PROBABILITY THEORY

MATH 154

Unit 1: What is probability theory?

INTRODUCTION

1.1. Probability theory studies probability spaces (2, A, P), a set 2 equipped
with a o-algebra and a probability measure P. Random variables are measur-
able maps X : Q2 — R with expectation E[X] and variance Var[X]. It also studies
stochastic processes like S, = X; + X5 + ... X,,. Every random variable X has a
cumulative distribution function F(z) = P[X < z| and a law f = F’, which is
a probability measure on the real line. Finite probability theory leads to combina-
torics. The field is rooted on measure theory. It relates to real analysis and the
foundations of mathematics. In geometry, it appears as integral geometry. In
analysis, it is helpful to study partial differential equations. In artificial intelligence,
weights define probability spaces on networks of tokens. Statistical decision theory
uses probability spaces on states, actions and signals to tackle decision problems for
agents trying to optimize utility under uncertainty. In physics, the language describes
the quantum nature of the world.

1.2. Modern probability theory has been axiomatized as cleanly as the geometric ax-
iomatic approach of Euclid for planar geometry. It plays a role when probing the nature
of space and time. Fundamental conundrums are why primes show random behavior or
why digits obtained by an expansion of fundamental constants pass tests as if they were
typical random numbers. For example, if we look at primes p,, of the form p = 2% + y?
with 0 < y < z, we see that the angles X,, = arctan(y, /x,) appear pretty random. If
we look at the decimal digits X, of 7, all statistical tests indicate that the digit data
come from a random process. But even the normality of 7, the statement that all
decimal digits of m appear with the same frequency, is unproven. Probability theory is
a play field also in linear algebra, where one can looks for example at properties of
random matrices or in statistical physics, when looking at random networks. How
are the eigenvalues of random matrices or Laplacians of random networks distributed?
In complex analysis, can can study for example the differences between successive roots
of the Riemann zeta function using statistical tools.

1.3. Much of probability theory deals with independent, identically distributed
random variables. This IID assumption is a very strong condition, but it allows
to prove theorems. Given a sequence of X of such random variables, the law of
large numbers assures that %Sn converges to the expectation E[X]. The average of
a 1000 random dice events is expected to be 3.5. The law of large numbers assures
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that the normalized random variables S,, converge in law to the Gaussian distribution.

The law of iterated logarithms refines this and assures that msn has

its accumulation points in [—1,1]. Modern frontiers in the subject try to push these
theorems to processes with less assumptions. The Birkhoff ergodic theorem for example
generalizes the law of large numbers to ergodic measure preserving transformations.
One can for example look at the irrational rotation z — x + o = z + v/2 mod 27 and
study X, (0) = cos(f + na) which are identically distributed random variables. One
still has £, = E[X] but the growth of S, is governed by more subtle things. Under
smoothness and arithmetic conditions, the sum S,, can even stay bounded.

1.4. Modern probability theory also extends to ergodic theory, the theory of mea-
sure preserving transformations. It turns out that every sequence of random variables
X1, Xy ... with identically distributed variables can be written as X, (z) = X (T*x),
where T : Q — Q is measure preserving, T%(x) = T(T**(z)) and X is a single ran-
dom variable of that distribution. What distinguishes probability theory within the
theory of dynamical systems is that the random variables are often assumed to
be independent in the former. This can be realized by taking Q = [[;_; A to be a
product probability space and T'(x); = zx41 as the shift. Sometimes, the independence
is not obvious. The map z — 4x(1 — x) on [0, 1] preserves a measure that is smooth in
(0,1) and gives rise to IID random variables. For processes like the double pendulum,
which produces a measure preserving flow on 3-dimensional energy surfaces, we can not
prove yet that there are random variables X such that X = X (T%z) are independent
even so physical experiments indicate this is true. Also for simpler systems like the
measure-preserving map 7'(z,y) = (2z—y+csin(x), y) on the 2-torus 2, equipped with
the area measure, there is numerical evidence that there should be random variables X
on  such that Xj, = X(T*) are IID. This would follow if £ [[. log(||dT™(z,y)||) dzdy
had a positive limit, where d1™ is the Jacobean matrix of 7. This example illustrates
also that for matrix-valued random variables X,,, the growth rate of S, = X; X5 ... X,
can be hard to understand, even if the X; are random.

1.5. More research is needed when studying stochastic processes which are correlated.
In the real world, observations are hardly independent. Everything is connected, some-
times in a complicated way. There can be correlations between different things, some-
times unexpected. We also do not always can expect to have finite variance. Catas-
trophes like wildfires do not fit into probabilistic models. For example, look at the
random variables X,,(0) = cot(7f +nra), where a = (14+/5)/2. This is very unusual.
First of all, the random variables have Cauchy distribution which is an example of
a distribution with infinite variance that models “high risk”. Getting close to 0, the
pole of cot, produces huge changes. For IID random variables there is also a central
limit theorem. The Cauchy distribution plays the role of the Gaussian distribution
now. But the random variables are also correlated. The covariance between successive
variables Cov[Xy, X1] = E[XoX;] = fol cot(mz) cot(m(x + a)) dr numerically evaluates
to —1.12019 while Cov[Xy, X5] = 1.60942. The cot-process is interesting because the
random walk S,, produces a growth rate can be computed explicitly and is self-similar..
We mention this example only to illustrate that we have hardly scratched the surface
of the subject.
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Unit 2: Classical challenges

THE BERTRAND PARADOX

2.1. Bertrand asked in 1889, what the probability is that a random line on the unit
disc intersects it with a length > /3, the length of the inscribed equilateral triangle.
Here is the argument for P = 1/3: fix a point A on the boundary of the disc we can
look at all lines through that point. For a polar angle 0 < § < 7/3 and 27/3 <6 <7
the chord is longer than v/3 and for 7/3 < § < 273 it is larger. A second answer gives
P = 1/2: by looking at all points perpendicular to a fixed diameter the chord is longer
than /3 if the point of intersection lies on the middle half of the diameter. A third
answer gives P = 1/4: if the midpoint of the chord is in the disc of radius 1/2, the
chord is longer than /3. The area of that disk is 1/4 of the area of the disk.

THE MONTY-HALL PARADOX

2.2. Suppose you're on a game show and you are given a choice of three doors. Behind
one door is a car and behind the others are goats. You pick a door-say No. 1 - and the
host, who knows what’s behind the doors, opens another door-say, No. 3-which has a
goat. (In all games, he opens a door to reveal a goat). He then says to you, Do you
want to pick door No. 27" (In all games he always offers an option to switch). Is it to
your advantage to switch your choice?

No switching: you choose a door and win with probability 1/3. The opening of the
host does not affect any more your choice. Switching: when choosing the door with
the car, you loose since you switch. If you choose a door with a goat. The host opens
the other door with the goat and you win. There are two such cases, where you win.
The probability to win is 2/3. There are now entire books on the subject [?]. The
problem is related to Baysian thinking.

THE BANACH TARSKI PARADOX

2.3. We work in the probability space the unit cube Q in R3, where the events are
the set of all subsets of € and where the probability P[A] is the volume of A. We
can take unions and intersections of events and keep having events. The axioms of
probability theory assure that P[] = 1,P[AU B] = P[A] + P[B] if A and B are
disjoint. The volume of events is rotational and translational invariant as long as the
turn or translation keeps us in €2.
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Now look at the following theorem: it is possible to write the ball X = {2+ y? + 2% <
1/9} as a disjoint union of 5 sets X = A; U Ay U A3 U A4 U A5 and rotate and translate
the sets in €2 to sets By, By, Bs, By, Bs such that ByUByUBs = {(x —1/2)?+3y?+2? <
1/9} = X —(1/2,0,0) and ByUBs = {(z + 1/2)> + 4> + 22 < 1/9} = X + (1/2,0,0).
We have achieved, by cutting, translation and rotation that the ball has doubled in
size. As P[S]+P[S] = P[S], this would imply P[S] = 0. But since €2 can be covered by
finitely many spheres of radius 1/3 and each having P = 0, we conclude that P[] =0
which is a contradiction. We have not lied. The theorem follows from the Axiom of
Choice and is true, the conclusion paradox was correctly derived. But there obviously
will have been a problem.

THE PETERSBURG PARADOX

2.4. Assume you pay an entrance fee ¢ for a game and that you win 27, where T
is the number of times, the casino flips a coin until "head” appears. For example,
if the sequence of coin experiments would give "tail, tail, tail, head”, you would win
23 — ¢ = 8 — ¢, the win minus the entrance fee. For which ¢ is the game fair? We
can compute the expectation as Y- 2"P[T" = k] = >_;°, 1 = oo. But nobody would
agree to pay even an entrance fee ¢ = 20. The event T = 20 is so improbable that it
never occurs in the life-time of a person.

2.5. What would be a reasonable entrance fee in "real life”? Bernoulli proposed to
replace the expectation E[G] of the profit G = 2T with the expectation of (E[u(G)])?,
where u(x) is a utility function like (z) = y/z. It leads to a fair entrance estimate

[e.e]

1
(EBNVG])? = (> 28272 = < 5828....
= Vi-1p
On the other hand, given any utility function w(k), one can modify the casino rule.
For example, we could just pay (2F)2 in the case u(k) = V&, or pay 2" for the utility
function u(k) = log(k). Is there a good resolution to the difficulty?

THE MARTINGALE PARADOX

2.6. Here is a bullet proof martingale strategy in roulette: bet ¢ dollars on red. If
you win, stop, if you lose, bet 2¢ dollars on red. If you win, stop. If you lose, bet 4c
dollars on red. Keep doubling the bet. Eventually after n steps, red will occur and you
will win 2" — (¢ + 2c + « -+ + 2" !¢) = ¢ dollars. This example motivates the concept
of martingales. Why can this foolproof strategy not used?

THE BIRTHDAY PARADOX

2.7. The last example we mention in the notes illustrates that intuition can be mis-
leading. There are 365 days in a year, so that that it appears that we appear to need
a larger group of people to expect a Birthday collision. It turns out that already for a
group with 23 people, the probability that two have the same birthday is larger than
1/2. Coincidences happen more frequently. In class, we will look at a "top 10” list of
paradoxa including some not mentioned here.
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Unit 3: Algebras

3.1. If Q is a set, a set A of subsets of €2 is called an algebra if it is closed under
intersection N and symmetric difference A and if 2 € A. The algebra of sets
behaves like the algebra of integers. We just have to think about A = + as addition
and N = - as multiplication. Indeed, we can check commutativity, associativity and
distributivity. These identities are logical conclusions. We can also visualize them
as Venn diagrams. Figure 1) shows associativity (A- B)-C = A-(B-C). It just
encodes the set of elements in €2 which are in all of the sets. The algebra encodes so
basic logical thinking rules that usually are taken for granted. Boolean algebra includes
also Boolean logic like the “tertium non datur” A U A°¢ = Q.

F1GURE 1. Venn diagram of the addition and multiplication in the algebra.

3.2. Any algebra of sets always contains the empty set 0 = (), which is part of the
algebra because it is €2 4+ €2. The empty set is also called zero because 0 + A = A
for every A. The set ) plays the role of the 1 because 1- A = A. The algebra is also
known as a Boolean algebra because A+ A =0 and so —A = A. We can form other
set operations like the union AUB = AB+ A+ B =1+ (1+ A)(1 + B) and the set
difference A\ B = B + AB and the complement A° = A + 1. A Boolean algebra is
a commutative ring with 1. Besides the laws A + A = 0 and A2 = A, we have in
particular 1 + 1 = 0.

3.3. A set [ is called countable if there is a bijection from I to the counting numbers
N = {1,2,3...}. Every countable set of sets can therefore be written as a sequence
of sets {A;, Ay, ... }. The Hilbert hotel pop-culture picture is the result that N and
2N = {2,4,6,8,10,...} have the same cardinality. We can also count the rationals
Q, as seen in class. We can not count the numbers in the interval [0, 1] however as
Cantor showed in his famous diagonal argument: just assume to have an enumeration
and construct from this a new number that is different from each of the numbers: just
change in number k& the k’th digit. In probability theory, countability plays a role.
Remember the Vitali set.
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FIGURE 2. The Venn diagrams of multiplicative associativity A-(B-C) =
(A- B) - C and additive associativity A+ (B+C) = (A+ B) + C.

3.4. An algebra is called o-algebra if it is closed under the formation of countable
unions. A pair (£2,.4), where A is a o-algebra on (2 is also called a measurable space.
Formally, A, € A = |J,,cny An € A. This implies that countable intersections are in
A: N, A, =1-(U,(1—A4,)). An important property is that an arbitrary intersection
of o-algebras is a o algebra.

3.5. Some examples:

1) For an arbitrary set 2, A = {0, Q} is a o-algebra. It is called the trivial o-algebra.
2) If Q is an arbitrary set, then A = 2% = {4 C Q} is a o-algebra. It is the largest
o-algebra one can define on ().

3) A finite set of pairwise disjoint sets A, As, ..., A, of Q satisfying Uj A =Qis
called a finite partition of 2. It generates the finite o algebra B = {A = J;c; 4, },
where J runs over all subsets of {1,...,n}. Every finite o-algebra has this form and
its elements {A,..., A, } are called the atoms of B. 4) Given an arbitrary set C of
subsets in €2, we can look at the intersection of all o algebras which contain C. It is
called the o-algebra generated by C.

5) Given a topology O on €, a set of subsets of {2 that contains (), 2 and is closed under
finite intersections and arbitrary unions. The o algebra generated by this topology is
called the Borel o algebra of the topology.

3.6. Write A, "1 Aif A, C A,y and |, A, = A. We say A is a limit. (Q,A) is
called a m-system, if A contains () and A is closed under intersections. (€2,.4) is called
a A-system or Dynkin system if A contains €2, is is closed under complements and
closed under limits. Note that both 7 systems as well as A\ systems do not need to be
algebras.

Theorem 1. (2, A) is a o-algebra < if it is a w-system as well as a \-system.

Proof. 7 = 7: Just check that A\ B= AU B + B.

7 <7 assume A is both a m-system and a A system. Given A, B € A. By definition
we know that A° = Q\ A, B°=Q\ B is in A. The m-system property implies that
AUB = Q\ (A°N B¢) € A. Since complements can be formed we have A + B =
AUB\ AN B in A. Given a sequence A, € A. Define B, = |J,_, Ax € A and
A=J, An. Because B,, /' A we know that A is a limit and that A € A. This finishes
the proof that A is a o-algebra. O
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Unit 4: Probability Measures

4.1. (2, A, P) is called a probability space, if A is a ¢ algebra on Q and P : A —
[0,1] is (i) non-negative P[A] > 0, (ii) normalized P[Q}] = 1, and (iii) o-additive:
A, € A disjoint = P, A,] =, P[A,].

4.2. A function A from a m-system Z to [0, 1] is called monotone if A\(AN B) < A(A).
If A(0) =0 and \(Q2) = 1, we also call it a probability measure on the 7-system.
If 7 is a m-system, let o(Z) denote the smallest o algebra containing Z.

4.3. A, B € A are called independent, if |P[A N B] = P[A] - P[B]|. With the condi-

tional probability |P[A|B] = P[P’f‘[;f] independence means P[A|B] = P[A].

4.4. Example: A fair dice produces a random number k in {1,2,3,4,5,6 }. Now toss
a fair coin k times. You don’t see the coins but are told that all coins are head. What
is the probability that the dice showed 57 It can be solved using Bayes rule.

4.5. You prove the following IIAY. result in the homework. *
Theorem 1 (Sorority). The smallest A-system A containing a mw-system T is o(Z).

4.6. Let P = 2% denote the set of all subsets of . A map p : P — [0,1] is called
an outer measure if u(f) =0, A,B € A with A C B = p(A) < u(B) and o-sub-
additivity holds A, € P = u(lU, A4n) < >, 1(Ay) for all sets. Given an outer
measure i, a set A in P is a p-set, if p(ANG)+ p(A°NG) = p(G) for all G € P.
Given an outer measure y, let | A, | be the set of all p-sets.

Theorem 2. An outer measure i defines a o-algebra A, C P on which i is o-additive.

Proof. (i) A, is an algebra. First of all, Q@ € A,. If B € A, then B® € A,. Given
B,C € A, Then A = BnC € A, Since C € A,, we get p(C N A°NG)+
wC N A°NG) = u(A°N G). This can be rewritten with C' N A° = C' N B and
C°NA°=Cas u(A°NG) = w(CNB°NG)+ u(C°NG) Because B is a p-set, we get
using BNC =A. f(ANG)+u(B°NCNG) =p(CNG). Since C' is a p-set, we have
w(CNG)+ p(CNG) = u(G). Adding up these three equations shows that B N C
is a p-set. If B and C are disjoint in A, we deduce from the fact that B is a p-set,
w(BN(BUC)NG)+u(BN(BUC)NG) = pu((BUC)NG). This can be rewritten as
w(BNG)+u(CNG) = p((BUC)NG). By induction, Y ;_, p(AxNG) = p((Up—; Ax)NG)

INever mind that the sorority Pi Lambda Sigma at BU merged with Theta Phi Alpha in 1952.
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holds for all {Ax}7_; and all G € A.

