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The 

problem



Panorama
photography”

or “The 

of
Mathematics









 Given three photographs of  an 
object. Can we reconstruct the 
points and the camera positions 

and parameters? How many 
points do we have to see? How 

do we reconstruct cameras
and point positions?



























 How much can 
we reconstruct from 
a movie with many 

frames? 









in space

m cameras
n points

reconstruct camera 
and points from 
the photographs. 



Here is a 
Structure

from Motion
problem in 2D:



We assume
an omnidirectional

camera in the plane.
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3 points
3 cameras

9 angles
2*6=12 coordinates

known:

wanted:



scale invariance

minus 1 
unknown
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unknown
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translational invariance

minus 2 
unknown



3 points
3 cameras

9 angles
9 coordinates
known:

wanted:



9 linear
equations

9 angles
9 coordinates
known:

wanted:

(x , y ) 

(a , b ) 

i i

j j

sin( α  ) (x  - a ) = cos(α  ) (y - b )
i i jjij ij

αij



When can it be solved?
i i jjij

r  ( x  - a ) = (y - b ) x = y = 0, x = 1
1 1 2

A x = b 
det(A)=

no insight....
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This is an example, where geometry 
will give more insight than algebra.
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Theorem (Knill-Ramirez)

In the plane, if  the 3 omni cameras are 
noncollinear, the 3 points are 

noncollinear and the union of  cameras 
and points is not contained in the union 

of  two lines, then the structure of  
motion problem has a unique solution. 



lemmas:
1.   the problem is linear. The space of  possible 

solutions is an affine linear space. 

2.  if  three cameras are fixed, then every point 
has to fixed. 

3.  if  three points are fixed, then every camera 
has to fixed. 

fixed point deformable point
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Proof: 



Proof: 



Proof: 



M

Proof: 



M

Proof: 
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Proof: 
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Proof: 



M

Proof: 



M

Proof: 



Desargues:

if  two cameras 
and two points 
deform, then

the deformation 
lines go through a 

point and force 
the cameras onto 

a line.



Spherical camera

An omnidirectional camera
needs 6 parameters. If  the 

orientation is known, then only 
3 parameters are needed: the position

P

C



From the plane to space:
we know the (x,y) coordinates already.

we can get the z coordinates from the angle φ

φ

(x , y ,z ) 

(a , b ,c ) 

i i

j j

φij

j

i



Examples:

The result is 
sharp



 collinear cameras
or points



Union of  two 
parallel lines



Union of  two lines



Omni:d=3,m=2,n=2



Omni camera:
d=2, 2 cameras



There are two 
point of  views for 

the  SFM 
problem: 



n points
m cameras











n moving
points

one camera







Reconstruction
with many  

points 
and cameras





sin( α  ) (x  - a ) = cos(α  ) (y - b )
1 1 1211 11

sin( α  ) (x  - a ) = cos(α  ) (y - b )
1 1 2212 12

sin( α  ) (x  - a ) = cos(α  ) (y - b )
n n mmnm nm

x  =  01
y  =  01
x  =  12

.

.

.

nm+3 equations
2n+2m unknowns



Least square:
A x = b

x = (A A)  A  bT -1 T

b

im(A)

A x



This finishes the
discussion on 

omnidirectional
cameras



Affine
orthographic

cameras



Orthographic 
camera

P
preserves parallelism
is an affine camera.
NO definite location

of  the camera! 
3 parameters
for rotation



Have 3 cameras
How many 

points
are needed?



Planar case
know 

A.u A.v A.w
B.u B.v B.w

A

B

find
u,v,w,A,B

u

v

w



Equations

 u cos(α) +  p sin(α)  = a 
  u cos(β) +  p sin(β)  = c
 v cos(α) +  q sin(α)   = b 
    v cos(β)+  q sin(β)  = d 

uv

p

q αβ

solve for p,q, α, β



Nonlinear map
 u cos(α) +  p sin(α)  = a 
  u cos(β) +  p sin(β)  = c
 v cos(α) +  q sin(α)   = b 
    v cos(β)+  q sin(β)  = d 

F(x) = y 

det(DF(x)) not zero assures
locally unique solution



Inversion y=F  (x) -1

start of  the 
solution
formula 

computed
in 

mathematica
(40’000 

summands)

P1 = {a,p}; P2 = {b,q}; 
p1={Cos[alpha],Sin[alpha]};
p2={Cos[beta],Sin[beta]};
S=Solve[ {
   P1.p1==a, 
   P1.p2==b, 
   P2.p1==c, 
   P2.p2==d
},{p,q,alpha,beta}];



Inversion y=F  (x) -1
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in 
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(40’000 

summands)

P1 = {a,p}; P2 = {b,q}; 
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S=Solve[ {
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1979

3 cameras 4 points



Affine camera:
d=2,m=3,n=5



Theorem (Knill-Ramirez)

Both in space and in the 
plane, three cameras and 

three points allow a 

locally 
unique reconstruction.

(Addition to Ullmans theorem)



Note that the classical
Ullman theorem 

assumes 4 points and gets
uniquness up to a 

reflection, with 3 points
we have uniqueness 

modulo finitely many 
reflections.





p
q

p
q

i

i

j j

α piij β ij q i+ = α pjij β ij q j+

Pk

in three dimensions, a new idea is needed.
And this has been done by Ullman.



This is a system of  nonlinear equations for 
each i,j. Have 4 equations and 4 unknowns.
Computer algebra systems have problems 

solving it, humans not....





Perspective 
Cameras

This is the main case considered in the 
computer vision literature. 



