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Abstract

Denote by p, = f 2yt .. 2)? dp(x) the n’th moment of a Borel probability measure
u on the unit cube I = [0,1]? in R?. Generalizing results of Hausdorff, Hildebrandt
and Schoenberg, we give a sufficient condition in terms of moments, that u is absolutely
continuous with respect to a second Borel measure v on I,
We also review a constructive approximation of measures by atomic measures using
finitely many moments and relate the Fourier theory of a measure with the moment
problem.
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1 Introduction

Moment problems occur in different mathematical contexts like in probability theory, math-
ematical physics, statistical mechanics, potential theory, constructive analysis or dynamical
systems. In one dimension, the problem is to get information about a measure , if the mo-
ments f 2™ du(z) are known. For example, in probability theory, the question can occur to
find properties of the law of a bounded random variable X, if the moments E[X™] are known.
In mathematical physics, the problem appears to make statements about the spectral type
of a bounded selfadjoint operator L : H — H, if the values (¢, L") for ¢ € H are known.
One would for example like to see if a spectral measure jy of some random operator is
absolutely continuous with respect to the density of states. A problem in complex dynamics
is to get information on an equilibrium measure for a Julia set J on the real line, for which
the moments are known from the asymptotic behavior of the logarithmic potential of J at
infinity.

Also in higher dimensions, information about a measure p in terms of moments g, =
Jatt .. al? du(x) can be useful. In probability theory, the problem arrizes to determine
the multi-dimensional distribution of a random vector X. In dynamical systems, the prob-
lem can occur that one wants to get information about an ergodic invariant measure p sup-
ported by a compact invariant set K of a dynamical system S : RY — R4, If S¥(z) € R4
is an orbit of S, then the moment p, can be determined by Birkhoff’s ergodic theorem as
limy oo N7t fo:_ol Hle (S*(x)) for w almost all z. One would especially like to have a
criterion which assures that p is absolutely continuous with respect to Lebesgue measure or
some equilibrium measure on a compact attractor of S.

An other motivation for multi dimensional moment problems is the fact that Hausdorff’s
solution of the moment problem provides a explicit finite dimensional approximation of a
measure by finite atomic measures. While some implementations for use for encoding and
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decoding of images are reportedly numerically unstable (see [2]), it should be helpful at least
together with other methods. While encoding the picture into a moment sequence is time
consuming, the reconstruction of the approximating measure in Corollary 2.3 is quite fast.
One should also note that for simulating PDE’s with discontinuous solutions, if the behavior
of small moments is easy to describe, then there is a finite dimensional approximation of
the real flow by evolving the moments. This is useful for some PDE’s like the Bolzmann
equation, where small moments are of primary physical interest.

Hausdorfl’s solution to the moment problem has been extended to higher dimensions by
Hildebrandt and Schoenberg [7]. Hausdorff gave in one dimension also sufficient conditions
for a measure p to be absolutely continuous to Lebesgue measure v [6]. We note here that
this result generalizes to the case, when v is a general Borel measure and that it holds also
in higher dimensions. Also the property of a measure to be in LP(I?%) proved by Hausdorff
in one dimension has a higher dimensional generalization. These three observations seem to
be new. We hope also, that this self-contained note might be useful, because some relevant
research articles are quite old and the topic seems not be well represented in newer text-
books. For more information about the multi-dimensional moment problem, especially for
not compactly supported measures (which we are not addressing here) and more references
see [5]. Classical references for the moment problem are [12, 3].

There is a close relation by representing a measure through moments or by Fourier trans-
form. This relation is useful for speedy calculation of Fourier coefficients of spectral mea-
sures [9]. We review the link between moments and Fourier transform in one dimen-
sion: if fi, = [cos(nz) dp(x)de are the Fourier coefficients of a measure p on [0, 7],
a change of variables u = cos(z),du = sin(z)dz leads to fi, = [T, (u)dv(u)du, where
v(u) = p(arccos(u))/v1—wu? is a measure on [—1,1] and T, (u) = cos(narccos(u)) are
Chebychev polynomials. The point is that each Fourier coefficient of v is a finite sum of
moments and that v is a distorded version of yu, sharing all regularity properties with s.
In applications this is useful, if g is a spectral measure of an operator L because then
[ p(z) du(z) = (¥, p(L)¥) for a function p.

For example if L is a finite difference operator aA + V on Z4 and (n) = 1 if and
only if n = 0 € Z9, then [p(x) du(z) = p(L)oo. In the case p(z) = Tn(x), we have

T (L)oo = (Ay)oo, where A = is a 2x2 matrix with bounded operators as en-
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tries. In other words, the Fourier coefficients of v are (A7, )oo are polynomials of degree n in a.

How do we transform back? We have

Z finTh(u) = Zﬂn cos(narccos(u)) = Z/)n cos(nz) = p(z) = p(arccos(u)) .

If we take N Fourier coefficients, then a slightly deformed measure of u is approximated by
a finite polynomial. By putting the measure p on [—b,b], the distortion is of the order b*
and for smaller b, the polynomial Zf:[:“ fin Ty (u) approximates very well the measure p.

