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Where 
Chaos 
theory
meets
other 

disciplines



Part I: Examples of
dynamical systems which 
exhibit chaos

the Lorentz system

The logistic map

The ABC flow

The Standard map

The quadratic map

The Newton method

Billiard maps

hall of fame



In a second part, we look 
closer at connections to other 

fields
probability theory

geometry

astronomy

sociology

disaster prevention

music composition

poetry

number theory

chemistry

mechanics

christallograpy

cryptology

choreography



differential
equations in 

the plane
do not 
exhibit
chaos

limit 
cycles and
equlibria

x’ = y (r -1)
y’ = -x (r -1)

2

2



x = 10(y-x)

y = -xz+28x-y
z = xy - z 8

3

.

.

.

Lorenz Attractor
1963, Edward 

Lorentz(studied math at Harvard)



The Lorentz flow is dissipative, the 
attractor has zero volume. The 

attractor is a prototype of a “strange
attractor”.  

Lets look at an example of a 
volume preserving dynamics, 
which also exhibits “random 

motion”. 



.
x = a sin z + c cos y.
y = b sin x + a cos z

= c sin y + b cos x
.
z

a=13,b=4,c=7 ABC system
Arnold-Beltrami-Childress 



.
x = a sin z + c cos y.
y = b sin x + a cos z

= c sin y + b cos x
.
z

a=13,b=4,c=7



from differential
equations to 

maps.

The return map
of the ABC flow

is an area 
preserving map

on the two 
dimensional torus

Poincare 
surface



.
x = a sin z + c cos y.
y = b sin x + a cos z

= c sin y + b cos x
.
z

a=13,b=4,c=7

Poincare
return map



This motivates the study of area preserving 
maps in general. The simplest examples are 

maps of the form

T  x
y[ ] = [ f(x)-y

x ]

f(x) polynomial:    Henon type maps

f(x) trigonometric polynomial:    Standard type maps

Michel
Henon

Chirikov, Taylor,
Frenkel Kontorova

x + x = f(x  ) 
n+1 n-1 n



T  x
y[ ] = [ c x - x -y

x ]

1.9<c <2.9
Henon map

3



Chirikov type maps.



Chirikov

T  x
y[ ]

[c sin(x) +2x -y
x ]

=

0<c<5



c=1.7



One can not talk about maps 
without mentioning complex maps 
like   T(z) = z   +c, where c= u + i v 
is a complex parameter. One can 

rewrite this without complex 
numbers as

2

T  x
y[ ] = [x  - y  + u

2 x y + v ]2 2

One can look for given (u,v), how fast (0,0),T(0,0), 
T(T(0,0)) escapes to infinity. If the orbit stays bounded, 

one gets the Mandelbrot set. 
(Brooks,Matelski,Mandelbrot, Douady Hubbard) 



Mandelbrot parameter set. 1978 
(Brooks Matelski, Hubbard 

Mandelbrot,  1980)

T(z) = z + c2

color  point c
according on how 
fast orbit escapes





Historically, complex dynamics has 
been studied much earlier by 

French mathematicians. 
Systematically by Julia and Fatou. 
A particular system, the Newton 

method has been of interest already 
to Cayley in the 18’th century. 



in the complex plane

T(z) = z - f(z)/f’(z)   for f(z) = z - 14
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on the real axes



Newton method for 
quartic polynomial, 

Cayley 1870



Billiards

historicallly one of the earliest 
encounters with Chaos are billiards.

 Boltzmann (1844-1906) hard sphere gas
 Artin (1898-1962) in 1924, billiard in hyperbolic plane
 Hadamard (1865-1963)-Hedlund-Hopf, geodesic flow
 Birkhoff (1884-1944) in 1927, model for 3-body problem 















A brother of billiards is 
dual billiards. 



every
orbit

bounded?







What is chaos?











Jurassic Park 1993



Possibly the simplest 
demonstration of “chaos” is an 
experiment with interval maps.

x

T(x)

change c



T(x) = 4x (1-x)
S(x) = 4x-4x     2

we start with the same point!



difference



x

c

T(x) = c x (1-x)

Bifurcation 
diagram of 

logistic map
3.0 4.03.5



In the rest of the talk, we look at examples which 
lead to other fields. 

