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Xbstract 

We define a class 3 of topological dynamical systems, which are left invariant by coupled map lattice constructions. 
‘fhis class .F has the property that if the coupling of the systems is sufficiently weak and (M, f) contains a hyperbolic set, 
‘hen the new system $( M, f) obtained by the coupled map lattice construction has a hyperbolic set too. The coupled map 
attice construction, map 4, can be iterated and leads to dynamical systems (M,, fn) with a hierarchical diffusion structure. 

‘We obtain examples where shifts are embedded in all scales of the limiting system (Mm, foe) E F. 

I. Introduction 

Since coupled map lattice (CML) theory was in- 
.roduced by Kaneko in the early 1980s [ 11, the in- 
.erest for such spatial extended systems has expanded 
,nto many fields. Originally CMLs were introduced 
-IS models for studying spatio-temporal chaos. Today, 
ZMLs are used as models for many biological, chem- 
Ical, physical and engineering problems (see, e.g., 
Refs. [ 2,3] and references therein). 

A CML is a construction of dynamical cells dis- 
lributed on some spatial lattice or graph. Each cell has 
a jocal dynamics given by some nonlinear discrete 
lime dynamical system (M, f) that is coupled to the 
other cells through some coupling function g. A num- 
ber of papers have been dealing with qualitative and 
numerical aspects of CMLs. For examples, we refer 
1.0 Ref. [4]. 

The physical motivation for the CML construction 
comes from the need to model a variety of complicated 
behavior observed in experiments. The most challeng- 
ing one is the problem of turbulence or spatio-temporal 

chaos that is seen for example in the BCnard convec- 
tion. Until recently, there was no deterministic model 
of an extended system, where one had succeeded in 
proving that spatio-temporal chaos exists. However, 
Bunimovich and Sinai proved in Ref. [5] that for a 
CML consisting of a one-dimensional map with strong 
statistical properties and with weak space interaction, 
spatio-temporal chaos exists. Also for weakly coupled 
hyperbolic maps, this is shown to be true by Gundlach 
and Rand in Refs. 16-81. 

In this article, we iterate the coupled map lattice 
construction. We start with the hypothesis that a com- 
plex system like for example a fluid or the human brain 
is organized in a hierarchical manner: on its finest 
scale, the system is described by a dynamical system 
(M, f) . An approximation of a more global picture is 
to take a discrete set G1 of such systems and to couple 
the systems with a coupling function gl . This leads to 
a new and in general already infinite-dimensional sys- 
tem (Ml, fl) which is a new (and hopefully better) 
approximation of the system. Take now a new arrange- 
ment G2 of systems (Ml, fl) and couple them with 
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a function g2 which gives a system (Mz, f2). Itera- 
tion of this procedure constructs a sequence of models 
(M,, fi) each having a multiscale dynamics. If the gi 
are linear, we could call it a multiscale diffusion. 

We will show that if the coupling functions gi 
are close enough to the identity, the limiting system 
(M,, foe), the ultimate model of the system, has 
hyperbolic behavior on infinitely many scales. This 
limiting system is again a topological dynamical sys- 
tem. If we fix M and Gi, then (M,, foe) depends 
continuously on the initial map f as well as the cou- 
pling functions gi. The group Gi x G2 x . acts in 
a natural way on (M,, foe) and we will prove that 
under suitable conditions, there exist foe invariant 
measures on M, which are also Gt x G2 x . . invar- 
ant and ergodic with respect to each of the Gi actions. 

2. The coupled map lattice construction 

Let X be a Banach space and let r be a discrete 
subgroup of X. In the following we assume that M 
is a manifold either given by (i) M = X/T where 
A4 is compact in some weak metrizable topology, or 
that (ii) A4 is a compactification of X in some weak 
topology for which every closed ball is compact and 
such that the compactification is a Banach manifold. 

We assume that the local dynamics is given by a 
differentiable map f: M + M which is continuous 
in the weaker topology (note that the differentiability 
and so continuity in the strong topology does not nec- 
essarily imply the continuity in the weaker topology). 
Denote by 3 the class of such topological dynami- 
cal systems (M, f) and let 7 be the subset of 3 for 
which f is invertible and (M, f-’ ) E 3. 

