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LECTURE 20
LOGARITHMIC

DIFFERENTIATION



1. Poll

PLAN

6. Large Numbers

3. Example type exp

4. Example type products 5. Challenge Jam

2. Logarithmic differentation



POLL
esin(x)log(2)A

B

D

C

d
dx

2sin(x)
esin(x)log(2) cos(x)

esin(x)log(2) log(2)cos(x)

ecos(x)log(2) log(2)



DIFFERENTIATION
LOGARITHMIC

d
dx

log(x)x

Howdo we differentiate this? 



DIRECT

ex log(log(x))



DIRECT

ex log(log(x))

ex log(log(x)) [log log(x) + 1/(log(x)x)]



LOG DIFFERENTATION

y = log(x)x



LOG DIFFERENTATION

y = log(x)x

log y = x log(log(x))



LOG DIFFERENTATION

y = log(x)x

log y = x log(log(x))
y′ = y[log log(x)) + x/(log(x)x]



OTHER EXAMPLE
d
dx

x 1 + x2



OTHER EXAMPLE
d
dx

x 1 + x2

Direct

1 + x2 − x2/ 1 + x2



OTHER EXAMPLE
d
dx

x 1 + x2

Direct

1 + x2 − x2/ 1 + x2

Log derivative
d
dx

log(y) =
y′ 

y
=

1
x

+
1
2

⋅
2x

1 + x2

y′ = (x 1 + x2)(
1
x

+
1
2

⋅
2x

1 + x2
)



X^X

xx

Find the derivative of 

Where is f minimal?



f = xx
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x1/ x

x1/ x

Find the derivative of 
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LARGE NUMBERS

10100 googol

10(10100) googolplex
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1947-2012) physisist
apple chief cryptographer
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check this at home, the one-billionth dec-
imal place of π, Kanada says, is nine.

FFT has also been used to find large
prime numbers. Over the past decade or
so, David Slowinski of Cray Research
has made a veritable art of discovering
record primes. Slowinski and his co-
worker Paul Gage uncovered the prime
21,257,787– 1 in mid-1996. A few months
later, in November, programmers Joel
Armengaud of Paris and George F.
Woltman of Orlando, Fla., working as
part of a network project run by Wolt-
man, found an even larger
prime: 21,398,269– 1. This
number, which has over
400,000 decimal digits, is
the largest known prime
number as of this writing.
It is, like most other record
holders, a so-called Mer-
senne prime. These num-
bers take the form 2q– 1,
where q is an integer, and
are named after the 17th-
century French mathemati-
cian Marin Mersenne. 

For this latest discovery,
Woltman optimized an al-
gorithm called an irra-
tional-base discrete weight-
ed transform, the theory of
which I developed in 1991
with Barry Fagin of Dart-
mouth College and Joshua
Doenias of NeXT Software
in Redwood City, Calif.
This method was actually a
by-product of cryptography
research at NeXT. 

Blaine Garst, Doug
Mitchell, Avadis Tevanian,
Jr., and I implemented at
NeXT what is one of the
strongest—if not the strong-
est—encryption schemes available today,
based on Mersenne primes. This patent-
ed scheme, termed Fast Elliptic Encryp-
tion (FEE), uses the algebra of elliptic
curves, and it is very fast. Using, for ex-
ample, the newfound Armengaud-Wolt-
man prime 21,398,269– 1 as a basis, the
FEE system could readily encrypt this
issue of Scientific American into seem-
ing gibberish. Under current number-
theoretical beliefs about the difficulty of
cracking FEE codes, it would require,
without knowing the secret key, all the
computing power on earth more than
1010,000 years to decrypt the gibberish
back into a meaningful magazine.

Just as with factoring problems, prov-
ing that a large number is prime is much
more complicated if the number is arbi-
trary—that is, if it is not of some special
form, as are the Mersenne primes. For
primes of certain special forms, “large”
falls somewhere in the range of 21,000,000.
But currently it takes considerable com-
putational effort to prove that a “ran-
dom” prime having only a few thousand
digits is indeed prime. For example, in
1992 it took several weeks for François
Morian of the University of Claude Ber-

nard, using techniques developed joint-
ly with A.O.L. Atkin of the University
of Illinois, and others, to prove by com-
puter that a particular 1,505-digit num-
ber, termed a partition number, is prime.

Colossal Composites

It is quite a bit easier to prove that some
number is not prime (that it is com-

posite, that is, made up of more than
one prime factor). In 1992 Doenias,
Christopher Norrie of Amdahl Corpo-
ration and I succeeded in proving by
machine that the 22nd Fermat number,
2222 + 1, is composite. This number has

more than one million decimal digits.
Almost all the work to resolve the char-
acter of F22 depended on yet another
modification of FFT multiplication. This
proof has been called the longest calcu-
lation ever performed for a “one-bit,”
or yes-no, answer, and it took about
1016 computer operations. That is
roughly the same amount that went into
generating the revolutionary Pixar-Dis-
ney movie Toy Story, with its gloriously
rendered surfaces and animations.

Although it is natural to suspect the

validity of any machine proof, there is a
happy circumstance connected with this
one. An independent team of Vilmar
Trevisan and João B. Carvalho, work-
ing at the Brazilian Supercomputer Cen-
ter with different machinery and soft-
ware (they used, in fact, Bailey’s FFT
software) and unaware of our complet-
ed proof, also concluded that F22 is com-
posite. Thus, it seems fair to say, without
doubt, that F22 is composite. Moreover,
F22 is also now the largest “genuine”
composite known—which means that
even though we do not know a single
explicit factor for F22 other than itself
and 1, we do know that it is not prime.

The Challenge of Large Numbers Scientific American February 1997      77

COLOSSI become somewhat easier to contemplate—and compare—if one adopts a statistical view.
For instance, it would take approximately 103,000,000 years before a parrot, pecking randomly at a
keyboard, could reproduce by chance The Hound of the Baskervilles. This time span, though enor-
mous, pales in comparison to the 101033 years that would elapse before fundamental quantum fluc-
tuations might topple a beer can on a level surface.
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p = 10−(1042)

John Littlewood: probability of 
mouse surviving on sun for 1 week



p = 10−(1042)

John Littlewood: probability of 
mouse surviving on sun for 1 week



probability to find yourself on Mars 
by quantum teleportation

p = 10−(1051)







MORE EXAMPLES

10^4             One "myriad". The largest numbers, the Greeks were considering.
10^5              The largest number considered by the Romans.
10^10            The age of our universe in years.
10^22            Distance to our neighbor galaxy Andromeda in meters.
10^23            Number of atoms in two gram Carbon (Avogadro).
10^26            Size of universe in meters.
10^41            Mass of our home galaxy "milky way" in kg.
10^51            Archimedes's estimate of number of sand grains in universe.
10^52            Mass of our universe in kg.
10^80            The number of atoms in our universe.
10^153           Number mentioned in a myth about Buddha.
10^(10^7)      Years, ape needs to write "hound of Baskerville"
10^(10^(33))  Inverse is chance that a can of beer tips 
10^(10^(42))  Inverse is probability that mouse survives on sun for a week.
10^(10^{51))  Inverse is chance to find yourself on Mars

•                   R.E. Crandall, Scient. Amer., Feb. 1997
•



256 = 28 = 2(23) ≠ (22)3 = 43 = 64

BRACKETS

Note that the brackets matter: 



x(xx)

Find the derivative of 

JAM



Project Work

CA TIME



THE END


