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Another Linearization Theorem

§1. Introduction

We seek to prove the following linearization theorem:

Let dzi/dt = fi(zl,...,zn) where f; is holomorphic, i=1,...,0.
We write this in vector form as dz/dt = f(z). Assume £(0) =0
and assume there exists a bounded neighborhood, U, of O in ¢n
such that if z(0) € U, z(t) e U, Wt ¢/R. Then there exists
a holomorphic transformation z = u(f) = § + (higher order terms)
in a possibly smaller neighborhood V of O such that in V the
transformed equation becomes dt/dt = A where A is a constant
matrix. Moreover A is diagonalizable and the eigenvalues of A
have zero real part.

In §2 we will prove the existence of a Haar measure for a
locally compact topological group satisfying the second axicm
of countability. This result is applied in §3 where we prove
an analog of our main theorem for formal power series. Other
preliminary theorems mainly of an algebraic nature are proved
in §3. Lastly in §4 we prove our main theorem.

The development of §2 is essentially taken from
"Topological Groups" by L. Ponrjagin. A reference for §3 is

"Several Complex Variables" by Bochner and Martin.
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§2. Haar Measure

Definition: A system S of subsets of a topological space T

is called a basis of T if every open set in T is a union of

members of S. T satisfies the second axiom of countability

if T has a finite or countably infinite basis.

Definition: A set G is a topological group if

1) G is a group

2) G is a topological space

3) The group operations are continuous functions in the
topology, i.e. writing G addivitively 1f x,y € G, the
mappings + : G x G -> G, (x,y) -> x + y and

- :1G -> G, X -> -x are continuous.

We denote the identity element of the group by O
and the family of neighborhoods of O by Sf(o).

Remark: Let G be a topological group and f: G -> JR. f is
continuous at x € G if and only if Ye > O 3 ue 5‘ (0)  1ir
y € G and y-x € U, |f(y)-f(x)| <¢ .

Definition: f : G -> ﬂz is uniformly continuous on G if
Ve >0 3 U e 3(0) 3 Vx, v € G with x-y (resp. -x+y) € U,
|£(x)-£(y)| < e. A family of functions (£ ), f : G ->/R 1s

equicontinuous if further U does not depend on c.

Note that we have two kinds of uniform continuilty.
However for compact topological groups they coincide as our

following lemma implies. Let C(G) denote the family of
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continuous functions f : G -»/R  with el = sup |£(x)].
xeG

Lemma 1: Let G be a compact topological group. If f € C(G), f

is uniformly continuous.

Proof: Pick € > O. For each x € G, 3 vV, € 5‘(0) D y-x € Vi
implies |f(y)-f(x)| <e. Select W e & (0) with W_ open and

W+ W_ < V.. (A+B = (x+y|xeA,yeB}.) G = 2 (W +x). By

Y _ xeG X
compactness, G = o4 =7 (wxi+ xy). Let W= 4’7Wii. We claim
y-x € W implies |f(y)-f(x)| < 2. For x € W, + x; for some 1.

1
Therefore If(x)—f(xi)l <e. y-X; = y-X+x-X; € W + Wxic; Vki.

Thereforelf(y)—f(xi)l < g. Hence |f(x)-f(y)| < 2¢ and f is

uniformly continuous.

Lemma 2: Let G be a compact topological group satisfying the
second axiom of countability. Let H< C(G) be an equicontinuous

family which is uniformly bounded. Then H is precompact.

Proof: G 1s separable (for take one point in each member of

the countable basis). Let (xn) be a countable dense subset of G.
Let (fi) be a sequence of elements of H. We must show it has a
Cauchy subsequence. Consider fi(xl). This is a bounded set of
real numbers. Therefore there exists a convergent subsequence
fil(xl). Consider fil(XE)’ etc. Diagonalize in the usual
manner constructing a subsequence (gJ) of (fi) which converges
at (x) Vn e [N. Pick e > 0. By the equicontinuity of
H,3Ve JFO)3 y-x eV implies |[f(y)-f(x)] <e VTr eH.
Take W open € Ef(o) 3 W+W V., G = gz%((w+xn).



