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) USING  VARIABLES

X marks the spot

T —

| ook for the unknown

quantity and label it as a
variable. A popular letter is X.






X = number of years passed
3(06-X) = 80-X
| 63-3X=30-X

Solve this for X
X=44



YOU'RE
IN ALGEBRA, WE TREAT JUGGLING...

THAT THING CALLED
"WHAT?" A% JUST
ANOTHER NUMBER, TO
BE HANDLED IN THE
SAME WAY A% YOU
WOULD TREAT 10R 2

R 6. (BUT INSTEAD OF
"WHAT?,” WE'LL USUVALLY
WRITE X OR y OR

®
50OME OTHER LETTER.) i i %
N B WHEESER = 2 = f

P’_/;‘ '




2) SEPARATING  VARIABLES

Isolate the unknown

In order to solve for the
unknown guantrty X,
manipulatethe expressions
until X Is alone on one side.






Bring all x variables to the left

Saegse = o0
SImplity

Ve



IN ALGEBRA, THE EQUATION COMES FIRST. AN EQUATION %AYS THAT ONE EXPRES%ION
EQUALS ANOTHER. THEN WE PUSH ITS EXPRESSIONS AROUND...

(0l

A\

UNTIL THE ORIGINAL EXPRESSIONS ARE
COMPLETELY GONE, AND THE UNKNOWN
"WHAT?" OR X APPEARS ALONE ON ONE
SIPE OF THE EQUATION, AND WE'RE
LOOKING AT AN OLD-FASHIONED
ARITHMETIC PROBLEM. THAT'S ALGEBRA!

'jl




3) ORDER OF OPERATIONS

PEMDAS

The algebra rule PEMDAS states that exponentiation s
done before multiplication and division are
performed before addition and subtraction. | an

expression Is ambiguous, use brackets. [ nis is a century
old recommendation which is valid until the present day.






Most Humans get 3.
Most Computers get |8
Some Humans get 8/10
Most Humans and Computers are right.
't depends on the order taken.



THERE ARE LAWY
ABOUT THIS!
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AMBIGUOUS PEMDAS

OLIVER KNILL

ABSTRACT. A source collection about the mathematical syntax in the ring Z.

1. PEMDAS

1.1. In the commutative additive group (Z,+,0) one usually writes —z for the inverse
element. One has then z + (—z) = 0 or x — 2 = 0 for short. As it is convenient to enhance
the addition 4+ with subtraction —, associativity obviously fails for subtraction: the two
numbers 3 — (4 — 5) and (3 — 4) — 5 are not the same. In the first case, we need to place
brackets.

1.2. The same applies in the multiplicative group (Z\ {0}, *, 1). The expression 3/4/5 is
only defined if we establish a rule how to read it. (3/4)/5 is not the same than 3/(4/5). The
non-associativity of the division operation again forces to place brackets, even if the most
common interpretation of 3/4/5 is 3/20.

1.3. When combining multiplication and division, brackets are even less enforced. We often
write x/yz meaning x/(yz) and do not understand it as (z/y)z. That brackets are required
to avoid any confusion was noticed in [4] and reiterated in [2], the authority on mathematical
syntax. See [5] for some history of notation. Even calculators do not have standards. A
TI-82 or Casio calculator interprets 1/2x as 1/(2z) while the TI-83 interpret it as (1/2)x [9].

1.4. To establish the order of operations in the ring (Z,+,*,0,1) one has established
rules. The popular choice PEMDAS (=BEM DAS)) orders the operation as Parenthesis
(Brackets), Exponentiation, Multiplication, Division, Addition and Subtraction. In the
21st century, discussions have flared up [3] and there still exists no agreement. Expressions
like 3/ab with a = 4,b = 7 are usually interpreted as 3/28 while a calculator evaluates it as

21/7.

1.5. Since terms like a® and especially 22 appear frequently in formulas, exponentiation is
included in the rules. The associativity fails like in (3)® = 19683 and 3(") = 7625597484987
but no standard has even been formulated. The computer algebra system Mathematica
starts from the right, while Excel or the computer algebra system Matlab reads from the
left. Also for exponentiation, we need to put brackets.