In order to see that the definition is reasonable, we 
give some examples, where M is of type (i) or type 
(ii). For type (i), we note that every differentiable 
map f on the d-dimensional torus M = IWd/Zd be- 
longs to 3. Another example is constructed by letting 
N = IWk/Zk and defining M = N’ = X/T. Then M 
is a manifold over the Banach space X = P(iz, Rk) 
with discrete additive subgroup r = loo (Z, Zk). The 
weaker topology is the product topology. Any differ- 
entiable map f(x),, = h(x,,-t,x,,,xn+r) such that h 
is periodic in each variable is an example such that 
(M,f) E F-‘. 

For examples of type (ii), we note that every poly- 

nomial map f on C belongs to 3. If we extend f 
to M = @* = c U 00, then this Riemann sphere is 
a compact manifold and f induces a continuous map 
on the compact metric space M and is in the l/z co- 
ordinates also differentiable in 00. Another example 
is constructed by letting N = @* and M = (C*)“. 
Then M is a compactification of the Banach space X = 
I” (iz, C) with the weak-* topology. Letting f(x), = 
h( x,-t, x,, x,,+t ), where h is a polynomial in three 
variables as before, we get that (M, f) is in 3. 

We now define a map d(M, f) = (ii?, f) which 
corresponds to a description of the system on the next 
hierarchical level. Given a discrete symmetry group G, 
let g be a (Frechet) differentiable coupling function 
acting on MC. We assume that the coupling is short 
ranged in the sense that g( x), depends only on finitely 
many xk. We assume further that g commutes with the 
shift action of G on MC. Define for (M, f) E F 

4(M,f) =(kh 
where in case (i) &l = X/F = Z”(G, X)/P(G,r) 
and 

f(x) =g(fG)(x), 

with fG (x) ,? = f (x, ) for II E G. The weaker topology 
on fi is the product topology. In the type (ii) case, 
fi = MC is also a Banach manifold. If (M, f) E 3, 
then also the new system (A, f) is in 3. 

If (M, f) E 3, we define a different map $ which 
has the property that $( M, S) is also in this class, 

&M,f) = <rci,fL 

where fi = (M x M)G and 

.f “;; = O( -f(Yn,fl; R().f(Xn)) = .%I 
> ( > 

- . 
X, YIl 

The map $ leaves the class 3 of invertible dynamical 
systems invariant since we can invert 4, 

( > 
xn = 

( 
f-'(Ynl 

.Y,l > f%(Pn) - %?> 

Remarks. ( I) The requirement that G is a group 
is sometimes not necessary and G can then be taken 
to be a discrete set. It is however natural to consider 
only groups since they can serve as symmetries of the 
systems under study. 
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(2) The map g could be generalized in various 
ways. We could for example allow that g is a func- 
.ion of ,f, f 2, .f3, . . , f” as long as the differentiability 
::ondition remains true. 

Examples. ( 1) If g is the identity, then we con- 
structed a network of dynamical systems (M, f) 
.uhich are evolving independently. 

(2) If g is the nearest neighbor Laplacian on a Cay- 
ley graph of G, then fl describes a diffusion process 
3n this graph. 

(3) If G is the trivial group with one element, then g 
s a differentiable map on M. The iteration of 4 is then 

-quivalent with iterating g on M. One would therefore 
.ose nothing by assuming that the initial dynamical 
system (M, f) is the identity map. 

(4) Let the discrete group G have finitely many 
generators gl , . . , gd and let Ad be the nearest neigh- 
bor Laplacian on Xc + Xc: A,(x),, = ‘&,li--n,=l x,,!, 
where Irn - nj is the distance in the Cayley graph of 
G. Take g(x) = EAJ (x) This is the classical coupled 
map lattice. 

(5) An example of a simple nonlinear map 4: take 
G = Z and g(x),, = x,,(x,,+I + x,,-I 1. 