By compactness, G = fiﬁéte (7 + xni). Let x, =y;. Pick N so
large that |g (v,)- 1im g (y.)| <& ¥n > N and V.
n*vi me>oo M °J

(g ) converges uniformly for take n,m > N. There exists yj
such that |g (x)-g (x)| < lg (x)-g n(T 1+ le,ly;)- ~Lim g (v,)|
+ llim By (v )-gn(yy) | + lg,(y ) -g (x)] < de.

Let £ € C(G). Let K(f) = min £(x), L(f) = max f(x),

XeG xeG

S(f) = L(f)-K(f) = oscillation of f. We are now ready to

prove the existence of a Haar measure.

Theorem l: Let G be a compact topological group satisfying
the second axiom of countability. Then there exists a unique
positive linear functional M on C(G) such that:
1) M(1) =
2) M 1s translation invariant, i.e. V’a € G,
M(f(x+a)) = M(f(x)) = M(f(a+x)).
3) £ >0and £ #0 implies M(f) > O.
) M(r(-x)) = M(£(x)).

(M is called a Haar measure.)

Proof: Following Ponrjagin, we divide the proof into several steps.
A) Let A = {al,...,a } be a finite system of elements of G
and f e C(@G). We define M(A,f) = 1/m ZE:: f(x+a ).
It readily follows:
K(M(A,f)) > K(r)
L(M(A,f)) < L(r)
S(M(A,f)) < S(r)
Also 1f B = {by,...,b }, M(B,M(A,f)) = 1 121111‘?—__ (f‘(x+ai+bJ)=
= M(AV B,r).
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If £ # constant, J A = (2,52 ) 2 S(M(A,f)) < S(f).

Proof: Suppose f assumes its maximum, L(f), at xoaﬁ \' ej#ﬂ))
3 x-xo e V implies |f(x)-f(x5)] <3 (L(£)-K(1)).

G = (V-a2). By compactness, G = (V-a ).

aeG
Let A = {ag,...,a,). M4, f) == Z f(x+ai) At least

one xtay € V. .. M(a,f) > 2 K(f‘) + 1 (LUK 5 x(r).

S K(M(A,f)) > K(f) and S(M(A,f)) < S(f). A

Let £ € C(G). Let Hyp = (M(A,f)|A finitec G)}. g € H; implies
K(f) < g < L(f). Therefore Hp is uniformly bounded in C(G).
Moreover Hf is an equicontinuous family for pick € > O.

By Lemmé. 1, f is uniformly continuous so JU e 5‘ (0)
y-x € U implies |f(y)-f(x)| < e. Let M(A,f) e Hg.

A= {al,...,am]. y-x € U implies y+a;-a4-X = (y+ai)-(x+ai)

eU. . |f(y+ag)-flx+ay)| < e and [M(A,£(y))-M(4,£(x))] <
m

%<§i__|f(y+ai)-f(x+ai)l < e. Thus H, 1s equicontinuous.

i=1
Let £ e c(G).

Definition: p ¢ /R is a right mean of £ if ¥e > 0 JA =

(aj,...5a )G 3 |M(A,f)-pl< e. Weclaim f has a right
mean.
Proof: Let s = inf S(h). There exists fn e H

£
hGHf
that S(fn) ™™\ S. Since Hf is equicontinuous and uniformly

such

bounded, by Lemma 2 F a uniformly convergent subsequence of
which we denote by g . Let g = lim g . S(g) = s. We

claim g = constant or equivalently s = 0. If g # const.,

by B) 3 a finite A € G > s' = S(M(A,g)) < S(g) =

g € ﬁf implies H ¢ H (for |n-gl| < & implies

g £
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M(A,h)-M(A,g)| < e). Take e <% (s-s') and h e Ho 3 |h-gl <e.
Then |S(A,h)-S(A,g)| <§ (s-s') which implies S(M(A,h)) < S(g),
a contradiction. Therefore g = p = constant. =5 => g implies
for € > O and n large enough, lgn-pl <eg. Thus p is a right

mean of f.
Let B = (b

LR
It follows M(A,M'(B,f)) = M'(B,M(A,f)).

n
_ 1
bn] < G. Define M'(B,f) =4 §=lf(bj+x).

