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I)  Reminders.  Start working on the QRD assigment.

Problem set 1 is due on Wednesday after labor day.

2) Density and approximation 

Problem 1 in worksheet

3) Get upper and lower bounds through slicing

4) Technique test 
Integration techniques and do some examples
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Part I

Reminders



Homework
Problem Set 01 – Density and Approximation

About homework in Math 1b:

• Homework is intended to help you master the basic ideas from class and learn to apply them to
new situations; therefore, we intentionally give you problems which do not look like those you’ve
seen in class. For example, in this problem set, #1 is meant to help you cement the basic ideas
from class. #2 leads you through the process of taking the basic idea of #1 and applying it to a
more complicated problem. #3 and #4 look at additional applications. Problems 5 and 6 are the
two weekly problems that you got last week with Problem Set 00, and are now due.

• When writing up your homework, we expect you to explain your thought process; your final answer
is less important than the reasoning you used to reach it. As a rule of thumb, if you’re not using
any words when writing up the problems, you probably aren’t giving enough explanation. We
also expect you to communicate your thoughts clearly, which includes using correct mathematical
notation.

When writing out your answers, it may help to imagine that you are writing to a fellow student
to explain how to solve the problem. This will help you give the right level of detail.

• You are encouraged to discuss homework with other students in the course. However, all submitted
work should be written up individually, and you should acknowledge any help you receive.

Note: This problem set may look very long, but most of it is reading, with small questions scattered
throughout.

1. Eric is using his printer to print a rectangular photograph measuring 8 inches by 10 inches. Unfortu-
nately, the printer starts running out of ink as soon as Eric puts the paper in, so the density of ink on
the final photograph varies with distance to one of the 8 inch sides. If the ink density is given by ⇢(x)
ml per square inch, where x is distance to one of the 8 inch sides, write a sum that approximates the
total amount of ink on the photograph. (Start by slicing into n slices; your final approximation should
be in terms of n.)

Be sure to explain clearly how you are slicing and how you obtain your approximation for the amount
of ink in the k-th slice. If you use notation such as �x or xk, be sure to explain exactly what it means.

2. One of the goals in Math 1b is to make you more skilled at reading and evaluating other people’s

mathematical arguments. In this problem, we ask you to follow a mathematical argument and fill in

the details. The remaining problems on this problem set ask you to take the reasoning outlined in this

problem and apply it to di↵erent situations.

Hermione would like to solve the following problem:

Old McDonald has a farm, which is shaped like a quarter circle of radius 50 m. He lays a 50
m irrigation pipe along one straight edge of the plot. The plot’s crop yield density decreases
as the distance from the irrigation pipe increases. Suppose that the yield density is given
by ⇢(x) kg per m2, where x is distance in meters from the irrigation pipe. Approximate the
farm’s total crop yield.

1

due 9/8





 
 

In this example, the squares have sides of length 10 km which we can see from the fact 
that three sides equals one red standard ruler length (which is 30 km).  Thus, each of our 
squares has area equal to 100 square kilometers.  Having covered the region, we can get 
both an upper bound and a lower bound for the area by just counting squares as follows: 
 
UPPER BOUND:  Throw away the squares that don’t contain any part of the iceberg and 
count the number that are left.  Then multiply the result by 100 square kilometers.   
 
 

from QRD

due 9/10



Information for Techniques of Integration test 

• Wednesday, 9/15 from 6-7:30. 
• Test will be remote. Download from Gradescope in a 15 minute window starting  

6pm and uploading within 90 minutes of your download time. We will give more  
instructions closer to the test date. 

• People with AEO letters should contact Cliff about getting extra time 
• People with conflicts should contact Cliffabout starting earlier or later. 
• There will be make-up Techniques test in mid-October where people can recoup any  

and all lost points. 
• No aids of any kind (electronic, notes, books, people, ...) can be used during the test.  

Just you and your brain. 
• Study material is on the Exam Information (Techniques test) page of the Math 1b  

website. This includes practice problems with solutions, practice exams with  
solutions and videos. 

• The sections on Monday, 9/13 will be reviewing for the test.  

9/15



Part 2
Density and approximation
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b

a
ρ(x) dx

Density 
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∑
k=1

ρ(xk)Δxk Slicing

definite
integral



∫
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a
ρ(x) dx

Key notions

n

∑
k=1

ρ(xk)Δxk Slicing

definite
integral



Worksheet : CambridgeDensity and Approximation

1. According to Wikipedia, the population density in Cambridge in the year 2010 was 7,000 people per
square kilometer(1). It also mentions that the land area of Cambridge is about 17 square kilometers.
What was the population of Cambridge in the year 2010?

2. A seaside village, Playa del Carmen, is in the shape of a rectangle with sides of 4 kilometers and
6 kilometers.(2) The sea lies along a 6-kilometer long side. People prefer to live near the water, so
the population density is not constant, but instead given by ⇢(x) = 100(20 � x2) people per square
kilometer, where x is the distance from the seaside (so 0  x  4 when measuring in kilometers).(3)

(a) Without using any calculus, can you give rigorous upper and lower bounds for the total
population of the village? (Thus, the true population of the village must be confined between the
upper bound and the lower bound.)

(b) Can you make your rigorous upper and lower bounds closer together (smaller upper bounds and
higher lower bounds to confine the true population in a smaller interval)? If so, explain how to
do that.

(1)
One square kilometer is roughly 0.38 square miles.

(2)
One kilometer is approximately 0.6 miles.

(3)
The symbol ⇢ is the Greek letter “rho” and is pronounced “row” (as in “Row, row, row your boat”). Mathematicians are

fond of Greek letters and they will be appearing elsewhere in the course.
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Example 1∫
1

−1
x2 dx

Can you
give a simple

upper and lower
bound for

the total population
on the interval with

density x2 -1.0 -0.5 0.0 0.5 1.0
0.0
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0.4
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1.0
f(x)



Example 2∫
π

0
sin(x) dx
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1.0
f(x)

Can you
give a simple

upper and lower
bound for

the total population
choose Δx=π/4



Example 3

∫
10

0
ρ(h) dh

h

ρ(h) = 100 − 3h0

10

• Blueberry juice has density ρ



Estimations

find an upper bound

find an lower bound

Slice the interval into n pieces.
n

∑
k=1

f(xk)Δxk



Worksheet: Playa del Carmen

Density and Approximation

1. According to Wikipedia, the population density in Cambridge in the year 2010 was 7,000 people per
square kilometer(1). It also mentions that the land area of Cambridge is about 17 square kilometers.
What was the population of Cambridge in the year 2010?

2. A seaside village, Playa del Carmen, is in the shape of a rectangle with sides of 4 kilometers and
6 kilometers.(2) The sea lies along a 6-kilometer long side. People prefer to live near the water, so
the population density is not constant, but instead given by ⇢(x) = 100(20 � x2) people per square
kilometer, where x is the distance from the seaside (so 0  x  4 when measuring in kilometers).(3)

(a) Without using any calculus, can you give rigorous upper and lower bounds for the total
population of the village? (Thus, the true population of the village must be confined between the
upper bound and the lower bound.)

(b) Can you make your rigorous upper and lower bounds closer together (smaller upper bounds and
higher lower bounds to confine the true population in a smaller interval)? If so, explain how to
do that.

(1)
One square kilometer is roughly 0.38 square miles.

(2)
One kilometer is approximately 0.6 miles.

(3)
The symbol ⇢ is the Greek letter “rho” and is pronounced “row” (as in “Row, row, row your boat”). Mathematicians are

fond of Greek letters and they will be appearing elsewhere in the course.

1



Part 4

Integration Techniques



THE END


