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Let % be a B* algebra with a group G of automorphisms and K be the set of G-invariant states on .
We discuss conditions under which a G-invariant state has a unique integral representation in terms of

extremal points of X, i.e., extremal invariant states.

1. INTRODUCTION AND NOTATIONS

ET U be a B* algebra, G a group, and  a (group)
homomorphism of G into the * automorphisms of
A. If A has an identity, the set of G-invariant states on
A is compact (for the w* topology) and one may try to
obtain an integral representation of G-invariant states
in terms of extremal invariant states. If G is reduced
to the identity, such an integral representation is unique
if and only if U is Abelian. 1t has, however, been
remarked recently that uniqueness prevails under
more general circumstances (see Refs. I and 2, and
for further information, Refs. 3 and 4). The aim of
this note is to discuss the general problem of existence
and uniqueness of integral representations of invariant
states, using Choquet’s theory of integral representa-
tions on convex compact sets. While some of our
results are best possible (in particular, the characteriza-
tion of G-Abelian B* algebras, Theorem 2.3), others
could certainly be improved (see Sec. 4). Questions
related to the existence of a topology on G are relevant
for applications to physics, but are not discussed
here.
If K is a metrizable compact (phase space) and G
a group of homomorphisms of K (time evolution), it
is known (see Ref. 5) that a measure on X, invariant
under G, can be uniquely decomposed into ergodic
measures, i.e., has an integral representation in terms
of extremal invariant measures. In this note we obtain
an extension of this result of ergodic theory to the
noncommutative case (using an algebra of operators
in Hilbert space instead of the algebra of continuous
functions on a compact) and we weaken the metriza-
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bility requirement. The physical problem we have in
mind is that of statistical mechanics of an infinite
system. An equilibrium state of such a system can be
represented by a state p on a B* algebra (e.g., the
algebra of canonical commutation relations for a
system of bosons), and we may assume invariance
of p under some natural group G (e.g., the product
of the Euclidean group and of the particle number
gauge group). One can see that a decomposition of p
into extremal G-invariant states corresponds to a
decomposition into pure thermodynamic phases.
Such a decomposition should thus be unique and the
problem arises to study the conditions on a non-
Abelian algebra and a group of automorphisms such
that the invariant states have a unique integral repre-
sentation in terms of extremal invariant states.

Throughout this note we use the following notations:
A, a B* algebra; G, a group; 7: g — 7, a representa-
tion of G into the * automorphisms of UA; A’, the dual
of A with the w* topology; £ = U/, the set of states
on A (if A has an identity, E is compact); L, the
subspace of W generated by the elements 4 — 7,4
with 4 €U, ge G; £, the orthogonal complement
of £4in A'; E N L}, the set of G-invariant states.

If p € E, we denote by $,, the Hilbert space of the
Gel’fand-Segal construction; =,, the corresponding *
homomorphism of U into the bounded operators on
9,;Q, €9,, the normalized vector, cyclic with respect
to 7,(N) and such that p(4) = (Q,, 7,(4)Q,) for all
AcU

If p € E N £ we denote by U,, the unitary repre-
sentation of G in $, such that U, g)Q, =Q,,
U@ (AU, (g™") = 7(r,A)forallge G, 4€U; P,,
the projection on the subspace of §, formed by the
vectors invariant under U,(G).

2. G-ABELIAN ALGEBRAS

In Refs. 1 and 2, the group G was taken to be R’
and it was assumed that if 4,, 4, € A the commutator
[4,, 7,A,] vanishes when g — co. A suitable generali-
zation of this condition is the basis of our analysis;
we formulate it first in a different manner.
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INVARIANT STATES ON B* ALGEBRAS

Definition 2.1: U is said to be G-Abelian if for all
peENtiand 4,, 4, €Y,

[P, (A)P,, prrp(Az)Pp] = 0.

In other words the von Neumann algebra generated
by P,m (N)P, is Abelian.