probability theory

geometry

astronomy

sociology

disaster prevention

music composition

poetry

number theory

chemistry

mechanics

christallograpy

cryptology

choreography



probability: random walks

dependence
and 

independence







planimetry: the pedal map

A dynamical system on 
the set of triangles Kingston and Singe,

analyzed by P.D Lax





α

β

the barycentric 
description
of a triangle

is a point inside
an equliateral

triangle.
α β

γ

γ



map on the red
triangle expands



map on the green
triangle expands



map on the blue
triangle expands



map on the orange
middle

triangle reflects and 
expands



1 2

3

4

symbolic 
dynamics

level 1



11 12

13

14
21 22

23

24

31 32

33

34

4142

43

44

symbolic 
dynamics

level 2.

encodes
in which 
of the 

4 triangles
we are
after 2 
steps



111 112

113

114
121 211 221

241431141

131 441 231

411421

311 321

341

331

122 212 222

242

232442

412422

132

142 432

312

342

322

332

144

124 214 224

244434

134 444 234

414424

324314

344

334

143

123

433 243

213 223

233

443423

133 443

343

323313

333 symbolic 
dynamics

level 3.

...
every triangle
is coded by
which of the

4 original
triangles it

visits



something unexplored?

Explore the map on 
triangles if one replaces  

orthogonal lines by 
angle bisectors.



Source: NASA

astronomy: planetary motion



Generated with 
AstroGraph



Astronomy: asteroid motion

Mars impact
in January?



Friday Februrary 
1, 2008: 

2007 TU24 (610 m diameter) zooms 
by in  a distance of 550000 km,

comes back in 2027



January 30, 2008: 2007 WD 5 (610 m diameter) zooms 
by  Mars.



Henry Poincare
image credit right:  AIP New 

Methods of Celestial 
Mechanics, Intro by D. Goroff

Mathew Holman and Joe Christy



r(t)

z(t)

z’’ = -z
(z + r ) 3/22 2

dual star system
on ellipse with 

small excentricity



Sitnikov theorem: for 
every sufficiently small 

excentricity, there exists 
m, such that for any 

choice of numbers like
d ,  d , d , ...  >m,

there exists an initial 
condition such that the 

first planet year is d , the 
second d  etc...

1 2 3

1

2

Random Calendar



Cosmology: blackhole collision

partial differential 
equations, much

much more complicated



Nasa



...much too complicated.
Lets look at something
simpler



number theory: primes

are there some 
regularities in the 

distribution of primes?
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The code conspiracy
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1
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angular  cumulative 
distribution

function of primes
(blue) and integers (red).



Number theory: Dickson system

A dynamical system on 
the set of natural numbers

T(n) = sum of proper factors of n

T(6) = 1+2+3 = 6   fixed point of T



A dynamical system on 
the set of natural numbers



Number theory: Collatz system

A dynamical system on 
the set of natural numbers



T(n)  =  { n/2            n even        
3n+1         n odd

6  -  3  - 10  - 5 - 16 - 8 - 4- 2 - 1

Example:

Collatz system





Mechanics: from particle 
motion







To falling coins













solid state physics: crystals

Order and
disorder









Sociology: spatial dynamics

Does it pay off to 
cooperate? The May-Novak 

CA



bad
good

1  0
b  0

x
y

=

x: number of 
bad neighbors
y: number of 

good neighbors

p
q

p: payoff for good guy
q: payoff for bad guy

every person changes to 
becomeas the guy with the 

best payoff
in its neighborhood.

8b
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8
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88888

8

8

8



bad
good

1  0
b  0

x
y

=

x: number of 
bad neighbors
y: number of 

good neighbors

p
q

for b>1, it has payed off to become bad in the 
neighborhood of the bad guy. We have a gang. 

Badness spreads

0
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Optics: wave front motion









Music: structure

Dynamical systems to
generate or vary

harmonies.







random melodies



random accords



Phillipp Fischer

fractal music 2

inspired by Martin Gaertner and
Diana Debby (Tufts)



Improvisation principle:

there are certain 
transitions which 

work, others which do 
not work. Just

take a random choice 
of a good transition.



This is a 
Markov 
chain. 
Lets try that.

Mathematica program 
which generated this

Transition matrix



now at
Tufts



Poetry:

When is a poem good?

Random words
Words with correlations

Real poems



Two poems. Can you find
the author?



