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Unit 20: De Moivre-Laplace and Poisson

20.1. Assume Xi are IID random variables in L2 with mean m and standard deviation
σ. What is the probability that the average Sn/n is within ϵ/

√
n to the mean m?

An important applications of the central limit is that it allows us to validate data by
averaging experiments.

Theorem 1. The probability that Sn/n deviates more than tσ/
√
n from E[X] can for

large n be estimated by
1√
2π

∫ ∞

t

e−x2/2 dx .

Proof. Let m = E[X] denote the mean of Xk and σ the standard deviation. Denote
by X a random variable which has the standard normal distribution N(0, 1). Write
Xn ∼ Yn if Xn →d Yn in distribution. By the central limit theorem

Sn − nm√
nσ

∼ X .

Dividing both nominator and denominator by n gives
√
n
σ
(Sn

n
− m) ∼ X so that as

distributions
Sn

n
−m ∼ X

σ√
n
.

But this means that we can estimate the deviation as FN(0,1)(t), which is the expression
in the theorem. □

20.2. The term σ/
√
n is called the standard error. The central limit theorem gives

some insight why the standard error is important.

20.3. The case of coin tossing, meaning independent {0, 1}-valued random variables
with win probability p ∈ (0, 1) was historically the starting point for the central limit
theorem. The sum Sn has a Binomial distribution B(n, p) of mean np and variance
np(1− p). As we have just seen, the fact that

lim
n→∞

P[
(Sn − np)√
np(1− p)

≤ x] =
1√
2π

∫ x

−∞
e−y2/2 dy

is a consequence of the central limit theorem. It has already been proven by de Moivre
in 1730 in the case p = 1/2 and for general p ∈ (0, 1) by Laplace in 1812.

Theorem 2 (DeMoivre-Laplace limit theorem). If Sn have the Binomial distribution
B(n, p), then S∗

n converges in distribution to N(0, 1).
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Figure 1. Binomial distribution B(n, 0.3) to the left for n = 50. The
Binomial distribution B(n, 1/n) to the right for n = 50. The left will
for n → ∞ when rescaled will converge to the normal distribution. The
right will converge to the Poisson distribution.

20.4. The Poisson distribution Pλ supported on N = {0, 1, 2, , 3 . . . } is defined as

P[X = k] = e−λλ
k

k!
.

Random variables with such distribution describe waiting times. Its moment generating
function is

MX(t) =
∞∑
k=0

P[X = k]etk = eλ(1−et) .

That the Poisson distribution is natural follows from:

Theorem 3 (Poisson limit theorem). Let Xn be a B(n, pn)-distributed and suppose
npn → λ. Then Xn converges in distribution to a random variable X with Poisson
distribution with parameter λ.

20.5. For the proof we need the already in the proof of the central limit theorem used
compound interest statement that if an → 0, bnan → c implies (1 + an)

bn → ec

which is a tiny generalization of the definition (1 + c/n)1/n = ec.

Proof. We have to show that P[Xn = k] → P[X = k] for each fixed k ∈ N.

P[Xn = k] =

(
n
k

)
pkn(1− pn)

n−k

=
n(n− 1)(n− 2) . . . (n− k + 1)

k!
pkn(1− pn)

n−k

∼ 1

k!
(npn)

k(1− npn
n

)n−k → λk

k!
e−λ .

□
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