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I Topics



Slicing



Riemann Sums

| f′￼(x) | ≤ M

a b

assume:

M(b − a)2

2n



Power Series

               S =
∞

∑
k=0

ak(x − c)k

1/4+1/16+1/64 + ...=1/3
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Convergence tests
Ratio n'th Term

Comparison

IntegralAlternating

p-seriesGeometric

Asymptotic



Error Term
Pn(x) = f(c) + f′￼(c)(x − c) + f′￼′￼(c)

(x − c)2

2
+ . . . + f (n)(c)

(x − c)n

n!

| f(x) − Pn(x) | = |Rn(x) | ≤ Mn+1
|x − c |n+1

(n + 1)!

Mn+1 = maximum of n+1'th derivative  of f on [x,c] 
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Slope fields
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CALCULUS AND DIFFERENTIAL EQUATIONS

MATH 1B

Lecture 31: The general solution, 11/15/2021

Four Cases

31.1. The form of the solutions r =
b±
p

b2/4�c

2 of the quadratic equation r2+br+c = 0

belonging to the di↵erential equation x00
+ bx0

+ cx = 0 leads to four possible cases:

Case Example Solution

Two di↵erent real eigenvalues x00
+ 4x0 � 21x = 0 x(t) = Ae3t +Be�7t

Two equal real eigenvalues x00
+ 12x0

+ 36x� 0 x(t) = Ae�6t
+Bte�6t

Pure complex eigenvalues x00
+ 9x = 0 x(t) = A cos(3t) + B sin(3t)

Mixed complex eigenvalues x00
+ 2x0

+ 5x = 0 x(t) = Ae�t
cos(2t) + Be�t

sin(2t)

31.2. Match the di↵erential equations with solutions to x(0) = 0, x0
(0) = 1:

Di↵ equation which graph A-F?

x00
+ 6x = 0

x00 � x0
+ 2x = 0

x00
= 0

x00 � x0
+ 6x = 0

x00
+ x0

+ 2x = 0

x00
+ 2x = 0

Figure 1. Solution curves x(t) labeled A-F used for matching.
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Second order Diff equ.
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Systems 

of 


equations



1 + eiπ = 0

Euler's Formula



Oscillator with Damping

x(t)

x′￼′￼(t) = − bx′￼(t) − cx(t)

m

x′￼′￼(t) = F/m
Force/Mass

Friction Push-BackAcceleration



Systems of diff equations

x′￼(t) = f(x, y)
y′￼(t) = g(x, y)



II  Cool



Integrals in Movies



Improper Integrals

r =
1
x

Volume: 


∫
b

1

π
x2

dx

Surface

Area 
≥

∫
b

1

2π
x

dx



A Shock!

∫
1

−1

1
x2

dx = −
1
x

|1
−1 = − 2



Geometric S = 1 +
1
2

+
1
4

+
1
8

+ . . . = 2

Raclette

1/2

1/4

1/8



Geometric
1/4+1/16+1/64 + ...=1/3

S =
1
4

+
1
16

+
1
64

+ . . .



Zeno Paradox
speed(Tortois) = x * speed(Achilles)

x x21

A T

x3



Piaget question

y=0.999999999999999999.....

x=1.00000000000000000.....

Larger or Equal?



Tower of Lire

Harmonic series

= 1 +
1
2

+
1
3

+
1
4

+ ⋅ +



Leibniz
∞

∑
k=1

(−1)k+1

2k + 1

= 1 −
1
3

+
1
5

−
1
7

+ ⋯

= 
π
4



Grandi's Series

S = 1 − 1 + 1 − 1 + 1 − 1...

Luigi Grandi 1671 – 1742



Fractals



Goldbach Series
            

              

∑
p prime

xp

= x2 + x3 + x5 + x7 + x11 + . . . .

S(x)2 = ∑
k

bkxk has non-zero b2k



P - NP


xa ≪ axpolynomial exponential

P decision

Problems

NP-decision Problems



Taylor for integration
sin(x3) = x3 −

x9

3!
+

x15

5!
+ . . .

∫ sin(x3) dx =
x4

4
+

x10

10 * 3!
+

x16

16 * 5!
+ . . .

integrate each term! 



III  Some Jokes



What did the zero say 

to the eight


Nice belt! 




Why did the two fours skip 
lunch? 


Because they already 8.




How do you keep warm 

in a cold room.


Go to a corner. It is always

90 degrees!




Why is the obtuse triangle 
alwauys upset? 


Because it is never right!




Differential calculus 
professors suck.


They always go off on 

tangents.




Why are differential equation 
courses so dry?


Because the problems are all about 
losing liquids at varying rates.




What do you call a sudden 
urge to solve differential 

equations?


Calculust



What did one math book say 
to the other 


Don't bother me. I've got

my own problems! 



What would you call this poem 
written in the honour of a 

Mathematician?

dy/dx - 3x = 2


An ODE (Ordinary Differential 
Equation)



I failed my Calculus exam 
because I was seated between 

two identical twins.


It was hard to differentiate 
between them.



I saw my math teacher with 

a piece of graph paper yesterday


He must be plotting 
something!



Not so cool pick-up line:












IV Practice Problems



V Beyond Calculus



Computer

Science

Physics

Astronomy

BioChem

LifeScience

Single

variable

multi

variable

linalg

diffeq

pde’s

Business

Economics

real

analysis

prob-

ability

dynamics
algebra

discrete

math

function.

analysis

topology

stats

numerics

complex

analysis

number

theory

diff

geometry



Are there other ways to 
do  calculus?



Are there 
completely different 
ways to do math?

Contact





In the Complex�





8: Calculus on Fractals



In the Discrete�



Real  Networks: Social

Social



http://academic.research.microsoft.com/


Internet





In higher dimensions�



120 cell



Polyteron

hypercube



The End