(6) An example motivated by the theory of dis- 
crete Hamiltonian systems: take G = Z and g(x),l = 
Xl?,1 - 2x,, + x,,-1 + Ysin(x,,), where y is an addi- 
tional parameter. 

(7) If G is a finite group and (M, f) is finite di- 
mensional, then also 4( M, f) is finite dimensional. 

3. Hyperbolic sets and embedded shifts 

A dynamical system (M, f) in F has a shift ernbed- 
ded, if there exists an f-invariant subset Y of M which 
is closed in the weaker topology, such that the topo- 
logical dynamical system (X f) is topologically con- 
jugated to the topological dynamical system (A”, g), 
where g is the shift a(x),, = x,,+l on A* and where 
A is a finite alphabet. (M, f) has a p-dimensional 
shift embedded, if there exists an f-invariant sub- 
set Y of M and p commuting differentiable maps 
f = fl, f2,. . . , f,; such that Y is fi-invariant and 
(y SI, , f[,) is topologically conjugated to the p- 
dimensional shift (A”’ ,crl,. . . ,up), where o-k(x),, = 
x,,+,~. If the dynamical system (M, f) is in the class 
F of invertible systems, then we can also require that 
the shifts are invertible gi: AZ” + AZ”‘. 

An f-invariant closed subset Y of M is called a 
hyperbolic set, if df is a hyperbolic map on the tangent 
bundle E over Y: there exists r < 1 and a coinvariant 
splitting E = E+ $ E- of the tangent bundle E such 
that df(x): E+(x) 4 E+( fx) has the spectrum in 
(z 3 r-‘} and df(x): E-(x) ---f E-(fx) has the 
spectrum in {z 6 r}. For hyperbolic dynamics see, 
for example, Ref. [ 91. 

Proposition 3.1. Assume (M, f) E 3 has a hy- 
perbolic set Y which satisfies in the type (ii) case: 
Y c X c M. If g is close enough to the identity map 
in C( MC, MG), then (iii, f”) = $( M, f) contains a 
hyperbolic set P and the dynamical system (8, f) is 
topoldgically conjugated to ( YG, fG) The same is true 
for 5 on 3. 

Pruoj We consider first the case (M, f) E FT. 
Denote by (Z, T) the topological dynamical sys- 

tem ( YG, f’). We construct the conjugation 4: 
Z + I%’ by using the implicit function theorem. Con- 
sider the Banach space C (Z, 8) with norm / 141 loo = 
supzEz /14(z) / 1, where 1 I / / is the norm in the Banach 
space 2. Define a map F: C( Z, 2) x C’ (M”, Xc) ---f 
C(Z8) by 

Then F is FrCchet differentiable. If 4 satisfies 
F( 4, g) = 0, then 4 is a conjugation of T with f” since 
4 o T = f 0 4. For g = Id, the equation F($,Id) = 0 
has as a solution the identity map 40(x) = .x. The 
functional derivative a, F( 40, Id) is given by U -df ‘, 
where U is the linear map 4 H $(7’) which has the 
spectrum on the unit circle. Since df was hyperbolic, 
also dfG is hyperbolic and dbF( $0, Id) is invertible. 
The implicit function theorem (see, for example, Ref. 
[lo] ) assures that we get a solution 4 for g close 
enough to the identity. Since 4 is close to the identity 
map, it is still injective. The set ? = 46(Z) is the 
hyperbolic set for f”. 

The proof is similar if & acts on 7: write J? = 
x,@gzand$=(&,&).Takethen 

F(($) ;s> (2) 
$1 (Tz) + f%#J2(zf) - g(fGc?4(zf)) = 

( 42CTz) - fG(MZ)) > 
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Since 4 t--f (f’(&),f’(&)) is hyperbolic and 
4 H (41 (T), 42(T)) has the spectrum on the unit 
circle, we obtain as before that ~94F(#,Id) is invert- 
ible. The rest of the argument is the same. 0 

The system (M, f) has a hyperbolic shift embed- 
ded, if there exists a hyperbolic set Y, such that f re- 
stricted to Y is topologically conjugated to a shift. The 
system (M, f) is said to have a p-dimensional hyper- 
bolic shift embedded on Y, if (I: f) is a hyperbolic set 
and if there exist p commuting maps fi which leave 
Y invariant such that (x f 1,. . . , f,,) is topologically 
conjugated to a p-dimensional shift. 

