Math 19b: Linear Algebra with Probability Oliver Knill, Spring 2011

Lecture 24: Determinants

In this lecture, we define the determinant for a general n x n matrix and look at the Laplace
expansion method to compute them. A determinant attaches a number to a square matrix, which
determines a lot about the matrix, like whether the matrix is invertible.

The 2 x 2 case

The determinant of a 2 X 2 matrix

=0 d]

is defined as det(A) = ad — be.

We have seen that this is useful for the inverse:

This formula shows:

A 2 %2 matrix A is invertible if and only if det(A) # 0. The determinant determines
the invertibility of A.

1 det([g ﬂ):5~1—4~2:—3.

We also see already that the determinant changes sign if we flip rows, that the determinant is
linear in each of the rows.

We can write the formula as a sum over all permutations of 1,2. The first permutation = = (1, 2)
gives the sum Aj ;(1)Azpi2) = A11422 = ad and the second permutation 7 = (2,1) gives the
sum Ay ~1)Aor2) = A2 — Aoy = be. The second permutation has |7| upcrossing and the sign
(71)”“ = —1. We can write the above formula as Zn(fl)‘”‘AM(l)Agw(z).
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The 3 x 3 case

The determinant of a 3 X 3 matrix

a b c
A=|d e f
g h 1

is defined as aei + bfg + cdh — ceg — bdi — afh.

We can write this as a sum over all permutations of {1,2,3}. Each permutation produces a
"pattern” along we multiply the matrix entries. The patterns 7 with an even number |7| of
upcrossings are taken with a positive sign the other with a negative sign.

a b ¢ a b a b ¢ a b ¢ a b ¢ a b
d e f |+ d e f |+ d e f |—-]| d fl-ld e f|-|d e f
g h i g h i g h i g h i g h i g h i
2 0 4
2 det(|1 1 1])=2—4==2
1 01
The general definition
A permutation is an invertible transformation {1,2,3,...,n} onto itself. We can

visualize it using the permutation matrix which is everywhere 0 except A; ;) = 1.

There are n! = n(n —1)(n —2)---2 - 1 permutations.

3 Form = (6,4,2,5,3,1) if 7(1) = 6,7(2) = 4,7(3) = 2, 7(4) = 5,7(5) = 3,7(6) = 1 we have
the permutation matrix

It has |7 =5+ 2+ 3+ 1+ 1 = 12 up-crossings. The determinant of a matrix which has
everywhere zeros except Air;) = 1 is the number (71)‘7r which is called the sign of the
permutation.

The determinant of a n x n matrix A is defined as the sum

ST D)™ Ay Asnay - Ay
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where 7 is a permutation of {1,2,...,n } and |r| is the number of up-crossings.




0o o 0 0 0 2
0 0o 0 3 0 0
det(A) = det( 8 g 8 8 (7) 8 ) =2%x3x5%T7*x11%13.
0 o 11 0 0 0
3 0 0 0 0

The determinant of an upper triangular matrix or lower triangular matrix is the
product of the diagonal entries.

Laplace expansion

This Laplace expansion is a convenient way to sum over all permutations. We group the permu-
tations by taking first all the ones where the first entry is 1, then the one where the first entry is 2
etc. In that case we have a permutation of (n — 1) elements. the sum over these entries produces
a determinant of a smaller matrix.

For each entry a;; in the first column form the (n—1) x (n— 1) matrix Bj; which does not contain
the first and j’th row. The determinant of B;; is called a minor.

Laplace expansion det(A) = (—1)1 Ay det(B;y) + - -+ + (—1)" A, det(Bny)

5 TFind the determinant of

007000
8§ 00000
00O0O0O0T1
300100
000O0SOS50
020000
We have two nonzero entries in the first column.
07000 07000
00O0O0T1 00000
det(A) = (=1)*"'8det |0 0 1 0 O | +(=1)*"3det| 0 0 0 0 1
00050 00050
20000 2 0000

= —8(2*7*1%5%x1)+-3(2*7+0%5x%1)=—560

6 Find the determinant of

0001000
0000010
0100000
0010000
000O0O0OO0T1
100000O0O0
0000100

The answer is —1.

7 Find the determinant of

323000
042000
005000
A= 000O0T1O0
0000O0O001
000100
Answer: 60.
Homework due April 6, 2011
1 Find the determinant of the following matrix
030000
004000
103471
200100
000410
006 000

2 Give the reason in terms of permutations why the determinant of a partitioned matrix

{ 40 } is the product det(A)det(B).

0 B
340 0
1 0 0
Example det( 00 4 —2 )=2-12=24
002 2

3 Find the determinant of the diamond matrix:

S

|
OO OO WO O oo
O O O www o oo
O O oW oo
O 0o o o 0 W o W O
o 00 00 CO O O O 0o 0o
S 00 0 0 0w W WO
O O 0w oW oo
O O O WwWww o oo
OO OO WO O oo

Hint. Do not compute too much. Investigate what happens with the determinant if you
switch two rows.



