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ADJACENCY MATRIX



COMBINATORIAL LAPLACIAN
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L=B-A= 1| 2 .

B = Degree matrix 0 | E 3

a(L)={0,1,3,4}>0



HENRI POINCARE

[ 854-19 12

Wednesday, June 5, 13



GRADIENT

oriented Incidence matrix

b O | -1 | O
c U -1
a1 0 0 .
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DETECT CONTRACTIBILITY
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=32

curl(F)=0
but F not equal to grad(f)
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DIV(GRAD)=LAPLACE
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LAPLACE-BELTRAMI MATRIX
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s block diagonal.
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EOHOMOLOGY

H'{G) = ker(d, )/im(d, )
K'th cohomology group

bk(G)=dim(Hk(G)) Betti number

bo- b1+ b2 .. =X(Q)

cohomological Euler characteristic
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X= —4 d1m= l.

Wednesday, June 5, 13



EULER CHARACTERISTIC

X (G)=v-v+v-.=81[+2
simp @ 2

=b-b+b-..=I-2

/\f\ EXanpIERE®
\—J\ etrahedra, then
V- e+f—\ -9




EULER-POINCARE

Proof. C . space of m forms
PR ker(dm) space of m cocycles

b= ran(dm) space of m coboundaries

Z =V -r_ rank-nullety theorem
M m m

bm= Z At r(Tj]efInl’[IOn of cohomology

X () (vzb) =3 (0 (rzr =0 QED

m m-1
m
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pODGE | REORER

m

H (G) =Ker(L )

Proof: :
Lf=0 Isequivalentto df=d f =0

< Lf>=<d¥ df>+ <df df>

* N

im(d) + im(d ) +ker(L) = R

<dg,d*h> =0 . Also ker(L) and im(L) are perp.
dg=0 implies g=d f+h
can match cohomology class [g] - harmonic form
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PDE ANALOGUES ON GRAPHS
S Lu=| Poisson

u=-Lu Heat

U =1Lu Schrodinger

u'"=-Lu Wave
dF:O,d*sz Maxwell
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HEAT EQUATION SOLUTION
u =->Lu

—eat kernel



HEAT KERNEL
exp(-Lt)

drojection onto harmonics ™,




WAVE EQUATION SOLUTION
B =-LuU
2
u' =-Du
(0+1 D)(0-1 D) u =0

u(t) = Cos(Dt)u(O)+sin(Dt)[51u'(0)

d Alembert type solution




WAVE MATRIX
cos(Dt)
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HUECKEL THEORY

caffeine
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B IMIETRE

A eigenvalue => -A eigenvalue

o Proof: D f=Af
-| A Pi=P A1
| =PDf= -DPf
PD +DP=0

pi
P == ‘, DZZ L sSuper symmetry
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SUPER | RACE
str(A) = tr(P A)

Example:
str(1)=tr(P)
=X(G)




MCKEAN SINGER

str(exp(-t L)) = X(G)

Proof. Each Boson f matches a
Fermion Df T

LDf =D Lf =DAf=ADf
str(Ln) =0 forn>0

str(exp(-t L))=str(1)= x(G)
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HEAR THE SHAPE!

BCIEESEcCan one hear the shape of a drumi

* Norman Biggs, Fan Chung and others:  To which degree can
one hear the shape of a graph!?



' MATH FOR EVERYONE
]]] l h TALKS AND DISCUSSIONS ESPECIALLY FOR UNDERGRADS
In SPECtroscopy, one attempts to recover the shape or chemical composition
of an cbject from the characteristic frequencies of socund or light emetted. Mark
Kac's question, *Can ong haear the shapo of a drum?” asks whothor two membranes
{drumbeads] which vibrate at the same characteristic frequancies must have the
same shape. We answer Kac's question negatively by conatructing pairs of exotic-
shapad sound-alikoe drums. We also Esten to a computer simulation, produced by
Dannis DeTurck, of the sounds of thase crums

Carolyn Gordon
Dartmouth College

THURSDAY, APRIL 4, 2013
200PM
127 HAYES-HEALY CENTER
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ISOSPECTRAL TORI

Also Dirac isospectral

Sunada: general technique



HUNGERBUHLER-HALBEISEN




BOSPEC | RAL GRAFES

H-H Graphs are Dirac Isospectral

proof: LO, L2’ McKean Singer: L



ISOSPECTRAL GRAPHS

sospectral with respect to L | but not for L

0

Haemers-Spence



1T HE END

5 topics currently cooking:
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1) Graph limits
2) Zeta Functions

3) Integrab
4) Cauchy-
Ol Feellee

©

Deformation

Binet

Determinants
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LIDSKI

selfadjoint, C=A-B
A ... eigenvalues of A
3

.elgenvalues of B
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/ZETA FUNCTION

C(S) = }\_S (N eigenvalues of D)

A0

= (I +exp(iTTs))> A

(choose branch) N

S (I+exp(TTs)) times Riemann T function in Circle case (analyticl).

S always analytic for graphs. Explicit in Cncase.
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C(C)=
= (| +e><3(|1'rs))z (ZSm(TTk/n))

k=]

we see an animation with the
B8@ In the case from

B 10 to 650
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ISOSPECTRAL EVOLUTIONS

Re(U(Y))

D' =[B,D] , B=d-d”
isospectral deformation D(t)=d*+ d+b
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CAUCHY BINET

det(F G) = 3 det(F;)det(G)

classical Cauchy- Bmet el




CAUCRHY BINET FOR PSEUDO
DETERMINANTS

Det(A) = product of nonzero eigenvalues

Th sum is over all k x k minors with
k=min(Ran(F G), Ran( F G'))

Det(F'G) = 5 det(F )det(G)

P

counts signed trees In a double cover of

simplex graph (matrix t

=B el
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oraphs of order /
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