Corollary 3.2. Assume (M, f) has a k-dimensional 
hyperbolic shift embedded. If G contains the sub- 
group Zd and if g is close enough to the identity, then 
(a, p) = $( M, f) has a (k + d)-dimensional shift 
embedded. 

Prooj If (I: f) has a k-dimensional shift em- 
bedded, then (Z,T) = (YG,fG) has a (k + d)- 
dimensional shift (Tl, . , Tk+d) embedded. Define a 
map F: C(Z,z) x C(MG,MG) + C(Z,8)k+d by 

Again dbF( C#J, Id) (z ) is nonvanishing and as above, 
the implicit function theorem gives the conjugation for 
l/g- Idll’x sufficiently small. 0 

Remark. Having a higher dimensional shift embed- 
ded implies “space-time-chaos” or “spatial-temporal 
chaos” in the sense that there exists a measure on I$? = 
MC which is both shift invariant and fl invariant and 
which is strongly mixing. 

Corollary 3.3. If g is close enough to the identity, 
there exists an f- and G-invariant measure ,u, which 
is ergodic. If G is infinite, ,u is strongly mixing and 
has exponential decay of correlations. 

Prooj This is a trivial consequence since the em- 
bedded system is measure theoretically isomorphic to 
a p-dimensional Bernoulli shift with p 3 2. q 

Examples. (1) Let M = T’ = Iw/Z be a one- 
dimensional circle and assume that f is the standard 
circle map, 

fr(x) =x + a + ysin(297-x). 

Let G = Z and g = EA such that the new system is a 
map f” on the infinite dimensional torus given by 

f(x), = f,(~,~) + gaffe (mod 1). 

As an illustration, we give a direct proof that the map 
f” has a two-dimensional shift embedded even with- 
out assuming that f has this property. Define E’ = 
1 /y and consider the two-dimensional shift (Z, Tl, rz) 
with Z = (0, 1)“. We want to find a map 4: Z = 
{O,l}“* + T” such that ~$(Tlz)~ = (U+(z)),, and 
ddT2z),, = f(h),). Define b(q) = S(q + a) + 
sin(q) and a map F: IIB2 x C(X) + C(X), 

F(q, E,& = WTI 1 - ha(q) - cSAhs(q). 

If F(q, E, 6) = 0, then 4: X ----f x4(x) = 
{dT?x) ha E Y = M” conjugates the system 
(X,Tl,Tz) with (K,J,U), where K = 4(X). The 
fact 4 o ~1 (x) = U o 4(x) is clear. The conjugation 
C$ 0 (TV = f 0 4(.x) follows from F(q,e,S) = 0. 
For q(x) = x0, we get 

F(q,O,O) = sin[q(x)] = 0 

and a$‘( q, 0,O)u = cos( q)u is invertible. The im- 
plicit function theorem gives a solution q for E and 6 
sufficiently small. 

(2) Take the quadratic map f: C H @, z H x2 + y 
for IyI > 2. This map has the Julia set as the hyperbolic 
set. Take M = C*, the Riemann sphere. Interesting is 
already the case of a finite cyclic group G = Z, and 
where g(x) = EAX is linear. In this case, the new map 
$( M, f) is an analytic map on C”. Analogous to ( 1) , 
we can directly show the existence of a shift for large 
y, without knowing that f has one. 

(3) Take an invertible system (M, f), where M = 
T2 = R2/Z2 and where f is the standard map fr: 
M + M, 

f(x,y) = (2x-y+ysin(27rx),x), 

which is invertible and which has a lot of hyperbolic 
invariant sets for IyI sufficiently large. If G is finite, 
the map $ gives area-preserving maps in 1w4” which 
have hyperbolic sets. 