(ii) Given a disjoint sequence A, € A,. We have to show that A = J, A, € A, and
p(A) =" u(An). We know that B, = (J,_, Ak isin A,. Because u(G) = u(B,NG)+
p(BiNG) 2 p(BuNG)+u(ANG) = 30y p(AeNG)+p(ANG) = p(ANG)+pu(ANG)
and pu(G) < u(ANG)+p(A°NG), we have u(G) = p(ANG)+u(A°NG) showing A € A,,.
Finally we show that p is o-additive on A,: for any n > 1 we have Y ,_, u(4y) <
Uy Ak < >0, 1(Ay). Take the limit n — oo. O

Theorem 3 (Carathéodory Extension Theorem). A probability measure A on a -
system I extends uniquely to a probability measure p on o(Z).

Proof. The function p(A) = inf{d> _(A(A,) | A, € T with A C |J,, A, } defines an
outer measure on P. We will show that it defines a probability measure on 4,,. This
then extends to the smallest o-algebra A containing Z.

(i) [ (@) =0 and p(A) < p(B) for A C B| follow from the outer measure properties

of A\. To see |o-sub-additivity of | take a sequence A, € P and fix ¢ > 0. For

all n € N, one can find a sequence {B, ;}reny in Z such that A, C (J,cn Bnx and
> ken MBuk) < p(An) + €27 Define A = U, oy An C U, pen Buks 50 that p(A) <
Yok M Buk) < 2, 1(An) +e. Since e was arbitrary, the o-subadditivity of u is proven.

(ii) Given A € Z. Clearly A\(A) < p(A). Suppose that A C |, A,, with

A, € R. Define a sequence { B, },en of disjoint sets in R inductively. That is B; = Ay,
B, = An N (Uj<p Ak)¢ such that B, C A, and |J,, B, = U, A» O A. From the o-
additivity of p on Z follows pu(A) < (U, An) = (U, Bn) = >, w(B,). Because the
choice of A, is arbitrary, this gives also pu(A4) < A(A).

(iii) . Given A € 7 and G € P. There exists a sequence {B,}nen in Z such
that G C U, B, and >, u(B,) < AMG) + €. By definition > u(B,) = >, (AN
B,) + >, u(A°N B,) > (AN G) + p(A°N G) because ANG C |J,AN B, and
A°NG C Y, A°N B,. Since € is arbitrary, we get u(G) > p(ANG) + A(A°NG). On
the other hand, since y is sub-additive, we have also u(G) < u(ANG) + u(A°NG) and
A is a p-set.

(iv) By (i), p is an outer measure on P. Since by step (iii), Z C A,, we know that
A=0(Z) C A,, so that p on A is defined by restricting p from A, to A = o(Z).

(v) If two probability measures u,v on o(Z) satisfy u(A) = v(A) for
A €T, then[p=v] theset D ={A € A| u(A) = v(A) } is a A system: Q € D.
Given A, B € D,A C B. Then pu(B\ A) = u(B) — u(A) = v(B) —v(A) = v(B\ A)
so that B\ A € D. Given A, € D with A, / A, then the ¢ additivity gives u(A) =
limsup,, 4(A,) = limsup, v(A,) = v(A), so that A € D. Since D is a A system
containing the m-system Z, we know that (ask sorority) that o(Z) =C D which means
that p = v on o(Z). O

4.7. Examples:

1) p([a,b)) = b — a on the m-system Z = {[a,b) C [0, 1]} extends to o(I).

2) If (4,41, P1),(Qs, Ay, Py) are probability spaces then A\(A x B) = P,[A]Py[B]
extends from the 7 system Z of “rectangles” A x B to the product. Product spaces
are a source for independence as A x {25 and £2; x B are always independent.

OLIVER KNILL, KNILL@MATH.HARVARD.EDU, MATH 154, SPRING, 2025



PROBABILITY THEORY

MATH 154

Unit 5: Random variables

5.1. Let (22, A,P) be a probability space. A map X : Q — R is called a random
variable if all sets {X € [a,b)} are in A for all @ < b. Random variables are functions
which define measurable events. Since we can add and multiply random variables, we
get an algebra L of all random variables. It is a vector space over the real numbers
R. One could also look at complex-valued random variables or vector-valued random
variables like random matrices. The Borel o algebra on the real line generated by
half open intervals is denoted by B.

Theorem 1 (Law). Every random wvariable X € L defines a probability measure
w([a, b)) = P{X € [a,b)}] on the real line (R, B).

Proof. This is a direct consequence of the Carathéodory extension theorem: the func-
tion u([a,b)) = P[{X € [a,b)}] is a probability measure on the 7 system of half open
intervals. We also have () = 0 and u(R) = 1. O

5.2. A step function is a random variable of the form X =" | a;- 14, with a; € R
and where A; € A are disjoint sets. Denote by S the algebra of step functions. For
X € 8, define the integral

B[X] /QX qp - iaiP[Ai] |

5.3. Define £ C L as the set of random variables X, for which SUDyes,y<|x| f,Y dP
is finite. For X € £!, define the integral or expectation

E[X] ::/XdP: sup /YdP— sup /YdP,
YeSY<x+ YeSY<X-
where X* = X V0 = max(X,0) and X~ = —X V0 = max(—X,0). The vector
space L' is the space of integrable random variables. Similarly, for p > 1, write
Lr={X € LE[|X]|P] < co}.

5.4. For X € L2 the variance is defined as Var[X] := E[(X —E[X])?] = E[X?|-E[X]2.
The non-negative number o[X] = Var[X]'/? is called the standard deviation of X.

5.5. The expectation is also called "average” or "mean”. The standard deviation
measures how much we can expect the variable to deviate from the mean. Random
variables are centered, if E[X]| = 0. For such X, we can think of ¢.X as a length.
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5.6. Example: Let B denote the Lebesgue o-algebra on €2 = [0,1]. The m’th power

1
random variable X (z) = 2™ on (92, B,P) has expectation 2E[ | = [y 2™ de = L5,
variance Var[X]| = E[X?] - E[X]* = 55 — (mil)g = @iz and so the standard

deviation O'[X] = #\/m

5.7. If X is a random variable, then E[X™] is called the m’th moment of X. The
m’th central moment of X is defined as E[(X —E[X])™]. The moment generating
function (MGF) of X is defined as Mx(t) = E[e*X]. Tt is a tool for a fast simultaneous
computation of all the moments. The function

rx(t) = log(Mx (1))
is called the cumulant generating function.

5.8. Example: For X(z) =z on Q = [0, 1], we compute

o0

My (f) = B[] = E[Z iR Z R N, Wmﬂ) (=)t

m=0

5.9. Example. Let 2 = R. For given constants m € R, o > 0, define the probability
measure P[a, )] f f(x) dr with
1 _@=—m)?

flo) = e 5

Caratheodory assures that this extends to the Lebesgue o-algebra. This is a prob-
ability measure because after a change of variables y = (z — m)/(v/20), the integral
[72. f(x) dx becomes \/%? [ e dy = 1. The random variable X (z) = z on (2, A, P)
is an example of a random variable with Gaussian distribution. We also say it is
a Gaussian random variable or a random variable with normal distribution.
Lets justify the constants m and o: the expectation of X is E[X] = [X dP =
[ af(x) do = m. The variance is E[(X —m)?] = [*_a?f(z) dz = ¢? so that the
constant o is indeed the standard deviation. The moment generating function of X is
Mx (t) = e™+7°*/2 The cumulant generating function is therefore s x (t) = mt+o2t2/2.

5.10. Here comes in some calculus

Theorem 2. If X has the MGF Mx(t) and Mx(t) has a convergent Taylor series at
t =0, then E[X"] = L= Mx(t)|i=o-

t"

Proof. Apply the Taylor series to e = Y > ¢"X"/nl. Taking the n’th derivative
on on both sides X"e!X; = X™ and taking the expectation shows that F[X"] is n’th
derivative of Mx(t). O
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Unit 6: Distribution Functions

6.1. The cumulative distribution function of a random variable X is defined as
Fx(s) = (=00, )) = P[X <]

It is often abbreviated as CDF. If Fx(s) is differentiable, it defines the probability
density function fx(s) = F(s) abbreviated PDF.

6.2. The function is monotone increasing and satisfies F'y (—oo) = 0 and Fx(400) = 1.
It does not have to be smooth. For example, if X (x) = (—1)* is the random variable
on (2 ={1,2,3,4,56}, A =2%P({z}) = 1/6) then Fy jumps at the values —1,1 and
is constant elsewhere. The law of X is the probability measure which is supported on
{—1,1} and has weights 1/2 on both points.

6.3. The distribution function F'is useful: To get random variables with a distribution
function F', just take a random variable Y with uniform distribution on [0,1]. Now,
X = F7YY) has the distribution function F because {X € [a,b] } = {F7}(Y) €
la,0] } ={Y € F([a,b]) } ={Y € [F(a), F(b)]} = F(b) — F(a). We need only random

number generators that produces uniformly distributed random variables.

6.4. Example. Assume we want to generate a random variable with Cauchy distribu-
tion with PDF f(z) = F'(z) = (£/(1 + 2?). Integrating gives F(z) = 1 + arctan(z)/m
and F~!(z) = tan(rz —m/2) = cot(mz). We can therefore compute Cauchy distributed
random variables by evaluating cot(7wx) with uniformly distributed random variables
in [0, 1].

6.5. A measure p on (R,B) is absolutely continuous (ac) with respect to the
Lebesgue measure \ = dz if \(A) = 0 = p(4) = 0,VA € B. If p = fdA
meaning that there exists a non-negative measurable function f satisfying F'(z) =
p([—o0,z]) = [*_ f(z) dz. A measure is pure point (pp) if there exists a finite or
countable set of real numbers x, and a sequence of positive numbers p,, > p, =1
with F(z) = p([—o0,z]) =, . <, Pn- Finally, ui is called singular continuous (sc)
if 1 is continuous (u({x}) = 0 for all z and pu(S) = 1 for some set S of zero Lebesgue
measure.

IMany textbooks simply use continuous for (ac).



Probability theory

6.6. Nomenclature for u goes over to CDF’s F' or random variables X. A (pp) measure
w could be dense on some intervals. It is supported on atoms, points x with pu({z}) > 0.
For (ac) measures, there is a density function f meaning = f dx and ffooo fdr=1.
The existence of this Radon-Nykodym derivative is to take the supremum over
all non-negative functions with the property [, fd\ < p(A) and [ fd\ = 1. A (sc)
measure £ has no atoms and satisfies (S) = 1 for some S € B with A(S) = 0.

6.7. These three classes are fundamental:

Theorem 1 (Lebesgue decomposition theorem). Every probability measure i on (R, B)
can be decomposed uniquely into (= [y + fac + hse, Where py,, is pure point, [is. 1S
singular continuous and fi.. 1S absolutely continuous.

Proof. Denote by A the Lebesgue measure on (R, B) for which A([a,b]) = b —a. We
first show that any measure p can be decomposed as p = g + s, Where pig. is
absolutely continuous with respect to A and ug is singular. The decomposition is
unique: g = u((zlc) + ugl) = ug;) + ug) implies that ug? — MEEJ = ug) — ugl) is both
absolutely continuous and singular with respect to u which is only possible, if they are
zero. To get the existence of the decomposition, define ¢ = sup 4 4 y(a)=0 #(A). If ¢ =0,
then p is absolutely continuous and we are done. If ¢ > 0, take an increasing sequence
A, € B with pu(A,) — c¢. Define A = -, An and py as ps(B) = p(AN B). To
split the singular part j, into a singular continuous and pure point part, we again have
uniqueness because s = ug,lj) —|—,ugi) = ,u](g? +ul(,§,) implies that v = u&i’ —,ug) = ,Uz(o? —Mz(;?)
are both singular continuous and pure point which implies that v = 0. To get existence,
define the finite or countable set A = {w | p(w) > 0 } and define p,,(B) = p(ANB). O

6.8. Examples of absolutely continuous distributions

(z=m)?

e The normal distribution N(m,o?) on R has PDF f(x) = 2;026_ 202
e The Cauchy distribution on R has f(z) = 2 d

— 7024 (z—m)Z"
e The exponential distribution on RT has f(z) = e ™"

6.9. Example of a singular continuous distribution

e The Cantor distribution on [0, 1] supported on the Cantor middle third. Its
CDF is called the Cantor staircase.

6.10. Examples of pure point distributions:

e The binomial distribution on {1,...,n } Plx = = ( Z >pk(1 —p)n—k.

e The Poisson distribution on N has P[X = k] = ¢ ™20

e The geometric distribution on N = {0,1,2,3,... } has P[X = k] = p(1—p)*.

FIGURE 1. The law and CDF of a Binomial distribution.
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Unit 7: Independence

7.1. Two events A, B € A in a probability space (2, A, P), are independent if P[AN
B] = P[A]P[B]. An arbitrary set of events {A;}c; is called independent, if for any
finite subset J of them, P[;.; 4;] = [[;c; P[A;]-

7.2. A finite set of subsets Ay, As, ..., A, of Q which are pairwise disjoint and whose
union is  is called a finite partition of Q. It generates the o-algebra: A = {A =
Ujcs A4j }, where J runs over all subsets of {1,...,n}. This o-algebra has 2" elements.
Every finite o-algebra A is of this form: just look at the atoms, the smallest nonempty
elements {A;,..., A,}. They form a disjoint set that cover €.

7.3. Two m-systems Z, J C A are called independent, if for all A € Z and B € 7,
P[AN B] = P[A] - P[B]. Similarly, two o-algebras A, B are called independent, if for
any pair A € A, B € B, the events A, B are independent. An arbitrary family Hjel A;
of o algebras is independent if any finite set A; € A; of events are independent.

7.4. Examples:

1)On (Q ={1,2,3,4 },2° P[A] = |A|/|Q|), the two o-algebras A = {0, {1,3 },{2,4 },Q }
and B={0,{1,2 },{3,4 },Q } are independent.

2) For independent sets A, B in a probability space, the sub o-algebras A = {(), A, A, Q}
and B = {0, B, B¢,Q)} are independent.

3) If (Q;,A;,P[A;]) with j € I are probability spaces then each factor is independent
in the product probability space. of sequences Q =z = {(z;);er, ; € Q;}, where the

o algebra is generated by the m-system of sets [] et A; in which only finitely many
are not equal to 2; and where the measure P is extended from that 7 system via
Carathéodory as P[[[,c; A4;] = [[;c; PI4]-

7.5. Given a probability space (22, A4, P). Let G,H be two o-sub-algebras of A and
Z and J be two m-systems satisfying o(Z) = G, o(J) = H. Then G and H are
independent if Z and J are independent. Proof: (i) Fix I € Z and define on (€2, H) the
measures ((H) = P[INH],v(H) = P[I|P[H] of total probability P[]. By independence
of Z and J, they coincide on Z and by the extension, they agree on H and we have
PINH]=P[I|P[H] forall ] € Z and H € H.

(ii) Define for fixed H € H the measures u(G) = P[G N H| and v(G) = P[G]P[H] of
total probability P[H] on (€2, G). They agree on Z and so on G again by extension. We
therefore have P[G N H| = P[G]P[H] for all G € G and all H € H.
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7.6. A random variable X generates a o subalgebra o(X) of A. It is defined as the
smallest o-algebra that contains all events A = {X € [a,b)}. Write o(X) = X 1(B)
because o(X) = {X ! (B) | B € B }, where B is the Borel o algebra on [0, 1].

7.7. Examples:

1) A constant map X (z) = c defines the trivial algebra A = {0, }.

2) The projection map X (z,y) = « from the square (2 = [0,1] x [0,1],0(B x B), A x A)
to the real line R defines the algebra B = {Ax [0, 1] }, where A is in the Borel o-algebra
B of the interval [0, 1].

3) The map X from Zg = {0,1,2,3,4,5} to {0,1} C R defined by X(z) = x mod 2
has the value X (z) = 0 if  is even and X (z) = 1 if = is odd. The o-algebra generated
by X is A ={0,{1,3,5},{0,2,4},Q }.

7.8. Two random variables X, Y are called independent, if they generate independent
o-algebras. It is enough to check that the events A = {X € (a,b]} and B = {Y €
(¢,d]} are independent for all intervals (a,b] and (¢, d|. Independent random variables
as two aspects of the laboratory €2 which do not influence each other. Each event
A={a< X(w) <b} is independent of the event B = {¢ < Y (w) <d }.

7.9. Examples:

1) Throwing a dice 3 times is modeled with a laboratory  has 62 = 216 elements, where
each experiment is a random vector x = (z1, x2, x3). Now, X;(z) = z; € {1,2,3,4,5,6}
are independent random variables.