1.6. Beside PEMDAS, the rule BEDM AS (=BODM AS) places division before multiplica-
tion. It is known in some programming languages. Most computer algebra implementations
use PE(M D)AS in which M and D are placed on the same footing and things are read left
to right. For 3/2x/2, a computer gives 3z/4 while a human reader might read it as 3/(4x).
There is no authority for a standard. Language is a social construct [10]. Therefore, we need
to clarify or even over clarity.

Date: February 28, 2021, Math E 320.
Key words and phrases. Order of Operation.

1.7. When deciding about the use of language, practice matters. When 12 million test
subjects give the wrong answer to a simple arithmetic question [6], it is not a problem of
the education level [7]. We also do not need to come up with an other standard or fix the
issue [8]. The reality of teaching shows that even entrenched rules can be made more robust
with more clarity. As a teacher one can observe that even stellar students often read non-
ambiguous expressions a/b + ¢ as a/(b+ ¢). Redundancy in the form of brackets makes it
clear. The article [3] from 2013 has hit the nail on the head.

1.8. Enforcing any of the standards like PE(MD)AS also would not only clash with the
use of established literature it would be unrealistically complex to teach. When we read
expressions, numbers like 27 are often seen as a unit. We might write 5/27 and mean 5/(27)
and not (5/2)m. We see terms like pV/RT = n in thermodynamics and read it as pV/(RT)
rather than (pV/R) * T. We read 3m/4s as 3 meters per 4 seconds and not (3/4)ms. Usage
also depends on school systems or programming languages. Use clarifying brackets.

1.9. To summarize: the syntax for writing rational and exponential expressions in a poly-
nomial ring has a few places, where brackets are needed to avoid miscommunication. This
is not a syntax problem which needs to be “solved”. It is an issue to be aware of and which
needs to be avoided. It is better to write expressions extra clearly, possibly even in a redun-
dant way and anticipate any possible misunderstandings. These were the recommendations
from almost 100 years ago [2] and things have not changed.

2. SOURCES

242. Order of operations in lerms conlaining both +~ and X.—If an
arithmetical or algebraical term contains < and X, there is at present
no agreement as to which sign shall be used first. ““It is best to avoid
such expressions.”’* For instance, if in 2442 the signs are used as
they occur in the order from left to right, the answer is 12; if the sign
X 18 used first, the answer is 3.

Some authors follow the rule that the multiplications and divi-
sions shall be taken in the order in which they occur.* Other textbook
writers direct that multiplications in any order be performed first,
then divisions as they occur from left to right.®* The term a<bXb is
interpreted by Fisher and Schwatt® as (a-+b) Xb. An English com-
mittee’ recommends the use of brackets to avoid ambiguity in such
cases.

OLIVER KNILL FIGURE 1. From Cajori [2].
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4) MULTIPLYING OUT
Know to FOIL

Multiplying out expressions requires the
distributive law. One important case I1s (a+b)

(ct+d), where the acronym FOIL tells to add
the product of the First, the product of the
Ovuter, the product of the Inner and the
produt of the Last






—'——- —

B D) -—-Gc—2x+
4x=4

Ve




50 a(c+d)+b(c+d) = (a+b)(c+d). WE ALSO KNOW THAT a(c+d) + b(c+d) = ac+ad + bc + bd.
PUTTING THESE TWO TOGETHER 6IVES U5 THE EXPANSION OF (a+b)(c+d):

/:\\@d)z dc+ad e+ bd

MULTIPLY EVERY PO%%IBLE PRODUCT
CONSISTING OF ONE FACTOR FROM
THE FIRST UM AND ONE FROM THE
SECOND SUM, THEN ADD 'EM UP!




5) FACTORING OUT

Divide and Conguer

Jo find roots of polynomial expressions, it
can be helpful It one can factor them.

An example Is
T e G I T g BT






—_—_—

Factor to get (x+5)(x+2)=0
| herefore,
Temid e gl g IO



The Roots of (x—r)(x-s)

ON PAGE 17%, WE AW HOW TO ENOUGH PLUS OR
EXPAND (x+r)(x+s). IF WE CHANGE EXAMPLES? MINUS...
THOSE PLUS SI6NS TO MINUSES, WE
FIND THAT (x-r)(x-s) EXPANDS IN

MUCH THE SAME WAY.