Theorem 2.2 (Alaoglu-Birkhoff): Let {U,},; be a
semigroup of contractions on a Hilbert space X, i.e.,
a collection of operators such that

MU Llforallael

(2) For any «, eI, U Uy = U, for some y € I.
Let P be the orthogonal projection onto the set of all
vectors in J€ left invariant by all the U,’s. Then P is in
the strong closure at the convex hull of {U,},.;.

This theorem is proved in Riesz-Nagy.® The
theorem stated by Riesz and Nagy is slightly different
from the one given above; what they do is to con-
struct a net of convex linear combinations of the U,’s
and show that it converges strongly, Although the fact
that P is the strong limit of this net is not included
in the statement of the theorem, it appears in the
course of the proof.

Theorem 2.3: In order that 9 be G-Abelian it is
necessary and sufficient that, for all Hermitian A4,,
A,eWandall pe ENLY,

inf |p([4;, 4:])] = O,
Al’
where A runs over the convex hull of {r,4,:g € G}.

In order that U be G-Abelian, it is evidently neces-
sary and sufficient that, forany pe E N L, ,W e P, X,
with |'¥|| = 1, and A,, 4, Hermitian elements of the
unit ball of A, we have

(lF! ﬂp(Al)Ppﬂp(A2)‘F)= (\F’ np(Az)‘Pp"Tﬂ(A l)lF) (*)°

We prove first the sufficiency of the criterion stated
in the proposition. Let € > 0; then by the preceding
theorem, we can find positive numbers 4, with 3, 4, =
1 and elements g; of G such that

"(Z )'i Up(gi) - Pp)‘”p(Al)\F“ S %6'

If we define
Al’ = z }'iTGiAl s

then both sides of (*) are unchanged if we replace

¢ F. Riesz and B. Sz.-Nagy, Functional Analysis, translated by L.
Boron (Frederick Ungar Publishing Company, New York, 1955),
Sec. 146.
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A, by A, and we have

= [|P,7,(ADY — U, (g)m (A)Y|

= U DP,m(A)Y — 7 (AP < de
forallg e G.

Using this inequality, and the fact that A; is
Hermitian, we get for any positive numbers 4] with
2i4;=1landanyg €qG,

(Y, ﬂ'ﬂ(Al)Ppﬂp(Az)“F) — (v, 7,(Ax)P, 7, (A)'F)]
= I(lF’ 77-p(Al,)Pp77',0(/12)\}]‘) - (llf, Wn(A‘.!)Ppﬂp(Al,)‘F)z
<2241 m (A - 1Py (ADY ~ U (g)m (ADT]
+ I(IF’ ”p([z AA':T”ZAII s Az])‘lf')l
S e+ (Y, 72 Aim,; A7, 4D

But by hypothesis, |(V, 7,([3, 47, 4;, 4,)'¥)]| can be
made arbitrarily small by an appropriate choice of
A;and g}, so

|(llj.’ 7T’,(A1)P’,7TP(A2)\P‘) - (IF’ Trp(A2)Pp7rp(Al)lI})| e

Thus, (*) holds, so N is G-Abelian.
Now we suppose that U is G-Abelian, so (*) holds,
and we let 4;, g, be as above. Then

(5 ])

~ l(z AU (&I A, my (A )

<2 (A - N(z AU (g) — P,,)w,,u,)‘vl

+ '(\Fa 7Tp(AI)Pp7Tp(A2)‘F) - (lF’ "/:(A2)Pp7rp(‘41)‘y)|
<e

SO

inf
A€ convex hull ot (T,,Al

}‘(\Fr ”p([A{, A2])\F)l = 0:
so the criterion of the proposition holds.

Corollary 2.4: Let H be a subgroup of G. Then, if
A is H-Abelian, it is also G-Abelian.

We need only apply the criterion of the preceding
proposition, observing that £}, is contained in £,
and that the convex hull of {r,4,:g € G} contains the
convex hull of {r,4,:h € H}.

Corollary 2.5: W is G-Abelian whenever one of the
following conditions is satisfied.
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(i) For all pe E N £}; and self-adjoint
Ay, Ay €N,
inf [p([4y, 7,4, = 0.
geld
(i) A is Abelian.
(iiiy £ N L} is empty.
The usefulness of Definition 2.1 appears in the next
two sections; we indicate here, however, the following
result.

