Math 19b: Linear Algebra with Probability Oliver Knill, Spring 2011

Lecture 18: Projections

A linear transformation P is called an orthogonal projection if the image of P is
V and the kernel is perpendicular to V and P? = P.

Orthogonal projections are useful for many reasons. First of all however:

In an orthonormal basis P = PT. The point Pz is the point on V which is closest
to .

Proof. Px — x is perpendicular to Px because
(Pr—a)-Pr=Pg-Pr—a-Pr=Pr-2—x-Pr=Pr-z—x-Pr=0.

We have used that P2 =P and Av-w =v - ATw.

For an orthogonal projection P there is a basis in which the matrix is diagonal and
contains only 0 and 1.

Proof. Chose a basis By, of the kernel of P and a basis B¢ of V| the image of P. Since for every
v € By, we have Pv = 0 and for every v € By, we have Pv = v, the matrix of P in the basis
By U B is diagonal.
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is a projection onto the zy-plane.

3 If V is a line containing the unit vector @ then Pz = v(v - z), where - is the dot product.
Writing this as a matrix product shows Pr = AATz where A is the n x 1 matrix which
contains v’ as the column. If v is not a unit vector, we know from multivariable calculus that
Px =wv(v-x)/lv]% Since |[v]?> = ATA we have Pz = A(ATA)"1ATz.

How do we construct the matrix of an orthogonal projection? Lets look at an other example

4 Let v, w be two vectors in three dimensional space which both have length 1 and are per-
pendicular to each other. Now

Pr=(v-2)0+ (w-z)d .

We can write this as AA”, where A is the matrix which contains the two vectors as column

1 1
vectors. For example, if v=| 1 |/v3andw= | 1 | /6, then
-1 2

1/2 1/2 0

2/\/6 = 1(/)2 1628

1/vV3 1/V6
1/v3 1/v6
-1/V3 2/V/6

1/vV3 1/vV3 —1/V/3

P=AA" = VB 1/VE

For any matrix, we have (im(A))* = ker(A7).

Remember that a vector is in the kernel of A if and only if it is orthogonal to the rows of AT
and so to the columns of A. The kernel of AT is therefore the orthogonal complement of im(A)
for any matrix A:

For any matrix, we have ker(A) = ker(AT A).

Proof. C is clear. On the other hand A” Av = 0 means that Awv is in the kernel of A”. But since
the image of A is orthogonal to the kernel of AT, we have A7 = 0, which means ¥ is in the kernel
of A.

If V is the image of a matrix A with trivial kernel, then the projection P onto V' is

Pz =A(ATA) ATy .

Proof. Let y be the vector on V which is closest to Az. Since y — Az is perpendicular to the
image of A, it must be in the kernel of AT. This means AT (y — Ax) = 0. Now solve for z to get
the least square solution

z=(ATA)T ATy .

The projection is Az = A(ATA)1ATy.

10
5 Let A= |2 0 |. The orthogonal projection onto V = im(A) is b — A(ATA)"1ATh. We
01

50 1/5 2/5 0
have ATA = { } and A(ATA) AT = | 2/5 4/5 0
21
0 0 1
. 0 2/5 .
For example, the projection of b = | 1 | is @ = | 4/5 | and the distance to b is 1/v/5.
0 0

The point @ is the point on V' which is closest to b.
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6 Let A= . Problem: find the matrix of the orthogonal projection onto the image of A. Homework due March 23, 2011
1
The image of A is a one-dimensional line spanned by the vector ¢ = (1,2,0,1). We calculate 1
TA_
ATA =6 Then 1 a) Find the orthogonal projection of é onto the subspace of R* spanned by
1 1201 0
T one1ar | 2 12402
A(AA)A70[1201]/670000/6. X .
1 1201 0 1
11710
0 1

b 1
ker(A)= im(A)* |

b) Find the orthogonal projection of | 0 | onto the subspace of R® which has the basis
0
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V=im(A) Ax*

oy

I

—~
OO OO
— == O
—_ O O =

—

2 Let A be a matrix with trivial kernel. Define the matrix P = A(ATA)LAT.
a) Verify that we have PT = P.
b) Verify that we have P? = P.
For this problem, just use the basis properties of matrix algebra like (AB)T = BT AT,

a) Verify that the identity matrix is a projection.

b) Verify that the zero matrix is a projection.

¢) Find two orthogonal projections P, @ such that P + @ is not a projection.
d) Find two orthogonal projections P, @) such that PQ is not a projection.