2 rx-sx+(-r)(-s)

= X2-(r+8)x +rs

WE SAW ONE LIKE THIS IN
EXAMPLE 5. HERE'S ANOTHER:

Example

(x-r)(x-s) = x

(x-4)(x-7) = x*-(4+Nx+4)(7)

= x*-11x+ 28

' | NN




6) ADDING FRACTIONS

COMMON DENOMINATOR

lo add fractions, we have to find a
common denominator so that we
can write the expression as one fraction.







Make a common denominator and

add. | he result Is
2

- xt



WE FOLLOW THE SAME
5TEPS AS WE DID WITH
THIRDS AND FIFTHS.
THE PRODUCT bd 15 A
COMMON DENOMINATOR,
BECAUSE

HERE WE
MULTIPLIED BY
d/d, WHICH 15
EQUAL TO 1...




7) MULTIPLYING POWERS

T we multiply two groups of powers of a, the

number of a factors adds. Like
B (7)) T (AT T T e






B) Yes
) es



anam " a(n+m)

a'a” 15 THE PRODUCT OF n FACTORS OF a
MULTIPLIED BY m FACTORS OF a,

aoao..ooaoaoao...oa
Ve —® Ve ——®
n m

MAKING A TOTAL OF n+m FACTORS.




8) POWERS OF POWERS

(ab)c _ abc

[ his power operation rule tells
that building ¢ groups with b
elements gives us a group of bc
elements.






b ) =645 )= 44
't 1S not zero.



(ab)" = a"b"

m
(an) - anm

THIS COMES FROM THE COMMUTATIVE LAW. WE ¢AN WRITE THE PRODULT (a")’
(ab)" = ab - ab - .. - ab oo o
Y S AR BTT
REARRANGING (OR “COMMUTING”) THE ORDER GIVES . m ROWS
a-a+ .. -a+*b-b..-b=a'd" i .
R
n FACTORS
IN EACH ROW

THERE ARE nm FACTORS ALTOGETHER.




9) LINEAR EQUATIONS

MX+TD=C

T m,b and y are given, we can solve for

x=(c-b)/m. Equations of this type have

been solved already by the Babylonians,
without variables however!






Move 3 on the other side

and divide by /. I he result Is
X=2.



QUICK REBALANCING, or CALL THE MOVERS!

NOW I'M GOING SHOW YOU A QUICKER WAY TO REBALANCE EQUATIONS. LET'S IMAGINE ANY
EQUATION WHERE ONE %IDE 15 THE UM OF TWO EXPRESSIONS.

AND SUPPOSE WE
WANT TO ELIMINATE

FROM THE LEFT.

BY NOW, YOU KNOW THAT WE DO THIS BY SUBTRACTING THE EXPRESSION FROM BOTH SIDES.
LET'S WRITE IT ON A LINE, RATHER THAN STACKED UP.

Yr@-@=3-0

THE RESULT:

DO YOU SEE WHAT
HAPPENS? THE EX-
m PRESSION SEEMS TO
JUMP FROM ONE 4IDE
TO THE OTHER, AND
’( ITS 516N CHANGES
' - FROM PLUS TO MINUS!




10) QUADRATIC EQUAITION
—b /b2 —4c

2

To solve x* 4+ bx + ¢ = 0, just add b*/4 on
both sides to that (x + b/2)? = b*/4 — ¢

allowing to solve for x =/ b*/4 — ¢ — b/2



Philipppo Calandri: "Una racolta di ragioni”, | 5th century



x*+x—-1=0

| he quadratic equation gives

1 +4/5

s
[ his Is the golden ratio!

B (e



YOU MAY WONDER WHAT WE
6ET FROM SOLVING SUCH A
5PECIAL EQUATION. MERE’S
WHAT: IT TURNS OUT THAT
WE ¢CAN WRESTLE EVERY
QUADRATIC EQUATION
WITH LEADING COEFFICIENT 1
INTO THE FORM (x+B)*= P.
THAT’S RIGHT! EVERY LAST
ONE OF THEM. PERIOD. THIS
BABYLONIAN TRICK 16 CALLED...

Completing the

SQUARE.
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pEoOU | | HE SUBJIECT

Elementary algebra \was here
understood In the sense that no
functions appear; no geometry Is used
and no limits are involved. It I1s algebra
nistorically going up to Francols Viete.
While 1t usually Is taugnt in middle
school of secondary school curricula,
t I1s pivotal In any college
mathematics.