Art Albrecht Duerer,, 1471-1528



Edme-Sebastien Jeaurat, Traite de perspective a l’usage des artistes,
Paris: Jombert, 1750



Rotation
A rotation in space is described by 3 
angles. Rotations form a group, one 
can compose rotations to get a new 

rotation. 



Translation
Also a translation is described by 3 
paramaeters. Translations form a 

group too. 



Euclidean transforms
Translations and rotations generate 

the group of  Euclidean 
transformations

6 parameters



Affine transforms
If  we also can shear and scale, we get

affine transformations

parallel lines still 
stay parallel 12 parameters



Projective transforms
We even allow perspective 

transformations

parallel lines stay 
no more parallel 

in general 15 parameters



Traditional camera
C

Retinal plane

Pturn

tilt

roll

translate f3

3

1

7 parameters



2 cams how many pts?
C

P

fO
f



C

P

f

Every point introduces 3 unknowns 
and 4 picture coordinates

Counting: for 2 
cams, we need 7 

points for 
reconstruction

O

This is a situation
treated  by Darboux



The general 
problem



Space is a manifold N. A
camera is a map Q:   N -> N where
Q(N) is a lower dimensional surface 
diffeomorphic to S and Q  = Q.
Given a manifold M of  cameras.

P , P , ...,P        points in N1 2 n
Q , Q , ...,Q   cameras in M

1 2 m

Reconstruct points and cameras 
from the data matrix Q (P ).

ij

2



General critics 
on mathematics:

Why such
f&@#$*%
generality?



cover move general situations



The SFM inequality

d n + f  m +h ≤ s  n m + g

d dimension of  space
n number of  points  m number of  cameras

f  number of  camera parameters

h global camera parameters
s dimension of  retinal surface g global symmetries

Example:  orthographic camera
d=3, m=3, n=3, s=2 

f=5, h=0
3 angles, 2 

translations in plane
g=6: translations 

and rotations



Panorama
Photography



Catadiopdric systems

Polydioptric systems
Rotating cameras

 Traditional cameras 
and stitching



Catadioptric systems

0-360 panoramic
optic 

Sony full
circle id mind

-63-53

crucial: vertical field of  view



Arlington
jan 2006

Example



Polydioptric systems

Microsoft ring cam

Google

google



U-Penn Sphere cam



Mixed systems

university of  arizona

mirrors and 
multiple cameras



My favorate multicam:

wacky



Rotating cameras

Seitz ipixcedric



Expensive, but can 
produce

fantastic quality 
pictures with 

professional cameras



Panorama

Airbus example





Google street map





















Last, but 
not at least:



Omni cameras in 
nature:

damselfly



dragonfly



damselfly



damselfly



Image 
unwrapping



Camera picture

This is what the 
camera sees!



How do we unwrap it?



to get pictures like :



or

Grandmothers kitchen
Olivers Office



Distorted face



x = r cos(  )
y = r sin(  )

θ
θ

θ

r

The key are polar 
coordinates



Demonstration



Correspondence
problem



camera 1 camera 2 camera 3

Reconstruct the 
cameras and
the points!





From movie



Omnidirectional 
problems appeared 

in nautical 
navigation





Nautical 
navigation

Problem: observe the coast from
different positions. Find the boat 

positions and the coast coordinates!

Santa Cruz in south pacific, part of  Solomon islands



Chasles, 1855



Photogrammetry Berger, Geometry I



Photogrammetry

1858

1870

1940



Cineorama

1900

10 synchronised 
cameras filmed a 

balloon ascent from 
a balloon basket.

Raoul 
Grimoin-Sanson

(1860-1940)



Chevaliers
 photographic 

table



Synthetic 
Panoramas
Computer generated panoramas



The next examples were made 
with the open source ray tracer
Povray (Persistence of  vision 
ray tracer). This software can 
produce pictures like this:



This is a picture from a ray tracing 
competition (not done by me)

but rendered in Povray.



I use it mostly for illustration 
purposes or for fun

Next comes an example of  a panorama:





Show me the 
code:



light_source { <0,2,0> colour rgb <1,1,1> }
background { rgb<1,1,1> }

#macro r(c) pigment{ rgb c } finish { phong 1.0 ambient 0.5 diffuse 0.5 } #end

plane { <0,1,0>, -3
  pigment{checker colour rgb<1,0,0> color <0,1,0> translate <0.2,0,0.3>}
  finish{ specular 0.25 ambient 0.9 diffuse 0.8 reflection metallic 1.0} rotate <0,30,0>
}

plane { <0,1,0>, 3
  pigment{checker colour rgb<0,1,0> color <1,0,0> translate <0.2,0,0.3> }
  finish{ specular 0.25 ambient 0.9 diffuse 0.8 reflection metallic 1.0 } rotate <0,30,0>
}

#declare i=0; #declare M=10;
#while (i<M)
     #declare si=4*sin(2*pi*i/M); #declare co=4*cos(2*pi*i/M);
     #declare rr=1.2; #declare yy=0.1;
     object{  box{ <-1,-1,-1>,<1,1,1>}
         pigment{checker colour rgb<1,1,0> color <0,0,1> translate <0.2,0,0.3> scale 1/4}
         rotate 360*(i/M)*<0,1,1> translate rr*<co,yy,si> }
   #declare i=i+1;
#end











Applications



City 
scanning

MIT



Robots

Faculteit der Natuurwetenschappen, Wiskunde en Informatica



Google Street maps



Robots

University of Fukui



The end.


