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So, both QRD and Problem set 2 is due on Friday. 

2) Definite integral. Lecture and discussion Examples.
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Part I

Announcements and reminders



Homework due 9/10
Homework 02 – Density and the Definite Integral

1. Evaluate lim
n!1

nX

k=1

sinxk�x, where xk = ⇡ + k�x and �x =
⇡

3n
.

When writing up integration application problems (whether for homework or on exams), we always
expect you to do the following.

• Explain your basic strategy; for instance, if you are using symmetry to simplify your work, say so.

• Explain clearly how you are slicing the problem (this can be done with a picture or in words).

• Say exactly what interval you are slicing.

• Approximate the desired quantity (in the case of the following problems, amount of cobalt) in the
k-th slice.

• If you are asked explicitly for this, write a general Riemann sum approximating the total quantity
and take an appropriate limit to arrive at a definite integral. If you are not explicitly asked for a
Riemann sum, you are welcome to go directly from your approximation for the k-th slice to the
definite integral.

As always, we expect you to use notation correctly when writing up these problems.

Spraying a piece of pottery with cobalt will result in a blue color when the piece is fired. The shade of blue

is determined by the density of cobalt; the greater the density of the cobalt, the darker the blue. You can

get gradations of blue by applying cobalt glaze with a spray gun and varying the density of the application.

Makoto Yabe and Wasma’a Chorbachi are professional potters at the Radcli↵e Pottery Studio on Western

Avenue, and the next four problems are about glazing pieces of pottery shades of blue.

2. Makoto has made a rectangular sushi platter from a slab of clay 14 inches by 6 inches. He applies
cobalt so that the density of the application increases with the distance from one of the long sides of
the platter. The density of cobalt glaze is given by ⇢(x) mg/square inch where x is the distance (in
inches) from one long side of the sushi platter.

(a) Write a general Riemann sum (i.e., a Riemann sum with n terms) that approximates the amount
of cobalt Makoto used.

(b) Write an integral in terms of ⇢(x) that gives the exact amount of cobalt used.

3. Makoto decides to try a more symmetric glaze application on his next sushi platter. The platter is
again 14 inches by 6 inches. This time the deepest blue is in a stripe along the long center line of the
platter, and the intensity of the blue fades with the distance from this central line. The density of
cobalt glaze is given by ⇢(x) mg/square inch, where x is the distance (in inches) from the longitudinal
center of the sushi platter.

(a) Write a general Riemann sum that approximates the amount of cobalt Makoto used.
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(b) Write an integral in terms of ⇢(x) that gives the exact amount of cobalt used.

4. Wasma’a is glazing a large round plate 16 inches in diameter. She decides to have a deep blue center
fading out into pale blue along the rim. She applies cobalt glaze so that its density is given by ⇢(x)
mg/square inch where x is the distance (in inches) from the center of the plate. Write an integral in
terms of ⇢(x) that gives the exact amount of cobalt used.

5. For her next round plate (again 16 inches in diameter), Wasma’a decides to have a deep blue line 16
inches long running through the center of the plate. She has the shade of blue fade into paler and paler
blue as the distance from this deep blue line increases. She applies cobalt glaze so that its density is
given by ⇢(x) mg/square inch where x is the distance (in inches) from dark blue diameter of the plate.
Write an integral in terms of ⇢(x) that gives the exact amount of cobalt used.

Here’s a hint to help you check your answers to the previous four problems. If ⇢(x) = x, then the integrals

you found should evaluate to 252, 126, 1024⇡
3 , and

2048
3 . If ⇢(x) = 1, what should they evaluate to?

6. Please also turn in Weekly Problem TI 3. Here it is:

When using integration by parts, please be sure to state what u, dv, du, and v are.

(a) Use integration by parts to do the following integrals.

i.

Z p
x lnx dx. ii.

Z 1

0
x2e3x dx.

(b) Evaluate three of the the following four integrals. (One of these indefinite integrals cannot
be found using any of the techniques of integration you know! Make sure you pick the three that
you can do.) Feel free to use both integration by parts and integration by substitution.

i.

