AMBIGUOUS PEMDAS

OLIVER KNILL

ABSTRACT. A source collection about the mathematical syntax in the ring Z.

1. PEMDAS

1.1. In the commutative additive group (Z,+,0) one usually writes —x for the inverse
element. One has then z + (—x) = 0 or + — x = 0 for short. As it is convenient to enhance
the addition 4+ with subtraction —, associativity obviously fails for subtraction: the two
numbers 3 — (4 — 5) and (3 —4) — 5 are not the same. In the first case, we need to place
brackets.

1.2. The same applies in the multiplicative group (Z\ {0}, *,1). The expression 3/4/5 is
only defined if we establish a rule how to read it. (3/4)/5 is not the same than 3/(4/5). The
non-associativity of the division operation again forces to place brackets, even if the most
common interpretation of 3/4/5 is 3/20.

1.3. When combining multiplication and division, brackets are even less enforced. We often
write x/yz meaning x/(yz) and do not understand it as (z/y)z. That brackets are required
to avoid any confusion was noticed in [4] and reiterated in [2], the authority on mathematical
syntax. See [5] for some history of notation. Even calculators do not have standards. A
TI-82 or Casio calculator interprets 1/2z as 1/(2x) while the TI-83 interpret it as (1/2)z [9].

1.4. To establish the order of operations in the ring (Z,+,%,0,1) one has established
rules. The popular choice PEMDAS (=BEMDAS) orders the operation as Parenthesis
(Brackets), Exponentiation, Multiplication, Division, Addition and Subtraction. In the
21st century, discussions have flared up [3] and there still exists no agreement. Expressions
like 3/ab with a = 4,b = 7 are usually interpreted as 3/28 while a calculator evaluates it as

21/7.

1.5. Since terms like a® and especially 2? appear frequently in formulas, exponentiation is
included in the rules. The associativity fails like in (3%)® = 19683 and 3¢*) = 7625597484987
but no standard has even been formulated. The computer algebra system Mathematica
starts from the right, while Excel or the computer algebra system Matlab reads from the
left. Also for exponentiation, we need to put brackets.

1.6. Beside PEMDAS, the rule BEDM AS (=BODM AS) places division before multiplica-
tion. It is known in some programming languages. Most computer algebra implementations
use PE(MD)AS in which M and D are placed on the same footing and things are read left
to right. For 3/2x/2, a computer gives 3x/4 while a human reader might read it as 3/(4x).
There is no authority for a standard. Language is a social construct [10]. Therefore, we need
to clarify or even over clarify.
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1.7. When deciding about the use of language, practice matters. When 12 million test
subjects give the wrong answer to a simple arithmetic question [6], it is not a problem of
the education level [7]. We also do not need to come up with an other standard or fix the
issue [8]. The reality of teaching shows that even entrenched rules can be made more robust
with more clarity. As a teacher one can observe that even stellar students often read non-
ambiguous expressions a/b+ ¢ as a/(b+ ¢). Redundancy in the form of brackets makes it
clear. The article [3] from 2013 has hit the nail on the head.

1.8. Enforcing any of the standards like PE(MD)AS also would not only clash with the
use of established literature it would be unrealistically complex to teach. When we read
expressions, numbers like 27 are often seen as a unit. We might write 5/27 and mean 5/(2)
and not (5/2)w. We see terms like pV//RT = n in thermodynamics and read it as pV/(RT)
rather than (pV/R) «T. We read 3m/4s as 3 meters per 4 seconds and not (3/4)ms. Usage
also depends on school systems or programming languages. Use clarifying brackets.

1.9. To summarize: the syntax for writing rational and exponential expressions in a poly-
nomial ring has a few places, where brackets are needed to avoid miscommunication. This
is not a syntax problem which needs to be “solved”. It is an issue to be aware of and which
needs to be avoided. It is better to write expressions extra clearly, possibly even in a redun-
dant way and anticipate any possible misunderstandings. These were the recommendations
from almost 100 years ago [2] and things have not changed.

2. SOURCES

242, Order of operations in terms conlaining both + and X.—If an
arithmetical or algebraical term contains <+ and X, there is at present
no agreement as to which sign shall be used first. “It is best to avoid
such expressions.””* For instance, if in 244 X2 the signs are used as
they occur in the order from left to right, the answer is 12; if the sign
X is used first, the answer is 3.

Some authors follow the rule that the multiplications and divi-
sions shall be taken in the order in which they occur.* Other textbook
writers direct that multiplications in any order be performed first,
then divisions as they occur from left to right.* The term a-+bXb is
interpreted by Fisher and Schwatt® as (a<+b)Xb. An English com-
mittee’ recommends the use of brackets to avoid ambiguity in such
cases.