Definition: If f e C(G), q € /R 1s a left mean of f if

for all e > 0 o a finite B< G 2 |M'(B,f)-q| < ¢.

Since all our 'right' arguments concerning M have 'left'

counterparts for M!', 7 a left mean of f.

If £ e ¢(G), £ has a unique right mean and a unique left

mean and these means coincide.

Proof: Let p and q be respectively any right and left mean

of f. Pick e > 0. Jd a rinite A,B & G 2 |M(4,f)-p| < &,

IM'(B,f)-a] < €. Replacing x by x+aJ, IM'(B f(x+a ))-a] < e.

Thus >—‘5"‘ M (B,£(x+a,))-al = IlL [M' (B, f(x+a y-al |
I—T M'(Blf(x+a. )-a| = |mM(a,M'(B, £)) ql S:Lm11ar1y

replacing X by by+x we obtain IM*(B,M(A,f))-p| < €.

Thus by E), |p-al < 2¢ implying p = q.

We call p the mean of f and write p = M(f) or p = M(f(x)).

We will show f -> M(f) is the positive linear functional

we are seeking.

It 1s clear that M(af) = aM(f) for o e [R. Also £ > 0O

implies M(f) > O. Next we claim M(f+g) = M(f)+M(g) and

therefore M is a positive linear functional.
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Proof: Let AC_G, A finite. Then M(f) = M(M(A,f)).
To see this, let p = M(f). Pick e > 0. J a finite BC G 2

IM'(B,f)-p| < €. Replacing x by x+aj and summing the

m

resulting inequalities over j, we get IM(A,M'(B,f))-p| <
But M(A.M'(B,f)) = M'(B,M(A,f)) so that p is a right mean
of M(A,f) and therefore p = M(M(A,f)) = M(f).

Now let q = M(g). J a finite BC G > |M(B.,g)-q| <.
Therefore ¥/ finite C< G, |M(C,M(B,g))-al < €.

M(C,M(B,g)) = M(C UB,g). Since p = M(M(B,f)), J a finite
A< G > |M(A,M(B,f))-p| <e. M(A,M(B,f)) = M(A 9 B,f).
Letting A = C and combining inequalities,

|IM(A v B,f+g)-(p+q)| < 2e. Hence p+q is a right mean of
f4+g and M(f+g) = M(f) + M(g).

It is clear that M{(l) = 1. Next we show M 1is

translation invariant. Note that M(A,f(x+a)) = M(a+i,f(x)).
Thus f(x) and f(x+a) have the same right means.

S M{f(x+a)) = M(£{x)). Similarly M(f(a+x)) = M(f(x)).

At this point we observe that we have proved most of our
theorem. It remains to show 3), the uniqueness of M,

and 4) which we will do in that order. Thus let f e C(G),
f>0and £ # 0. Then 9xoeG9 f(xy) > a > 0. Since

f is continuous, = V € F(o0) 2 Vxe X + Xg» f(x) > a/2.
et

G = ;Zé (V+x0-x). By compactness G =

¢ vV + Xo-2y -
1
Let A = [al,...,am}. M(A,T) == Eil f(x+ai). If x € G,

x € V+ x5 - a; for some i and for this i, f(x+ai) > a/2.
Therefore M(A,f) > a/2m and M(f) = M(M(A,f)) > a/2m > O.
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Let M* be any other positive linear functional on C(G)
satisfying 1) and 2). Let p = M(f) and € > O. F a finite
AC G 3 |M(A,f)-p| = I%ij f(x+a1)-P| < £. Hence

lM* [%;:E:: f(x+ai)—p]| < ;fl But using the translation
invariance of M, IM*(f)-pl <e. Thus M (f) = p = M(F)
and M is unique.

