PROBABILITY SUMMARIES 0O.Knill, MA2c, Caltech, April 1995‘

BOOLEAN ALGEBRA PROPERTIES: A finite Boolean algebra (,.4)
Q finite set. A set A of subsets of €2 is called a finite is closed under all set theoretical operations: if
Boolean algebra, if A, B € A, then
Qe A,
Ae A= A e A, feA, ANBe A
A Be A= AUBcA. A\Be A, AABe A
PROBABILITY MEASURE: P: A — R
PROBABILITY SPACE.
P[4] > 0, (non-negativity)
P[Q]n: L (norm;allization) (Q, A, P) is a finite probability space if A is a
PlUi=, Ai] = >, P[A]] Boolean algebra on the finite set €2 and P is a prob-
AiNAj =0, all 4, j, (additivity) ability measure on (€, A).
PROPERTIES: .
AC B = P[A] <P[B]. BAYES RULE: P[A;|B] = P|B|A;)P[A;]/ > P[B|A;]P[Aj] if
P[A] =1 — P[A], Uj A;=Q,A;NA; =0 and P[A|B] = P[AN B]/P[B].
Pl0]=0
Ej P[BN A;] = P[B] SWITCH ON, SWITCH OFF:
if Uj A; =B, A;NA; =0. PlUL, Ail = X5, (1)1 Zl§i1<i2<...<ik§n Pl4; NA;, 0. NA]

CONSTRUCTING NEW PROBABILITY SPACES:

Change of algebra: (2,5, Q), where B C A is a Boolean algebra and @ is restriction of P to B.

Product space:

(QAP) = (Q1,A1,P1) x (Q2,A2,P,), where Q@ = Q1 x Qo, A is the smallest algebra containing
A x Ay = {Al X Ag |Al‘ € AZ} and P[(Al X Ag)] = Pl[Al] . PQ[AQ].

Conditional probability space:

(B, AN B,P[[B)), if Pr[B] > 0 and AN A = {AN B | A€ A} and P[A|B] = P57

INDEPENDENT EVENTS: (£, A, P) finite proba-

PROPERTIES:
bility space. A, B € A are called independent if

A, B € A are independent, if and only if either
P[AN B] = P[A] - P[B] . P[B] = 0 or P[A|B] = P[A].

A finite set {4, };er of events is called independent (2, A, P) = (A,B,Q)" (product space). Given B; €
i B then

if forall J C I

P Al = [[PlAd .- A ={w=(w1,...,wn) |wi € Bi}

el el are all independent.

RANDOM VARIABLE: A random variable on a finite probability space (2, A4, P) is a map X : Q@ — R such
that for all a € R, we have {X =a} € A.

EXPECTATION: The expectation of a random variable X is
defined as

By the definition of a random variable,

E[X] = Z a-PX =ad] = Z X(A)-Pl4], X must be constant on each atom A
a€X(Q) AeA,A atom and X(A) is defined as the common

value, X takes on A. The two expres-
sions for E[X] in the box to the left are
seen to be the same using a = X (A)
and P[X = a‘] = ZA atom X (A)=a P[A]

where an atom is a set in A so that B C A,B € A = B =
Aor B=1{. If A= {A C Q}, then the atoms are all of the form
{w} and

E[X]=) X(wP{w}].

weR




PROPERTIES OF EXPECTATION: For random variables X, Y and A € R

E[X + Y] = E[X] + E[Y]
X <Y = E[X] < E[Y]

E[\X] = AB[X]
EX2=02X=0

E[X] = ¢if X(w) = cis constant E[X —E[X]]=0.

PROOF OF THE ABOVE PROPERTIES:

ELX + Y] = ¥ siom (X + Y)(A) - PIA] = T4 o (X(4) + Y (A)) - P[A] = EX] + E[Y]
E[)‘X] = ZA atom()\X)(A)P[A] = AZA atomX(A)P[A] = )‘E[X]

X <Y = X(A4) <Y(A), forall atoms A and E[X] < E[Y]

E[X?] =0 X?(A) =0 for all atoms A & X =0

X(w)=cisconstant = E[X]=c¢-P[X =¢=c-1=c¢

E[X — E[X]] = E[X] - E[E[X]]=E[X]-E[X]=0

VARIANCE, STANDARD DEVIATION
Variance
Var[X] = E[ (X — E[X])?].

o[X] =/ Var[X] .

Cov[X,Y] = E[(X — E[X])- (Y — E[Y])] .
Correlation of Var[X] # 0, Var[Y] # 0

Standard deviation

Covariance

Cov[X,Y]

Corr[X,Y] = SIXo[Y]

Corr[X,Y] = 0: uncorrelated X and Y.