2) In full generality, the random variables X;(z) = x; on a product probability space
(Q =TI, A=[; A;,P =[], P;) are independent.

7.10. If a o-algebra F C A is independent to itself, then P[A N A] = P[A] = P[A]? so
that for every A € F, P[A] € {0,1}. Such a o-algebra is called P-trivial.

The trivial algebra F = {0}, Q} is P-trivial in any probability space (2, A4,PP). (See
HW). Independence implies zero covariance Cov[X, Y] = E[XY]—E[X]E[Y] = 0 and
zero correlation Cor[X, Y| = Cov|X,Y]/(c[X]o[Y]).

Theorem 1. If X,Y are independent L* random variables then E[XY| = E[X]E[Y].

Proof. £? assures that F[XY] < /E[X?]|E[Y?] exists (Cauchy-Schwarz). By approx-
imation it is enough to check for step functions X = >0 a;la,, ¥V = Z;”Zl bilp,
which generate finite independent o algebras meaning every pair A;, B; is independent
for 4,j. Because E[X] = >°", a;P[A;] and E[Y] = >7™" b;P[B;], we have E[XY] =
Dict 2y @b PLANB, ] = 3700 3000 aibPAIP[Bs] = (321, aiP[A]) (3271, 0;P[B;]).
= E[X]E[Y]. O

7.11. The moment generating function Mx(t) = E[eX?] is defined if X € £> of es-
sentially bounded random variables. In that case, eX® = S22/ X*¢k /kl is in £, In
the HW you show: If XY are £ independent random variables, then X" Y™ are
independent and eX, e'Y are independent.

Theorem 2. X,Y are independent in L then Mxy (t) = Mx(t) My (t).
Proof. Mx,y(t) = E[e!™XY)] = E[e!X*Y)] = EletXe!] = E[eX|E[e?] = Mx(t) My (t).
U
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Unit 8: Characteristic functions

8.1. Given X € L, its characteristic function is a complex-valued function on R
defined as ¢x(t) = E[e"*]. Compare this with the moment generating function
Mx (t) = E[e*X]. It is important to note that the characteristic function is better be-
haved because it always exists. The moment generating function needed boundedness.
For a Cauchy distributed random variable for example, the moment generating func-
tion does not exist as not even E[X?| exists. The characteristic function however does
exist as €™ = cos(tX) + isin(tX) is a bounded complex-valued random variable.

8.2. If ' = Fx is the distribution function of X and u = ux is its law, the charac-
teristic function of X is also known as the Fourier-Stieltjes transform because ¢x (t) =
Jp € dF(z) = [z €™ p(dx). If F has a derivative f, the PDF, then ¢x is called the

Fourier transform of the density function fx: ¢x(t) = [ ™ fx(x) dx.

8.3. Example: For a random variable with density fx(z) = z™/(m + 1) on Q = [0, 1]
the characteristic function is
m!(1 — e'e,,(—it))

¢X(t)_/0 e da(m+ 1) = S o)

where e, (z) = Y p_, ¥ /(k!) is the n’th partial exponential function.

8.4.
Theorem 1 (Lévy). The characteristic function ¢px determines the distribution of X .

There are explicit formulas. If a,b are points of continuity of F', then
1 0 e—ita _ e—itb
Fx(b) — Fx(a) = —/ —ox(t) dt .
2 J_ o it

If one or both of the end points have mass, then

ox(t) di = pl(a )] + Jul{al] + gul{o)]

Proof. Because a distribution function F' has only countably many points of discontinu-
ities, it is enough to determine F'(b) — F'(a) in terms of ¢ if a and b are continuity points
of F. The verification of the Lévy formula is then a computation. For continuous
distributions with density F% = fx is the inverse formula for the Fourier transform:
fx(a) = o= [72 e7"¢x(t) di so that Fx(a) = 5= [ %gbx(t) dt. This proves the
inversion formula if a and b are points of continuity.

1 [e'9) e—ita _ e—itb

o | it
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The general formula needs only to be verified when p is a point measure at the bound-
ary of the interval. By linearity, one can assume g is located on a single point b with
p = P[X = b] > 0. The Fourier transform of the Dirac measure pd, is ¢x(t) = pe'®.
The claim reduces to ., "
1 00 p—ita _ o )
- - peztb dt = E
21 J_ o it 2
which is equivalent to the claim limpg_. ffRReit?—;l dt = 7 for ¢ > 0. Because the
imaginary part is zero for every R by symmetry, only

R .
lim/ Mdtzﬂ

R—o00 R t

remains. The verification of this integral is a prototype computation in residue calculus.

O

We say that a sequence X,, of random variables converges weakly to X if and only
if its characteristic functions converge point wise: ¢x, (z) — ¢x. Here is a table of
characteristic functions (CF) ¢x (t) = E[e?X] and moment generating functions (MGF)
Mx (t) = E[e*X] for some familiar random variables:

Distribution | Parameter CF MGF
Normal meR,o2>0 |emit-ot/2 emito’t/2
N(0,1) e 2 el /?

Uniform [—a, al sin(at)/(at) sinh(at)/(at)
Exponential | A > 0 A/ (AN —it) AJ(A—1)
Binomial n>1,pel0,1] | (1—p+pe™)* | (1—p+ pe')”
Poisson A>0, A eMe'=1) eMe'=1)
Geometric | p € (0,1) Q—U+p)e“ ==
Cauchy meR, b>0 |emTl emt=Il

Characteristic functions become especially useful, if one deals with independent random
variables. Their characteristic functions multiply:

Theorem 2. Given independent random variables X,Y , then ¢x(t)dy (t) = dxiv(t).

Proof. Since X are independent, we get for any set of complex valued continuous
functions g;, for which E[g;(X;)] exists:

E[H 9;(X;)] = HE[gj(Xj)] :

Proof: This follows almost immediately from the definition of independence since one
can check it first for functions g; = 14,, where A; are o(X; measurable functions for
which g;(X;)gx(Xk) = 14,04, and

Elg;(X;)gx(Xk)] = P[A;]P[Ay] = Elg;(X;)]E[gx(Xx)] ,
then for step functions by linearity and then by approximation for arbitrary continuous
functions.
If we put g;(z) = exp(iz), the proposition is proved. O
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Unit 9: Tail algebras

9.1. Given a family {A; }ic; of o-subalgebras of A. For any nonempty set J C I,
let Ay :=V,c;Aj be the o-algebra generated by J;.; A;. Define also Ay = {0, }.
The tail g-algebra T of {A}ic; is defined as T = ();¢; ; gnige Ase, Where J¢ =T\ J.
Recall that an algebra A is trivial if P[A] = 0 or P[A] = 1 for all A € A. As you
have seen in a homework, there are ¢ algebras with infinitely many elements that are
trivial. It does not have to be the smallest possible o-algebra {2, 0} which is trivial as
a sub-algebra of any choice of probability space (€2, A4, P).

Theorem 1 (Kolmogorov’s 0—1 law). If {A;}icr are independent o-algebras, then the
tail o-algebra T is trivial.

Proof. (i) Assume F,G C I are disjoint sets. Then Ar and Ag are independent.
Proof. Define for H C I the m-system Ty = {A € A| A= (e Ai, K Cy H, A; € A}
The 7-systems Zr and Zg are independent and generate the o-algebras Ap and Ag.
(i) Especially: A is independent of A for every J C I.

(iii) 7 is independent of A;.

Proof. T =) JC,I Aje is independent of any Ay for K Cy I. It is therefore indepen-
dent to the m-system Z; which generates Aj;.

(iv) T is a sub-o-algebra of A;. Therefore 7 is independent of itself which implies that
it is P-trivial. OJ

9.2. Example: Let X, be a sequence of independent random variables and let A =
{we Q| >, X, converges }. Then P[A] =0 or P[4] = 1. Proof. Because >~ X,
converges if and only if Y,, = Y72 X}, converges, we have A € o(A,, A,41...). There-
fore, A is in T, the tail o- algebra defined by the independent o-algebras A, = o(X,,).
If for example, if X, takes values +1/n, each with probability 1/2, then P[A] = 0. If
X, takes values #=1/n? each with probability 1/2, then P[A] = 1. The decision whether
P[A] = 0 or P[A] = 1 is related to the convergence or divergence of a series. This will
be discussed later again in the context of limit theorems.

9.3. Example: Let {A, },.en be a sequence of subsets of Q2. The set A, := limsup,,_,, 4, =
No_, U, ., An consists of the set {w € Q} such that w € A, for infinitely many n € N.
The set A, is contained in the tail o-algebra of A, = {0, A,, A, Q }. Tt follows from
Kolmogorov’s 0 — 1 law that P[A.] € {0,1} if A,, € A and {A,, } are P-independent.

Theorem 2 (Borel-Cantelli Lemma). Take any sequence A, € A.
a) > en PlAR] < 00 = P[AL] = 0 always holds.
b) Y nen PlAL] = 00 = P[A ] =1, if A, are independent.
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Proof. a) P[Ac] = limy, 00 P[>, Akl < limyo0 D s, PIAR] = 0.
b) For every integer n € N,

P[m Az] = HP[AE] == H(l — P[Ak]) S H eiP[Ak} — €*Zk2nP[Ak} .

k>n k>n k>n k>n
From
PlAZ] =PIl (A4 <Y Pl 4l =0
neN k>n neN  k>n
follows P[AS.] = 0. O

9.4. The following example illustrates that independence is necessary in the part b) of
the Borel-Cantelli lemma: take the probability space ([0, 1], B, P), where P = X is the
Lebesgue measure on the Borel o-algebra B of [0, 1]. For A, = [0,1/n] we get A =
and so P[A,] = 0. But because P[A,] = 1/n we have Z P[A,)] =Y 7, =

nln

L > f1Ri dr = log(R).

9.5. Writing a novel amounts to enter a sequence of N symbols into a computer. For
"Hamlet”, Shakespeare had to enter N = 180’000 characters. Pop-culture ! imagines a
monkey typing randomly for an indefinite time, producing a random text. Call A, the
event that Monkey types Hamlet on the interval [nN,,..nN + NJ]. These sets A, are
all independent and have probability 26=". Since > n An = 0o Borel-Cantelli assures
that the even appears infinitely often Reality produces constraints like that monkeys
like humans live less than 4 x 10° seconds but mathematicians do not care about such
things. Their ideas live for ever!

. . o0
because the harmonic series 3. 1/n diverges: 327 -

9.6. A nice application of Borel-Cantelli are percolation problems. If we take an
infinite connected network = graph and delete each bond=edge randomly with prob-
ability p, then there will be a threshold p. such that for p > p. the network has no
infinite cluster and for p < p. there is an infinite cluster. The event ”there is an infinite
cluster” is in the tail o algebra of a set of o algebras A. = {0,1, N, N¢}, where N,
are the set of networks for which bond e is active and N¢ the set of networks for which
edge e is broken. The index set J = E enumerates all the edges of the network and
the tail o-algebra T consists of all events that do not change if a finite part of
the network is altered.

b = Ho H H
::ﬂ::n{:i_r“.mrr I a
:.Z“Ij.::‘:}”;l” 1

e e S EEE

FIGURE 1. The bond percolation threshold in dimension 2 is known to
be p = 1/2. We see random lattice networks with p = 0.2,p = 0.5,p =
0.8.
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Unit 10: Problem Seminar

10.1. Finite probability taps into combinatorics. Here are some examples:

n! There are 5! = 120 possible ways to redistribute 5 coats to 5 people.
e With {A, A, B, B, B, B, E,U,U, U}, form 10!/(2!4!113!) ten letter words.
(n+!k)! 10 people can sit 10!/6! = 10 * 9 * 8 % 7 possible ways on 4 chairs.

nk There are 6'° possible ways to throw 10 dices.

(n_n—k'),k, There are 52!/(5!47!) hands of 5 cards a deck of 52.

Problem 1: a) You pick 7 cards at random from a deck of 81 cards of the game "set”.
What is the probability that all of them are red (27 are red)?

b) You throw a dice 7 times. What is the probability that all 7 numbers are even?

¢) Your gym lock consist of 3 different numbers from 1 to 40. Having forgotten the number,
you try a random combinations. What is the probability to open it?

d) How many bijective functions X — X are there on X = {1,2,3,4,5,6,7}7

e) How many functions X — Y are there from X = {1,2,3,4,5,6,7} to {1,2}7

10.2. The laboratory 2 is a set of experiments. The o-algebra A consists of events.
A o-algebra is a Boolean algebra which allows to perform countably many operations.

A-B=ANB={weQ|weAandw € B } | "Both events A and B happen”
AUB={weQ|weAdorwe B} "Either A or B happens”

A+ B=AAB={weQ|we Axorw € B} | "One of the events A or B happens”
A\B={weQ|weAbutnotwe B} ” A but not B happens”
A={weQ|lweg A} ” A does not happen”

N, A ={w e Q|weA,, forall n} ”All events A,, happen”

U, An ={w € Q| w € A,, for at least one n} | ”At least one event A, happens”

Problem 2: We use the notation A- B = ANB and A+ B = AAB and 1 = 2 and
0 = (0 in the Boolean algebra P = 2% of all subsets of .

a) Draw the Venn diagram picture proving that A(B — C) = AB — AC.

b) Simplify (54 + 2)(34% + A —1).

c) Write A" = A-A- A--- A for the n’th power. Simplify (A — 1)(A + A% + A43).

d) Why is (1+ A)> =1+ A?

e) Show that AUB = A+ B+ AB.
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10.3. If B has positive probability, then P[A|B] = P[A N B]/P|[B] is called the con-
ditional probability of A under the condition that event B takes place.

Problem 3: a) If the probability that a student is sick at a given day is 1 percent and
the probability that a student has an exam at a given day is 5 percent. Suppose that 6
percent of the students with exams are ill. What is the probability that an ill student has
an exam on a given day?

b) Suppose that A, B are subsets of a sample space with a probability function P. We
know that P[A] = 4/5 and P[B] = 3/5. Explain why P[B|A4] is at least 1/2.

10.4. The linear space £* has an inner product X -) = E[XY] and so a length
|X| = VX - X. The standard deviation of X is the length of centered random
variable X — E[X]. The correlation —1 < Cov[X,Y]/(c[X]o[Y]) < 1 is cos(a) and
defines an angle a between X — E[X] and Y — E[Y]. If X takes finitely many values
(which means X € §), then E[X"| = }° _y ) z"P[X = z]. For X € L" with a PDF

f, then E[X™] = foo " f(z) dzx. In the box, ¢, \ are constants.
E[X +Y] =E[X] + E[Y] | E]AX] = AE[X]
X<Y=EX|<E}Y] |[EX]=0&X=0
EX]=cif X(w) =c E[X —E[X]]=0

Var[X] >0 Var[X] = E[X?] — E[X]?

Var[AX] = A?Var[X] Cov[X, X] = Var[X]
Problem 4: Let ([—m, n],B,P) be the Lebesgue probability space, where Pl[a,b)] =
(b —a)/(2m) on the 7 system of all half open intervals on Q = [—7, 7].

a) Which theorem assures that the measure P exists?
b) Let X (x) = sin(3z), Y (z) = cos(3z). Compute the E[X], E[Y], o[X], o[Y].
c) What is the correlation Cor[X,Y] = Cov[X,Y]/o(X)o(Y)? Are X,Y independent?

10 5 Assume X has a probability density F' = f then E[X"] = [2"f(x) dz and
= [e f(z) dz, E[e"*] = [€"* f(x) dz. Now form Var[X] E[XQ] E[X]2 ete.

Problem 5: The PDF f(x) = \/% is supported on [—1,1].

a) Compute the cumulative distribution function F(z) = [*_ f(t) dt = [, f(t)
b) Write down the integral for the moment generatlng function M X( ).
c) Express the variance in terms of M%(0) and M%(0).
d) Relate Mx(t) and My (t) and Mx y(t) for independent random variables! State the

same law for the characteristic function ¢x(t), ¢y (t).

10.6. Assume X is a random variable taking a finite or countable number of values
P[X = zg] = pr. Then E[X"] =, api, E[e™] = Y, e p, and E[eX] = 37, e p,.

Problem 6: Assume X is a random variable that takes the value 3 with probability 1/3
and the value 6 with probability 2/3.

a) Find the expectation m = E[X]| and n = E[X?] .

b) Are X, X? independent? Explain.

c) Write down the characteristic function.

OLIVER KNILL, KNILL@MATH.HARVARD.EDU, MATH 154, SPRING, 2025



PROBABILITY THEORY

MATH 154

Unit 11: Jensen-Holder-Minkowski

11.1. A continuous function A : R — R is called convex, if there exists for all zop € R
a linear map I(z) = ax + b such that [(zg) = h(xy) and for all z € R the inequality
l(x) < h(x) holds.

11.2. Examples:
a) A linear function h(z) = ax 4 b is convex, b) h(x) = z* is convex, ¢) h(z) = e
convex, d) h(z) = —z? is not convex, e) h(x) = —log(x) is convex on (0, c0).