Define M*(f(x)) = M(f(-x)). Then M 1is a positive linear
functional satisfying 1) and 2). We only verify 2):

¥ (£(x+a)) = M(£(-a-x)) = M(£(-x)) = M (£(x)). By K),

M is unique. Thus M*(f(x)) = M(f(x)) = M(f(-x)).

Thus Theorem 1 is proved.
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§3. Formal Pawer Series

We consider formal complex power series of the form

(o0) 03 j lcl kn
E a Z."...2 j=1,...,n.
=O c —O kl...kn 1 n ’ ? ’
Z k. >1
i=1 i- ® 3
We write this in the abbreviated form w = a.zY where w
1 - 1
is an n vector, k = (ky,...;K ) is a multiindex |k| = ky ..tk
. k k n n
zk = zll...znn , and a, is a multi-indexed vector. e will

also refer to formal power series with a slight abuse of language
as transformations. Note that ay = 0, i.e. (formally) the origin
in ¢n is mapped into itself. This means if we take the

composite of two such transformations, the resulting transforma-
tion will be of the same form and 1ts coefficients will be

polynomials in the coefficients of the two transformations.

We introduce a natural topology on the space of formal
power series, namely the topology of pointwise convergence.
The topology is given by the family of seminorms {pk},

= (kq,...,k,) where P (T) = lakl, a, being the coefficient
of z¥ in the transformation T. A sequence of transformations
(T(m)) converges to a transformation T if ak(m) -> a, for all
multiindices k. A set of transformations (T(a)]} is bounded
1r Y 3 M, 2 la, ()] < b’a A set of transformations
is closed if it contains the limits of all its convergent
sequences. It 1is compact if it 1s closed and bounded. We
observe that {T(a)} is bounded if and only if every sequence
(T(anﬁ) contains a Cauchy subsequence; (T(a)} is compact if and

only if every sequence contains a convergent subsequence.
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Theorem 2 (Cartan Uniqueness Theorem): If T is of the form

z +|J ” a.zJ and if the set of transformations [T,Tz,... }
>

is bounded, then T = 2.
= J

Proof: T = 2 +l kan where ak is the first non-zero term
HE

in the series. Te = z + a zJ a (z + z'j)m =

K |3 i >k |mi>k 3>k %3 K
=z + 2a,z + higher order Terms. Similarly T" = z + ma,z +

+ higher order terms. By hypothesls mlakl.: M, YV m el}/ which
implies &, = 0. Thus T = 2z.

Lemma 3: Let {T(a)]) be a bounded group of transformations. Then

(T(a)} is a compact topological group.

Proof: (T(a)} is closed and bounded and therefore is compact.

Thus we must show {T(a)} 1s a group and the group operations

are continuous.

1) I (Tlay)), (T(8,)) < [T(a)] and Tay,) - T, T(p,) -> T03),
then T(a )T(B )y => T(a)T(B) since the coefficients of
Tﬁzn)T(ﬁn) are polynomials in the coefficients of T(a ),
T(an). Thus it follows that T(a)T(B) e‘TETETT and group
multiplication (which is composition of functions) is
continuous.

2) Associativity of (T(a)} is trivial.

5)  Ir T(a) € (T(@)), T(@)™t € (T()) for I Tay) € (T(a)) >
T(a,) -> Tla). 3 Te,) e (T)) 3 T(a,)T(B,) = I (the
identity transformation). By hypothesis (T(an)) is a
bounded sequence. Therefore 3 a convergent subsequence

T(enj) > 1(g) e (T(a)}. T(anJ)T(an) = I implies
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T(e) T(p) = I and T(B) = T(a)—l. It also now follows
T(an) -> T(g) for if not 3 T(ﬁni) - T(v), ¥ # B-

But T(a)T(y) = I which implies y = p. This argument

also shows the mapping T(a) -> ‘I'(oa)"_l is continuous.

Thus {T(a)) is a compact topological group.

Remark: By L(T) we denote the linear part of the transformation T.

