CALCULUS AND DIFFERENTIAL EQUATIONS

MATH 1B

Lecture 34: Last examples

34.1. It can appear strange how we “solve” systems of differential equations qualita-
tively, rather than quantitatively. The change of view is needed because even simple
systems can in general not be solved analytically. We have been able to solve systems
like ' = y,y" = 4y + 4x which can be written as z” — 42’ — 4y = 0 by trying with
y = e" leading to the characteristic equation r? — 4r + 4 = (0 which has the solutions
r = —2,2 so that C1e? + Cye™?! is the general solution.

34.2. The following Volterra-Lodka system is remarkable predator-prey system.
Closed solution formulas already would need very special functions.

2(t) = 0.4z —0.2xy
y'(t) = —0.1y+0.2zy
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F1cURE 1. A Volterra-Lodka system.

34.3. When we ask for explicit solutions of nonlinear systems, we do not get solutions
in general. In the example

l'/(t) — .Z'2y4—$2
y(t) = zxy—a'

even a computer algebra system can not find closed formulas which is no surprise as
already systems like 2’ = sin(sin(z)) would not have closed formulas. But it is worse.



Calculus and Differential equations

Even if we had the possibility to find the anti-derivative of any function, for nonlinear

systems this would not help. One can use numerical methods like the Fuler method

or then make Taylor expansions and find formulas for the Taylor coefficients but chaos

theory has shown that one can also not find in general formulas for Taylor coefficients

which converge.

DSolve[{x'[t]== x[t] 2%y [t] 4 — x[t] 2, J
y ltl==—x[t]"4 + x[t]xy[t]} {x[t],y[t]}, t]

FIGURE 2. A random polynomial system
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34.4. Keep in mind the Harmonic oscillator system 2’ = v,y = —c?z which is
equivalent to the spring systems z” = —c?x. It can be solved also because of the
conserved energy x? + 3?/c*. The conservation means that the ellipses 22 + y?/c? are
invariant. There are many more systems like that. Any system z” = —V’(z) can be
written as ¥’ = y,y' = —V'(z). Tt has the conserved energy quantity y*/2 + V(). If

we take the derivative, we get yy'/ + V'(z)z' = —yV'(x)/2 + V'(z)y = 0.

34.5. An example is the pendulum 2z’ = y,y’ = —sin(z) which is equivalent to x” =
—sin(z). It has the conserved quantity y?/2 + cos(z).
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F1GURE 3. The pendulum
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