EXAMPLE: BERNOULLI DISTRIBUTION (Q =
{0,1}", A, P = Q"), where Q[{1}] = p, Q[{0}] = ¢ =

PROPERTIES of VAR, COV, and CORR: .
—p.

Var[X] > 0.
Var[X] = E[X?] — E[X]?.
Var[AX] = \?Var[X].

Cov[X,Y] = E[XY] — E[X]E[Y].
Cov[X,Y] < o[X]o[Y] (Schwarz inequality).

-1 < Corr[X,Y] < 1.
Cort[X,Y) = 1if X — E[X] =Y — E[Y]
Cort[X,Y] = —1if X — E[X] = —(Y — E[Y]).

HX=H=<Z)ﬁf*
E[X] = §k< . )pkq”_k =pn

INDEPENDENT RANDOM VARIABLES: X,Y are
independent if for all a,b € R

PIX=aY=0=P[X=ada]-P[Y =}].

A finite collection {X;};er of random variables are
independent, if for all J C I and a; € R

i€J

PROPERTIES:

o If X and Y are independent, then E[X -Y] = E[X]-
E[Y].

o If X, is a set of independent random variables, then
E[H?:l Xi] = H?:l E[Xi].

o If XY are independent then Cov[X,Y] = 0.

e A constant random variable is independent to any
other random variable.




REGRESSION LINE: The regression line of two
random variables X, Y is defined as y = ax+0b, where

~ Cov[X,Y]

Var[X] b =EfY]

—aE[X].

PROPERTY: Given X, Cov[X,Y],E[Y], and the re-
gression line y = ax + b of X,Y. The random vari-
able Y = aX + b minimizes Var[Y — Y] under the
constraint E[Y] = E[Y] and is the best guess for Y,
when knowing only E[Y] and Cov[X,Y]. We check
Cov[X,Y] = Cov[X,Y].

1D RANDOM WALK

Q={-1L1}" ={(w= (w1 < ...,0n) | wi €
{_1’ 1}}7“4: {A c Q}’P[A] = |Al/I2]).

The random variables Xi(w) = wy define the k’th
step. The random variables S, = EZ:1 Xi(w) de-
scribe the location of the walker at time n. If X} is
interpreted as the win or loss in a game at time k,
then S,, is the total win or loss up to time n. € is
the set of all possible trajectories up to time N.

RANDOM WALK PROPERTIES
a)Ic{1,...,N}, x; € {-1,1}
PIX; =i e l]=2711.

b) E[X] =0,

c) E[S] = 0.

d) n+x even: P[ X, =a]=2"" ( nts )
2

n+z odd: P[X, =z]=0.

GAMBLING SYSTEM. A gambling system attached to the random walk is sequence of random variables

Vi such that every event {V,, = ¢} is a union of sets of the form {w; = z1,..

Let Vi be a gambling system, then

S,Wn—1 = xn—l}-

Sy = zn: Vi X,
=1

is the total winnings with this system. General rule: You can’t beat the system: E[S}] = 0.

CARDINALITY

f:A— Bisl:1orinjective: z # y = f(x) #
f(y)Vz,y € A.

f: A — B is onto or surjective): f(A) = B.

f is bijective < f is 1:1 and onto.

A, B are equivalent: exists bijection f: A — B.

A equivalent to N: countably infinite.
A equivalent to finite set: finite.
A not finite nor countably infinite: uncountable.

o ALGEBRA

Qe A,

A o-algebra on Q is a set A of Ac A= A c A,

subsets of () satisfying

{A1, Ay, ...} C Acountable = J;2, 4; € A.

P : A — R is a probability
measure if

P[A] > 0, (non-negativity)

P[Q] = 1, (normalization)

{41, Az, ...} countable set of disjoint sets =
PlUZ, 4] = X2, P[A;] (o-additivity)

A probability space (2, .A, P) consists of a set Q, a o-algebra A on  and a probability measure P on A. If
Q) is finite, the probability space is called a finite probability space. If € is countable, it is called discrete.

METRIC. d: Q) x Q2 — R is called a metric if

(i) d(x,y) > 0,
(i) d(z,2) < d(z,y) + d(y, 2)
(i) d(z,y) =0z =y

The pair (£2,d) where Q is a set and d is a metric is
called a metric space. Examples. (R*,d(x—y) =

[ = yll, ({0, 1N, dary) = 0% [ — wal2 7).

GENERATING ALGEBRAS. Let {A;}icr be a
collection of c-algebras in €. Then (,.; A; is a
o-algebra. It follows that if S is a set of subsets of
Q, then there exists a smallest o-algebra, which
contains S.

BOREL ALGEBRA. Let (2,d) be a metric space
and let S be the set of open balls B,.(z) = {y €
Q| d(x,y) < r}. The smallest o-algebra which con-
tains S is called the Borel o— algebra on €.

