

(g, ay, ...} e o, g, ..

We denote both the projected Gibbs state and the corresponding measure on [0, 1] by . From the
general theory of Gibbs states, we know that

— oy and o are equivalent, i.e., have the same null sets.

— o is ergodic {with respect to the left shift respectively the Gauss map)
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From these facts it follows that o i the only invariant probabilily measure equivalent io o, For
3 = 2, in the unit interval mepresentation, this means that o is the only probability measure on the
unit interval equivalent 1o Lebesgoe measure and invariant under the Gaoss map. But it is well
known — and in any case [ollows [rom an easy computation — that the Gauss measure is invariant
under the Gauss map; hence, the Gauss measure must coincide with o, Since ¢* is the mean value
of — loglag, a1, . . .| with respect to the projected Gibbs state, we conclude that

. 1 fl log ¢ dt 7
C— = N
log2Jdy 1+4t¢ 12log 2

It is easy o see that the operator £F on measures described above is the adjoint of an operator
on continuous functions given by

=, e e 1
EN0 =3 ol G

This operator — with v = [F — has been swdied extensively in Maver (1990). It is easy 0 see [rom
the preceding formula that this opermtor is compact when restricted w act on a Banach space of
functions bounded and analytic on an appropriate domain. A relatively elementary version of the
Perron-Frobenius theorem applies and savs that the eigenvalue of largest moduolus is positive and
simple. As might be expected, it can be shown that this eigenvalue is exactly A. Efficient numerical
methods are available for the computation of this principal eigenvalue; this provides an effective
method for the numerical computation of the thermodynamic functions of our system.

10 Determining D, .

We nead the solution w the bllowing elementary (finite ) optimization problem:
Given o and F, find the maximum of gg(a,. .. ag) over all configurationswith ay 4 -+ a, = F.

To formulate the answer, we need o introduce some notation. We wrile
F=mn-+r, withi<r<n,
in order that there be any configurations at all, it is necessary that e > 1, and this will always be
assumed in what follows.
Proposition 10.1 [fr = 0. there ix only one maximizing configuration — the one with o = m for
1 << n Forr >0, the configurations
o =m+l = =y ) =M gz = =dy=m+1

15 maximizing, asis is reversal, and there are no others. Thus, there [ a unigue maximizing con-
Siguration for v = Qand v = 2, and exactly two maximizing comfigurations for each other value of
.
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Although this fact must be known, we have seen no trace of it in the literare. The prool we have
found is melatively stmightforward but neither short nor particularly enlightening, so we will not
give it here. We will nevertheless use the resultio get a simple description of the right-hand bound-

ary of the domain D, p of asympiotically allowed values for ([log go) /1, £y fre).

Corollary 10.2 Leitn —+ oc and Iy —+ oo, with

¥
- e, withp=12 .. . and ()< o< 1,
Ty
arred fet Hy gy denote the maximum of log I:qr,.u] over all configurations of lengthng withay + - -+
an, = Iy Then

H
—EEE 1 o) log oy + e log gy,

TH
where

Then, il g; satisfies the recurrence

Qg1 = PG+ g forj=mn.....n4+m-=1,

(=, )= (2,)

A simple computation shows that the eigenvalues of M (p] are -, (as defined above) and —~ . We
let dry, and W, denote eigenvectors of M and ils transpose respectively with eigenvalue 0 we can
take these vectors to have sirictly positive entries and o be nomalized so that their scalar product
15 unity. {There is no particular difficolty in writing explicit formalas ... ) Then

we gel

M;:q;np,,@w,, I ﬂ[*‘l.'F":l for n =k oo,

The case ae = 1) requires a slightly special argument, and we treat first the contrary case o = (.
Then, il we define ry by

Fy = pny + ry, (+)
we gelry —» oo and ny — ry =+ oo, By Proposition 10,1, and denoting by ea the 2-vector { 1,0),
explHypne) = gulp+Lp...pp+l .. pel)
T — T . -
Ty =Ky l'_‘l 1
= (EulM;"I]lM:J FJM:”]I":'U:I

o "I;“IIJJ":.':-' Ty '|:::',:|,1II'P_|](W=,_1,1IFP}I:WP,JHF“£.J::I I U'::J.:]
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Since the coefficient (eo, $pp1){ Vo, B W, Mpsren) is non-zero, it follows that

H_:::rn.uzrj ]GHTPIL I [ﬂj 'F_.,::l ]q;'TF I Iﬂ[:l}l,

s0, since ry/ny —» o,
1
T_I._.ij'mu » (1 = e} logyg + o log yp

a5 asserted.

For «« = 0 we can still use (#) to define ry, but this time all we know is that ryfn; —» 0. By
passing o subsequences, we can redoce to the cases

— 1y = oo, in which case the above argument works as it stands.

— 1y = —oo, in which case astraightforward modification of the above argument — replacing
popt by p =1, p— works.

— ry = rindependent of 7, in which case we wrile
E}Lp{Hjlmu]I = [ep, My, ]J'Iri';,"*' rML llr_'.;,}l

and argue as before.
O

[t follows easily [rom the preceding corollary that the intersection of T g with the horizontal
line [ = p -+ v is the interval (e, (1~ o) log, + o log oy, ) In other words:

Proposition 10.3 The right-hand boundary r{,I"I:',I:p i3 the poly gontal are conststing of the segments
Jorining (log p, p) 1o (logyper, p+ 1) forp =12, .. _
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