2 x

18

Theorem 1 (Jensen inequality). For X € L and h conver, E[h(X)] > h(E[X]).

Proof. Fix xy = E[X]. By definition of convexity, there is a linear function I(z),
producing a lower bound for h at xy meaning I(x) < h(z). By the linearity and
monotonicity of expectation, we get h(E[X]) = [(E[X]) = E[l(X)] < E[h(X)]. If h(X)
should not be in £, the statement still holds with the understanding E[A(X)] = co. O

FIGURE 1. A convex function

11.3. For h(z) = 2?, this gives E[X?] > FE[X]? which is equivalent to Var[X] =
E[X?]— E[X]? > 0. That the variance is non-negative was already clear from Var[X] =
E[(X — B[X])?]

11.4. For h(z) = —log(z) and a two point probability space {2 = {0, 1} with a random
variable X satisfying P[X = {0}] = z,P[X = {1}] = y and P[A] = |A|/2, we get the
geometric-arithmetic inequality \/zy < (z +y)/2.

11.5. Given p < ¢. Define h(z) = |z|¥?. It is convex. Jensen’s inequality gives
E[|X |9 = E[h(|X|P)] > R(E[|X|P]) = E[|X|P]/?. This implies that || X||, := E[|X |17 >
E[|X|P)¥/? = || X]|, for p < ¢ and so
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Theorem 2 (L7 stratification).
L2cLicLrcL!
Jorp<q.
The smallest space is £ which is the space of all bounded random variables.

11.6. The Jensen inequality in the case Q = {u,v}, P[{u}] = P[{v}] = 1/2 and with
X(u) = a,X(v) =b. The function h in this picture is a quadratic function of the form
h(z) = (z —s)? + t.

Theorem 3 (Holder inequality). Given p,q € [1,00] with p™' +¢ ' =1 and X € LP
andY € L1. Then XY € L' and || XY |1 < || X||p||Y]]4-

Proof. The random variables X, Y are defined over a probability space (£2,.4, P). The
identity p~' 4+ ¢~ = 1 is equivalent to ¢ + p = pq or g(p — 1) = p.

Without loss of generality we can restrict us to X,Y > 0 because replacing X with
| X| and Y with |Y'| does not change anything. We can also assume || X||, > 0 because
otherwise X = 0, where both sides are zero. We can write therefore X instead of | X|
and assume X is not zero. The key idea of the proof is to introduce a new probability
measure

XPP
Q= [Xp] '
I P[A] = [, 1dP(x) then Q[A] = [ [, X”(2)dP(x)]/E[X?] 5o that Q[0 = E[X?]/E[X"] =

1 and Q is a probability measure Let EQ denote the expectation with respect to this
new measure. Define the new random variable U = 1;x>0yY/X?"!. Jensen’s inequality
applied to the convex function h(z) = 27 gives

(1) Eq[U]* < Eq[U1].
Using Eq[U] = Eqlxi=] = gt and Eq[U?) = Eq[sams] = Bol¥s] = 5, Equa-
tion (1) can be rewritten as ?E[))((}P/}} < g[[;;p]] which implies
E[XY] < E{yq]l/qE[Xp]lfl/q — E[Yq]l/qE[Xp]l/p )
This is equivalent to || XY |1 < || X||,||Y |4 O

11.7. A special case of the Holder’s inequality is the Cauchy-Schwarz inequality
XY < ([ X2 - [[Y]]2 -
The semi-norm property of L? follows from the following fact:
Theorem 4 (Minkowski inequality (1896)). Given p € [1,00] and X,Y € LP. Then
X+ Y|, < [IXT + Y]], -
Proof. We use Holder’s inequality from below to get
E[JX + Y] < B[ XX + V[P + E[[Y|X + Y7 < [IX]],C +[|Y]],C
where C' = ||| X + Y[P7!||, = E[|X + Y|?]"/? which leads to the claim. O
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Unit 12: Chebyshev-Markov-Chernoff-Gibbs

CHEBYSHEV

12.1. We use the short-hand notation P[X > ¢ for P{w € Q | X(w) > ¢ }].

Theorem 1 (Chebyshev-Markov inequality). Let h be a monotone function on R with
h > 0. For every ¢ > 0, and h(X) € L* we have

h(c) - P[X > ¢| < E[h(X)] .

Proof. Integrate the inequality h(c)1x>. < h(X) and use the monotonicity and linearity
of the expectation. 0

12.2. h(x) = |z| leads to P[|X| > ¢] < ||X||1/¢ which implies for example the state-
ment
E[|X[|=0=PX=0=1.

12.3. For X € L we had used the moment generating function Mx(t) = E[eX!]. For
every ¢t we have

e"“P[X > ] < Mx(t) .
This gives the
Theorem 2 (Chernoff bound).

P[X Z C] S inftz() G_tCMx(t) .

12.4. An important case of the Chebyshev-Markov inequality is the Chebyshev in-
equality:
Theorem 3 (Chebyshev inequality). If X € £2, then

Var| X
PIX — B[] > d < 2
c
Proof. Take h(z) = x? and apply the Chebyshev-Markov inequality to the random
variable Y = X — E[X] which is in £ because X € L2 O

ENTROPY
12.5. If (Q, A, P) is a probability space and X € S, X = > | x4l is a random
variable taking finitely many values xy, its entropy is defined as >, log(pik)pk, where
pr = P[X = 2] and log(;-)p = 0 if pj, = 0. It has been introduced by Ludwig Bolz-

mann in statistical mechanics (7S = klog[W]”) and Claude Shannon in information
theory.
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1.0

0.5

I
0.5 .0 L3 2.0

FIGURE 1. The convex function zlog(z).

12.6. The entropy of a finite sub-algebra B of A is defined as ), P[A] log(ﬁ).

This is well defined, if we understand that P[A] log(ﬁ) = 0 for P[A] = 0. It is a
common assumption to extend the convex function h(z) = zlog(z) to z = 0 by setting

it to h(0) = 0.

12.7. A random variable X € S defines a finite probability distribution. We just look
at the sequence p;, of probabilities. The relative entropy of two such distributions is

defined as "
g = prlog(=)
A qk

We can rewrite this as S(p,q) — S(p), where
1
q) =Y prlog(—)
. 4k

is the cross entropy.

12.8. The relative entropy is also known as the Kullback-Leibler divergence. In
nice cases, this goes over to more general random variables like continuous distributions
where entropy is S(f) = [ f(z ) log( 5 ) dx and D[f,g] = [ f(x log ) da.

Theorem 4 (Gibbs inquality). The relative entropy is non-negative: D[ ,q] > 0.

Proof. Since — log is convex, we get from the Jensen inequality D(p, ¢) = — >, px log( Z—Z) >
—log(X_), pelt) = log(3 ), ) = log(1) = 0. 0

12.9. For p; = 1/n, the uniform distribution, then entropy is log(n). It is an multi-
variable calculus verification that 0 < S(p) < log(n), where S(p) = 0 in the determin-
istic case where only one p, = 1 and the others are zero. The uniform distribution has
maximal entropy.

12.10. Remark. Here is an experimental observation for which I do not know the

answer. Pick a large n and random p; a random permutation m € S, and qx = prx),
then the Kullback-Leibler divergence D(p,q)/n ~ 1.
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Unit 13: Stochastic convergence

13.1. Given a sequence of random variables X,, on (€, 4, P). We say X,, converges in
probability to X, if P[|X,, — X| > €] — 0 for all e > 0. We say X,, converges almost
everywhere or almost surely to X if P[X,, — X] = 1. We say X,, converges
in £? to X, if || X, — X||, = 0 for n — oco. Finally, X,, converges completely if
> Pl X, — X| >¢€ < oo forall e > 0.

13.2. A sequence X, of random variables X,, on (£2,,.4,, P,) converges in distribu-
tion, if F'y, (s) — Fx(s) at all continuity points s of Fy. We say X,, converges in law
to X, if the laws u, of X,, converge weakly to the law p of X meaning that for every
continuous function f on R of compact support, one has [ f(z) du,(z) — [ f(z) du(z).

0) In distribution = in law
Fx,(s) = Fx(s), Fx cont. at s

T

1) In probability
P[|X, — X| > ¢ — 0,Ve > 0.

2) Almost everywhere 3) In L7
P[Xn—>X]:1 HXn*XHp*?O
4) Complete
Z’HPHXTL - X‘ > 6} < OO7VE >0

Proof. |2) = 1) {Xo = X} =, Up Nizm 11 Xn — X[ < 1/k} is equivalent to 1 =

50 0 = limy 00 P[5 {|Xn — X| > 1 }] for all k. Therefore P[|X,, — X| > ¢ <

PlU,sml|Xn — X[ >€}] = 0foralle >0. |4) = 2)| The first Borel-Cantelli lemma
implies that for all ¢ > 0 P[{|X, — X| > ¢, infinitely often}] = 0. We get so for
e, — 0 the relation P[By] = P[J, {|X» — X| > €, infinitely often}] < > P[{|X,
X| > e, infinitely often}| = 0 and J, Bx has measure zero. Now P[X, — X]| =
1-PlU,Bi] =1—-0=1.[3) = 1) Chebychev-Markov implies P[|X,, — X| > ¢]

<
BlXa X 1) = 0) |} P[X, < ] <P[X < ¢+ ¢ +P[X, — X| > €. O

ep

n>m
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Theorem 1. Given X,, € L>® with || X,|| < K for alln, then X,, — X in probability
if and only if X,, — X in L.

Proof. (i) For k € N, P[|X| > K + ;] < P[|X — X,,| > 7] = 0,n — oo so that
P[|X| > K + 1] = 0. Therefore P[|X| > K] = P[J,{|X| > K+ ¢ }] = 0. (ii)
Given € > 0. Choose m such that P[|X, — X| > §] < 3% for all n > m. Use the
notation E[X; A] = E[X - 14]. By (i) we have E[|X,, — X|] = E[(|X,, — X|; | X, — X]| >
€]+ B[(1 X, — X X — X| < 5] < 2KP[|X, — X| > £ +5 < 0

wlm

13.3. A family C C L' of random variables is called uniformly integrable, if

lim sup E[X;|X| > R] =0
R—o0 xcc

for all X € C still using notation E[X; A] = E[X14].
Theorem 2. Given X € L' and € > 0. There exists K > 0 with E[| X|; | X| > K| < e.

Proof. Assume we are given € > 0. If X € L', we can find § > 0 such that if
P[A] < §, then E[|X]; A] < e. Since KP[|X| > K] < E[|X]|], we can choose K such
that P[|X| > K| < 6. Therefore E[|X|;|X| > K] < e. O

13.4. The next proposition gives a necessary and sufficient condition for £! conver-
gence.

Theorem 3. Given X,, € L' and X € L. The following is equivalent:
a) X, converges in probability to X and { X, }nen is uniformly integrable.
b) X, converges in L' to X.

Proof. a) = b). For any random variable X and K > 0 define the bounded variable
XE) = X - 1{_gex<ry + K - 1ixsxy — K - l{x<_x}. By the uniform integrability
condition and the previous theorem applied to X) and X, we can choose K such
that for all n, B[ X5 - X,[] < &, B[ X% - X[] < £. Since | X — XB)| < |X, - X],
we have X\ — XU in probability. By the last theorem we know X\ — XU in
L' so that for n > m E[|X7(LK) — X®)|] < ¢/3. Therefore, for n > m also

E[|1X, — X[} < B[ X, — X)) + B X - XU + BIX" - X[ <e.

b) = a). We have seen already that X, — X in probability if || X, — X||; — 0. We
have to show that X,, — X in £! implies that X, is uniformly integrable.

Given € > 0. There exists m such that E[|X,, — X|] < €/2 for n > m. By the absolutely
continuity property, we can choose 6 > 0 such that P[A] < ¢ implies

E[|X,; 4] <e,1 <n<mE[|X];A] <¢/2.
Because X, is bounded in £!, we can choose K such that K~'sup, E[|X,|] < § which
implies P[|X,,| > K] < 0. For n > m, we have therefore, using the notation E[X; A] =
E[X - 14]
E[|X0[; [ Xn| > K] S E[[X]; | Xa| > K]+ E[[X — X,[] <e.
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Unit 14: Weak law of large numbers

14.1. A sequence of random variables X; is also called a stochastic process. We
often deal with sums S,, = X; + X5 + - - - + X, and especially the time averages S,,/n.
For example, if X; is the outcome of a dice, then S,,/n is the average of all the dice
outcomes. We of course know what this average should be. Experience shows that it
is the average of the distribution which is m = (1+2+34+4+5+6)/6 =21/6 = 3.5.

14.2. The weak law of large numbers holds for pairwise uncorrelated random variables.
This is a remarkably weak assumption.

Theorem 1. Assume X; € L? are pairwise uncorrelated, have a common mean E[X;] =
m and M = sup, 1 37" | Var[X;] < co. Then 2= — m in probability.

Proof. Since Var[X + Y| = Var[X] + Var[Y] + 2 - Cov[X,Y] and X, are pairwise
uncorrelated, we get Var[X,, + X,,,] = Var[X,,] + Var[X,,] and by induction Var[S,] =
>, Var[X,]. Using linearity, we obtain E[S,/n] = m and

&] _ E[Sg] B E[S,]? _ Var[ZSn] _ %ZVM[XTJ .

n n? n? n

Var|

The right hand side converges to zero for n — oco. With Chebychev’s inequality we
obtain

f Var[%2] M
p5 > g < ) <

€ ne2

O

14.3. As an application in analysis, this leads to a constructive proof of a theorem
of Weierstrass which states that polynomials are dense in the space C[0,1] of all
continuous functions on the interval [0, 1].

Theorem 2. For every f € C|0, 1], the Bernstein polynomials

B =300 (} )0 -

converge uniformly to f. If f(x) >0, then also B,(x) > 0.

Proof. For z € [0, 1], let X,, be a sequence of independent {0, 1}- valued random vari-
ables with mean value z. In other words, we take the probability space ({0,1 }\Y, A, P)
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defined by Plw, = 1] = z. Since P[S, = k] = Z 281 — p)"~* we can write
B, (z) = E[f(2)]. We estimate with || f|| = maxo<,<1|f(z)]
S Sn
|Bu(z) = f(2)] = [E[f(-5)] = f(2)] < E[[f(=7) = f(2]]]

IN

S
20If1] - P — 2l 2 9

+ s 7@~ f) P12 ] <]

lz—y|<d

oAl P ) 2 0]+ swp [ f(a)— f(w)].

lz—y|<d

IN

The second term in the last line is called the continuity module of f. It converges
to zero for 6 — 0. By the Chebychev inequality and the proof of the weak law of large
numbers, the first term can be estimated from above by

Var[Xi]
2
=t
a bound which goes to zero for n — oo because the variance satisfies Var[X;] =
z(1—2x) <1/4. O

14.4. In the weak law of large numbers, we only assumed the random variables to be
uncorrelated. Under the stronger condition of independence and the moment assump-
tion X* € L', the convergence can be accelerated:

Theorem 3. Assume X; € L' have common expectation E[X;] = m and satisfy
M = sup,, || X||s < co. If X; are independent, then S, /n — m in probability. FEven
S0 P[22 —m| > €] converges for all € > 0.

n=1

Proof. We can assume without loss of generality that m = 0. Because the X, are

independent, we get

E[Sﬁ] = Z E[XilXi2Xi3Xi4] :
i1 in,i3,ia=1
Again by independence, a summand E[X;, X;, X;, X;,| is zero if an index ¢ = i; occurs
alone, it is E[X}'] if all indices are the same and E[X?]E[X?], if there are two pairwise
equal indices. Since by Jensen’s inequality E[X?]? < E[X}] < M we get
E[S}] < nM +n(n—1)M .

Use now the Chebyshev-Markov inequality with h(z) = 2% to get

Sn E[(Sn/n>4]
PU;\ > < —a
n + n? 1
Mg =M
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Unit 15: Strong law of large numbers

15.1. Laws of large numbers make statements about the stochastic convergence of
sums % = X1t X of random variables X,,. The weak law dealt with convergence in
probability. The strong laws of large numbers make analog statements about almost

everywhere convergence.

15.2. The first version of the strong law does not assume the random variables to have
the same distribution. They are assumed to have the same expectation and have to be
bounded in £*. We only need decorrelation.

Theorem 1. Assume X,, are pairwise decorrelated random variables in L£* with com-
mon expectation E[X,] = m and for which M = sup,, || X,||} < co. Then S,/n — m
almost everywhere.

Proof. In the proof of the weak law of large numbers, we derived from these assumptions
P[|22 — m| > ¢] < 2M . This means that S,/n — m converges completely. But

ein?”
complete convergence implies almost everywhere convergence. O

15.3. The strong law for IID £! random variables was first proven by Kolmogorov in
1930 under the assumption of independence. Much later, in 1981, it has been observed
that the weaker notion of pairwise independence is sufficient.