BOREL CANTELLI LEMMA:

NOTATION:

A = limsup A

a) If > P[A,] < oo, then P[A,] = 0.

= m::l Uan An

TTT—T0

b) If A; are pairwie independent and ), P[A,] = oo, thya RivbA= L+ {w | w i$ in infinitely many A;}.




EXPECTATION OF DISCRETE RANDOM VARIABLE. A random variable X on a probability space (92, .4, P)
is called discrete, if Q(X) is countable or finite. In this case, the expectation of X is defined as

EX]= > a-PX=d
aceX ()

if the sum converges. £' is the set of random variables, for which E[|X|] < co.
Variance, Covariance etc. are defined as in the finite case noting that if f(X) € £', then

E[f(X)]= Y  f(a)-P[X =ad].

acX ()
For example if X2 € £', then

Var[X] = E[(X —E[X]))| = ) (a—m)’P[X =a], m =E[X].

acX ()
EXAMPLES:
P[X =k] = ’\k—ie’)‘ Poisson E[X]= A Electrons from cathode
P[X =kl =(1-p)kp Geometric E[X]=1/p Waiting time for success
PIX = k] =((s)7'k™  Zeta BX]=((s+1)/C(s) ((s) =202, n™"

INTEGRATION=EXPECTATION. S: set of random variables taking finitely many values: Define for X € S

EX]:= > a-PX=d.
a€eX ()

L' set of random variables X for which SUPy S y<|x| E[Y] < c0. For X € £' and X > 0, the integral or
expectation is defined as
E[X]:= sup E[Y].
veS,y<x
In general, we decompose X into X = X+ — X~ with X* > 0 and put E[X] = E[X*] — E[X~]. We write also
fQ X dP for E[X] since expectation is integration. Variance, Covariance etc. are defined as in the finite
case: Var[X] = E[(X — E[X])?],Cov[X,Y] = E[(X — E[X])(Y — E[Y])].

DISTRIBUTION FUNCTION. A random variable X has the distribution function F(¢) = P[X < t]. Ab-
solutely continuous random variable: the probability density function if I’ = f exists. Discrete
random variable: F' is piecewise constant with countably many jump discontinuities. The expectation,
variance and E[g(X)] for g(X) € £ is in the continuous case

m =B = [ af@) do, Vol = [ o —mP () de Blg(0) = [ g(a)f(e) do
Comparison: for discrete random variables this was
m=E[X]= ) aP[X=a], Var[X]= > (a—m)’P[X =a],E[g(X)]= )  g(a)P[X =d
aeX () aeX () aeX(Q)

Sometimes, one does not know the distribution of the random variable, then E[X], Var[X] and E[g(X)] have to
be computed by integrating (rsp. summing) over ).

DISCRETE DISTRIBUTIONS:

|| Distribution | Pz = k| | Parameters | Domain | Mean | Variance ||

e R el e N
A

e A >0 {0,1,...} | A A
V1p pc(0,1) 12, ...} [ 1/p 1/p?

Poisson
Geometric (1-p

Binomial (
)\ls
KL




ABSOLUTELY CONTINUOUS DISTRIBUTIONS:

|| Distribution | Density f(z) = | Parameters | Domain | Mean | Variance ||
Uniform Ljgp - (b—a)”! a<b [a, b] (a+b)/2 ] (b—a)?/12
Exponential | Ae™?* A>0 RT 1/A 1/)2
Normal (2mo?)~1/2 ef(m;;;% meR,02>0 | R m o?
Erlang A e R+ A>0,keN | k/A ko) \2

PROPERTIES OF DISTRIBUTION FUNCTIONS:

F(t) € [0,1] Pla < X <b] = F(b) — F(a)
a<b= F(a) < F(b) limy oo F'(t) = 0,limy_oo F'(t) =1
limes o F(a+¢€) = F(a) limeoF(a—¢€)=F(a)—P[X =d]

Every function FF : R — R satisfying the above properties belongs to a random variable X: de-
fine the probability space (2, .4, P), where A is the Borel o-algebra on @ = R and P is defined by
Plla,b)] = F(b) — F(a) = P[X € [a,D)].

RANDOM VECTOR. X = (X1, Xa,...,Xy) is called a random vector if X; are random variables. The
distribution function of X (also called joint distribution of X1, X, ..., X,) is defined as

F(ty,...,ta) = P[Xy <t1, Xg <tg,..., Xq < tq] .