This can now be generalized to higher dimensions: instead of computing the Fourier coef-
ficients of a measure [0,7]?, it is easier to compute the Fourier coefficients of the measure
v(u)du = p(Tu)dT = (u)dz on [~1,1]¢, where u = Tz, du = dT (u)dz, with T(z1,...,24) =
(arccos(x1), . .. ,arccos(zq)). After whatever necessary is done with the Fourier transform,
we can transform back and obtain back the measure p, rsp. a small distortion of it.



So what’s the deal? Does replacing the Fourier transform by moments change anything?
Yes it does: the punch line is that a small number of moments determine a large number
of Fourier coefficients: while the Fourier coefficients [ exp(inz) du(z) do not decrease in
general, the moments f 2" dp(z) decay always exponentially fast if the mesure p is contained
in an interval [—a, a] with a < 1. So, only a few moments are relevant but still, we will be
able to compute with them a large number of Fourier coefficients [ T, (x) dv(z) of p.

2 Characterization of positive measures

Let u be a bounded Borel measure on the unit cube I = [0,1]%. We use the multi-index
notation 2™ = [, 27" and denote by p, = f,a 2™ dy the n’th moment of . We call the map
n € N9 — 1, a configuration or, if d = 1, a sequence. We will tacitely assume yu,, = 0, if at
least one coordinate n; is negative. Let e; be the standard basis in Z4. Define the partial
difference (A;a),, = an—e, — a, on configurations and write A¥ = [T, A¥. (Opposit to the
usual convention, we took a different sign convention in A, because thls allows to avoid all
signs in this text). By induction in ZLI n;, one proves the relation

@, = [ H o) M

using 2" ~¢ k(1 — )k — 2"k (1 — 2)k = gn—¢~*(1 — z)**. To improve readability, we also
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use notation like + =[]}, 3* or ( 3 ) =T1T, ( k; > or Yo =Dk g g We

mean n — oo in the sense that n; — oo foralli=1...d.

Given a continuous function f : I — R. For n € N9 n; > 0 we define the higher
dimensional Bernstein polynomials

Bu(r)(a) = 31 By (Y k1

nd
These polynomials were used in [7, 12].
Lemma 2.1 (Bernstein) In the uniform topology in C(I?), we have B,,(f) — f ifn — occ.

Proof. By Weierstrass theorem, multi-dimensional polynomials are dense in C(1¢) as they
separate points in C(I?). It is therefore enough to prove the claim for f(z) = 2™ =
HLI z". Because B, (y™)(z) is the product of one dimensional Bernstein polynomials
B, (y™)(z) = szzl B, (y;"*) (i), the claim follows from the result in one dimensions, which
has a convenient proof using the weak law of large numbers (see for example [14]). O

Remark. Hildebrandt and Schoenberg refer for the proof of Lemma (2.1) to Bernstein’s
proof in one dimension. While a higher dimensional adaptation of the probabilistic proof
could be done involving a stochastic process in Z4 with drift z; in the 7’th direction, the
above given factorization argument is more elegant.

Theorem 2.2 (Hausdorff,Hildebrandt-Schoenberg) There is a bijection between signed
bounded Borel measures i on [0,1]% and configurations i, for which there exists a constant
C such that

Z\( )A,L)|<c vn e N4, (2)

A configuration pi, belongs to a positive measure if and only if additionally to (2) one has
(A*p)y, >0 for all k,n € N9,

Proof. (i) Because by Lemma (2.1), polynomials are dense in C(I%), there exists a unique
solution to the moment problem. We show now existence of a measure p under condition
(2) For a measures y, define for n € N9 the atomic measures (™ on I which have weights

)(A 1)n on the ]_L 1(ni + 1) points ("‘n’lk‘,...,"d—_k“’) € I? with 0 < k; < n,.
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we know that any signed measure p which is an accumulation point of (™ where n; — oo
solves the moment problem. The condition (2) implies that the variation of the measures
1™ is bounded. By Alaoglu’s theorem, there exists an accumulation point .

(ii) The left hand side of (2) is the variation |[u(™|| of the measure u(™. Because by (i)
p™ — i, and p has finite variation, there exists a constant C' such that ||| < C for all
n. This establishes (2).

(iii) We see that if (A*p),, > 0 for all k, then the measures u(™ are all positive and therefore
also the measure p.

(iv) If p is a positive measure, then by (1)
)@= (T 2R (1= 2)* dp(z) > 0.
k k Jrd

Remark.

1) This proof is adapted from the proof given in [10] for d = 1.

2) Hildebrandt and Schoenberg noted in 1933, that this result gives a constructive proof of
Riesz representation theorem stating that the dual of C'(I?) is the space of Borel measures
M(I4).

