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CHINESE REMAINDER

THEOREM

OLIVER KNILL, MATH CIRCLE, APRIL 15, 2014




LINEAR EQUATIONS

X =2 mod 3

What are the solutions?




LINEAR EQUATIONS

2 mod 3
3 mod 5

X
X

Can you still solve it?



LINEAR EQUATIONS

X =2 mod 3
X = 3 mod >
X — 2 mod. |

And now?



SHIS I[5 SUNZI'S
PROBLEM FROM

2000 YEARS AGO!




SUN TZU

“Sunzi’s problem”

x=_2 mod 3
X =3 mod 5
x=)2mod 7

X=23

"ol

BY ) 3255 0o ) PR B ) T

2nd or 3rd
-century

AT | B os | 383 Y4 | 369
S | 30 R0 ) ARV B | 3%

Master Sun’s Mathematical Manual

The Mathematical Classic of Sunzi
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ORIGINAL PROBLEM 26

“Now there are unknown

number of things. If we X = 2 mod 3
count by threes, there is a

reminder 2; if we count by X =73 In()d 5
fives, there is a remainder

3; if we count by sevens, X =2 mod 7
there is a remainder 2. Find

the number of things.”



IBN AL-HAYTHAM

X = 1 mod 2
X =1 mod 3
X =1 mod 4
X =1 mod 5
X =1 mod 6
X =0 mod 7

1oth-century

X="21




QIN JIUSHAQ

“Da Yan Method”

The da yan rule?

Let us first recall that the da yan rule describes that for a set of congruences x =ga,(modm,) in

which the m, are pair wise relative primes, the solution is given by

Zab—

in which M is the product of all the m, and the b, are derived by the congruence relation

b, M_ I(modm,).

i

The Chinese version of the rule depends on a specific procedure which we will illustrate by a
numerical example. See Needham (1959, 119-120), Libbrecht (1973, 333-354), Katz (1992,

% The name is in Western publications better known under its Wade-Giles transliteration ta-yen.

Regiomontanus and Chinese mathematics Albrecht Heeffer

13 th-century
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Sushu Jiuzhang 1247

Mathematical Treatise in Nine Sections




GAUSS (18010 a8

3x+3y+z =4 mo 12
2X+3y+2z =7 mod 12
5x+ y+3z =6 mod 12

(2,11,3), (5,11,6),(8,11,9),(11,11,0)
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GAUSSIAN ELIMINATION

3Xx+3y+z =4 mod 12
+

2X+3y+2z =7 mod 12
" 3x+ y+3z=6 mod 12
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HOW DOES I'I' WORK?

X =35 mod 7
X =2 mod 31

Form x =2, 33, 64, 95, 126 which solve
the second equation. Then check the
remainder with respect to 7.. We were

lucky already with 33



DOES I'T' ALWAYS
WORK?




HOW DOES I'I' WORK?

X =35 mod 7
X =2 mod 14

Form x =2,16,30,44.58.72.86 which solve
the second equation. Then check the

remainder with respect to 7. We do not find

any solution now.



A DEMONSTRATION

Chinese Remainder Theorem Demo

x=35 mod 7
x=12 x=2 mod 5



http://www.math.harvard.edu/~knill/crt/geardemo/index.html

<script>

// Oliver Knill, March 14, 2014,

// Online javascript illustration of
// theorem.

the chinese remainder

var x1=40; var yl=20; // gearl position

var al=0; var vl=0.2; // gearl angle

var x2=210; var y2=20; // gear2 position

var a2=0.2; var v2=0.2; // gear2 angle

var mm=0; var nn=0; // the variable x

var aal; var aa2; // the values x mod 7 and x mod 5
var x=0; var y=0; // vector position

var xx=0; var yy=0; // cursor position

function p(e){ // f£ind mouse position
if (navigator.appName=='Netscape'){xx=e.pageX; yy=e.page¥;} else{xx=event.clientX;yy=event.clientY;};
}