A. Jakobsen, 0. Knill/ Physics Letters A 205 (1995) 179-183 183 

4. The limiting system 5. Discussion 

Let (M,, fi) be the sequence of dynamical systems 
(obtained by iterating the coupled map lattice construc- 
ion using a sequence g, of maps on Mr:,. Define a 
imiting system (M,, fa) as follows. Take the prod- 
let system (MI x M2 x . . , fi x f2 x . . .) which 
s a topological dynamical system in F’. Define an 

tzquivalence relation - on this product space by say- 
ng x - y if x,, = y,, for sufficiently large iz. Since the 
nap ft x f2 x . . respects this equivalence relation, 
we can pass to the quotient system which is again a 
-opological dynamical system. Denote this system by 
(M,, fm) and call it the limiting system to the se- 
quence (gi , g2, . .) and (M, f). It is a topological 
ractor of the product system (Ml x M2 x . . . , fi x 
,f2 x . . .) and is again in F. The limiting system con- 
;truction can also be done in the invertible setup. 

We took here the point of view that the coupled map 
lattice construction is a dynamical system on some 
space F of topological dynamical systems. (Other ex- 
amples of dynamical systems on dynamical systems 
are the Feigenbaum renormalisation map on unimodal 
maps or cellular automata on subshifts.) 

Starting with a trivial system, this leads to a hier- 
archy of in general nonlinear systems which define a 
limiting system of high complexity. 

Proposition 4.1. Assume the starting system 
CM, f) has a shift embedded. Given groups G, con- 
.aining Z and a sequence of maps gi which are in- 
variant under the Z-shift, then there exists a sequence 
E, such that if / jgi - Id// < l i, then (M,, fm) has 
shifts of any dimension embedded. 

Assume Gi is constant and that $ is such that it 
makes sense on any space MG. If we consider the 
map $J as a kind of renormalisation map on the class 
3 of dynamical systems, it is natural to ask, what 
is the attractor in F of 4. If the map 4 would have 
the property that the limiting system is independent 
of the starting system (M, f), then the limiting map 
(M,, foe) can be considered as the unique fixed point 
of 4. 

References 

fll 
Prooj choose inductively 1 lgi - IdI 1 < pi so small 

.hat $( M,, , fj) has at least a (j + 1 )-dimensional shift 
embedded. cl 

Fix the initial manifold M and the set of groups 
Gi. The limiting system (M,, fm) depends on f E 
CCM, M) as well as the maps gi E C( MF,, M2[). 

PI 
[31 

[41 

Propositiorz ,4.2. The map (f, {g;]) H fm is a 
continuousmapfromC(M,M) x&C(M~$,M~,) 
IO C(M,, M,). 

Prooj Map 4i is continuous from C (Mi-1, Mi- 1) 
io C (M;, Mi) Therefore, the product system contin- 
uously depends on f and gi. The passage from the 
:3roduct system to (M,, foe) is a continuous factor 
nav. 0 

I51 

1’51 

171 
[81 
[91 

K. Kaneko, Collapse of tori and genesis of chaos in 
dissipative systems, Ph.D thesis, 1983 [enlarged version 
(World Scientific, Singapore, 1986) 1. 
K. Kaneko, Chaos 2 ( 1992). 
K. Kaneko, Theory and applications of coupled map lattices 
(Wiley, New York, 1993). 
J.P. Crutchfield and K. Kaneko, Phenomenology of 
spatiotemporal chaos, in: Direction in chaos, ed. B. Hao 
(World Scientific, Singapore, 1987). 
L.A. Bunimovich and Ya.G. Sinai; Nonlinearity 1 (1988) 
491. 
V.M. Gundlach and D.A. Rand, Nonlinearity, 6:165-200, 
1993. 

[lOI 

V.M. Gundlach and D.A. Rand. Nonlinearity 6 ( 1993) 201. 
V.M. Gundlnch and D.A. Rand, Nonlinearity 6 (1993) 215. 
J.C. Yoccoz, Lecture notes from NATO Advanced Study 
Institute. Introduction to hyperbolic dynamics, 20 June-2 
July 1993. 
M. Reed and B. Simon, Methods of modem mathematical 
physics, Vol. I (Academic Press, New York, 1980). 