Theorem 2 (Etemadi). Assume X,, € L' are pairwise independent and identically
distributed random variables with mean m. Then S, /n — m almost everywhere.

Proof. (0) We can assume without loss of generality that because we can
split X, = X, + X, into its positive X,/ = X,, V 0 = max(X,,,0) and negative part
X~ = —XV0=max(—X,0) and because knowing the result for X+ implies it for X,,.
Define fr(t) =t - 1;_g g, the random variables X\ = fr(X,) and Y,, = X" as well
as S, = %Z?:l Xi, Tn = %22;1 Y.

(i) | T, — E[T,] — 0 implies S,, — E[S,,] — 0]|.
Proof. Since E[Y,] = m, we have E[T,] = m. Because of (0) > ., P[Y, # X,] <
ZnZl PX, >n] = anl P[X) >n] = ZnZl ZanP[Xn € [k, k+1]]

= > 1o k-P[Xy € [k, k+1]] < E[X;] = m < oo, we get by the first Borel-Cantelli lemma
that P[Y,, # X,,, infinitely often] = 0. This means T,, — S, — 0 almost everywhere,
proving E[S,,]| = m if E[T,,] — m.

(ii) ‘Complete convergence along subsequence. ‘ Fix a real number o > 1 and define an

exponentially growing subsequence k,, = [@"] which is the integer part of a™. Denote



Probability theory

by u the law of the random variables X,,. For every € > 0, we get (using Chebyshev’s
inequality using pairwise independence) for k,, = [@"] some constants C' which can vary
in each step: 307, P[|T, — Em 1| > < Y, el = ¥ S T VarlY,,]
= E%Zﬁzl Var[Yy,,] Zn,knzm k;lgl > a2 Zm 1Var[Y ] £ < sz 1 nizE[Yz]- In (1)
we used that with k, = [@"] one has ) k2<C- m_Q. In the last step we used

n:kn>m ''n

that Var[Y,,] = E[Y;2] — E[V,,)> < E[V2]. After catching breath, we continue:

1
ZP Ty, — E[T},]] > ¢ < Csz[YWQJ

n=1

IA
Q
NgER
§w| —
3
-
+
&l\')
=
&

< CE[X1]<OO

In (2) we used that 3", . m™><C-(I+1)7!

We have now proved complete convergence. As before, this implies the almost every-
where convergence of Ty, — E[T}, ] — 0.

(iii) ‘General C&SG.‘ Convergence has been verified along a subsequence k,,. Because

we assumed X,, > 0, the sequence U,, = > | Y, = nT, is monotonically increasing.
Ukm Ukm Uk

m—+41 — km+1 Ukm+1

For n € [k, kmy1], we get therefore k’;ﬁ R = < ZL” < = ety and
from lim,, ., Tk, = E[X;] almost everywhere, the statement iE[X 1] < liminf, T, <
limsup,, T,, < aE[X];] follows. O

15.4. The strong law of large numbers can be interpreted as a statement about the
growth of the sequence Y ;_, X,,. For E[X;] = 0, the convergence 1%} | X,, — 0
means that for all € > 0 there exists m such that for n > m

n
1> Xa| <en.
k=1

This means that the trajectory ") , X,, is finally contained in any arbitrary narrow
cone. In other words, it grows slower than linear. The exact description for the growth
of 7, X, is given by the law of the iterated logarithm of Khinchin which says
that a sequence of IID random variables X,, with E[X,|] = m and o(X,) = o # 0

satisfies with A,, = \/202%nloglog n:

n Sn
limsupS— =+1,liminf — = —1.

n—o00 n n—o0 n
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Unit 16: Ergodic theorem

16.1. Amap T : Q — Q on a probability space (£2, A, P) is measurable if T7'(A) € A
for every A € A. A single random variable X defines a sequence X, (w) = X(1T"(w))
of random variables where T"(w) = T(T(...T(w))) is the n’th iterate. T is called
measure preserving, if P[T!(A)] = P[4] for all A € A. It is ergodic if T(A) = A
implies P[A] = 0 or P[A] = 1. The map 7T is called invertible, if there exists a mea-
surable, measure preserving inverse 7! of T. Then, T is called an automorphism.
Ergodicity of T' is equivalent to the statement that the linear map U(f)(z) = f(T(x))
has a one-dimensional eigenspace, consisting of constant functions. Given a random
variable X define Xj, = X (T*) and S, = 3.7~} Xj. Eberhard Hopf showed:

Theorem 1 (Maximal ergodic theorem). Given X € L' and a measure preserving
transformation T, the event A = {sup,, S, > 0 } satisfies E[X; A] = E[1,X] > 0.

Proof. Define Z,, = maxo<g<n Sy and the sets A, = {Z, > 0} C A,11. Then A =
U, An. Clearly Z, € £'. For 0 < k < n, we have Z, > Sy and so Z,(T) > Si(T)
and hence Z,(T) + X > Sii1. By taking the maxima on both sides over 0 < k < n,
we get Z,(T) + X > maxj<p<ni1 Sk. On A, = {Z, > 0}, we can extend this to
Zn(T) + X > maxXxj<kg<n+1 Sk > maXo<k<n+1 Sk = Zn+1 > Zn so that on An we have
X > Z,—Z,(T). Integration over the set A, gives E[X; A,] > E[Z,; A,]—E|[Z,(T); A,]
Using (1) this inequality, the fact (2) that Z, = 0 on 2\ A,, the (3) inequality
Zn(T) > S,(T) > 0 on A,, and finally that T is measure preserving (4), leads to

E[X;A,] >0 E[Z,; A, —E[Z,(T); A,
> ElZn = Zu(T)] =) 0
for every n and so to E[X; A] > 0. O
Theorem 2 (Birkhoff, 1931). For X € L' and ergodic T, one has 2> —** E[X]

Proof. Define X = limsup,_,,, 2*, X = liminf, ,c 22 . We get X = X(T) and
X = X(T) because
n+1 Su Su(T) X

n (n+1) noon
(i) X = X|. Define for 8 < o € Rtheset Ay ={X < B <a< X} ItisT-

invariant because X, X are T-invariant as mentioned at the beginning of the proof.
Because {X < X } = Ugyapen Ao it is enough to show that P[A, ] = 0 for
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rational f < «. The rest of the proof establishes this. In order to use the maximal
ergodic theorem, we also define

B.sg = {sup(S, —na)>0 ,sup(Sn —nf) <0}

S
n

= {sup(%—a)>0 sup( —5)<0}

Sn Sh,
D {limsup(; —a) > O,Iimsup(; —p) <0}

= {(X-a>0,X-8<0}=4,5.
Because A, 3 C B, and A, g is T-invariant, we get from the maximal ergodic theorem
E[X — a; As 5] > 0 and so
E[ya Aa,ﬁ] > P[Aa,ﬂ] .
Because A, g is T-invariant, we we get from (7) restricted to the system 7" on A, 5 that
E[X; A, 5] = E[X; A, 5] and so
(1) E[X;A.p] > a-PlA, 4] .

Replacing X, «, B with —X, =3, —a and using —X = —X shows in exactly the same
way that

(2) E[X; Aap] < 8- PlAag] -
The two equations (1),(2) imply that

FP[Aas] > aP[Aq ]
which together with 5 < a only leave us to conclude P[A, g] = 0.
(ii) X € £'| We have |S,/n| < |X|, and by (i) that S,/n converges point-wise to
X = X and X € £'. The Lebesgue’s dominated convergence theorem assures X € L.
(iii) E[X] = E[X].|Define the T-invariant sets By, = {X € [, E)} for k € Z,n > 1.
Define for € > 0 the random variable ¥ = X — % + ¢ and call gn the sums where X

is replaced by Y. We know that for n large enough sup,, S, > 0 on By, When
applying the maximal ergodic theorem applied to the random variable Y on By ,. we
get E[Y; By,] > 0. Because € > 0 was arbitrary, E[X; By,,] > £P[By,]. With this
inequality,

BX, By] < EP[BM] < TP[B.] + kP[Bkn] < “P[Bya] + BIX: Bl

Summing over k gives
— 1
E[X]| < — +E[X]
n

and because n was arbitrary, E[X]| < E[X]. Doing the same with —X we end with

E[-X] = E[-X] < E[-X] < E[-X] .
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Unit 17: Recurrence

17.1. Fix a probability space (2,4, P). A map T : Q — 2 is measurable if T7!(A)

A for every A € A. Tt is measure preserving if P[T~1(A)] = P[A], VA € A. If

is invertible and T~! is measure preserving too, 7' is an automorphism of (Q, A, P
Automorphisms form a group. For example, on a finite probability space with P[A]

|A|/|§2|, the automorphisms are permutations and the ergodic ones are cyclic.

Nm

~—

17.2. Probability spaces with measure preserving maps as morphisms form a nice
category. Poincaré proved in 1890:

Theorem 1 (Poincaré recurrence). Given an automorphism T and A € A with P[A] >
0, there exists n such that P[T"(A) N A] > 0.

Proof. If not, then A, = T"(A) is a distinct set of events. Let n > 1/P[A] be an
integer. Use finite additivity to see 1 = P[Q] > P[UJ;_, Ax] = > i, P[As] = nP[4] > 1
which is a contradiction. UJ

17.3. Recall that T is called ergodic if every fixed point T'(A) = A has probability
0 or 1. In short, this means P[A + T(A4)] = 0 = P[A]? = P[A]. If we take a single
random variable X, it defines a sequence X, (w) = X(T™(w)) of random variables,
where T"(w) = T(T(...T(w))) is the n'th iterate. If T is ergodic and X = 14 then
E[S,]/n — E[X] = P[A]. The ergodic theorem tells us that the frequency of the
number of times that we hit A is the same than the probability of A. The catch phrase
is that ”space average agrees with time average”.

17.4. Let Q = {|z| =1 } C C be the unit circle in the complex plane equipped with
the probability measure P[Arg(z) € [a,b]] = (b —a)/(27) for 0 < a < b < 27 and the
Borel o-algebra A. If w = €™ is a complex number of length 1, then the rotation
T(z) = wz defines a measure preserving transformation on (€2, .4, P). It is invertible
with inverse T7'(z) = z/w. This system is called the Kronecker system. It can be
written additively as 8 — 6 + a mod 2.

Theorem 2. If a is irrational, then the Kronecker system is ergodic.

Proof. With z = €*™® one can write a random variable X € £? on  as a Fourier
series f(z) =07 a,2" with a, = E[z"X]. We can write f = fo + fy + f_, where

n=-—o00
fr =00, a,2" is analytic in |z| < 1 and fo = ) 7 a,z " is analytic in [z| > 1
and fo is constant. By doing the same decomposition for f(T'(z)) = >~ _ a,w"z",

we see that fi = > 7 a,2" = > 7 a,w"z". But these are the Taylor expansions of
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f+ = f+(T) and so a,, = a,w™. Because w™ # 1 for irrational «, we deduce that a,, = 0
for n > 1. Similarly, one derives a,, = 0 for n < —1. Therefore f(z) = ag, meaning f
is constant. 0

17.5. It follows that for every number = € [0, 1] and every irrational a and every ¢ > 0,
there exists n such that [na — z| < e.

17.6. The transformation 7'(z) = 22 on the same probability space as in the previous
example is also measure preserving. Note that P[T(A)] = 2P[A] but P[T~*(A)] = P[4]
for all A € A. The map is measure preserving, but it is not invertible.

2

Theorem 3. The squaring transformation T(z) = z* on the circle is ergodic.

Proof. A Fourier argument shows it again: 7' preserves again the decomposition of f
into three analytic functions f = f_ + fo + f4 so that f(T'(2)) = Y00 a,z*" =

n=-—00
S0 ap2™ implies Y 07 a,z* =Y a,z". Comparing Taylor coefficients of this
identity for analytic functions shows a,, = 0 for odd n because the left hand side has
zero Taylor coefficients for odd powers of z. But because for even n = 2'k with odd k,
we have a,, = aq, = ag-1, = -+ = ag = 0, all coefficients ap = 0 for k£ > 1. Similarly,

one sees a, = 0 for k < —1. O

17.7. The single angle random variable X (x) = arg(x) on €, produces a sequence of
random variables X,,(x) = X(T™(z)). The squaring system is conjugated to the shift
S(x)n = py1 on the product probability space ({0,1}N,B,P). The conjugating map
is ¢(x) = e2™i/2 € Q. We have ¢(S(z)) = T(é(z)).

17.8. If A is an event with P[A] > 0 and T is a measure preserving automorphism, we
can define a new transformation 74 (x) = T74®)(z), where n4(z) is the return time,
the smallest n > 0 with 7"(z) € A. By Poincaré recurrence, the random variable
na(z) is finite for almost all x € A. We can look at the conditional probability
space (A, AN A, P/P[A]) and the induced dynamical system 7.

Theorem 4. T4 is an automorphism of (A, ANA,P/P[A]). It is ergodic if T is ergodic.
Proof. (i) T4 is measure preserving. Decompose A = J,o, Ay with Ay = {ns =
k}. Now Ta(z) = T*(x) for x € Az. Given B € AN A define By = BN Ay so
that B = U, By PITSU(B)] = PIT (U, Bi)] = PIU, T3 (B)) = PIU, T Byl —
S PIT7%(By)] = 3., P[Bk] = P|U, Bx] = P[B]. (ii) If T is ergodic then T4 is ergodic.
Proof: use contradiction. If T4(B) = B has P[B] < P[A] then C = |, T %(B) is T
invariant with P[C] < 1 and 7" is not ergodic. O

17.9. Note that it is possible that T4 is ergodic but 7" is not ergodic. Kakutani noticed
that if (J, T*A = Q, then Ty is ergodic if and only if 7" is ergodic.

17.10. If T is a measure preserving transformation on a probability space, we can look
at the longer incidences ANT"(A)N---NT ¥ (A). Fiirstenberg showed in 1977:

Theorem 5 (Multiple recurrence theorem). For any A € A with P[A] > 0, there exists
n such that P[ANT"(A)N---NT~*(A)N A] > 0.

It implies the van der Waerden theorem telling that any r coloring of the integers
contains a color which contains arbitrary large arithmetic progressions.
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Unit 18: Mixing

18.1. T is ergodic if all events A € A fixed by T have probability 0 or 1. This can be
rephrased as Césaro decay of correlations of all random variables X = 14y, Yi =
1p because E[X;] = P[T*(A)],E[Y] = P[B] and Cov[Xy, Y] = P[T*(A) N B] and:

Theorem 1. T ergodic < lim,, 0o 2 > p— (P[T*(A)NB]—P[AP[B]) = 0 VA, B € A.

Proof. (i) The ergodic theorem gives for X € £2 the limit lim,,_,o S X(T7*(z)) —
E[X]. Given Y € £2, we have lim,,_,o = Sr—o X(T7*(2))Y (v) — E[X]Y (x). Now take
expectations lim,, o L 120 E[X(T"F)Y] — E[X]E[Y]. If we take X = 1,,Y = 15
we get the statement.

(ii) Use contraposition. Assume 7" is not ergodic. Take any B with T'(B) = B with
P[B] > 0 and chose A = B. We want to show that B is trivial. The assumed identity
gives P[A] = 137 P[A] = L S7Z P[T#(A) N B] — P[A|P[B] = P[A]%. But this
implies either P[A] = 1 or P[A] = 0. O
18.2. T is called weakly mixing if lim, o 1 >3 [P[ANT*(B)] — P[A]P[B]| = 0.
This looks similar than the ergodic property but there are absolute values! We have
absolute Césaro convergence. A Kronecker system for example is ergodic but not
weakly mixing. Also, no permutation on a finite probability space is weakly mixing
but it is ergodic if there is a single cycle. The previous theorem shows that if T is
weakly mixing, then 7" is ergodic. Putting the absolute values outside makes it smaller
in general by the triangle inequality.

18.3. Define T' x T'(z,y) = (T'(x),T(y)) on the product probability space. If T is not
ergodic, then T7'(A) = A then T (A x Q) = (T71(A) x Q) = (4,9Q) so that T x T
is not ergodic. We see that ergodicity of 7' x T is stronger than ergodicity. What does
it mean?

Theorem 2. T is weakly mizing if and only if T x T is ergodic.

Proof. We will show this in class. It needs a bit of real analysis (see HW 8). A second
proof is spectral theoretic using that Uy has no eigenvalues. There is not enough space
here on two pages. We will show the even stronger statement: T is weakly mixing if
and only if 7' x T' is weakly mixing. 0J
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18.4. Note that if T is ergodic, then the power T?(z) = T(T(z)) is not necessarily
ergodic. A simple example is the measure preserving transformation T(x) = z +
1 mod 6 on the finite probability space Q = Zs = {0,1,...,5} with A = 22 and
uniform probability measure P[A] = |A|/|Q|. The transformation T is ergodic, but 7>
leaves the set A = {0,2,4} invariant and P[A] = 1/2 is not in {0, 1}.