It follows L(ST) = L(S)L(T) for in component form, 9 =|S aﬁzk +
1

; . g k|»1l
+ aﬁzk; S, = pdz™ + pdz™.
|k[>1 J mr=1 ™ |mr=1 ™
(ST)j = ‘Z b% |§§ ainczk + higher order terms
m|=1 kej=1

=| IE | b% ar;zk + higher order terms.
m|, [kl=1

iy

Thus, L(ST) = L(S)L(T). In particular for T = gt

L(I) = I = L(S)L(s™) and n(sh) = u(s)7t.

Theorem % (Caratheodory): If (T(¢)) is a bounded group of

transformations, then T(a) is uniquely determined in (T(a))

by L(T(x))-

Proof: If U, V € (T(a)}, S =10 V-l e {T(a)}. Thus the semigroup
S,Sz,Sj,... is bounded. By our above remark, LS} = L(U)L(V)-l.
1f L(U) = L(V), L(S) = I. Then by Theorem 2, S = I and U = V.

Thus T{a) is uniquely determined in {T(a)} by L(T(a)) .

Next we prove a corollary which essentially says in a
bounded group of transformations {(T(a)}, the higher order
coefficients aj(a) are uniformly continuous functions of the

1inear parts L{T(a))-
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Corollary 1: Let {T(a)} be a bounded group of transformations.

T(a) = aj(a)zj. pick € » 0 and j /™. Then & >0 3

Jl>1
IL(T(a))-T(T(B))|| < & implies laj(a)-aj(5)| < g

proof: Since L(T(a)) is a set of n® complex numbers and
therefore an element of ¢n2, we can take any norm for ||L(T{a)}l
since all norms are equivalent in a finite dimensional vector
space.

We can assume {T(a)} 1is a compact topological group for by

Lemma 3, (T(c)} is compact and the corollary will then be a fortiori
true of {T(a)}. The proof is indirect. Assume 3 j e/ﬁln e >0
5Y 5 >0 3 ay.p, with IL(Tla ))-L{T(B)II < By but
laj(am)—aj(am)l > g. Take a sequence Gm\AO. Since {T(a)) is
compacb‘] a subsequence of'(a ,B ) which we also denote by

(ap:By) 2 Tlap) -> T(a), T(B,) -> T(p) with Ta),T(p) € {T(a)}.
lajla)-a, (8)| > € while |IL(T(a))-L(T(B))I| = O, %.e. L(T(a))=L(T(B))-
But then by Theorem 3, T(a) = T(g), a contradiction. Thus our

result follows.

We next prove a formal analog of our main theorem.
It essentially states a bounded topological group of formal

power series can be simultaneously linearized.

Theorem 4: If {T(a)]} is a bounded topological group of formal

power series, there exists a transformation S = z + J
i 1

such that for all o, T(a) = S~ L(TQ;))S
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proof: As before we can assume (T(a))} is a compact topological
group. Consider the mapping P: T(a) -> L(T(a)). e consider
here L(T(z)) to be a point in /Rzna (by breaking up the n2
cormonents of L{T(a)) into real and imaginary parts). By
Theoremn 3, P is 1-1. It is also clearly continuous. Let

g = [L(T%a))}C'ﬂQ 2n2. Since {T{a)) 1is compact, G is compact
and P 1s bicontinuous. Since L(T(a)T(p)) = L(T(a))L(T(B)) we
can introduce a multiplication in G in a natural manner. This
multiplication makes G a group and it is clear that the group
product depends continuously on both factors. Moreover the
mapping L(T(a)) -> L(T(oa))-1 is continuous since it is a
composite of the continuous maps P-l, T(a) -> T(a)-l, and P.
Thus G 1s a compact topological group. |

Since G is a éémpact subset of /@igne , 1t satisfies the
second axiom of countability. Hence by Theorem 1, there exists
a Haar measure M on G. By the corollary to Theorem 3, each
coefficient aj(a) is a uniformly continuous function of L(T(a))
and therefore is M-integrable, i.e. M(aj(a)) exists. Thus
L(T(a)-l)T(a) is M-integrable, i.e. coefficientwise integrable,
since each coefficient 1s a polynomialxin the coefficients
of T(a) and L(T(a)"1). (|Determinant L(T(a))| = 1. See
Theorem 5.)

