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BIRKHOFEF SUM
n
S = Y X,
k=1
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X = 3(T (1)
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f: C—-C

g(x) =log|t'(x)|
(n)
S_=loglf(x)
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SYMPLECTIC MAPS |
T(x,y)=(2x-y+c sin(x),x)

Chirikov
X +1'2Xn+ X =C sm(x}?

n n-1

Frenkel-Kontorova

q(x+a)-2q(x)+q(x-a)=c sin(q(x))

KAM circle



-Q Lol

be
y

A e ; :
¥ \ - " 2
o Ll & ’

) . > S

A ety J

. | 1] P Y
A y
—- — Vet ia _—
B e A
o ¥ ¥

.
lwq. A
.
i.
5

..,
W S|

A 1 wc.. /
ST SR S
- N -o\-. 6‘.4&. e ..-. -sM“nN-hcu
....f_”.,..sme..\..vm e

" .n“s.. N&-ﬁ.ﬂ; .f




s00s sossese

Sesse sssssse
I

< 4%




The Phase space

Stochastic
Sea
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WHAT BROUGHT US IIN?

Work with
John Lesieutre, 2008




' NEUBERGER THEOREM |

B (0 F’(q) h =-F(0)
1'( ) .V can be solved
0

on dense set
with h in B_.(0)

Then there is g
with F(q)=0




EXAMPLE

F(0) k

B (0)

F'(q) h =

-F(0)

e
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Il T invariant
T(x,y)=

(IxI-y,x)
Knuth Map
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f(z w)=(cz,w- Wz)
c = exp(2mia)

t1z1=1} x C invariant




CoefficientList| Series|
Product|1/(1 - x~k), {k, 1, 10}],
{x, 0, 10}],x]

Table|PartitionsP|k], {k, 10}]

gL L2 5.50,7, 11,15 22, 50 48
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RESTRICTED
PARTITION FUNCTION
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11_:[1(10( )

Theodore Motzkin (1955)

Culbreth Sudler (1964)
Freiman Halberstam 1988
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BIRKHOFKE

he ]
I

[ is a T invariant function,
constant if T is ergodic,
an integral of motion if T is
integrable



LAW OF LARGE [
. NUMBERS

Sn — E[X]

1

with probabilitv 1
A




OXTOBY 1952

Uniform convergence
Sn — E[X]
1

if T uniquely ergodic, g
continuous



ZERQO EXPECTATION

Assume E[g|=0.
How fast
does the sum grow?
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WEYL SUMS
¢ real analytic

a Diophantine

o(x) = f(x+ a)-f(x)
cohomology
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small divisors
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lap-ql<l/q

log(n)

ArnauldDenjoy ~ ~~~~~~~~~~ Jurjen Koksma




JITOMIRSKAYA
lap-ql<1l/q"

r>1

1-1
Sng Var|g| log(n)n




GOTTSCHALK-HEDLUND |
bounded S = gis coboundary




THE COT CASE



THE MOST NATURAL
CASE

[1,1,1,1,,,“] golden number

Je> =

[1,1,1,1,,,,.] golden function



G(x)= log(2sin(mtx))
z%log(Z—Zcos(an))

21X |

= log | 1-e
G’ (x)= Ttecot(Tix)



[ HILBERT TRANSFORM |

G(t)= log| 1-e2mxl
2TUX
arg | 1-e |
s
“
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EXPERIMENTS



o(t)=cot(rt)
golden
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an other



(X,y)->(x+y,x+a)

o(t)=cot(rt)
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3
(y)=(t/3) y - (1t/45)y

() =t(-,) )

Steps \
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(Fig 2)

(o) =s-9) ] — (s@n) ) — (5@ =s0)

(Fig 7)

o(y)=0.258-1.247 y+0.673 y - ...

B-exp. (Fig 6)
i 8

Golden Graph (Fig 1)
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KUBERT-LANG

(=L f(tH)
k=1



e(t) g(tx)

g(x/3+1/3) .

g(x/3+2/3)



cot(t) Cot(tT”<)
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L Enseignement Mathématigue, ¢. 29 (1983), p. 281-322

ON POLYLOGARITHMS, HURWITZ ZETA FUNCTIONS,
AND THE KUBERT IDENTITIES

by John MILNOR
C-t

§1. INTRODUCTION

D. Kubert [12] has studied functions f(x), where x varies over Q/Z or R/Z,
which satisfy the identity

() fx) = m =1y end f((x+ k)fm)

for every positive integer m. (See also Lang [16-18], as well as Kubert and Lang
[13-15].) Here sis some fixed parameter. Note that (x + k)/m varies precisely over
all solutions y to the equation my = xin the group Q/Z or R/Z. However, the
equation is set up so that it also makes sense for x in the interval (0, 1) or (0, o).
Evidently it would suffice to assume the equation (*,) for prime values of m.

Classical examples of such functions are provided by the uniformly
convergent Fourier series [(x) = Y2, ™ /n® for x € R/Z andRe(s) > 1, the
Hurwitz function

Croofx) = x* 71 + (x+1¥71 + .

2 —1 o

Salx) 4+ Call—x) cscimx Bolx) =

cos mx/sin® x| {y(x) — $5(1—x) | cot mx

L'Enseignement mathém., t. XXIX, fasc. 3-4. 19

1

2

log(2 sin mtx) ;[31(-1'} = x% — x + c

2

1

A(mx)




SINAI-ULCIGRAI

(t)=2 (1-exp(i x))

= 1+i cot(x/2)
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THETA
FUNCTIONS
GAUSS SUMS
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3 qk2 = 0(q)
k e/

,
6 — Z sec(mtka)
(q) k e/

modular form R



LESIEUTRIE-KINILIL
1

has entire analytic
continuation, it g is real
analytic and a is Diophantine



ZETA FUNCTION



RIEMANN ZETA

analytic
D =-10/0x

'has positive integer eigenvalues



A=Dirac matrix of graph Cn
e

Cis) =2 sinS(TT k/n)

<= |
A= 10/0x

Cs) =3k

k>0
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MANY PROBLEMS

How is finite Birkhoff sum growth
related with infinite sum for « in upper
half plane?

[s there a teachable proof of KAM:
q(x+a)-2q(x)+q(x-a)=c sin(q(x))

Relations of roots of Baby Riemann with
actual Riemann zeta?



THE END

Knill, Lesieutre, Complex Analysis anc
Operator Theory, 2012

Knill, Tangerman, Nonlinearity, 201 |

Knill, Golden Graph
http:/ /arxiv.org/abs/1412.6985