18.5. A measure preserving is called mixing if P[T""(A) N B] — P[A|P[B]. For
mixing transformations, the events 7"(A) and B become more and more independent.
In particular, 7"(A) and A become more and more independent like a colored A of a
dough 2 gets mixed by kneading and folding. In probability theory, mixing means that
the random variables X,, = 17-n(4) and Y = 1 become more and more decorrelated.
In particular Cov[X,,, Xo] — 0. Obviously, if T is mixing, then T" is weakly mixing.

18.6. The linear operator Ur(X) = X(T~') on £? is called the Koopman operator
associated with 7. The Hilbert space £? has the inner product (X,Y) = E[XY].
The unitary property (UX,UY) = (X,Y) follows from the fact that T preserves
probabilities. Note that U always has the trivial eigenvalue 1 with constant eigen-
function X = ¢. This eigenvalue is not interesting. The spectrum of the dynamical
system is defined as the spectrum of U on the orthogonal complement of the con-
stant random variables (which are functions of zero expectation). Every random vari-
able X defines a spectral measure ;1 = px on the complex unit circle defined by
fn = (X, U"X) — E[X]? =E[XX(T™)] — E[X]E[X(T™™)] = Cov[X, X(T)].
Theorem 3. T is weakly mizing if and only if Ur has continuous spectrum.

18.7. Weakly mixing implies (1/n) > 7~} P[A(T*) N A] — P[A]> — 0 implying that
the Fourier transform of the spectral measure 1, goes to zero for every 1. The Wiener
theorem gives the reverse: if iy — 0 in a Cesaro sense, then p has no point spectrum.

Theorem 4 (Wiener Theorem). If 1 is a measure on the circle T with Fourier coeffi-
cients fig, then for every x € T, one has pu({x}) = limy o0 55 D ope_,, fir€™™.

Proof. The Dirichlet kernel D, (t) = >} et = % satisfies D, x f(z) =
Su(F) (@) =30 f(k)e** . The functions f,(t) := ﬁDn(t—x) = 2n1+1 Son_ e ikreikt
are bounded by 1 and go to zero uniformly outside any neighborhood of ¢t = z. From
H; |[d(p — p({x})d,)| = 0 follows lim,, oo (fn, . — p({z})) = 0. But we also

lim,_,o r—
have (fn, i — p({z})) = (fa, 1) = (fu, n{2})) = 37 2ohery ™ — p({z}). [

18.8. If U7 has absolutely continuous spectrum, then by the Riemann-Lebesgue lemma,
i, — 0 so that T is mixing.

18.9. A measure preserving transformation is called Bernoulli if it is isomorphic to
the shift of a product probability space [],(€2,, A, P,,) where each (€2,, A,, P,,) is the
same finite probability space with (Q = {1,...,m}, A =22 P[{j}] = p;).
Theorem 5. A Bernoulli transformation has absolutely continuous spectrum and so
18 MITING.
18.10. We have the following ” chaos levels”

{Bernoulli} C {Mixing} C {Weakly mixing} C {Ergodic} .
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Unit 19: Central limit theorem

19.1. Any non-constant random variable X € L£? can be normalized to X* =

—(XU_(];:{[;{D. This normalized variable has zero mean E[X*] = 0 and variance o(X*) =

Var[X*] = 1. We can not normalize every random variable. A Cauchy distributed
random variable for example has no finite variance and so can not be scaled to have
variance 1. But we can normalize any non-constant random variable in £2.

Theorem 1 (Central limit theorem). Given X,, € L* which are IID with mean 0 and
finite variance 0® > 0. Then S, /(o0/n) — N(0,1) in distribution.

19.2. The CLT can be encoded more briefly as S* —2 N(0,1). Lets look first at some
quantities for the density
1 22

Jx) = vV 2mo? ¢

which belongs to the normal distribution N (0,0?). We we have E[| X |P] = 2 [ a? f(x) dx
which is after a substitution u = 2%/(20?) equal to

Lgpﬂap /OO wzPtH=1g—u g
0

T
The integral to the right is by definition equal to 2\7; T(%(p+ 1)). We can also compute
the characteristic function. ¢x(t) = e *7°/2. To the proof:

Proof. By the Levy criterion for weak convergence and noting that e~*/2 has no atoms,
we have to show that for all t € R

E[eitfﬁ”ﬁ] e 2
Denote by ¢x, the characteristic function of X,,. As this is independent of n, we just
write ¢. Since by assumption E[X,,] = 0 and E[X?] = 02, we can use, using the Taylor
formula with remainder term:

o(t) =1— %Qtz + o(t?) .

This works despite that ¢(t) does not necessarily have a full Taylor expansion. Lets
use the Landau notation o(f) for a term which could be replaced by a function ¢
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satisfying g(t)/f(t) — 0

B[] = o)
= (15T 4ol
= /2 +o(1) .

O

19.3. Remark: There is a different proof that only needs independence and allows
for different distributions for each X;. It needs some assumptions however like M =
sup; || X;l|s < coands = liminf, . + ZZL , Var[X;] > 0. One can then show that

lim P[S* < ] e V2 dy, VreR.

fpisisel= o |

A N(0,0?%) distributed random variable X satisfies E[|X|F] = \/L;QP/QUPF(%(]? +1) and
so E[| X %] = \/503. But the proof is more technical.

19.4. Let P denote the space of probability measure p on (R,B) which have the
properties that [p #* du(z) =1, [p @ du(x) = 0. Define the map on P as follows:

:/R/Ru(x;%y)du(x) dp(y) -

Technically, we can realize this map by taking for a given pu a random variable X
with that law, then build a new random variable Y with the same distribution that is
independent, then look at the law of (X 4+ Y)/v/2.

Theorem 2 (Renormalisation fixed point). The only fized point of T on P is the law
N(0,1) of the standard normal distribution. It is an attractive fized point in the sense
that T"uw — N(0,1) starting with any initial condition .

Proof. If p is the law of a random variables X,Y with Var[X] = Var[Y] = 1 and
E[X] = E[Y] = 0. Then T'(x) is the law of the normalized random variable (X +Y)/v/2
because the independent random variables X,Y can be realized on the probability
space (R?, B, x ) as coordinate functions X ((z,y)) = z,Y ((z,y)) = y. Then T'(u1)
is obviously the law of (X + Y)/v/2. Now use that 7"(X) = (Syn)* converges in
distribution to N(0,1). O

19.5. An other cool fact is that we can see that for normalized random Variables With
continuous PDF f that has finite differentiable entropy S(X) = — fR x)log(f(x)) dx,
the entropy increases when applying 7. The Gibbs mequahty from lecture 12 D[p,q] >

0 gives after a short computation. It uses that the entropy of N(0,1) is log(v/2me) =
1.41894.... 1

Theorem 3. The normal distribution is the distribution of maximal entropy among
all distributions of finite differentiable entropy in P.
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Unit 20: De Moivre-Laplace and Poisson

20.1. Assume X; are [ID random variables in £2? with mean m and standard deviation
o. What is the probability that the average S, /n is within €¢/y/n to the mean m?
An important applications of the central limit is that it allows us to validate data by
averaging experiments.

Theorem 1. The probability that S, /n deviates more than to/\/n from E[X]| can for

large n be estimated by
1 2
—z°/2 d
e x .
V2 /t

Proof. Let m = E[X] denote the mean of X} and o the standard deviation. Denote
by X a random variable which has the standard normal distribution N(0,1). Write
X, ~Y, if X, =¢Y, in distribution. By the central limit theorem

S, —nm
Vno
Dividing both nominator and denominator by n gives \/777(5—; —m) ~ X so that as
distributions
Sy, o

——m~X—.

n vn
But this means that we can estimate the deviation as Fy,1)(t), which is the expression
in the theorem. O

~ X .

20.2. The term o/4/n is called the standard error. The central limit theorem gives
some insight why the standard error is important.

20.3. The case of coin tossing, meaning independent {0, 1}-valued random variables
with win probability p € (0, 1) was historically the starting point for the central limit
theorem. The sum S, has a Binomial distribution B(n,p) of mean np and variance
np(1l — p). As we have just seen, the fact that

Sp — 1 ”” 2
lim p[w <] = _/ e Y /2 dy
n=oo Ty /np(l —p) V21 J oo
is a consequence of the central limit theorem. It has already been proven by de Moivre
in 1730 in the case p = 1/2 and for general p € (0,1) by Laplace in 1812.

Theorem 2 (DeMoivre-Laplace limit theorem). If S,, have the Binomial distribution
B(n,p), then S’ converges in distribution to N(0,1).
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FIGURE 1. Binomial distribution B(n,0.3) to the left for n = 50. The
Binomial distribution B(n,1/n) to the right for n = 50. The left will
for n — oo when rescaled will converge to the normal distribution. The
right will converge to the Poisson distribution.

20.4. The Poisson distribution P, supported on N ={0,1,2,,3...} is defined as
NG

k!
Random variables with such distribution describe waiting times. Its moment generating
function is

PX =kl=e

Mx(t) =Y P[X = ke = =),
k=0

That the Poisson distribution is natural follows from:

Theorem 3 (Poisson limit theorem). Let X,, be a B(n,p,)-distributed and suppose
np, — A. Then X, converges in distribution to a random variable X with Poisson
distribution with parameter .

20.5. For the proof we need the already in the proof of the central limit theorem used
compound interest statement that if a,, — 0,b,a, — ¢ implies (1 + a,) — €°
which is a tiny generalization of the definition (1 + ¢/n)Y/" = e°.

Proof. We have to show that P[X,, = k] - P[X = k| for each fixed k € N.

n .
nn—10(n-2)...(n—k+1 .
_ 2= IX ]2! ( o1 = ot
1 k Pn\n—k AF Y
~ H(”Pn) (1—7) =g

OLIVER KNILL, KNILLQMATH.HARVARD.EDU, MATH 154, SPRING, 2025



PROBABILITY THEORY

MATH 154

Unit 21: Random walks

21.1. A random walk or Markov chain on an undirected graph (V, E) is defined
by a linear map which preserves probability vectors on V. The adjacency matrix A
of (V, E) defines a stochastic matrix M,, = A,,(x)/d(y), where d(y) is the vertex
degree of a vertex y € V. The probability measures M"p(0) with initial probability
measure p(o) located on the initial point o. It is the distribution of the standard
random walk. We return to the Markov picture next class.

21.2. If (V, E) is the standard lattice Z¢, then each vertex degree is d(z) = 2d. We
can describe a path of a random walk by defining IID random vectors X; which take
values in I = {e € Z%| |e| = 3%, |es] = 1 } and which have the uniform distribution
defined by P[X,, = ¢] = (2d)~! for all e € I. The random variable S, = >_"" | X; with
So = 0 describes the position of the walker at time n. The stochastic process S, is
called the random walk on the lattice Z%. The law of S, is a measure on Z% which

agrees with M"p(0).

21.3. Define the sets A, = {5, = 0 } and the random variables Y,, = 1,,. If the
walker has returned to position 0 € Z% at time n, then Y,, = 1, otherwise Y,, = 0. The
sum B, = Y, _, Y} counts the number of visits of the origin 0 of the walker up to time
nand B =) ;- Y; counts the total number of visits at the origin. The expectation

E[B] =) P[A,]
n=0
tells us how many times the walker is expected to return to the origin. We write
E[B] = oo if the sum diverges. In this case, the walker returns back to the origin

infinitely many times.
Theorem 1 (Polya). E[B] = oo for d =1,2 and E[B] < oo ford > 2.

Proof. Fix n € N and define a™ (k) = P[S,, = k] for k € Z9. Because the walker can
reach in time n only a bounded region, the function a(™ : Z¢ — R is zero outside a
bounded set. We can therefore define its Fourier transform

¢s, () = Z a(n)(k>62ﬂ'ik~x

kezd
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which is a smooth function on T? = R¢/Z4. It is the characteristic function of S,
because
E[e5"] = Y " P[S, = k] |
kezd
The characteristic function ¢x of X is

d
1 27ri:l‘j — 1 .
ox(x) = 27 g e =3 ;1 cos(2mx;) .

lil=1

Because the S, is a sum of n independent random variables X

b5, = x,(£)0x,(2) .- 0, (2) = (3 cos(2man))"
Note that a,(0) = P[S, = 0] = [; ¢s,(z) dz.

We now show that E[B] = > . ¢s,(0) is finite if and only if d < 3. The Fourier
inversion formula using the normalized Volume measure dx on T? gives

;P[Snzo]:Ad§%¢}(x) dx:/qrd#x(x)dx.

<2
A Taylor expansion ¢x(z) =1— 37,5 (2m)* + ... shows

1 (27)? (2m)*

_ <1-— <2- .

S ol < 1 - () < 2- S
The claim of the theorem follows because the integral | (o<} ﬁ dx over the ball of
radius € in R? is finite if and only if d > 3. OJ

21.4. We can now decide whether the random walker returns infinitely many times to
0 or not.

Theorem 2. The walker returns to the origin infinitely often almost surely if d < 2.
Ford > 3, the walker almost surely returns only finitely many times and P[lim,,_, |S,| =
oo] = 1.

Proof. If d > 2, then A, = limsup, A, is the subset of {2, for which the particles
returns to 0 infinitely many times. Since E[B] = >~  P[A,], the Borel-Cantelli lemma
gives P[Ay] = 0 for d > 2. The particle returns therefore back to 0 only finitely many
times and in the same way it visits each lattice point only finitely many times. This
means that the particle eventually leaves every bounded set and converges to infinity.
If d <2, let p =P[U, A, be the probability that the random walk returns to 0.

Then p™~! is the probability that there are at least m visits in 0 and the probability

is p~! — p™ = p™~1(1 — p) that there are exactly m visits. We can write
1
_ m—1 _
E[B] =Y mp"'(1—-p)= 5
m>1
Because E[B]| = oo, we know that p = 1. O
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Unit 22: Markov Chains

22.1. A discrete time Markov process is a stochastic process X; such that the out-
come of X, given the past only depends on X, for every n. We will next week
rephrase this in Martingale language. For now we look at an important simple case,
where the random variables X; take only finitely many values S, the set of states.
A Markov chain is a stochastic process with values in S such that the conditional
probability P[X, 11 = z,1|X1 = z1,..., X, = x,] is P[Xoy1 = 21| Xy, = 2], If
the probabilities P[X, 1 = a|P[X,, = b] are independent of n, we talk about a time
homogeneous Markov chain.

22.2. It follows from the definition of a Markov process that X,, satisfies the elemen-
tary Markov property: for n > k,

P[X,€B|Xy,....,X;| =P[X, € B| X4 .

This means that the probability distribution of X,, is determined by knowing the
probability distribution of X,_;. The future depends only on the present and not on
the past. In the time homogeneous case, the stochastic process defines a transformation
T on a probability space (SN, A = BY), where B is the set of all subsets of S. As we
will see, there are often measures m on S such that P = 7 is invariant. We want to
understand such equilibria.

22.3. We now look at a homogeneous Markov chain on a finite state space S with
s elements. Probability measures on S are vectors p with entries p; > 0 such that
> ;pi = 1. The Markov chain is now determined by the left stochastic s x s matrix
M;; = P[X,11 = j|X,, = x;]. ' The matrix M7 has the eigenvalue 1 with eigenvector
[1,...,1]. Therefore, M has also an eigenvalues 1. Its eigenvector is a stationary
measure describing a stable probability distribution. As Oskar Perron in 1907 and
Georg Frobenius in 1908 have shown there is one if M has positive entries:

Theorem 1 (Perron-Frobenius). If all entries of a left stochastic n X n matriz A are
positive, there is a unique eigenvector to the eigenvalue 1.

Proof. The set X = {>_,2? = 1,2y > 0,...,x, > 0} is closed and bounded. If
the entries of A are non-negative, the map 7'(v) = Av/|Av| maps X to itself. The
Brouwer fixed point theorem gives then already fixed point and so an eigenvector to
the eigenvalue 1. If A has positive entries then T'X is even contained in the interior

ISometimes, right stochastic matrices are used. Matrix multiplication is applied to the right to row
vectors.
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of X. This fixed point is unique because the map is a contraction: There exists
0 < AM(z) < 1 such that d(Tz,Ty) < Ad(z,y), where d is the geodesic sphere distance.
If there was a contraction with a uniform A we could have used the Banach fixed point
theorem. We do not need it: assume 7'(z) = x and T'(y) = y are both fixed points,
then the contraction property gives d(z,y) = d(Tx,Ty) < Ax)d(z,y) < d(z,y) a
contradiction. We have now a unique fixed point Av = Av provided v has non-negative
entries. Assume Aw = w and w has some negative entry and ||w|| = 1. Write |w| for
the vector with coordinates |w;|. The computation

wli = wil = [ Y Aijws| <3 Aijllws| = Aijlw;| = (Afw]),
j i j

shows that (A|w|) is a vector with norm smaller or equal than 1. For any ¢ with w; < 0
we have an inequality so that ||Aw|| < 1 contradicting ||w|| = 1. The only eigenvectors
to the eigenvalue 1 must be in X where we had a unique one. 0

22.4. T is a true contraction with respect to the Hilbert metric on X. One can then
use directly the Banach fixed point theorem. There is also a connection to ergodic
theory. Given an initial measure p; on S, the map M defines measures p; on S.

