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MWFE 9 Oliver Knill and check your section in the box to the
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MWF 9 Arnav Tripathy ¢
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e Please write neatly. Answers which are illeg-

MWEF 10:30 Karl Winsor ible for the grader cannot be given credit.

MWEF 10:30 Drew Zemke e Show your work. Except for problems 1-

MWF 12 Stepan Paul 3,8, we need to see details of your computa-
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MWF 12 Hunter Spink on

e All functions can be differentiated arbitrarily

MWF 12 Nathan Yang often unless otherwise specified.

MWPF 1:30 Fabian Gundlach

e No notes, books, calculators, computers, or
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e You have 90 minutes time to complete your

work.
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Problem 1) True/False questions (20 points), no justifications needed

For any continuous function f(z,y), we have [) [7f(x,y)dxdy =

2 Iy fa.y) da dy.
If 4 is a unit vector tangent to f(z,y) = 1 at (0,0) and f(0,0) = 1, then
Dz£(0,0) is zero.

Assume f is zero on x = y and = —y, then (0,0) is a critical point of f.

If (0, 0) is the only local minimum of a function f and f has no local maxima,
then (0,0) is a global minimum.

If (0,0) is a critical point for f, and f,,(0,0) < 0 then (0,0) is not a local
minimum.

If f(z,y) and g(x,y) have the same non-constant linearization L(x,y) at
(0,0) and f(0,0) = g(0,0) = 0, then the level sets f = 0 and g = 0 have
the same tangent line at (0, 0).

There are saddle points with positive discriminant D > 0.

If R is the unit disc, then [ [ 2? — y? dzdy is zero.

There is a nonzero function f(z,y) for which the linearization L(z,y) is
equal to 2f(x,y).

The directional derivative at a local minimum (0,0) is positive in every
direction.

If 7(t) is a curve on the surface g(z,y, z) = 1, then Vg(7(t)) -7 (t) = 0.

If [Vf(0,0)| = 2, there is a direction in which the directional derivative at
(0,0) is 2.

If D> 0at (0,0) and Vf(0,0) =0 and f,,(0,0) < 0 then f,,(0,0) < 0.
Jo I§ flx,y) dyde = [y [} f(z,y) dady.
The surface area of the sphere of radius L is [J L?sin(¢) do.

If f(z,y) = g(z) is a function of = only, then D = 0 at every critical point.

The gradient vector V f(xg,y0) is a vector which is perpendicular to the
surface z = f(z,y).

If [Vf(0,0)] = 2, then there is a unit vector ¢’ such that Dzf(0,0) = 1.
The gradient of the function f(x,y) = [Ysin(t) dt is [—sin(z), sin(y)].

Assume f(x,y) = 2% + y* and a curve 7(¢) satisfies 7'(t) = V f(7(t)), then
@i /(7)) = 0.



Problem 2) (10 points) No justifications needed

a) (6 points) Match the regions with the integrals. Each integral matches one region A—F'.

® 0O
® Aabd

Enter A-F | Integral

S S5 f(y) ded
—1J-1 YY) axay

S L f (@, y) dady

S Im fay) dyda

S fay) dyda

fil f;;yz f(z,y) dxdy

S 2 F s y) dyda

b) (4 points) Name the partial differential equations correctly. Each equation matches one

name.
Fill in 1-4 | Name
Laplace
Wave
Transport
Heat

Equation Number | PDE

1 9z — gy =0
2 Gzz — gyy - 0
3 9z — Gyy =0
4 Gz + Gyy = 0

Problem 3) (10 points)




a) (6 points) Enter one label into each of the boxes.

At which point is the global maximum?

At which point is f, > 0, f, = 07

At which point is the length of the gradient maximal?

At Wthh pOlIlt iS D[l,l}/\/if - 0, D[l,—l]/\/if < 0?

At which point does f have a local minimum?

At which point is f maximal under the constraint g(z,y) = y = 07

b) (4 points) Note that the zero vector is considered both parallel and perpendicular to

any other vector.

parallel | perp
The gradient V f is always to the surface f = c.
For a Lagrange minimum, Vg is to Vf.
If (0,0) is a min. of f then V£(0,0) is to [1,0].
If (0,0) is max. of f and g = z — f(x,y) then Vg is to (0,0, 1].




Problem 4) (10 points)

A farm costs f(z,y), where z is the number of cows
and y is the number of ducks. There are 10 cows and
20 ducks and f(10,20) = 1000000. We know that
fo(z,y) = 2z and f,(x,y) = y? for all z,y. Estimate
£(12,19).

Jane
_ Chapman

70ld MacDonald had a million dollar farm, E-I-E-1-O,
and on that farm he had xr = 10 cows, E-I-E-1-0,

and on that farm he had y = 20 ducks, E-1-E-1-O,

with f, = 2x here and f, = y* there,

and here two cows more, and there a duck less,

how much does the farm cost now, E-I-E-1-O%”

Problem 5) (10 points)

Find the Harvard H which has maximal area

flz,y) = bxy + 202

with fixed exposed perimeter
6z + 4y = 88 .

Find the maximum using Lagrange.

Problem 6) (10 points)




a) (7 points) A minigolf on the cape has a hole at a local
minimum of the function

fz,y) = 3a® +22° + 2¢° — 59 .

Find all the critical points and classify them.

b) (3 points) A golfer hits tangent to the level curve
f(z,y) = 2 through (1,1). Find this line.

About minigolf: the first standardized minigolf course appeared in 1916 in North Carolina. The
world record on a round of minigolf is 18 strokes on 18 holes on eternite. No perfect round on §
concrete has been scored. The highest prizes reach 5000 dollars only so that nobody is known |#&

to make a living by competing in minigolf.

Problem 7) (10 points)

A circular track near Salem is a circle of radius 500 which
is centered at the origin (0,0). A go-kart goes counter-
clockwise around the track 7(¢). The cheering intensity
is given by a function f(z,y). The go-kart passes the
point (300,400) at time ¢ = 0 with velocity [—4, 3]. We
know that f,(300,400) = 2 and f£,(300,400) = 10. Find :
the rate of change

d —,
()
at t = 0.

Problem 8) (10 points)

a) (6 points) Find the integral

b) (4 points) Integrate



Problem 9) (10 points)

Find the surface area of the ”wormhole”

9

#(u,v) = [3v°,v? cos(u), v? sin(u)] ,

where 0 < u <27 and —1 <o < 1.

Einstein-Rosen bridges are hypothetical topologi-
cal constructions which would allow shortcuts through
space-time. Tunnels connecting different parts of the
universe appear frequently in science fiction.

Problem 10) (10 points)

a) (b points) We become typographer and
design new mathematically defined type- s
face of the alphabet. The new letter 7e” in
this ”21a” design is given by a polar region

r(t) < t¥/7, with 0 < t < 27. Find the area
of this region.

b) (5 points) Integrate

1 parccos(y) 1
/ / —— dxdy .
0 Jo cos(x)

Remark: Computer scientist Donald Knuth once wrote an entire article

about ”The Letter S”.