Z
ln(3x+ 2) dx.

ii.

Z
e�x2

dx.

iii.

Z
e
p
x dx

iv.

Z
ln
p
x dx.

7. Please also turn in Weekly Problem TI 4. Here it is:

(a) Prove the formula

Z
(lnx)n dx = x(lnx)n � n

Z
(lnx)n�1 dx, where n is a positive integer.

(b) Use the formula (a few times) to express

Z
(lnx)4 dx in a form that doesn’t use any integrals.

W. Start Weekly Problems #1 – #3. These will be due with Problem Sets 04 and 05, but you already
know everything you need to do them. Even if you don’t have a lot of time to spend with them right
now, we encourage you to read them and make sure you understand what they are asking. Research
has shown that simply sleeping on a problem makes it more likely that you will solve it! (If you do
finish the problems early, please wait to turn them in with Problem Sets 04 and 05; this will make
things easier for your CA.)
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In this example, the squares have sides of length 10 km which we can see from the fact 
that three sides equals one red standard ruler length (which is 30 km).  Thus, each of our 
squares has area equal to 100 square kilometers.  Having covered the region, we can get 
both an upper bound and a lower bound for the area by just counting squares as follows: 
 
UPPER BOUND:  Throw away the squares that don’t contain any part of the iceberg and 
count the number that are left.  Then multiply the result by 100 square kilometers.   
 
 

from QRD

due 9/10



Information for Techniques of Integration test 

• Wednesday, 9/15 from 6-7:30. 
• Test will be remote. Download from Gradescope in a 15 minute window starting  

6pm and uploading within 90 minutes of your download time. We will give more  
instructions closer to the test date. 

• People with AEO letters should contact Cliff about getting extra time 
• People with conflicts should contact Cliffabout starting earlier or later. 
• There will be make-up Techniques test in mid-October where people can recoup any  

and all lost points. 
• No aids of any kind (electronic, notes, books, people, ...) can be used during the test.  

Just you and your brain. 
• Study material is on the Exam Information (Techniques test) page of the Math 1b  

website. This includes practice problems with solutions, practice exams with  
solutions and videos. 

• The sections on Monday, 9/13 will be reviewing for the test.  

9/15
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Part 2
Definite integral



∫
b

a
ρ(x) dx

Definite integral

n

∑
k=1

ρ(xk)Δx Riemann
Sum

definite
integral



Pizza



Worksheet : PizzaDensity and the Definite Integral

1. (Problem Set 1, #3) Pizza Pythagoras is known for its “pizza wedges,” which are shaped like right
triangles with sides of 3, 4, and 5 inches. Parmesan cheese is sprinkled on each wedge so that the
density of cheese is given by ⇢(x) ounces per square inch, where x measures distance (in inches) from
the 3-inch side of the slice. Approximate the amount of Parmesan on each wedge.

2. People in the Boston area like to live near the city center, so the population density around Boston is
⇢(r) = 36,000

r2+2r+1 people per square mile, where r is the distance in miles to the center of Boston. We’d
like to find the number of people who live within 5 miles of the center of Boston.

(a) Show in a sketch how you would slice the region in question.

(b) How would you approximate the number of people who live in the k-th slice?

(c) Write a general Riemann sum that approximates the number of people who live within 5 miles
of the center of Boston.

(d) By taking an appropriate limit, find a definite integral that gives the number of people who
live within 5 miles of the center of Boston.
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Pinoccio

3

4

5 Lets take ρ(x) = x5



∫
4

0
x(3 − x) dx

3

0 4



Worksheet: Boston



Worksheet: Boston



Worksheet: Boston



Worksheet: Boston



Part 4

Integration Techniques



∫ sin4(x) dx

Examples
∫ sin2(x) dx

∫ sin3(x) dx

∫ sin2(x)cos2(x) dx

∫ sin(x)cos2(x) dx

∫ x cos(x) dx

∫ e x dx

∫ log(x) dx

∫ 9 − x2 dx



THE END