FRANCISCI VIET X
OPERA

In unum Volumen congelta,
aAc recognita,

FRANCISCI 3 SCHOOTEN Leydenls,
Mathefecs Profefloris.

B 380070000
cel" UNWERITA - FIRERZE

MVOM

LvspyNl BATAvVORVY,

Ex OM Bonaventure & Abnh;mi Elzevicoram. MC/

o . €l I> c.xuys, jér




BELATIONS 1O O HER ROCES.

Arrthmetic Geometry
Calculus countmg And sortmg spaciqg;nd distandamg
Slicing and stackime
Numerics
————— Algebra
opimiZimne and pannmg |
- méanipulating and solwng

Dalanding and wetshing

T Computer science
moVing and Mttmg

operaime and memonizing

lopology

T——

pbsitioning and locatme

Number [heory

‘ dividmg and compaing

Probability Theory

guessmg and jjudgme

Set Theory

T

thmikimg and struatutimng



FLAVORS OF ALGEBISS

Intermediate Advanced Abstract
Clementary - Commutative
Simple ~ Algebra ~ Linear Algebra

T —

?— ﬂ

- Geometric Algebra

Universal Algebraic Combinatorics




MY OWN WORK

There Is a commutative algebra of geometric structures
which goes beyond the algebra we know.

» (<j x © \,//o % \O

<
e ©¢
®e
<
NCZCQcCcRcC N CECOQCHCE

algebra of pebbles algebra of networks
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As for literature, the cartoon guide to algebra of T/
Larry Gonick is an excellent textbook. The samples
borrowed here show this. Most elementary algebra
textbooks are thousands of pages long. | myselt learned
about struggles in elementary algebra from thousands of
college students. (I teach mathematics since 35 years anc
oraded thousands of calculus and linear algebra exam
papers during that time and see students work Iin class).
also learned a lot from 200 teachers during |2 years of
teaching at the extension school as well as from my family:
many In my closer family was involved at some point In
teaching math.
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FIFTH EDITION

ELEMENTARY AND
INTERMEDIATE ALGEBRA

A COMBINED APPROACH

ALGEBRA

PLGEERRA
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d easy way to .
Ig(levfg '232.1 theytricklest algebra problem

X =9x=%x -3%-§¢
——
{Zz;_’;x_g x3-Bx?=bx + =0
(x-Dx+2D(x-4)=0

x=|,x=-2,x=4

Mary Jane Sterling
Author: ofAlizebra Fo{Dummies and
Algebra Workbook For Dummies

() FREE eTips at

A Reference for the Rest of US!" /4 qommicscom®

EIGHTH EDITION

ELEMENTARY ALGEBRA

JEROME E. KAUFMANN" " KAREN L. SCHWITTERS

Introduction to
Algebraic Expressions

One basketball statistic used is the points-per-game
differential —the average of the difference of the team’s score
and that of its opponents and an indication of how close the games

D uring a season, sports teams are ranked by several statistics.

are that the team has played. Another is the field-goal-percentage
differential, which measures the team’s shooting accuracy. These
statistics are illustrated in the graph for selected NBA teams in a
recent year. How would you determine which team is “the best™?
(See Exercises 25 and 26 in Exercise Set 1.4.)

Using analytics, | gain insight into problems ranging
from the global impact of a sponsorship to the
emotional impact of attending a sporting event.

Stefanie Francis, Vice President of Analytics and Insight at Glidescope
in New York, New York, uses math in her research to determine the
most impactful elements of the sports world in decision making

Explore the math using the Do the Student Activity in
Active Leaming Figure in MyMathLab.

the Best!

ELEMENTARY

ALGEBRA

HaroldR.Jacobs
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1.1 Infroduction to Algebra

1.2 The Commutative, Associative,
and Distributive Laws

1.3 Fraction Notation

1.4 Positive and Negative Real
Numbers

MID-CHAPTER REVIEW

1.5 Addition of Real Numbers
1.6 Subtraction of Real Numbers

1.7 Multiplication and Division
of Real Numbers

CONNECTING THE CONCEPTS

1.8 Exponential Notation and Order
of Operations

CHAPTER RESOURCES

Transtating for Success
Collaborative Activities
Decision Making: Connection

el Elementary and

CHAPTER TEST

Intermediate Algebra

Graphs and Models 4th Edition

Bittinger Ellenbogen Johnson