O mistress mine, where are you roaming?
O stay and hear! your true-love's coming

That can sing both high and low;
Trip no further, pretty sweeting,

Journey's end in lovers' meeting--
Every wise man's son doth know.
What is love? This not hereafter;

Present mirth hath present laughter;
What's to come is still unsure:
In delay there lies no plenty,--

Then come kiss me, Sweet and twenty,
Youth's a stuff will not endure.



the mellow rose gave us the graceful misery
a happy flower gave you a burning desire

you desired a sad girl
she cried kindly
the rose danced

the delicate flower felt me
a mellow girl fondled us passionately

a sweet despair died from the spiritless girl
a spiritless kiss surrendered passionately

the nice girl danced burning



(*Mathematica by O. Knill, adapted from Java program by Nandy Millan  *)

Adjectives={placid,mellow,nice,sad,happy,noisy,cold,warm,beautiful,delicate,
sweet,soft,graceful,pretty,captivating,desiring,languishing,fragile,exquisite,
graceful,deafening,spiritless,heartbroken,stormy,carnal,frenetic,burning};
Adverbs={soon,late,desperately,passionately,slowly,softly,carefully,tenderly,gently,quickly,kindly};
Articles={the,a}; Ditverbs={gave,told}; Opronouns={me,you,him,her,us,them};Spronouns={I,you,he,she,we};
Itverbs={cried,fell,died,came,anguished,surrendered,shouted,whispered,danced,dreamed};
Nouns={heart,girl,mouth,love,lover,flower,sun,breeze,rose,kiss,misery,despair,
passion,desire,warmth,fire,flame,fantasy};
Preps={from,for,with,in} Pronouns={I,you,he,she,it,we,they,me,him,her,us,them};
Tverbs={loved,kissed,touched,felt,desired,cuddled,fondled,enjoyed}
Verbs={loved,escaped,sang,cried,hoped,fell,died,came,slept,shouted,kissed,touched,felt,
whispered,danced,desired,dreamed}

Adjective:=RandomChoice[Adjectives];Adverb:=RandomChoice[Adverbs];Ditverb:=RandomChoice[Ditverbs];
Itverb:=RandomChoice[Itverbs];Noun:=RandomChoice[Nouns];Opronoun:=RandomChoice[Opronouns];
Prep:=RandomChoice[Preps];Pronoun:=RandomChoice[Pronouns];Spronoun:=RandomChoice[Spronouns];
OPronoun:=RandomChoice[OPronouns];Tverb:=RandomChoice[Tverbs];Verb:=RandomChoice[Verbs];
Article=RandomChoice[Articles]; Subject:=RandomChoice[{{Article,Noun},{Spronoun},{Article,Adjective,Noun}}];
Predicatelist:={{Adverb},{Prep,Article,Adjective,Noun},{Prep,Opronoun},{Article,Adjective,Noun},
{Opronoun},{Article,Adjective,Noun,Adverb},{Opronoun,Adverb},{Opronoun,Article,Adjective,Noun}};
Verblist:={{Itverb},{Itverb},{Itverb},{Tverb},{Tverb},{Tverb},{Tverb},{Ditverb}};
Predicate:=RandomChoice[Table[{Verblist[[i]],Predicatelist[[i]]},{i,Length[Verblist]}]];
Object:=RandomChoice[{{},{Adverb},{Subject},{Opronoun},{Prepsubject}}];
Verbobject:={Verb,Object}; Prepsubject:={Prep,Subject}; Subjectpredicate:={Subject,Predicate};
Continuation:=RandomChoice[{{},{"and",Subjectpredicate}}];
Sentence:=Flatten[RandomChoice[{{Subject,Verbobject,Continuation}}]]; Poem:=Do[Print[Sentence],{10}];
Poem

ADAM



Fractal Art

generating
“paintings”









Market:







FMH: fractal
market hypothesis.

Instead of Brownian
motion (independence)

have correlations.
Fractal dimension
as a measure of

volatility
(standard deviation

of security prize
change.





Choreography

generating
motion from dynamical 

systems



Using Lorentz
attractor

Using Roessler
attractor

Josh Stewart, UC Santa Cruz



What algorithm was used 
to generate these moves? 



lets try:





 where is the sweet spot
for creativity?

periodic
integrable

boring

random
erratic
boring

correlations
structure and

surprise



Credits
CAS:  mathematica

raytracing: povray

spider uses povray code of Rafael Ghiglia, 
2001

mandelbrot:  xaos  fractal zoomer with 
additional scripts

choreography sequence: bradley and 
Stuart (Colorado)

trading sequence:  Movie: “Trading Places”

chaos sequence: Movie: “Jurassic Park”

movie scene from “the bank”

movie scene from “Grease” 

primes on Ulam spiral: movie “Code 
conspiracy”

cellular automaton accord: wolfram 
research

Blackhole merger: NASA

Poem by William Shaespear

Poem generator A.D.A.M. by Nandy Millar

fractal paintings: Kelly Dietrich

3 body problem picture by Mathew 
Holman and Joe Christy in forword by D. 
Goroff to Poincare’s “Nouvelle Methods”.