L(L(T(a) T)T(a)) = I. Let S be the transformation
M[L(T(a)_l)T(a)],.i.e. the transformation given by coefficient-
wise integration. L(S) = M[L(L(T(a)_l)T(a))] = M[I] = I since
M(1) = 1. (Note that this implies S is invertible.)
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Let T(g) ¢ {T(a)}. Consider L(T(B))S. Since M is linear,
L(T(8))S = MIL(T(B)IL(T(a) 1) T(@)] = MIL(T(B)T(a) M) T(a) T() " T(B) ]
= M[R(a,8)T(8)]= MIL(T(@)T(8) ) 1) T(a)T(p) 1T(B), the last
equality essentially following since Rla,s)T(B) is linear in
the coefficients of R(a,a). By the translation invariance of M,
this becomes ST(p). Thus T(B) = STIL(T(B))S.

We complete §3 by proving two more algebraic theorems.

Theorem 5: If (T(a))} is a bounded semigroup of transformations
and Ala) = det L(T(a)), |Al@)] <1 and [Apla)l <1, k=1,...,n,
where the 7‘k(°‘) are the eigenvalues of L(T(a)). If {T(a)) is a
bounded group, |[A(a)]| = 1 and (kk(a)l =1.

Proof: [T(a))} bounded implies {A(a)} bounded since Ala) is a
polynomial in the éoefficients of L(T(a)). det L(T{a)™) = (Ala))™.
Therefore |A(z)| is bounded if and only if |A(a)| < 1. Purthermore
if we have a bounded group, |det L(T(a)'l) = |A(a)|-1 <1 so

o) = 1.

There exists a linear transformation S(a) > Ula) = S{a) " T(a)S(a)
has L(U(a)) in triangular form with the elgenvalues Rk(a),
k=1,...,n, of L(T{(a)) in the main diagonal of L(U(c)). For a
fixed, {T(c¢)™) bounded implies (U(a)™}1s bounded. The diagonal
terms of L(U(c)™) are x"ll(a). Thus {U(a)™) bounded implies
|)\k(a)| < 1. If {T(a)} is a bounded group, similar reasoning
implies |7‘k(°‘” = 1.

Theorem 6: If {T(a))} is a bounded group of formal power series,

in Jordan canonical form L(T(z)) is diagonal, i.e. there exists
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a linear S(a) such that if U(a) = S(a%-lT(a)S(a), L(U(z)) is

diagonal.

Proof: We know j; a linear S(a) which puts L(U(c)) in Jordan
canonical form. Let qu(a) be the components of L(U(c)).
ujkkz) = 0 unless k = jJ or k = j+l. The qu(a) are the
eigenvalues xj(a) of L(T(a)) and uj’J+1(a) is either O or 1.

We claim uj,J+l(a) = 0. Note that if uj,3+1(a)‘= 1,

m+1)

Aj(a) = kj+l(a). Let V(a) = L(U{a) . Consider Vj,j+1(a) =

= > u . v(a) u, (a) ... u, (a). Due to the
vl,“.,vmél J>Vq 1°2 m, j+1
speclal form of our uJ K only vy = j or j+1 gives a non-zero
b

_ n m-1
term. Therefore Vj,j+1(a) = kjuj,j+1(a) + XJ

+o.ot uj,j(a)k?41 = (if uj,j+1(a) £ 0) (m+1)K?(a). By Theorem 5,

ij(a)l = 1. Thus Ivj j+1(a)l = m+l. But since for fixed a,

(U(z)™) is bounded, we have a contradiction and .'. u J+l(a) =0
P4

and L(U(a)) is diagonal.
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§4. Proof of the Main Theorem

Let U be a bounded domain in ¢" with O € U. Let dz,/dt =
= fi(zl""’zn)’ i=1,...,n, hold in U where f; is holomorphic
in U, fi(O,...,O) = 0. We write the equation for short as
dz

a—g = f(Z)

Theorem 7: If the solution of-%% = £(z), z(0) = zy € U 1lies in

U for all t € ﬂ? and for all zy € U, there exists a coordinate
transformation z = u(f) = £ + higher order terms in a possibly
smaller neighborhood of 0, V, such that the transformed differ-
ential equation has the form-%% = A{ where A 1s a constant matrix.
Moreover A is diagonizable and the eigenvalues of A have zero

real part.

