CALCULUS AND DIFFERENTIAL EQUATIONS

MATH 1B

Lecture 18: p-series and p-integrals, 10/18 /2021

P- SERIES

18.1. The p-series S = > > | = is an important benchmark series. It is also called

the zeta function if one looks at it as a function of p.

18.2.
Example: For p =1, we have the Harmonic series
1 1 1
S=-+-+-+..
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which diverges.

Example: For p =0, we have the series
S=1+14+1+..

which diverges.

Example: The case p = 2 was solved by Euler first and called the Basel

problem. It is

S—1+1+1+1+
1 49 16 7

It turns out to be finite and have the value 72/6.

CONVERGENCE

18.3. We can interpret S as an integral [ f(x) dx, where f(x) is piecewise constant.
Let us look at the case p = 2, where the function f(x)is1for0 <z <1land f(z) =1/4
for 1 <a < 2etc. Now S = [ f(x) dz. The sum is the right Riemann sum of the
function f with spacing Az = 1.

The p-series converges for p > 1 and diverges for p < 1.

The reason is that we can for any p define a piecewise constant function f(z) such
that S = [ f(x) dz and such that f(z) < 1/2?. Now remember what we knew about
p-integrals. The integral converged for p > 1 and diverged for p < 1. We have been
able to decide about convergence by comparing the sum with an integral.



Calculus and Differential equations
COMPARISON

18.4. The comparison test from last time can be applied now: if 0 < |ax| < by and
> bi converges, then ), aj converges.
Example:
S=1-1/4+1/9-1/16+1/25— .= )
k

converges because |ag| < by = |ax| = 1/k%. The value by the way is 72/12.

=7
S:;k5+3

converges by comparison with a multiple of a p-series for p = 5.

Example: The sum

Example: The sum
S=2

diverges because it is the p-series for p
integral convergence test diverges.

The sum

Example:

FIGURE 1. The function belonging to the Harmonic series (p=1) and
the Basel problem series (p=2). The area under the curve is the sum in

cach case. [~ 1/x dx diverges and [~ 1/2* dx converges.

REMINDERS

e HW 17 is due Wednesday
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