Theorem 2. A Markov chain defines a measure preserving map T on the product

probability space (Q, A) = (SN, B, T1, )-

Proof. The product space (2, A) = (S¥, BY) has the m-system C consisting of cylinder-
sets [ [,,cny Bn given by a sequence B,, € B such that B, = S except for finitely many
n. The P = P, on (€2, C) is the product measure. This measure has a unique extension
to the g-algebra A. The shift map 7" on €2 is measure preserving. OJ

22.5. If M has positive entries and p is the stable distribution, then 7 is the shift on
(SN, BN, i) and the random variables X;(z) = x; are independent.

22.6. For a countable state space S one is in a random walk situation The transition
matrix M;; then now a bounded linear operator on [?(S). We have seen in the last
lecture that if S = Z¢ and M is a scaled version of the adjacency matrix one could
use Fourier theory to understand recurrence. In the infinite case like S = Z, there
is no equilibrium measure. The probability distribution of the walker diffuses like a
solution of the heat equation. We can still look at M™u, where p is an initial probability
measure and study its dynamics. On a translational invariant lattice the walk is also
a sum of IID random variables S,, = X; + X5 + --- X,,, where X; take finitely many
values. Since by the central limit theorem, the variance of S,, grows linearly in time n,
the standard deviation grows like \/n.

22.7. Given a finite stochastic matrix M and a point = € S, the measures P(z,-) are
the probability vectors, which are the columns of M. It is also denoted Markov field.
We have P"(z,B) = > 5 P"(7,y). We can see the transition probability functions
also as elements in £(S, M1(S)), by thinking about each column as a probability mea-
sure in the set M;(S) of Borel probability measures on S. This point of view is often
taken in economics.
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Unit 23: Conditional Expectation

23.1. Conditional probability P[A|B] for events lead to conditional expectation
for o algebras: it is denoted E[X|B] if B C A is a sub-c-algebra.

Theorem 1 (Kolmogorov). Given X € L}, A,P) and a sub o-algebra B C A.
There eists a random variable Y € L£'(Q, B, P) denoted E[X|B] satisfying [,Y dP =
[, X dP for all A€ B. We call it E[X|B]

Proof. For X =Y, a;14, € S define E[X; A] = >, a;14,na/P[A]. For X € £ define
E[X; A] as a limit. Also write [, X dP for this conditional integration. Define the two
measures P[A] = P[A] and P'[4] = [, X dP = E[X; A] on the measure space (€2, B).
Given a set B € B with P[B] = 0, then P'[B] = 0 so that P’ is absolutely continuous

with respect to P. The Radon-Nykodym theorem from real analysis gives a random
variable Y € £1(B) with P/[A] = fAX dP = fAY dP. O

23.2. Examples:

a) if B = {0,Q}, then E[X|B] = E[X].

b) if B = {0,9, B, B°} then E[X|B] takes the value [, X dP/P[B] on B and the value
[, X dP/P[B*] on Be.

c) if B= A, then E[X|B| =

d) if B = Ax is the o algebra generated by X, then E[X|B] =

e) if X(x,y) is a continuous function on the unit square Q = [0,1]* with P = dzdy as
a probability measure and where Y(x y) = x. In that case, E[X]|Y] is a function of z
alone, given by E[X|Y](x fo x,y) dy. It is called a conditional integral.

23.3. The map X € £Y(Q, A, P) — E[X,B] € LY, B,P) is a projection. To see
this geometrically, we work in the Hilbert space £

Theorem 2. Conditional expectation X — E[X|B] is the projection L*(A) — L*(B).

Proof. The space L2(B) of square integrable B-measurable functions is a linear subspace
of £2(A). When identifying functions which agree almost everywhere, then L*(B) is a
Hilbert space which is a linear subspace of the Hilbert space L?(A). For any X € £%(A),
there exists a unique projection p(X) € £2(B). The orthogonal complement £2(B)= is
defined as

L2B)E={ZecL*A)|(ZY)=E[Z-Y]=0forallY € L*(B) } .
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By the definition of the conditional expectation, we have for A € B
(X — BIX|B], 1) = E[X — E[X|B]: A] = 0.

Therefore X — E[X|B] € £2(B)+. Because the map ¢(X) = E[X|B] satisfies ¢* = ¢, it
is linear and has the property that (1 — ¢)(X) is perpendicular to £2(B), the map ¢ is
a projection which must agree with p. ([l

Theorem 3 (Properties). For all X, X,,,Y € L':

(1) Linearity: The map X — E[X|B] is linear.

(2) Positivity: X > 0= E[X|B] > 0.

(3) Tower property: C C B C A= E[E[X|B]|C] = E[X]|C].

(4) Cond. Fatou: |X,| < X, E[liminf, ., X,,|B] < liminf, . E[X,|B].

(5) Cond. dominated convergence: |X,| < X, X, = X a.e. = E[X,|B] = E[X|B] a.e.
(6) Cond. Jensen: if h is convez, then E[h(X)|B] > h(E[X|B]).

(7) Bspecially |[E[X|B]ll, < | X[l

(9) Extracting knowledge: For Z € L>®(B), one has E[ZX|B] = ZE[X|B].

(9) Independence: if X is independent of C, then E[X|C] = E[X].

Proof. (1) The conditional expectation is a projection by the previous theorem so linear.
(2) If Y = E[X|B] would be negative on a set of positive measure, then A = Y ~!((—o0, —1/n]) €
B would have positive probability for some n. This would lead to the contradiction
0< E[lAX] = E[lAY] < —n_lm(A) < 0.

(3) Use that P” < P’ < P implies P" =Y'P' = Y'Y P and P" < P gives P" = ZP
so that Z = Y'Y almost everywhere.

This is especially useful when applied to the algebra Cy = {0,Y, Y Q}. Because
X <Y almost everywhere if and only if E[X|Cy] < E[Y|Cy] for all Y € B.

(4)-(5) The conditional versions of the Fatou lemma or the dominated convergence
theorem are true, if they are true conditioned with Cy for each Y € B. The tower
property reduces these statements to versions with B = Cy which are then on each of
the sets Y, Y the usual theorems.

(6) Chose a sequence (a,,b,) € R? such that h(x) = sup,, a,z + b, for all z € R. We
get from h(X) > a,X + b, that almost surely E[h(X)|G] > a,E[X|G] + b,. These
inequalities hold therefore simultaneously for all n and we obtain almost surely

E[A(X)|G] = sup(anE[X|G] + ba) = h(E[X]G])

(7) This is a special case of (6) using h(x) = |z|?.
(8) Tt is enough to condition it to each algebra Cy for Y € B. The tower property
reduces these statements to linearity.
(9) By linearity, we can assume X > 0. For B € B and C € C, the random variables
X1p and 1¢ are independent so that E[X1p~¢] = E[X151¢] = E[X1]P[C]. The
random variable Y = E[X|B] is B measurable and because Y1 is independent of C
we get E[(Y1p)1c] = E[Y15]P[C] so that E[1p~ncX] = E[lgncY]. The measures on
o(B,C)

A= E[14X],v: A E[14Y]
agree therefore on the m-system of the form B N C with B € B and C € C and
consequently everywhere on o(B,C). OJ
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Unit 24: Martingales

24.1. A sequence {A, }nen of sub o-algebras of A is called a filtration, if Ay C A; C
-+ C A. Given a filtration {A, },en, one gets a filtered space (2, A, {A,}nen, P).

24.2. A discrete time Stochastic process X = { X, },,cn is called adapted to the
filtration {A,} if X,, is A,-measurable for all n € N.

24.3. A discrete time Stochastic process X = {X,},cy is called adapted to a
filtration {A,} if X, is A,-measurable for all n € N.

24.4. A L'-process which is adapted to a filtration {A4,} is called a martingale if
E[Xn‘An—l} - Xn—l

for all n > 1. It is called a super-martingale if E[X,|A,_1] < X,,_; and a sub-
martingale if E[X,|A,_1] > X,_1. If we mean either sub-martingale or super-
martingale (or martingale) we speak of a semi-martingale.

24.5. It immediately follows that for a martingale
E[X,| ALl = X
if m < n and that E[X,,] is constant.

Allan Gut mentions in his book that a martingale is an allegory for "life” itself: the
expected state of the future given the past history is equal the present state and on
average, nothing happens. The word “martingale” originally denoted a gambling system
strategy in which losing bets are doubled. It is also the name of a part of a horse’s
harness or a belt on the back of a man’s coat.

24.6. If a martingale X, is given with respect to a filtered space A, = o(Yy,...,Y,),
where Y,, is a given process, then X is called a martingale with respect Y.

24.7. If X is a super-martingale, then —X is a sub-martingale and vice versa. A
super-martingale, which is also a sub-martingale is a martingale. Since we can change
X to X — X, without destroying any of the martingale properties, we could assume
the process is null at 0 which means X, = 0.

24.8. Given a martingale. From the tower property of conditional expectation follows
that for m <n

E[Xy|An] = E[E[X,|Apa]|An] = E[Xp1|Ap] = - = X, .
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24.9. Sum of independent random variables
Let X; € L' be a sequence of independent random variables with mean E[X;] = 0.

Define Sy = 0,5, =Y ,_, Xy and A, = o(Xy,..., X,) with Ay = {0,Q}. Then S, is
a martingale since S, is an {A, }-adapted L£-process and

E[Sn|~'4nfl] = E[SnfllAnfl] + E[Xn|-/4n71] = Snfl + E[Xn] = Snfl .
We have used linearity, the independence property of the conditional expectation.

24.10. Example a) Conditional expectation
Given a random variable X € £! on a filtered space (2, A4, {A,}nen, P). Then X,, =
E[X|A,] is a martingale.

Especially: given a sequence Y,, of random variables. Then A, = o(Y,...,Y,) is a
filtered space and X,, = E[X|Yy, ..., Y,] is a martingale. Proof: by the tower property
E[Xn|>’4n—1] - E[XnD/ba cee 7Yn—1]

= E[E[X|Y),...,Y,]|Yo,. .., Y, d]
= E[X‘}/b, e ,Ynfl] - anl .

verifying the martingale property E[X,,|A,_1] = X,,_1.

We say X is a martingale with respect to Y. Note that because X, is by definition
o(Yp, ..., Y,)-measurable, there exist Borel measurable functions h,, : R — R such
that X,, = h,(Yo,..., Y 1).

24.11. Example b) Product of positive variables

Given a sequence Y, of independent random variables Y,, > 0 satisfying with E[Y,,] = 1.
Define Xg =1 and X,, = [[_,Y; and A, = o(Y3,...,Y,). Then X, is a martingale.
This is an exercise. Note that the martingale property does not follow directly by
taking logarithms.

24.12. Example c¢) Product of matrix-valued random variables

Given a sequence of independent random variables Z,, with values in the group GL(N, R)
of invertible N x N matrices and let A, = o(Zy,...,Z,). Assume Ellog||Z,||] < 0,
if ||Z,,|| denotes the norm of the matrix (the square root of the maximal eigenvalue of
Zn- 7%, where Z* is the adjoint). Define the real-valued random variables X,, = log || Z; -
Zo -+ Zyl||, where - denotes matrix multiplication. Because X,, < log||Z,|| + Xn_1, we
get

E[X,|A,-1] < Ellog||Z,|| | An1] + E[Xn 1] Ani]
= Eflog || Zu[[] + Xn-1 < Xpa

so that X,, is a super-martingale. In ergodic theory, such a matrix-valued process X,
is called sub-additive.

24.13. Example d) If Z, is a sequence of matrix valued random variables, we can
also look at the sequence of random variables Y,, = ||Z; - Z5--- Z,,||. If E[||Z,]|]] = 1,
then Y,, is a super-martingale.
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Homework 1

PROBABILITY

Problem 1.1: a) You pick a random point (z,y) in the square [—1, 1] X
[—1,1]. What is the probability that 22 + ¢y* < 17

b) You pick a random point (z,y,2) in the unit cube [—1,1]*. What is
the probability that 2% + y? + 22 < 17

¢) What is the probability that 27 + 23 + ... + 23y, < 1 if the point
x = (1,...,%1000) is chosen randomly in the 1000-dimensional unit cube
[_1, 1]1000.

FiGureE 1. What is the probability to hit the sphere?

Problem 1.2: The card game ”set” contains 81 = 3% cards. Each card
has one of 3 colors, one of 3 numbers, one of 3 shapes and one of 3 shades.
It so models so the 4-dimensional vector space Z3 which is also called the
field GF(81). A collection of three cards is called a "set”, if in each of
the 3 categories, all three properties either agree or are all different. You
randomly pick 3 cards from the 81. What is the probability to draw a set?
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F1GURE 2. The game of set visualizes a 4 dimensional vector space

Problem 1.3: The probability density of a positive integer smaller than
n is prime is about 1/log(n) by the prime number theorem. What do you
expect is the expected number of prime twins smaller than n?

Problem 1.4: a) Alex has three kids, and one of them is a girl. What
is the probability that Alex has three girls?

b) Alex has three kids of different age and the oldest is a girl. What is
the probability that Alex has three girls?

Problem 1.5: There are three boxes: a box containing two gold coins,
a box containing two silver coins, and a box containing one gold coin and
one silver coin. The three boxes are shuffled. You pick one box and pick
a random coin from it. You notice it to be gold. What is the probability
that the other coin from the same box is gold?
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Homework 2

PROBABILITY SPACES

Problem 2 1: Verify the following properties from the axioms.
a) P[0] =
b) A C B = P[A] < P[B].
¢) PIU, Ax] < X, P[A]
d) P[A°] =1 - P[A].

e) 0 <P[4] < 1.

f) Ay C Ay, C -+ with A, € A
then P[J)”, A,] = lim,,_,oo P[A4,].

Problem 2.2: Let Q be a set. Let A be the set of countable or co-
countable subsets of €.

a) Verify that A satisfies all the ring axioms of Boolean algebra.

Verify that A is a 7-system.
c¢) Verify that A is a A-system.

Verify that A is a o algebra without using the theorem of Lecture 3.
Verify that A is the smallest o algebra containing the cofinite topology.

b

\_/\_/

d

(S

~

Problem 2.3: Let Q= [0,1)% Let Z = {[a,b) X [c,d)} denote the set of
all left-bottom closed right-top open rectangles.

a) Verify that this is a 7-system.

b) Verify that Pla,b) X [¢,d)] = (d — ¢)(b — a) is a probability measure on
this 7 system.

c¢) Why can the measure P be extended to the smallest o-algebra
containing Z7

d) Under which conditions are two elements in Z independent?
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Problem 2.4: Verify the following properties. The first four are known
as Keynes postulates, the fifth is called Bayes Theorem.

1) P[A|B] > 0.
2) P[A|A] = 1.

3) P[A|B] + P[A°|B] = 1.

4) P[AN B|C] = P[4|C] - P[B|ANC).
5) P[A|B| = P[B|A]P[A]/P[B].

Problem 2.5: Prove the IIXA sorority theorem in the text. It states
"The smallest A-system A containing a m-system Z is the smallest o alge-
bra containing Z.”

FIGURE 1. To the left an example of a [IXA chapter (in this case Oxford
MS). To the right, a brooch from BU in the shape of a Marguerite daisy
(or AN B when intersecting two sets in a Venn Diagram) also in the order
of the mathematical order ITAY: to check that we have a g-algebra, we
have to check it is a m-system and a A-system.
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Homework 3

RANDOM VARIABLES

Problem 3.1: The Gamma distribution with shape o > 0 and rate
A > 0 has support on [0,00). It is used in econometrics. The probability

density function is
1

a—1_—-)dzyo
f(z) = F(a)x e AN
a) What distribution do we get in the case o = 17
b) Verify that f satisfies the properties of a PDF.
¢) Compute the expectation E[X] and variance Var[X].
d) Compute the moment generating function Mx(t).

e) Why is a Gamma distributed random variable in L? for all p?

Problem 3.2: Verify that for § > 0 the Mlaxwell distribution

4
o) = bt
is a PDF of a probability distribution on R* = [0, 00). This distribution
can model the speed distribution of molecules in thermal equilibrium. Now

compute its expectation E[X] = [* 2 f(z) da.

Problem 3.3: Benford’s law deals with the statistics of the first
significant digit in data. Simon Newcomb found the law in 1881 and
Frank Benford made significant progress to understand it in 1938. The
distribution appears also in naturally occurring sequences. For example, if
you look at the first digit of the sequence 2" then the first significant digit
k appears with probability p = log,(1 + 1/k). The digit 1 for example
occurs with about log;((2) = 0.30 which is 30 percent.

a) What is its expectation and variance of the distribution?

b) Verify that the sequence 2" produces this distribution.
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Fi1GURE 1. The Benford distribution for the first significant digit. It is
computed with Histogram[Table[First[IntegerDigits[2"]], {n, 1, 10000}], 10]

Problem 3.4: For a centered Cauchy distributed random variable, the
probability density is (£ /(1422). As seen in class you can generate random
variables with this distribution. Define X(z) = z on (2 = R,B,P =
a) Check that the random variable X is not in £!.

b) Look up the definition of convergence in the sense of Cauchy and verify
that the expectation of the distribution in this generalized sense.