Proof: Let the solution of the ODE be z = b(t,zo), zo = $(0,24) .
Thus we have a family of mappings of ¢° -> ¢7, Zy -> b(t,zo)
parametrized by t. This set of transformations forms a group
with ¢(t+s,zo) = ¢(t,¢(s,z0)) and b-l(t,zo) = &(-t,zo). Let us
now restrict ourselves to_z0 € V, a polycylinder centered at the
origin and contained in U (i.e. a set of the form lzll <Ryseees
|znl < Rn)‘ b(t,zo) depends holomorphically on z, since f is
holomorphic. Let K be the diamter of U. By hypothesis,
H)(t,zo)l éKVt € IR, Zy € V. In the domain V we can expand
¢(t,zo) as a power series in z, with coefficients depending on t.
¢(t,zo) = I%?E;laj(t)zg. By Cauchy's inequality, Iaj(t)I‘: K/RJ.
Thus we see that our group is a bounded group. By Theorem 4 there
exists a formal transformation € = u(z), Lo = u(zo) such that

£ = y(t,85) = u(¢(t,u°l(co))) is linear in {,, i.e. ¥(t,Ly) =B(t)L,.
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We claim that u(z) is a holomorphic function in V. Formally
u = M[L(¢(-t,zo))°¢(t,zo)]. Again by the use of Cauchy's
inequality we can majorize the j-th coefficient of L(¢(—t,zo))°¢(t,q3
by const./Rj and thus our formal transformation will be
convergent for |z| <R, i.e. in V.

At where A is a constant matrix.

We next claim that B(t) = e
Assuming this for the moment, we see that the transformed ODE
is dt/dt = AB(t)QO = A¢. To prove our claim, note first that
plt+s,Ly) = B(t+s)Ey = u(d(t+s,25)) = uld(t,d(s,zy)).
bs,z5) = u H(wls,ulzy)). . B(t+s)Cy = uld(t,ut(¥(s,85))))

= B(t)w(s,to) = B(t)B(s)CO. Since this is true for all {,,

B(t+s) = B(t)B(s). But then by an easy calculus argument,

At

B(t) = const. e Since §, = w(O,CO), const. = 1.

. B(t) = &Mt : -

To complete the proof of the theorem we must verify our
claims about the diagonalizability and the eigenvalues of A.
From Theorems 5 and 6 we know the eigenvalues Xj(t) of B(t)
have magnitude = l.Vt and B(t) is diagonalizable Vtu Let
S(t) diagonalize B(t). Consider S(t) "B(t)S(t) = D(t) =
= s(t) Lerts(p) = S(B)VTIAS(E)E  prey 4o dlagonal with d,(t) =
Aj(t), ij(t)l = 1. Therefore we can form log D(t) which is
diagonal with diagonal elements log Aj(t). log es(t)-lAS(t)t =
= S(t)'lAS(t)t = log D(t) (by choosing the branch of log z which
1s O for z = 1). Thus S(t) 1AS(t) is diagonal, i.e. S(t) diagonal-
izes A. Furthermore the diagonal elements of S(t)'lAS(t) are the
eigenvalues o of A. Thus we have hy = % log xj(t). Since
A 0601 = 1, ny =1 1(64()42 k). Since at t = 0, B(t) = I, 0,(0)=0
and kJ=O. Thus Wy = i@J(t)/t, i.e. the eigenvaluesof A are

purely imaginary and our proof is complete.