Proposition 2.6: If pe ENL and the von
Neumann algebra [P, () P,]" generated by P, ()P,
is Abelian, then

P[P (WP, = P,[P,m,(W)P,].

The vector €, is cyclic for the restriction to P,9,
of P,[P,7,(WP,]"; hence, if this von Neumann
algebra is commutative, it is equal to its commutant
(see Ref. 7, p. 89, Corollaire 2), namely to

P[P, m, (0P,)
restricted to P9, .

3. INTEGRAL REPRESENTATION OF
G-INVARIANT STATES

In this and the next section, we use the theory of
integral representations on convex compact sets (see
Ref. 8). Let K be a convex compact set in a locally
convex topological vector space. The unit mass at
x € K is denoted by d,. We remind the reader that
an order relation is defined on the positive measures
of norm 1 on K by u < u' <= u(f) < p'(f) for all
convex continuous fon K. A measure is called maxi-
mal if it is maximal for the order <, and K is said to
be a simplex if every « € K is the resultant of a unique
maximal measure on K. In what follows we take
K = E N £}, where 2 is assumed to have an identity.
If A€, we denote by A the function on E N £}
defined by A(p) = p(A4).

Theorem 3.1: Let N have an identity, pe E N L]},
and let the von Neumann algebra generated by
P,,vr,,(“l[)P,, be Abelian. Then, there exists a unique
maximal measure g, on E N L}, such that pu, >0,
(i.e., u, has resultant p). The measure u,, is determined
by

pildy - A)
= (Qp’ 7'rp(Al)PpT’-p(A2)[>‘a e Ppwy(Al)Ql)' (l)

7 J. Dixmier, Les algébres d’opératenrs dans I' Espace Hilbertien,
(Gauthier-Villars, Paris, 1957).
8 G. Choquet and P. A. Meyer, Ann. Inst. Fourier 13, 139 (1963).
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Take A,,- -, A, self-adjoint. Since the operators
Ppwp(A})P,,, =, Pym,(A)P, commute, there exists a
projection-valued measure £ on R! such that

P, (A)P, =fti dF(ty, -, t).

If 7 is a complex polynomial of / variables, we have

](Q Alj’(P/)W/)(Al)p/)’ T P/)WP(Al)PI’)QP)'

P

- Ksz,,, f Tty ) dF(t, - t,)Qp)
< TP, 7, (A)D), - - -, (D, 7, (4)D))]

sup
@i=1,1y@=0

< sup [F(o(Ay), - -, o(4))
sekNE,;

= sup [F(A[(0), -+, A(a)I.
gl N

This shows that Eq. (1) defines a linear functional
on the polynomials in the 4, which is continuous for
the topology of uniform convergence on £ N £},
By the Stone-Weierstrass theorem, this functional
extends uniquely to a measure u, on £ N £}, which
is > 0 and of norm 1.

Letpy, ", pu €ENLL, A, 2,2, >0,3 1, =
1 and p =3 A,p,. There exist (see Ref. 9, 2.5.1.)
uniquely defined self-adjoint operators T, € [, ()Y
such that 0 < T, < | and for all 4 e .

Zipi(A) = (T'Q #ﬂ(A)T.'iQp)'

S

The T, satisfy > T? = 1. If g € G, we have
U(g)Tl U(g_l) € [ﬂ{)(Q[)]’s

the uniqueness of 7, and the fact that 4,p, € L}; then
shows that U(g)T,U(g™) = T;, hence,

T, e[U@)], [T, P)=0.

By the uniqueness of the Gel'fand-Segal construc-
tion, we may identify §,, with the closure of =, ()T,
m,, with the restriction of =, to §,, and €, with
3 4T, Then U, is identified withthe restriction
of U, to 9, and P, with the restriction of P, to §,, .
In particular, [P, 7, (W)P,1" is Abelian and p, is
thus defined. We have

:upi(A‘l Tt "il) = (Q/) ’ 77;) (Al)Pol T Pp,-Trm(Al)Qp,-)
= }L;l(TzQp ’ 7T;)(AI)P;J e Ppﬂp(Al)EQp)
= ;(Q 7 (AP, - - P,,vr,,(Al)T%Q,,)

n

so that
z Zilupi(Al e Al) = {u/)(Al e Al)'

¢ J. Dixmier, Les C*-Algébres ot leurs Représentations (Gauthier-
Villars, Paris, 1964).