The distribution is continuous if there exists a function f: R4 — R™T such that

t1 to tq
F(t)=/ / / T, y2, -, ya) dya - . . dyady;

TRANSFORMATION OF RANDOM VARIABLES:

e Let F' be a continuous invertible distribution function. Let X be a random variable which is uniformly
distributed in [0,1]. Then Y = F~1(X) gives random numbers with distribution F.

e Given a continuous random variable X with density f and a differentiable invertible function ¢ : R — R with
inverse ¢. The random variable Y = ¢(X) has the density

g(t) = fFw@)IW' ()] -

e Given a continuous random vector X with density f and a differentiable invertible function ¢ : RY — R4
with inverse ¢. The random variable Y = ¢(X) has the density

g(u) = f((u))[Det(Dip(u))] -

|| Distribution | Parameter | Charact. function ||
CHARACTERISTIC FUNCTION The char- Normal meR,o2>0 | emit—ot’/2
acteristic function of X is defined as Standard normal /2
¢).((t) = E[e"*]. . Uniform [—a,d] sin(at)/(at)
Discrete case: ¢x(t) = > ,ex(q) € P[X = Exponential A>0 A (A —it)
a]o.o ) Continuous  case: ox(t) = Binomial neEN,pe0,1] | @+ (I—peh)”
Jos e f (=) da. Poisson A>0 eAMe 1)
. pe't
Geometric p€(0,1) =)

CALCULATION OF MOMENTS: E[X*] = (—i)*¢{?(0). Especially, E[X] = —i¢/y (0).

SUMS OF INDEPENDENT RANDOM VARIABLES: X; independent with distribution ¢;, 5 = .7 | X;, then
Ps(t) = ¢1(t) - d2(t) -~ du(t).




THE GAMMA FUNCTION. Some distributions use the Gamma function: I'(n) = fooo 2" le7* dz. Forn € N,
we have (n — 1)!. Proof. T'(1) = 1, T'(n) = (n — 1)I'(n — 1) by partial integration. Computations like

I(1/2) = V7, T(3/2) = Va/2 use [qe /% = /2.

CHEBYCHEV-MARKOV INEQUALITY. Let A : RT — R* be a monotone function and X > 0 a random
variable with 2(X) € £'. Then for all ¢ > 0
h(c)-P[X > ] <E[h(X)].

Proof. Take the expectation of h(c)lx>c(w) < h(X)(w). Use the monotonicity and linearity of the expectation.

CHEBYCHEV INEQUALITY. If X € £2, then for all ¢ > 0

Var[X]
cz

PIX —E[X][ > ¢] <

Proof. Apply Chebychev-Markov’s inequality to Y = | X — E[X]| and h(z) = 22.

CONVERGENCE IN PROBABILITY. A sequence of random variables X,, converges in probability to a
random variable X, if for all € > 0,
lim P[|X,— X|>¢€¢=0.

WEAK LAW OF LARGE NUMBERS.

Assume X; have common expectation E[X;] = m and satisfy sup,, + Y7 | Var[X;] < co. If X,, are pairwise
uncorrelated, then Y " | X;/n — m in probability.

Proof. Since in general Var[X + Y| = Var[X]|+ Var[Y]|+2-Cov[X, Y] and X, are pairwise uncorrelated, Var[X,, + Xn] =
Var[X,] + Var[X,,] for n # m and by induction Var[S,] =" | Var[X;]. Using linearity, we obtain E[S,/n] =m and

Var[S, /n] = E[(Sn)?/n’] — E[S.]?/n® = Var[S,]/n* = % ZVar[Xn] —0.

With Chebychev’s we obtain
P[|Sn/n—m| > ¢ < MHO(TLHOO).
SPECIAL CASE. If X; are independent random variables with the same distribution for which the mean m

and variance exists, then ;" | X;/n — m in probability.

ALMOST EVERYWHERE CONVERGENCE: X,, converges almost everywhere to a random variable X, if
P[X, — X,n — oo] = 1.

STRONGER WEAK LAW OF LARGE NUMBERS: Assume X; have common expectation E[X;] = m and
satisfy M = sup,, E[X?] < oo,sup,, E[X?]? < co. If X; are independent, then > P[|S,/n —m| > €] converges
for all e > 0.

Proof. Estimation of E[X?] with Chebychev-Markov’s gives P[|S,,/n —m| > €] < C/n? for some constant C.

STRONG LAW OF LARGE NUMBERS: If X,, are independent random variables with M = sup,, E[X 2] < oo,
sup,, E[X?2] < co with common expectation E[X,,] = m. Then S, /n — m almost everywhere.
Proof. Follows from the stronger weak law because complete convergence implies almost everywhere convergence.

CONVERGENCE IN DISTRIBUTION. X,, converges in distribution to a random variable X, if for all t € R,
P[X, <t] - P[X <] for n — oo.

CENTRAL LIMIT THEOREM:
Given X,, which are independent with mean m and variance o2. Let X be a random variable with standard

normal distribution. Then
S, —nm

ovn
in distribution, where S,, = X1 + Xo + ... + X,,.

Proof. A calculation shows that the characteristic functions of S} = (S, — E[Sy])/0[Sn] converge to the
characteristic function of X.

— X




