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A great deal of my work is just playing with equations and seeing what they give. I don’t suppose that applies so
much to other physicists; I think it’s a peculiarity of myself that I like to play about with equations, just looking
for beautiful mathematical relations which maybe don’t have any physical meaning at all. Sometimes they do.
Paul A. M. Dirac

LAPLACE EQUATION. In the plane, the equation is Au = divgradu = ug, + uyy = 0. Solutions are called
harmonic. You have found such solutions already in an earlier homework assignment.

Here is a general way to produce solutions: if z = z + iy
is a complex number, then the real or imaginary part of
(z + iy)™ = r"e™ are solutions of the Laplace equation. For
example, u(z,y) = Re((z + iy)?) = 2® — 3zy® = r®cos(30) or
w(z,y) = Im((z +1iy)3) = 322y —y® = r3sin(36) solve the Laplace
equation.

In one dimension, only linear functions u(z) = az + b are harmonic: just solve uz, = 0. In three dimensions,
harmonic functions are constructed in spherical coordinates u(r,¢,8) = Re(r! P (cos(d))ei™?) with special
polynomials P;. The angular portions of such functions are called spherical harmonics and denoted by Yj,,.
The pictures show three examples. These functions are important for quantum mechanics because there are
functions R, of r such that u,.m(r,0,¢) = Rui(r)Yim(¢,6) define stationary electron distributions in the
hydrogen atom. Knowing about these functions allows to understand of the hydrogen atom and makes the
construction of the periodic system of elements transparent.

You can play with spherical harmonics in a Java applet on hittp

/ Jwww.sct.gu.edu.au/research/laser P/livejava/spher_harm.html Harmonic functions have the prop-
erty that they are stationary solutions to the heat equation u; = pAu or the wave equation uy; = c?Au or the
Schrédinger equation of a free particle.
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POISSON EQUATION. A generalization of the Laplace equation is the Poisson equation Au = p, where
p is a scalar function. If p is a charge distribution, then wu is the electric potential: The vector field
E = grad(u) satisfies the Maxwell equation div(E) = p. The trick to solve this Maxwell equation is to solve
the Poisson equation.

There are solution formulas using Green’s functions g4, depending on the dimension d:
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On the right, the notation fxb = [ f(z — y)g(y) dy is used. x is a ”multiplication” of functions called
convolution. Fourier theory allow to prove these formulas with no effort: the P01sson equation Ay = p
becomes after Fourier transform E _, Z20 = p so that 4 = §qp, where gg =1/ ZZ 1 27. Reversing the Fourier
transform gives u = g4 % p (there is a general rule f g= f *d.

Because the Fourier transform of 1/z% is gi(z) = |z|, the Four1er transform of 1/(z? + y?) is

92(x) = £ logla® + y?| and the Fourier transform of 1/(z? + y? + 2%) is £1/y/(2? + y> + 2?), the so-
lution formulas become obvious.

UNIQUENESS OF SOLUTIONS? Note that if you take a solution u of the Poisson equation and add a
harmonic function u satisfying Au = 0, you get an other solution.

ABOUT THE GREEN FUNCTIONS. The Green functions gq are the natural Newton potentials in R%. The
one dimensional potential is studied because two infinite planes attract each other with force |z|. The n-body
problem with such potentials attractive (gravitational) or repelling (electric) is studied a lot.

EXISTENCE OF SOLUTIONS. Having explicit solutions to partial differential equations is rather exceptional.
In general one has to work hard to establish existence of solutions. Existence can be subtle. Even for one
of the simplest nonlinear PDE’s grad(u) = F, there are not necessarily solutions. Only if curl(F) = 0, then a
potential u can exist.

For nonlinear PDE’s, existence can be very hard to prove. One million dollars have been written out by the
Clay institute for a proof in the case of the Navier Stokes equation.

Anyhow, as the following story shows, mathematicians are crazy about existence:

An engineer, a chemist and a mathematician are staying in three
adjoining cabins at an old motel.

First the engineer’s coffee maker catches fire. He smells the smoke,
wakes up, unplugs the coffee maker, throws it out the window, and
goes back to sleep.

Later that night the chemist smells smoke too. She wakes up and
sees that a cigarette butt has set the trash can on fire. She says to
herself, ”"Hmm. How does one put out a fire? One can reduce the
temperature of the fuel below the flash point, isolate the burning
material from oxygen, or both. This could be accomplished by
applying water.” So she picks up the trash can, puts it in the
shower stall, turns on the water, and, when the fire is out, goes
back to sleep.

The mathematician, of course, has been watching all this out the
window. So later, when he finds that his pipe ashes have set the
bed-sheet on fire, he is not in the least taken aback. He says:

” Aha! A solution exists!”

and goes back to sleep ...