INVARIANT STATES ON B* ALGEBRAS

Now let u be a measure on E N L5 such that
u>96, f $eC(ENLS) and € > 0, one can find a
measure x’ with finite support: u' =3 1,4, , 4, > 0,
p;€ENLEL, such that |u(d) — p'(d) < € and
> Ap; = p (see Ref. 10, p. 217, Prop. 3). If ¢ is
convex we thus have

W) — e < p'(P) =2 40,($)
< Z Auup,((f’) = lup(¢)3

hence u, > . Since u is an arbitrary measure on
E n £} such that u > d,, we see that u, is the unique
maximal measure on E N £§ such that u, >4,
which concludes the proof of the theorem.

Corollary 3.2: If % has an identity and is G-Abelian,
then E N L5 is a simplex.

Remark 3.3: If Ais Abelian, the problem considered
in this section reduces to that of decomposing an
invariant measure on a compact set into ergodic
measures (see Ref. 5, Sec. 10).

4. EXTREMAL G-INVARIANT STATES

Let §(E N Lf) be the set of extremal points of
E N £, i.e., the extremal invariant states. The follow-
ing statement characterizes the elements of §(E N £4).

Proposition 4.1: Let p € E N £5. If Wis G-Abelian,
the following conditions are equivalent:
@ ped(ENLY).
(i) The set =, (A) U U,(G) is irreducible in §,,.
(iii) P, is one dimensional.

The simple proof is left to the reader. We remark
only that the implications (i) <= (ii) <= (iii) do not
make use of the assumption that U is G-Abelian, and
that (ii) = (iii) follows from Proposition 2.6.

The measure u, of Theorem 3.1 is in the “good
cases” carried by §(E M £3). This is so, for instance,
if % is (norm-)separable, because E N £} is then
metrizable (see Ref, 8, Corr. 14). We indicate now
without proofs some more results in this direction.

10 N. Bourbaki, Intégration (Hermann et Cie., Paris, 1965), 2nd ed.,
Chaps. 1-4.
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Proposition 4.2: Let A have an identity and B be
a self-adjoint subalgebra of U; define

F = {0 € E: The restriction of p to 3 has norm 1}.

Then,
(i) ¥ is a G, (a countable intersection of open
subsets of E).
(ii) If u is a measure on E such that x4 > 0,
#(E) = 1, and p has resultant p,
then
p € F <> pis carried by ¥,

cf. Ref. 1, Theorem, Part 4.

Proposition 4.3: Let (%,) be a countable family
of sub-B* algebras of U such that |J,%, is derse in .
Let G, be a separable closed two-sided ideal of A,
for each «, and define

F, = {o € E: the restriction of ¢
to G, has norm 1}, ¥ = NF,.
Then, *

(i) If peF, then H, is separable.

(ii) There exists a sequence (4,) of self-adjoint
elements of U such that if p € 5 and o € E,
then p(A4,) # o(4,) for some i.

(iii) If % has an identity and is G-Abelian and
if  is a measure on £ M £ such that u > 0,
WE NLS) =1 and p has resultant pe F,
then
(» maximal on E N £5)

<> (u carried by §(E N £4)).

(i) and (ii) are easy, the proof of (iii) uses (ii),
Corollary 3.2 and an argument in Ref. 1, Theorem,
Part 5.

The usefulness of (iii) appears in statistical mechan-
ics, where 2 may not be norm separable but the states
of interest satisfy a condition of the type p € ¥. One
has then a unique decomposition p — u, of p into
extremal invariant states and those states are again
in §. For an explicit treatment see Ref. 11, in
particular, the Appendix.

11 D, Ruelle, “The States of Classical Statistical Mechanics,”
J. Math. Phys. (to be published).