function c(){
X=XX; y=YY:
document .getElementById("curse").style.left=(x-20) +"px";
document .getElementById("curse").style.top =358 +"px";
vl=(xx-255)/200; v2=yv1*7/5;
al=((al+vl) % 360); mm=mm+vl;
a2=((a2-v2) % 360);
aal=Math.floor(al*7/360)%7; aa2=Math.floor(-a2*5/360)%5;
if (aal<0) { aal+=7; } if (aa2<0) { aa2+=5; }
nn=Math.floor(mm*7/360);
n.innerBTML="x="4nn;
eql.innerHTML="x="+aal+"
eqg2.innerHTML="x="+aa2+"

document
document
document
document
document
document
document
document
document
document

.getElementById("gearl").
.getElementById("gearl").
.getElementById("gearl").
.getElementById("gearl").
.getElementById("gearl").
.getElementById("gear2").
.getElementById("gear2").
.getElementById("gear2").
.getElementById("gear2").
.getElementById("gear2").

setTimeout('c()',3);

}

style.left = x1+"px";
style.top = yl+"px";
style["WebkitTransform" )="rotate('
style["MozTransform" ] ="rotate('
style["transform") ="rotate('
style.left = x2+"px";
style.top = y2+"px";
style["WebkitTransform" )="rotate('
style["MozTransform" ] ="rotate('
style["transform") ="rotate('

document.onmousemove=setTimeout('c()',1);
document.onmousemove=p;

</script>
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A MULTI-VARIABLE
VERSION

FroM 2005




X +y=3mod 7
X-y=3mod 11




THEOREM

aX+by=emodm
cX+dy=f modn

has a solution if

m,n have no common denominator
a or b are relatively prime to m
c or d are relatively prime to n




'PROOF

First fix the first equation then the second equation etc.

4x +17y =2 mod
11x+13y = 1 mod
(_29 9)
-
8.5)
@

&11,-2)

3
19

n=19




| SIMILAR IDEA




WHERE IS I'T' USED?
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ENDAR PROBLEMS

x 1s a Tuesday
x 1s the 11°th
day 1n the year

2 mod 7
11 mod 365




CRYPTOLOGY
AND CODES




FACTORIZATION

The Holy Grail of

factoring n=p q
is to find x for which

2
X modn

is small.

Fermat, Quadratic sieve, Morrison Brillard,...




EXAMPLI

e

Q)

Nn=062773913
Find Y1 mod n

The answeris x=15695459

Now form gcd(x-1,n) = 7927
This Is a factor of n.



HOLY GRAIL

Finding roots
modulo n

IS equivalent to
factoring!




HOW DO WE FIND
SQUARE ROQTS?

This is what I tried maybe over a decade ago
and which brought me to the multidimensional
Chinese Remainder theorem.




HERE WAS MY [DEA:

It

f(X) = Von“+ xn + 1

is very close to an integer y, then
y"2 is mall modulo n
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close to linear P
&
//
7
/
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7

//.
// Use the
7 Kronecker
/ system to get
i close to lattice
| // points!

AAAAAAAAAAAAAAAAAAAA




AFTER LOTS OF TRIAL
AND ERROR ...

We need a higher dimensional
approximation which is better!




ONE OF MANY IDEAS ...

It

_i/s—z
f(X) =vV2n™+ X N""+y n+ 1

is very close to an integer z, then
z"3 is small modulo n. If we hit a lattice
point, then gcd(n,z-1) is a factor.
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jump by 5
1 ~~a gettoofromj3too
2 @
3 8
7
4
2+§x=0mod 9
p 6

291017220 27 30 3740 A7.52 57.02,67.72 77 ...







RATIONAL I

Chinese Remainder Theorem
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LATTICE POINTS NEAR PLANES

ax+by+d=z

Find pairs (n,m) for which an + b m + t is small modulo 1




1 ) 1 1 ] 3 4 N . BN AT s B e e SEEE BEC 0 D s

I o=
and B=r/s
and gcd(q,s)=1, then
there are m<q,n<s
with

& n+Pm+t<1/(gs)
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