Let d(z) denote the Dirac measure located on = € I?. We extract from the proof of Theo-
rem 2.2 the construction:

Corollary 2.3 An explicit finite constructive approzimations of a given measure p on I¢ is
given for n € N9 by the atomic measures

W= () @t ),

o0<ki<n; d

3 Comparing two measures

Hausdorff established a criterion for absolutely continuity of a measure p with respect to
the Lebesgue measure on [0, 1] (see [10, 6]). This can be generalized to find a criterion for



comparing two arbitrary measures and works in d dimensions.

Call a measure p on I uniformly absolutely continuous with respect to v, if it satisfies
u=fdvwith f € L®(I?).

Corollary 3.1 A positive probability measure p is uniformly absolutely continuous with
respect to a second probabiliy measure v if and only if there exists a constant C such that
(AFp), < C - (AFv),, for all k,n € N9,

Proof. If p = fv with f € L=(I%), we get using (1)

(A% )

/ 2R (1 = 2)* du(x)
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= / 2R — )k fdv(x)
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On the other hand, if (A*p), < C(AFv), then p, = C(A*v), — (A*p),, defines by Theo-
rem 2.2 a positive measure p on I?. Since p = Cv — p, we have for any Borel set A C I¢
p(A) > 0. This gives u(A) < Cr(A) and implies that p is absolutely continuous with respect
to v with a function f satisfying f(z) < C almost everywhere. O

This gives especially the following higher dimensional generalization of Hausdorff’s result:

Corollary 3.2 A Borel probability measure pn on I is uniformly absolutely continuous with

respect to Lebesgue measure on I? if and only if |AFp,| < n ) [1;(ni + 1) for all k and

k
n.

Proof. Use Corollary 3.1 and [, =" dz =[], ( Z’ > IL:(ni +1). O

Remark. A criterion for uniform absolutely continuity of ;1 with respect to Lebesgue measure
in the complex plane has been given in [11] in terms of the boundedness of a shift operator
with respect to some discrete kernel.

There is also a characterization of Hausdorff of LP measures on I' = [0,1] for p > 2. This
has an obvious generalization to d dimensions:

Proposition 3.3 Given a bounded positive probability measure pu € M(I?) and assume
1 <p<oco. Then p € LP(I%) if and only if there exists a constant C' such that for all k,n

n
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0
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Proof. (i) Let 4™ be the measures of Corollary 2.3. We construct first from the atomic
measures u(™) absolutely continuous measures (™ = ¢g(™dx on I¢ given by a function g
which takes the constant value (JA*(4).,] ( Z ))" Hle(n,v + 1)? on a cube of side lengths
1/(n; + 1) centered at the point (n — k)/n € I%. Because the cube has Lebesgue volume
(n+1)~t= Hldzl(n,,- +1)~1, it has the same measure with respect to both (™ and g™ dz.

We have therefore also g(™da — u weakly.

(ii) Assume p = fdx with f € LP. Because g™ dz — fdx in the weak topology for measures,
we have g(") — f weakly in L?. But then, there exists a constant C' such that ||g(™]|, < C
and this is equivalent to (3).

(iif) On the other hand, assumption (3) means that ||g(™||, < C, where g(™ was constructed
in (i). Since the unit-ball in the reflexive Banach space L?(I?) is weakly compact for p €
(0,1), a subsequence of g™ converges to a function g € LP. This implies that a subsequence
of g(™dx converges as a measure to gdz which is in L? and which is equal to u by the
uniqueness of the moment problem (Weierstrass). a

Remark. For more on the reconstruction of the measure in the L? case, see [15].

We end with some discussion.

An obvious question is to find a necessary and sufficient condition in terms of the moments,
such that p is LP-absolutely continuous with respect to a second measure v.

Analogue criterions for generalized moments might be simpler in some circumstances: for
example, in one dimension, if 2™ is replaced by the Chebychev polynomial 7}, (z) of the first
kind, the moments [ Ty (z) dp become the Fourier coefficients of a measure v on T. This
measure v is defined by v(A) = p({z = (z+2)/2 € [0,1] | z € A}). We are not aware of
a criterion in terms of Fourier coefficients which assure that u is L'-absolutely continuous
with respect to v. The problem is already subtle, if v is the Lebesgue measure (see [8]).
While it is by Plancherel’s theorem easy to check for L2-absolutely continuity with respect
to Lebesgue measure, the decision weather 1 is L2-absolutely continuous with respect to a
general second measure v seems not to be simple also in terms of Fourier coefficients.
While some fractal properties of a measure can be deduced from the Fourier coefficients
(see the references in the survey article [13]), it would be interesting to estimate from the
moments j,, the Hausdorff dimension of 1, which is the infimum of the Hausdorff dimensions
of Borel sets S satisfying ;(I¢\S) = 0. For inverse problems for fractal measures obtained as
attractors of linear iterated function systems in one dimension see [1]. Also interesting would
be to determine from the moments, whether the potential theoretical « energy of p is finite.
One could translate corresponding results for Fourier coefficients (see [8]) into conditions
for moments, but there might be simpler (only sufficient) conditions on the moments, which
assure finite a-energy and so a lower bound « for the Hausdorff dimension using a result in
[4].
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