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What is the net change?
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NET  CHANGE
The net change of a function f' 
on an interval [a,b] is f(b)-f(a). 
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When adding up all the 
changes, we get the

signed area under the 
curve of the function f'(x). 



RIEMANN SUM

0 1 2 3 4 5 6
3

4

5

6

7
f'(x)

L6
Left Riemann Sum



RIEMANN SUM

0 1 2 3 4 5 6
3

4

5

6

7
f'(x)

R6
Right Riemann Sum



SUMS ARE HARD
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Calculus will 
allow us to 

compute such
sums in the limit



BOSTON RUN
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v=velocity

Time

v(t) = 3 + (t − 4)2

v(t) = 7

How many 
miles did we  

run in 4 
hours? h

m/h



LEFT AND RIGHT
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BOSTON 
MARATHON



2007



(a) Explain in your own words why R8 and L8 approximate the distance Meb ran in the first 4 hours

of the race.

(b) Write down the approximation given by L8 as s sum of areas of rectangles drawn. Is this approx-

imation and overestimate or an underestimate of the true distance? How can you tell?

(c) Write down the approximation given by L8 as s sum of areas of rectangles drawn. Is this approx-

imation and overestimate or an underestimate of the true distance? How can you tell?

2. This problem is started for you in the second video:
Fresh Pond is a reservoir about 2 miles from Harvard, which holds drinking water for the city of

Cambridge. The amount of water in the pond changes over time due to rainfall and water being

pumped in and out of the reservoir. Suppose that the following graph shows the rate at which water is

entering or leaving the reservoir (measured in millions of gallons per day) at time t, where t is measured

in days.

(a) How could you approximate the net change in the amount of water in Fresh Pond between t = 0

and t = 8?

rate of change of amount of water in Fresh Pond

(millions of gallons / day)
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(b) How could you visualize the exact net change in the amount of water in Fresh Pond between t = 0

and t = 8?

(c) Does the pond have more water at time t = 0 or time t = 8?

(d) Does the pond have more water at time t = 3 or time t = 6?

(e) Use a left-hand sum with 4 subintervals to approximate the net change in the amount of water

between t = 0 and t = 8. (We often use the notation L4 for “left-hand sum with 4 subintervals.”)

Then, use a right-hand sum with 4 subintervals (we’ll typically use the notation R4 for this).
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FRESH POND
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HISTORY



HISTORY

Archimedes



Archimedes
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3 Section meeting problems

1. Arctic sea ice grows in the Arctic winter and melts in the Arctic summer. The following is a model
1

of the rate of growth and melt of Arctic Sea ice, r(t), from Sept 2007 (t = 0) to Sept 2008 (t = 12).

The rate is measured in millions of square kilometers per month. What is the net change in Arctic sea

ice between September 2007 and September 2008?
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Dedicated project work time.

1While the model is hypothetical, it is loosely based on data found at the National Snow and Ice Data Center website
http://nsidc.org/arcticWS21_fig1_seaicenews/2008.
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ARCTIC SEA
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CA TIME
PROJECT START



TOOLS FOR NATURAL 
DISASTER  PLANNING



THE END