¢) What can you say about the variance and higher moments or moment
generating function of a Cauchy distributed random variable?

d) Why again does Cot( PiRandom|]) generate Cauchy distributed random
variables?

Problem 3.5: The support K of the law p of a random variable is the
largest closed subset of R such that u((x —a,z+a)) > 0 for every x € K
and a > 0.

a) There are absolutely continuous distribution functions for which the
support is a Cantor set on [0, 1]. Construct one. (Note that this can not
be the standard Cantor set because the Standard Cantor set has measure
zero.)

b) There are singular continuous distributions for which the support is
[0, 1]. Construct one.

c¢) There are pure point distributions for which the support is [0, 1]. Con-
struct one.

d) Verify that for every closed set K in [0, 1] there exists a measure which
has K as support.
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Homework 4

INDEPENDENCE

Problem 4.1: Ana and Bob own a business OAP (a pun to (2,4, P))
which builds custom designed dice. The customer wants a dice with a
given probability distribution. OAP delivers 3D printed dice.

Ana spends 40 percent of her day in meetings, while Bob spends 25 percent
of his day in meetings. They schedule their meetings independently.

a) What is the probability that both meet at the same time?

b) What is the probability that Ana has a meeting during a time that Bob
has a meeting?

¢) What is the probability that Bob has a meeting during a time when
Ana has a meeting?

d) Is the event that both have a meeting at the same time independent of
the event that both have no meeting at the same time?

FI1GURE 1. Palindromes Ana and Bob meet to discuss the design of new
dice. (Al generated picture)
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Problem 4.2: True or False? (Please give justifications).
1) If A, B are independent, then A, B¢ are independent.

If A, B,C are independent then A U B is independent of C'.
Two disjoint sets A, B are independent if and only if P[A] = 0 or
P[B] = 0.
8) 0 is independent of any other set.
9) Q is independent of any other set.
10) If A is independent to itself, then P[A] = 0 or P[A] = 1.

)
3)
4)
5) If A, B,C are independent, then AN B is independent of C.
6)
7)

Problem 4.3: If (92, A,P) has a P trivial o-algebra, you might think
that A is the trivial o-algebra. This is not the case as you verify here with
an example:

Verify that the o algebra of cocountable or countable sets in 2 = [0, 1] is
P-trivial, if P = A is the probability Lebesgue measure on [0, 1]

Problem 4.4: In all of this problem, all random variables are bounded
L.

a) Verify that if X, Y are independent and n, m are positive integers, then
X" Y™ are independent.

b) Verify that X - Y = (X,Y) = E[XY] defines an inner product on £2.
Define | X| = 1/(X, X). Check Cauchy-Schwarz |(X,Y)| < |X]||Y].

c) We have seen that if X,Y are independent £? random variables, then
E[XY] = E[X]E[Y]. Can you reverse this? Does the condition E[XY] =
E[X]E[Y] imply that XY are independent?

d) What about asking that E[X"Y™] = E[X"E[Y™] for all n,m > 07
Does this imply that X, Y are independent?

Problem 4.5: a) Verify that the moment generating function of the
Cauchy distribution does not exist.

b) Compute the characteristic function ¢x(t) of a Cauchy distributed
random variable.

¢) Compute the characteristic function of the Gaussian distribution with
probability density function f(z) = e /\/7.

d) Find a probability space and a random variable X such that ¢x(t) =
cos(t).
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TAIL ALGEBRA

Problem 5.1: Bond percolation in 3 dimensions. () is the set of
all subgraphs of the lattice Z3 with nearest neighbor connections. Look at
o-algebras A, generated by the random variable X.(w) = l{ccp);- The
assumption P[{X. = 1}] = p, P[{X. = 0}] defines a probability space in
which {X,}ecr are independent.

a) What theorem does assure that we have a probability measure on (2
that is translation invariant?

b) The event A consists of all graphs for which there is an infinite cluster.
Verify that P,[A] < P,[A] if p <q.

c¢) Conclude there is a threshold p. so that p > p. gives an infinite cluster
and p < p. none with probability 1.

d) Hit the literature: what is currently the best estimate for p.?

JENSEN

Problem 5.2: a) Formulate Jensen inequality in the case f(z) = |z|
and show that it implies the calculus identity | fol flx) dx| < fol |f(x)| dz
for a continuous function on [0, 1].

b) It implies the geometric-arithmetic mean inequality vab < (a + b)/2.

c¢) Jensen’s inequality can explain risk aversion and motivate portfolio
optimization. Let ¢ be a concave utility function. (—¢ is convex). What
does Jensen tell you about the expected utility?

ENTROPY

Problem 5.3: We study entropy S(.A) calculus for a finite o-algebra.
a) Single variable: f(z) = xlog(1/x) is concave. The limit f(0) = 0 exists.
b) Multi: the uniform distribution on {1,...,n} has maximal entropy.

c) Let Ax be the o-algebra of a random variable X € S and Axy the
o algebra of two random variables XY € S§. Show that if X,Y are
independent, then S(Axy) = S(Ax) + S(Ay).
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CHEBYCHEV

Problem 5.4: You own an insurance company that gets random claims
at random times. In order to have enough reserves, you want to esti-
mate how large claims will be in the future. Your staff tells you the mean
and standard deviation of the historical claim distribution but you do not
know the distribution.

a) Why does Chebyshev’s inequality imply that at least 89 percent of fu-
ture claims will be within three standard deviations away from the mean?

b) Build a similar rule of thumb to see that percent of future

claims are within two standard deviations from the mean. Explain.

c) Fill in the box: 96 percent of future claims are within

standard deviations from the mean. Explain.

Problem 5.5: A probability space and random variable X defines what
one calls a null hypothesis, the assumption that an effect does not exist.
Assume you measure X = ¢ and that c is larger than the expectation,
then the P-value of this experiment is defined as P[X > ¢]. If the P-
value is < 0.05, one considers the result as significant and rejects the
null-hypothesis. If the P-value is > 0.05, one fails to reject the null hy-
pothesis.

a) Assume a hypothesis is that X is exponentially distributed. You mea-
sure X = 2. What is the p-value?

b) Estimate the p-value using Chebyshev’s inequality.

¢) Having a p-value smaller than 0.05 is considered the gold standard for
"statistical significance”. Discuss the following strategy: we repeat an
experiment a couple of times until the P-value is smaller than 5 percent.
You label the early runs as warm-up-test runs and publish the paper.

d) Is it true that if you make a measurement and see the P value is larger
than 0.05 that the non-significance means that the effect does exist? Ex-
plain in an example.

PIX>C]

FiGurg 1. P-Value.
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STOCHASTIC CONVERGENCE

Problem 6.1: Consider the random variables X, (z) = cos(nz) on

[—7, 7], B, dz/(2T).

a) By writing cos(nx) = Re(e™”) and using a geometric series, verify that

Su(z) = QSin(‘(n +1/2)x)
sin(z/2)

This is D,,(x) — 1, where D, () is called the Dirichlet kernel.

b) Verify that [|S,(z)|[y +1 > 2log(2n + 1).

c¢) First recollect from class why the assumptions of the weak law are

satisfied and restate the conclusion of that theorem about S, /n. This
should verify that S, /n — 0 in £ and so in probability.

—1.

d) Given a continuous even function f with E[f] = 0, the expectation
an, = E[fX,] is called the n’th Fourier coefficient and g(z) = )", a, X, ()
is the cos-Fourier series of n. The formula Y~ a2 = ||f||s is called

Parceval’s identity. What geometric condition does assure it and what
famous geometric theorem does it generalize?

Problem 6.2: a) Give an example of a sequence of random variables
X,, — X for which we have convergence in probability but not complete
convergence.

b) Give an example of a sequence of random variables X,,, where X,, = X
in probability but where X,, — X in £! does not happen.

c) Give an example of a sequence of random variables where X,, — X in
L' but where the convergence is not in £2.
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Problem 6.3: a) Is there for 1 < p < oo a relation between LP
convergence and convergence almost everywhere?

b) Is there a relation between L convergence and convergence almost
everywhere?

c) Is there a relation between complete convergence and LP convergence
for p < 007

d) Is there a relation between complete convergence and L convergence?

LAw OF LARGE NUMBERS

Problem 6.4: The n’th Chebyshev polynomial is defined as X, =
T, (z) = cos(n arccos(z)). We have T),(cos(t) = cos(nt).

a) Verify that T),(x) is a polynomial of degree n and write down 7,,(z) for
n=1,234.

b) We look at T,,(z) as a random variable on the probability space (2 =
—1,1],B8,P = ﬁ) Check that the later indeed is a probability space.
¢) Demonstrate (by showing all conditions) that you can use the weak law
of large numbers to establish that (1/n)S, converges in probability to 0.

Problem 6.5: Let X, (w) be the n’th binary digit of w € [0, 1].
a) Investigate the convergence S—T{’ — m in probability.
b) Verify that S,, has the Binomial distribution p;, = ( Z ) 1/2m.

c¢) Show directly and then use the weak law to see that S,/n — 0 in
probability.

d) Verify that S, //n does not go to zero in L?.

e) Verify also that S, /4/n does not converge to 0 in distribution.
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STRONG LAW AND BIRKHOFF

Problem 7.1: Let (Q = [0,1]N, BN, PY) denote the standard prod-
uct Lebesgue probability space. Consider for n > 1 the sequence
Ay, = 1/(n log(n)). Define Xn(x) = nl[()’an/g](xn) = nl[lfan/ll}(zn)' In other
words, we have a sequence of random variables that take values n, —n, 0.
a) Check that X, is a sequence of independent random variables of zero
mean and variance n/(log(n)).

b) Check that the proof of the weak law of large numbers still works so
that P[S,/n > ¢ — 0.

c) Verify that ) P[{X, = n}| diverges and conclude that with probabil-
ity 1, we have |S,,/n| > 1/2 infinitely many often.

d) Conclude that X,, does not satisfy the strong law of large numbers.

Problem 7.2: Use the notes to write down the proof of the maximal
ergodic theorem of Hopf. Make sure you understand every step.

Problem 7.3: Use the notes to write down the proof of the Birkhoff
ergodic theorem. Make sure you understand every step.

Problem 7.4: Write down a paragraph about the history of Birkhoft’s
ergodic theorem. Especially make a connection with Harvard.
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Problem 7.5: Given a real number alet 7': T = R/Z — T be defined
as T'(z) = x + a. A continuous function f : T — R defines so a sequence
of random variables X,,(z) = f(T"(x)) = f(x + na).

a) If there exists a continuous function g such that f(x) = g(x+a) —g(z),
we call f a coboundary). What can you say about the growth rate of S,
if f is a coboundary?

b) The sum S, is also known as a Weyl sum. Assume f is continuous with
f01 f(z) de = 0 and that « is irrational. What does the Birkhoff ergodic
theorem say about S,,/n?

c¢) Assume « is irrational. Are the random variables X, independent? Are
the random variables decorrelated? Can you use the strong law of large
numbers to estimate S,,? Can you use the weak law of large numbers to
estimate S,,7

d) Look up what happens if o has the Diophantine property | — p/q| <
1/q? for all rational numbers p/q. (An example is if « is the golden mean.)
There is a result that assures that .S,, stays bounded in this Diophantine
case if f is continuous. Find that result and state it.
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TRANSFORMATION

Problem 8.1: a) Check that the automorphisms of a probability space
form a group. There is a subset of ergodic automorphisms. Investigate
whether (i) ergodic, (ii) weakly mixing, (iii) mixing automorphisms form
a subgroup.

b) For every T' € Aut(Q, A,P) we have a unitary transformation U :
L% — L% given by Uf = f(T). Check the orthogonality condition
(Uf,Ug) =({f,9)-

c¢) Classical mechanics is the theory of automorphisms of probability
spaces, where the unitary evolution is given by a dynamics Uf = f(7T).
Quantum mechanics allows for a larger automorphism group consisting
of all unitary operator Uf = e*4f with a self-adjoint operator A on the
Hilbert space £2(€2). Assume our probability space is finite. What is
its classical automorphism group? What is its quantum automorphism
group?

Problem 8.2: Show that if a measure-preserving transformation 7" has
the property that for any A, B € A there is m such that PIANT"(B)] =
P[A]P[B] for all n > m, then A is a trivial algebra.

ErRGoODICITY

Problem 8.3: Let (£2,.4, P) be a probability space, and let T': Q — Q be
a measure-preserving transformation. Verify that the following conditions
are equivalent:

(i) T is ergodic

(ii) If A€ A and P[T~'(A)AA] =0, then P[A] =0 or P[A] = 1.

(iii) If A € A satisfies P[A] > 0 then P[|J, T7™"(A)] = 1.

(iv) If A,B € A satisty P[A] > 0,P[B] > 0 then there is n such that
P[T~"(A)N B] > 0.

Instead of checking all 12 possible ordered pairs, use the Merry-Go-Round
proof technique: (i) — (i7) — (it3) — (iv) — (3).
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Proof. | (i) — (i) | P[T"'(A)AA] = 0 means that T(A) = A up to a measure zero. By

definition A

has measure 0 or 1. | (i¢) — (i77) | The set B =, T~ "(A) is invariant and

so has measure 0 or 1. Since it contains A which has positive measure, it has measure

1.

(idi) — (iv)

If there existed a set B which never can be reached, then B would be

disjoint of 77"(A). But P[J,, T ™(A)] = 1.

(iv) — (i)
B = A°

Assume T7'(A) = A and A has measure different from one. Then take
0

WEAK MIXING

Problem 8.4: a) In the proof showing that 7 is mixing implies T2 is
mixing, we use the following Lemma from calculus or real analysis: the

follow

(i) Cn

ing two things are equivalent:
> 0 is a bounded sequence with = 7 |¢;| — 0.

(ii) There exists a set J of density 1 in N on which limje, |cx| — 0.
b) Use a) to verify that if ¢, > 0 is a bounded sequence + 1" | || — 0

s equ

ivalent to £ >0 | |k — 0.

¢) Conclude that weakly mixing can be rephrased as the property

lim,,_,

o S [PIANT*(B)] — P[AJP[B]|? =0 for all 4,B € A.

Mixing

Problem 8.5: a) Prove the following result of Rényi: A dynamical
system T is mixing if and only if u(ANT"A) — u(A)? for n — co.

b) State and give a proof of the Riemann-Lebesgue lemma. Why does this
lemma imply that 7" has only absolutely continuous spectrum, then 7' is
mixing? (Use a).
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CENTRAL LIMIT

Problem 9.1: a) Find again the characteristic function ¢ x of a standard
Cauchy distributed random variable X. (We have done it before. Maybe
try to do it without a computer algebra system using residue calculus.)
b) Deduce that if you take two independent standard Cauchy distributed
random variables X,Y, then (X + Y)/2 is again standard Cauchy dis-
tributed.

Problem 9.2: a) Verify that the differential entropy of the Cauchy
distribution with density 1/(w(1 + 2?)) is log(4w). Mathematica gives

wrongly log ((1 + /7) 7r>!

b) As a flashback, recall how the expectation E[X] of a Cauchy distribution
X is defined in a renormalized way by subtracting two infinite quantities.
¢) Verify that the renormalized variance lim, o + [" 2?f(2) dx exists for
the Cauchy distribution. What is its value?

Problem 9.3: a) Compute the entropy of the standard distribution
N(0,1). We have sketched it in class.

b) What is bigger, the entropy of the Cauchy distribution or the entropy
of the standard normal distribution? ¢) Compute the entropy of the ex-
ponential distribution on [0, c0).
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Problem 9.4: We work here with measures on (R, B).

a) Assume du(x) = f(x) dx and dv(x) = g(x) dx are absolutely continu-
ous probability measures. The convolution f x g(z) = [ f(y)g(z —y) dy
defines a new measure du * dv = f % g dz. Verify

[ £xantzdz= [ [ h+0)f0) dug(a) d
b) Conclude that
dp* dv(A) = /R/R La(z +y) du(z) du(y)
c) Verify that the transformation
1)) = [ [ 142 duta) duto)

on the space of all Borel probability measures on (R,B) satisfying
[« dp(x) = 0 has a unique fixed point.

Problem 9.5: We have seen that the central limit theorem implies the de
Moivre central limit theorem so that in principle we do not need to prove
it again. Write down a proof of the de Moivre central limit theorem. You
have the following options: a) using the Stirling approximation formula
n! ~ /2mn(n/e)” for the factorial.

b) using characteristic functions, essentially repeating the general proof.
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