Math 21a: Multivariable calculus Fall 2019

Homework 29: Curl, Div and flux

This homework is due Friday, 11/22/2019.

1 Let f be a scalar field and F a vector field in space. Determine
which expression is meaningful. If not, explain why. If so, state
whether it is a scalar field or a vector field. In all problems, we
deal with functions and vector fields in 3D space.
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a) grad(F) ) b) grad(div(F))
¢) curl(div(F)) d) curl(grad(f))
e) div(grad(f)) f) grad(div(f))
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(
) curl(curl(F)) h) div(div(F))

curl( f) ) i) curl(div(f))
grad(f) x div(F') 1) div(curl(gradf))
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Solution:

(1) The divergence of f is not defined.

a) Is there a vector field G(z, v, z) such that curl(G) = [8,7,12].
If yes, find one.
b) Is there a vector field G(z, y, ) such that

curl(G) = [zyz, —yPz, @ + y2% ?

[f yes, find one.
c¢) Assume Fisa gradient field. Does this imply that there is a
vector field G such that curl(G) = F? If yes, show it. If no, find

a counter example.



Solution:

a) Yes, for example [—12y, —8z, —7x]. b) No. Assume there is

such a G. Then div(curlG) = i(xyz)+£/(—y2z)+§z(yz2) —

yz — 2yz + 2yz = yz # 0 which contradicts Theorem 11.

¢) We necessarily need the divergence to be zero. Take |z, 0, 0]
for example.

a) Verify that any vector field of the form
Fx,y,2) = [f(x), 9(y), h(2)]

is irrotational (has zero curl everywhere) b) Verify that any vector
field of the form

Fla,y,2) = [f(y,2), g(x, 2), h(z,y)

is incompressible (has zero divergence everywhere).
¢) Find a non-constant vector field F' such that curl(£) = [0, 0, 0].
d) Find a non-constant vector field F such that div(F) = 0.

—

Solution:

(a) curlF = On(z) _99(y)\ - z ;
<a§> 8fg ijk(oazo)) t()(O) oo ;z)]
or oy

Hence F' is irrotational.

(b) divF = a(fg;’ 2)) - a(ggy’ ?) + 8(h(aa;, y) = 0so F is

incompressible.
(c) Take a gradient field.
(d) Take a field curl(G).




4 Evaluate the flux integral / js F - dS if F(z,y, 2) = [Tz, y% 2] and
S is the helicoid 7(u, v) = [ucosv,usinv,v], 0 <u <1,0<v <
6 which has an upward orientation.

Solution:

Compute F(r(u,v)) and r, X 7, then take the dot prod-
uct.  We get then the integral [} /™ —u?sin®(v)cos(v) +
v (u sin®(v) + ucos%v)) + Tusin(v) cos(v) dudv. This simpli-
fies to Jg J0" uv dudv as the odd trig functions functions in v

become zero. the result is 972.

5 Evaluate the flux integral / Jg F - dS for the vector field

—

F(x,y,2) = [v,y,5] ,

where S is part of the cylinder 2?4 z? = 1 that is bound by y = 0
and y = 7. The surface is oriented outwards.

Solution:
Parametrize the surface S: F(7(0,y)) = [sinf,y,5] and 7 x
7y, = [sind, 0, cos 0] =

//Sﬁ'd§:/()2ﬂf()7 (sin2(9—|—50089> dydf = Tr .



Main points

The curl of a vector field F = [P, Q, R] is the vector
field curl(P, @, R) = |[R, — Q., P. — R,, Q. — P,].
In 2 dimensions, the curl of F = [P, Q) is the scalar
Q. — P,. The divergence of F(z,y,2) = [P, Q, R]
is div(F)(z,9,2) = Pul@,9,2) + Qylx,y,2) +

R.(z,y,z). The flux integral of F through S
parametrized by 7(u, v) = [z(u,v), y(u,v), z(u, v)] is

[ o F(7u,0)) - (7 x 7) dudy .




