Math 19b: Linear Algebra with Probability Oliver Knill, Spring 2011

Lecture 33: Markov matrices
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The Land of Oz is blessed with three kinds of whether R (rain), N (nice weather) and S
(snow). If they have a nice day, they are just as likely to have snow as rain the next day. If
they have snow or rain, they have an even chance of having the same the next day. If there
is change from snow or rain, only half of the time is this a change to a nice day. This is
encoded by the following Markov chain:

1/2 1/2 1/4
A=|1/4 0 1/4
1/4 1/2 1/2

Find the eigenvalues of A. Look at the trace and the determinant and use that one eigen-
value is 1.

The following Ehrenfest model is explain diffusion of gases. Two urns contain four balls
in total. At each step, one of the four balls is chosen at random and moved from the urn
that it is in into the other urn. At the beginning all balls are in the first urn. The transition
matrix is

0 1/4 0 0 0
1 0 1/2 0 0
P=1]03/4 0 3/40
0 0 1/2 0 1
0 0 0 1/4 0

You know that

1 -2 -2
1 2 2
10, 1 ],]-1
-1 -1 1
1 0 0

are eigenvectors. Can you find the eigenvalues?
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Solution:
The eigenvalues are —1,1,—1/2,1/2,0.
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