FIGURE 1. From Cajori [2].
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multiplications and divisions are involved is not the one stated above, but the
following:

All multiplications are do be performed first and the divisions next.
That is, 9a® + 3a = 3a and not 3a®.

The multiplicaiions may be taken in any order, bud the divisions are to be faken
in the arder tn which they occur from left to right.

That is, the associative law holds for the former but not for the latter,

Thus, 3X 565X 2=(3X5)X20r =3X(5X2);but, 16 +4+2=(16+4)
= 2 and does not = 16 = (4 = 2).

Compare the corresponding rules for addition and subtraction in § 1.

Mathematical Idioms. It might be agreed that, for the sake of simplicity
and logical coherence, the past tense of the verb fo drink should be drinked, but
even so, English speaking people would continue to say drank, and not drinked.
Precisely, for the same reason, all who know anything about the language of
algebra regard 9¢* + 3a as equal to 3a and not 3a*, and, therefore, the rule just
given is the correet one as determined by actual usage. When a mode of expres-
sion has become wide-spread, one may not change it at will. It is the business
of the lexicographer and grammarian to record, not what he may think an
expression should mean (no matter how far-fetched the usual or idiomatic usage
may seem), but what it is actually understood to mean by those who use it. The
language of algebra contains certain idioms and in formulating the grammar
of this language we must note them. For example, that 9¢* + 3a is under-
stood to mean 3a and not 3a® is such an idiom. The matter is not logical but
historical.

FIGURE 2. From Lennes [4].
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FIGURE 3. From Wolfram [10].
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What Is the Answer to That Stupid
Math Problem on Facebook?

And why are people soriled up about it?

BY TARA HAELLE MARCH 12,2013
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6:2(1+2)=2

Answer It

t courtesy of Facebook
Perhaps you've seen the problem on Facebook or another forum:
6+2(1+2)="?

It's one of several similar math problems popping up on social networks recently. Perhaps you,
too, thought, “Duh! That’s easy,” and then, as | did, became embroiled in an epically long
comment thread while your blood pressure steadily rose because you could not possibly
understand why the others doing this problem could not get the right answer.

Perhaps, if you're a nerd like me, or you teach math as | do, you even fell asleep thinking about
this problem, baffled and frustrated about why you were unable to convince intelligent,
educated friends that your calculation of this deceptively simple problem was accurate.

So, did you get 1 or 9? We'll get to the “correct” answer in a moment.

FIGURE 4. From Haelle [3].

The Math Equation That Tried to Stump
the Internet

Sometimes BODMAS is just PEMDAS by another name. And
no, the answer is not 100.

f o v = » [][=]

3

=2(2+2)="?
(\

From a 2019 article [7] in the New York Times.



OLIVER KNILL

Lt s, PRI VTR TN 18 R B TR AR, Ve s, BT
Aurar 3 e o it B on 230 Ea e b L F R EmE AL

ranmagin

v B B A8 e i o S s, 3o e R

241 Cornason sfaymias

e suwee ek, e

e gy 1 e 1 bR e 4
o stk bdonieg e

e v e e

e

Thoan [rrscione can he ROV B canee eher Lt dar 11 dmTiAT S A1 0 BT

e a. 5wl Bl b
v TR W IRt 5 e 4Ty T,
DG etk s S anvn ~

caisl Sk qardn
i v @ b

B sl
wridar sty

Trababing fereipias brita A o usTTE 13

A3 Combintzs of mmbsa forg et

awAT Mrm e E3

FIGURE 6. ISO 80000-1:2009(E).
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FIGURE 7. From [1]: write (1/27i) [i. f(z)dz rather than 5= [, f(2)dz.

Thre Story, hre Informationen, Thr Hi s? feedback@20minuten.ch

Schaffst du es? )2. Mai 2019 21:00; Akt: 02.05.2019 )t

Millionen scheitern an
dieser Mathe-Gleichung

Eine scheinbar einfache Mathegleichung Idsst gerade Menschen auf der
ganzen Welt verzweifeln. Kannst du sie knacken?

6 -2(1+2) =

ein aus i Fast 12 Millionen Leute haben sich an der vermeintlich einfachen
Gleichung versucht und sind gescheitert.

Schaffst du es, auf Anhieb auf die
richtige Losung zu kommen?

m Schreib dein Ergebnis unten ins
Kommentarfeld! Das korrekte

Ergebnis erfihrst du unten im
Video, aber nicht schummeln! :-)

FIGURE 8. From a Swiss newspaper article 2019: “12 Millions got this wrong”.
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